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Preface to the Third Edition

WHEN THIS BOOK WAS FIRST CONCEIVED (MORE THAN 25 YEARS AGO)
few mathematicians outside the Soviet Union recognized probability as a
legitimate branch of mathematics. Applications were limited in scope,
and the treatment of individual problems often led to incredibie com-
plications. Under these circumstances the book could not be written for
an existing audience, or to satisfy conscious needs. The hope was rather
to attract attention to little-known aspects of probability, to forge links
between various parts, to develop unified methods, and to point to
potential applications. Because of a growing interest in probability, the
book tound unexpectedly many users outside mathematical disciplines.
Its widespread use was understandable as long as its point of view was
new and its material was not otherwise available. But the popularity
seems to persist even now, when the contents of most chapters are avail-
able in specialized works streamlined for particular needs. For this reason
the character of the book remains unchanged in the new edition. I hope
that it will continue to serve a variety of needs and, In particular, that
it will continue to find readers who read it merely for enjoyment and
enlightenment.

Throughout the years I was the grateful recipient of many communica-
tions from users, and these led to various improvements. Many sections
were rewritten to facilitate study. Reading is also improved by a better
typeface and the superior editing job by Mrs. H McDougal' a]though

a professional editor she has preserved a feeling for the requirements of
readers and reason.

The greatest change is in chapter IIl. This chapter was introduced
only in the second edition, which was in fact motivated principally by
the unexpected discovery that its enticing material could be treated by

elementary methods. But this treatment still depended on combinatorial
artifices which have now been renlaced hv simpler and more natural

[ IR L | RY L, 1188 (9 viwh B ) Pt i 111l

probabilistic arguments. In essence this chapter Is new.

Most conspicuous among other additions are the new sections on
branching processes, on Markov chains, and on the De Moivre-Laplace
theorem. Chapter XIII has been rearranged, and throughout the book

vii
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!

changes as well as new exar

I regret the misleading nature of the author index, but I felt o bhged to
state explicitly whenever an idea or example could be traced to a particular
source. Unfortunately this means that quotations usually refer to an
incidental remark, and are rarely indicative of the nature of the paper
quoted Furthermore, many examples and problems were inspired by
LcaLqu non-mathematical papers in which related situations are dealt
with by different methods. (That newer texts now quote these non-mathe-
matical papers as containing my examples shows how fast probability
has developed, but also indicates the limited usefulness of quotations.)
Lack of space as well as of competence precluded more adequate
historical indications of how probability has changed from the semi-

For a number of years I have been prlvﬂeged to work with students
and younger colleagues to whose help and inspiration I owe much.
Much credit for this is due to the support by the U.S. Army Research
Office for work in probability at Princeton University. My particular
thanks are due to Jay Goldman for a thoughtful memorandum about his
teaching experiences, and to Loren Pitt for devoted help with the proofs.

WILLIAM FELLER

July, 1967




Preface to the First Edition

IT WAS THE AUTHOR’S ORIGINAL [NTENTION TO WRITE A BOOK ON
analytical methods in probability theory in which the latter was to be
treated as a topic in pure mathematics. Such a treatment would have
been more uniform and hence more satisfactory from an aesthetic point
of view; it would also have been more appealing to pure mathematicians.
However, the generous support by the Office of Naval Research of work
in probability theory at Cornell University led the author to a more
ambitious and less thankful undertaking of satisfying heterogeneous needs.

It is the purpose of this book to treat probability theory as a self-
contained llLa.LllCJlLd.LJ.bd.l :)UD_]BLL rlgoroualy, dVOl(llI'lg non-mathematical
concepts. At the same time, the book tries to describe the empirical
background and to develop a feeling for the great variety of practical
applications. This purpose is served by many special problems, numerical
estimates, and examples which interrupt the main flow of the text. They
are clearly set apart in print and are treated in a more picturesque language
and with less formality. A number of special topics have been included
in order to exhibit the power of general methods and to increase the
usefulness of the book to specialists in various fields. To facilitate reading,
detours from the main path are indicated by stars. The knowledge of
starred sections is not assumed in the remainder.

A serious attempt has been made to unify methods. The specialist
will find many simplifications of existing proofs and also new results.
In particular, the theory of recurrent events has been developed for the
purpose of this book. It leads to a new treatment of Markov chains
which permits simplification even in the finite case.

The examples are accompanied by about 340 problems mostly with
complete solutions, Some of them are simple exercises, but most of
them serve as additional illustrative material to the text or contain various
complements. One purpose of the examples and problems is to develop
the reader’s intuition and art of probabilistic formulation. Several
previously treated examples show that apparently difficult problems may
become almost trite once they are formulated in a natural way and put
into the proper context.

X
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There is a tendency in teaching to reduce probability problems to pure
analysis as soon as possible and to forget the specific characteristics of
probability theory itself. Such treatments are based on a poorly defined
notion of random variables usually introduced at the outset. This book
goes to the other extreme and dwells on the notion of sample space,
without which random variables remain an artifice.

In order to present the true background unhampered by measurability
questions and other purely analytic difficulties this volume is restricted
to discrete sample spaces. This restriction is severe, but should be welcome
to non-mathematical users. It permits the inclusion of special topics
which are not easily accessible in the literature. At the same time, this
arrangement makes it possible to begin in an elementary way and yet to
include a fairly exhaustive treatment of such advanced topics as random
walks and Markov chains. The general theory of random variables and
their distributions, limit theorems, diffusion theory, etc., is deferred to a
succeeding volume.

This book would not have been written without the support of the
Office of Naval Research. One consequence of this support was a fairly
regular personal contact with J. L. Doob, whose constant criticism and
encouragement were invaluable. To him go my foremost thanks. The
next thanks for help are due to John Riordan, who followed the manu-
script through two versions. Numerous corrections and improvements
were suggested by my wife who read both the manuscript and proof.

The author is also indebted to K. L. Chung, M. Ponsker, and S.
Goldberg, who read the manuscript and corrected various mistakes;
Finally, thanks are due to Kathryn Hollenbach for patient and expert
typing help; to E. Elyash, W. Hoffman, and J. R. Kinney for help in
proofreading.

WILLIAM FELLER

Cornell Uninersity

Junuary 1950




Note on the Use of the Book

THE EXPOSITION CONTAINS MANY SIDE EXCURSIONS AND DOES NOT ALWAYS
progress from the easy to the difficult; comparatively technical sections
appear at the beginning and casy sections in chapters XV and XVIIL.

!ﬂPYﬂPrlPﬂ(‘F‘d readers chould not attemnt to Fn”n\u manv side lines. lect
I.l 1AW ld vt L Wwilidi] . LAF LRI Ad AN L ul.l—\l‘l‘.t’l. [SLW e ] JAAL-I-AAJ DL 3 AW (ADJ’ L )

they lose sight of the forest for too many trees. Introductory remarks
to the chapters and stars at the beginnings of sections should facilitate
orientation and the choice of omissions. The unstarred sections form a
self-contained whole in which the starred sections are not used.

A first introduction to the basic notions of probability is contained in

chanters l VOV IW- ha chaAanld ~ rthaca with gc faur digrecciane
cildpic Y, YL, LAy ux..suxuulo SOGULG COVETD UNESC wWilil a8 ICW u151 Laallila

as pObSlbIe Chapter Il is designed to develop the student’s technique
and probabilistic intuition; some experience in its contents is desirable,
but it is not necessary to cover the chapter systematically: it may prove
more profitable to return to the elementary illustrations as occasion arises
at later stages. For the purposes of a first introduction, the elementary
theory of continuous distributions requires little supplementary explana-
tion. (The elementary chapters of volume 2 now provide a suitable
text.)

From chapter IX an introductory course may proceed directly to
chapter XI, considering generating functions as an example of more
general transforms. Chapter XI should be followed by some applications
in chapters XIT (recurrent events) or XII (chain reactions, infinitely
divisible distributions). Without generating functions it is possible to
turn in one of the following directions: limit theorems and fluctuation
theory (chapters VIII, X, III}; stochastic processes (chapter XVII);
random walks (chapter IIl and the main part of XIV). These chapters
are almost independent of each other. The Markov chains of chapter
XV depend conceptually on recurrent events, but they may be studied
independently if the reader is willing to accept without proof the basic
ergodic theorem.

Chapter Il stands by itself. Its contents are appealing in their own
right, but the chapter is also highly illustrative for new insights and new
methods in probability theory. The results concerning fluctuations in

xi
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coin tossing show that widely held heliefs about the law of larece ninmhere
LAl P salll Saakd FLGL WY IAALL Y divil Udiblls QU UL Ll davy Ul u.us\. ALV LLAGL S

H &
are fallacious. They are so amazing and so at variance with common
intuition that even sophisticated colleagues doubted that coins actually
misbehave as theory predicts. The record of a simulated experiment is
therefore included in section 6. The chapter treats only the simple coin-
tossing game, but the resu]ts are representative of a fairly general situation.

Thea cion = ic 11cad n rmef e Al n aallandl e
LIv Sight oS ulw - A G pFIVVL UL i a LadiceLioll Ol

examples.
It 1s hoped that the extensive index will facilitate coordination between

the several parts.
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INTRODUCTION

The Nature
ot Probability Theory

1. THE BACKGROUND

Probability is a mathematical discipline with aims akin to those, for
example, of geometry or analytical mechanics. In each field we must
carefully distinguish three aspects of the theory: (@} the formal logical
content, (5) the intuitive background, (¢) the applications. The character,
and the charm, of the whole structure cannot be appreciated without
considering all three aspects in their proper relation.

(a) Formal Logical Content

Axlomatically, mathematics is concerned solely with relations among
undefined things. This aspect is well illustrated by the game of chess. Tt
is impossible to “define” chess otherwise than by stating a set of rules.
The conventional shape of the pieces may be described to some extent,
but it will not always be obvious which piece 1s intended for “king.” The
chessboard and the pieces are helpful, but they can be dispensed with.
The essential thing is to know how the pieces move and act. It is meaning-
less to talk about the *‘definition” or the ““true nature” of a pawn or a king.
Similarly, geometry does not care what a point and a straight line “‘really
are.” They remain undefined notions, and the axioms of geometry specify
the relations among them: two points determine a ling, etc. These are
the rules, and there is nothing sacred about them. DifTerent forms of
geometry are based on different sets of axioms, and the logical structure of
non-Euclidean geometries is independent of their relation to reality.
Physicists have studied the motion of bodies under laws of attraction
different from Newton’s, and such studies are meaningful even if Newton’s
law of attraction is accepted as true in nature.

1




2 THE NATURE OF PROBABILITY THEQORY

In contrast to chess, the axioms of geometry and of mechanics have
an intuitive background. In fact, geometrical intuition is so strong that it
is prone to run ahead of logical reasoning. The extent to which logic,
intuition, and physical experience are interdependent is a problem into
which we need not enter. It is certain that intuition can be trained and
developed. The bewildered novice in chess moves cautiously, recalling
individual rules, whereas the experienced player absorbs a complicated
situation at a glance and is unable to account rationally for his intuition.
In like manner mathematical intuition grows with experience, and it is
possible to develop a natural feeling for concepts such as four-dimensional
space.

Even the collective intuition of mankind appears to progress. Newton’s
notions of a field of force and of action at a distance and Maxwell’s con-
cept of electromagnetic waves were at first decried as “unthinkable and
“contrary to intuition.”” Modern technology and radio in the homes have
popularized these notions to such an extent that they form part of the
ordinary vocabulary. Similarly, the modern student has no appreciation
of the modes of thinking, the prejudices, and other difficulties against
which the theory of probability had to struggle when it was new. Nowa-
days newspapers report on samples of public opinion, and the magic of
statistics embraces all phases of life to the extent that young girls watch
the statistics of their chances to get married. Thus everyone has acquired
a feeling for the meaning of statements such as “the chances are three in

five.” Vague as it is, this intuition serves as background and guide for the
first step. It will be developed as the theory progresses and acquaintance

1s made with more sophisticated applications,
(c) Applications

The concepts of geometry and mechanics are in practice identified with
certain physical objects, but the process is so flexible and variable that no

oo gl riilac ron e miven Tha notinn of = | B
AW el

Far fuiCs Can oC given, 10C Nouon 01 4 1151u 0oay is fundamental and
useful, even though no physical object is rigid. Whether a given body
can be treated as if it were rigid depends on the circumstances and the
desired degree of approximation. Rubber is certainly not rigid, but in
discussing the motion of automobiles on ice textbooks usually treat the
rubber tires as I‘lgld bodies. Depending on the purpose of the theory, we

Aicraonrd tha otAma Py A1l

aisregard tn€ atomic structure of matter and treat the sun now as a ball of
continuous matter, now as a single mass point.

In applications, the abstract mathematical models serve as tools, and
different models can describe the same empirical situation. The manner
in which mathematical theories are applied does not depend on preconceived




PROCEDURE 3

ideas; it is a purposeful technique depending on, and changing with, experi-
ence. A philosophical analysis of such techniques is a legitimate study,
but is is not within the realm of mathematics, physics, or statistics. The
philosophy of the foundations of probability must be divorced from
mathematics and statistics, exactly as the discussion of our intuitive space
concept is now divorced from geometry.

2. PROCEDURE

The history of probability (and of mathematics in general) shows a
stimulating interplay of theory and applications; theoretical progress
opens new fields of applications, and in turn applications lead to new
problems and fruitful research. The theory of probability is now applied
in many diverse fields, and the flexibility of a general theory is required to
provide appropriate tools for so great a variety of needs. We must
therefore withstand the temptation (and the pressure) to build the theory,
its terminology, and its arsenal too close to one particular sphere of
interest. We wish instead to develop a mathematical theory in the way
which has proved so successful in geometry and mechanics.

We shall start from the simplest experiences, such as tossing a coin or
throwing dice, where all statements have an obvious intuitive meaning.
This intuition will be translated into an abstract model to be generalized
gradually and by degrees. Illustrative examples will be provided to
explain the empirical background of the several models and to develop the
reader’s intuition, but the theory itself will be of a mathematical character.
We shall no more attempt to explain the “true meaning” of probability
than the modern physicist dwells on the “real meaning” ol mass and
energy or the geometer discusses the nature of a point. Instead, we shall
prove theorems and show how they are applied.

Historically, the original purpose of the theory of probability was to
describe the exceedingly narrow domain of experience connected with
games of chance, and the main effort was directed to the calculation of
certain probabilities. In the opening chapters we too shall calculate a
few typical probabilities, but it should be borne in mind that numerical
probabilities are not the principal object of the theory. Its aim is to
discover general laws and to construct satisfactory theoretical models.

Probabilities play for us the same role as masses in mechanics. The
motion of the planetary system can be discussed without knowledge of the
individual masses and without contemplating methods for their actual
measurements. Even models for non-existent planetary systems may be
the object of a profitable and illuminating study. Similarly, practical and
useful probability models may refer to non-observable worlds. For example,
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systems are compared. The theoretically best system is built and the others
will never exist. In insurance, probability theory is used to calculate the
probability of ruin; that is, the theory 1s used to avoid certain undesirable
situations, and consequently it applies to situations that are not actual]y
n‘l-..nc.—nc.d Pl Ahability thasry watild ha affa

VILakl Vo UUCI.UJ]JLJ LILMULJ YU WL LW \.“.L.\.rl.].\"re a1l

single numerical value were accessible.

3. “STATISTICAL” PROBABILITY

The success of the modern mathematical theory of probability is bought
at a pI‘iCﬁI the theo ory is limited to ome l_)dlLiCUlar aspect of “chance.”
The intuitive notion of probability is connected with inductive reasoning
and with judgments such as “Paul is probably a happy man,” *‘Probably
this book will be a failure,” “Fermat’s conjecture is probably false.”
Judgments of this sort are of interest to the philosopher and the logician,
and they are a legitimate object of a mathematical theory 1 It must be
understood, however, that we are concerned not with modes of inductive
reasoning but with somethmg that might be called physical or statistical
probability. In a rough way we may characterize this concept by saying
that our probabilities do not refer to judgments but to possible outcomes
of a conceptual experiment. Before we speak of probabilities, we must
agree on an idealized model of a particular conceptual experiment such as
tossing a coin, sampling kangaroos on the moon, observing a particle under
diffusion, counting the number of telephone calls. At the outset we must
agree on the possible outcomes of this experiment {our sample space) and
the probabilities associated with them. This is analogous to the procedure
in mechanics where fictitious models involving two, three, or seventeen
mass points are introduced, these points being devoid of individual
properties. Similarly, in analyzing the coin tossing game we are not
concerned with the accidental circumstances of an actual experiment:
the object of our theory is sequences (or arrangements) of symbols such as -
“head, head, tail, head,....” There is no place in our system for
speculations concerning the probability that the sun will rise tomorrow.
Before speaking of it we should have to agree on an (idealized} model
which would presumably run along the lines “out of infinitely many worlds

' B. O. Koopman, The axioms and algebra of intuitive probability, Ann, of Math. (2},
vol 41 {1940), pp. 269~292, and The bases of probability, Bull. Amer. Math, Soc., vol. 46
(1540), pp. 763-774.

For a modern text based on subjective probabilities see L. I. Savage, The foundations
of statistics, New York (John Wiley) 1954,
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one is selected at random. . ..’ Little im
such a model, but it appears both unmterestmg and meaningless.

The astronomer speaks of measuring the temperature at the center of
the sun or of travel to Sirius. These operations seem impossible, and yet
it is not senseless to contemplate them. By the same token, we shall not
worry whether or not our conceptual experiments can be performed; we
shall analyze abstract models. In the back of our minds we keep an
intuitive interpretation of probability which gains operational meaning in
certain applications. We imagine the experiment performed a great many
times. An event with probability 0.6 should be expected, in the long run,
to occur sixty times out of a hundred. This description is deliberately
vague but supplies a picturesque intuitive background sufficient for the
Imore ulemcmary applicauons As the ult‘:OTy PT oceeds and EIOWS moTe
elaborate, the operational meaning and the intuitive picture will become

more concrete.
4. SUMMARY

We shall be concerned with theoretical models in which probabilities
enter as free parameters in much the same way as masses in mechanics.
They are applied in many and variable ways. The technique of applica-
tions and the intuition develop with the theory.

This is the standard procedure accepted and fruitful in other mathe-
matical disciplines. No alternative has been devised which could
conceivably fill the manifold needs and requirements of a// branches of the
growing entity called probability theory and its applications.

We may fairly lament that intuitive probability is insufficient for scienti-
fic purposes, but it is a historical fact. In example I, (6.5), we shall discuss
random distributions of particles in compartments. The appropriate, or
“natural,” probability distribution seemed perfectly clear to everyone and
has been accepted without hesitation by physicists. It turned out, however,
that physical particles are not trained in human common sense, and the
“natural” (or Boltzmann} distribution has to be given up for the Einstein-
- Bose distribution in some cases, for the Fermi-Dirac distribution in others.
No intuitive argument has been offered why photons should behave
differently from protons and why they do not obey the ““a priori” laws.
If a justification could now be found, it would only show that intuition
develops with theory. At any rate, even for applications freedom and
flexibility are essential, and it would be pernicious to fetter the theory to
fixed poles.

It has also been claimed that the modern theory of probability is too
abstract and too general to be useful. This is the battle cry once raised
by practical-minded pecple against Maxwell’s field theory. The argument
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could be countered by pointing to the unexpected new applications
opened by the abstract theory of stochastic processes, or to the new
insights offered by the modern fluctuation theory which once more belies
intuition and is leading to a revision of practical attitudes. However, the
discussion is useless; it is toc easy to condemn. Only yesterday the
practical things of today were decried as impractical, and the theories
which will be practical tomorrow will always be branded as valueless
games by the practical men of today.

5. HISTORICAL NOTE

The statistical, or empirical, attitude toward probability has been
developed mainly by R. A. Fisher and R. von Mises. The notion of sample
space?® comes from von Mises. This notion made it possible to build up a
strictly mathematical theory of probability based on measure theory.
Such an approach emerged gradually in the "twenties under the influence
of many authors. An axiomatic treatment representing the modern
development was given by A. Kolmogorov.® We shall follow this line,
but the term axiom appears too solemn inasmuch as the present volume
deals only with the simple case of discrete probabilities.

2 The German word is Merkmalraum (label space). von Mises” basic treatise
Wahrscheinlichkeitsrechnung appeared in 1931, A modernized version (edited and
complemented by Hilda Geiringer) appeared in 1964 under the title Mathematical
theory of probability and statistics, New York (Academic Press). von Mises’ philo-
sophical jdeas are best known from his earlier booklet of 1928, revised by H. Geiringer:
Probability, statistics and truth, London {(Macmilian), 1957,

* A. Kolmogoroff, Grundbegriffe der Wahrscheinlichkeitsrechnung, Berlin (Springer)
1933. An English translation (by N. Morrison) appeared in 1956: Foundations of the
theory of probability, New York (Chelsea).




CHAPTER I

The Sample Space

1. THE EMPIRICAL BACKGROUND

The mathematical theory of probability gains practical value and an
intuitive meaning in connection with real or conceptual experiments such
as tossing a coin once, tossing a coin 100 times, throwing three dice,
arranging a deck of cards, matching two decks of cards, playing roulette,
observing the life span of a radioactive atom or a person, selecting a
random sample of people and observing the number of left-handers in it,
crossing two species of plants and observing the phenotypes of the
offspring; or with phenomena such as the sex of a newborn baby, the
number of busy trunklines in a telephone exchange, the number of calls
on a telephone, random noise in an electrical communication system,

routine quality control of a productlon process, frequency of accidents,
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under diffusion. All these descriptions are rather vague, and, in order to
render the theory meaningful, we have to agree on what we mean by
possible results of the experiment or observation in question.

When a coin is tessed, it does not necessarily fall heads or tails; it can
roll away or stand on its edge Nevertheless, we shall agree to regard
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convention simplifies the theory without affecting its applicability.
[dealizations of this type are standard practice. It isimpossible to measure
the life span of an atom or a person without some error, but for theoretical
purposes it is expedient to imagine that these quantities are exact numbers.
The question then arises as to which numbers can actually represent the
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sible, or is any age conceivable? We hesitate to admit that man can grow
1000 years old, and yet current actuarial practice admits no bounds to the
possible duration of life. According to formulas on which modern mor-
tality tables are based, the proportion of men surviving 1000 years is of the

7
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This statement does not make sense from a biological or sociological point
of view, but considered exclusively from a statistical standpoint it certainly
does not contradict any experience. There are fewer than 10® people born
in a century. To test the contention statistically, more than 10 centuries
would be required which is considerably more than 10%0* lifetimes of the

anrth Milas Al oavirarmialy criall nrahahilitios are coemimadibla +1.
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our notion of impossibility. Their use may appear utterly absurd, but
it does no harm and is convenient in simplifying many formulas. More-
over, il we were seriously to discard the possibility of living 1000 years,
we should have to accept the existence of maximum age, and the assump-
tionthatitshouldbepossibleto live = years andimpossible to live » years
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Any theory necessarily involves idealization, and our first idealization
concerns the possible outcomes of an “experiment” or “observation.”
If we want to construct an abstract model, we must at the outset reach a
decision about what consitutes a possible outcome of the (idealized)
experiment

For uniform terminology, the results o
will be called events. Thus we shall speak of the event that of five coins
tossed more than three fell heads. Similarly, the “experiment’ of distrib-
uting the cards in bridge! may result in the “event” that North has two
aces. The composition of a sample (“two left-handers in a sample of 85")
and the result of a measurement (“temperature 120°,” “‘seven trunklines
busy”’) will each be called an event.

We shall distinguish between compound {(or decomposable) and simple
(or indecomposable) events. For example, saying that a throw with two
dice resulted in “‘sum six’’ amounts to saying that it resulted in “(1, 5) or
{(2,4) or (3,3) or (4, 2) or (5,1}, and this enumeration decomposes the
event “‘sum six” into five simple events. Similarly, the event “two odd
faces” admits of the decomposition “(1, 1} or (1,3} or ... or (5, 5)” into
nine simple events. Note that if a throw results in (3, 3), then the same
throw results also in the events “sum six” and “‘two odd faces™; these
events are not mutually exclusive and hence may occur simultaneously.

1 Definition of bridge and poker. A deck of bridge cards consists of 52 cards arranged
In four suits of thirteen each. There are thirteen face values (2, 3, .. ., 10, jack, queen,
king, ace) in each suit. The four suits are called spades, clubs, hearts, diamonds.
The last two are red, the first two black. Cards of the same face value are called of
the same kind. For our purposes, playing bridge means distributing the cards to four
players, to be called North, South, East, and West (or N, S, E, W, for short) so that
each reccives thirteen cards. Playing poker, by definition, means selecting five cards
out of the pack.
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As a second example consider the age of a person. Every particular value
x Tepresents a simple event, whereas the statement that a person is in his
fifties describes the compound event that « lies between 50 and 60. In
this way every compound event can be decomposed into simple events, that
is to say, a compound event is an aggregate of certain simple events.

[f we want to speak about “‘experiments” or “observations” in a
theoretical way and without ambiguity, we must first agree on the simple
events representing the thinkable outcomes; they define the idealized
experiment. In other words: The term simple (or indecomposable) event
remains undefined in the same way as the terms point and line remain
undefined in geometry. Following a general usage in mathematics the
simple events will be called sample points, or points for short. By definition,
every indecomposable result of the (idealized) experiment is represented by
one, and only one, sample point. The aggregate of all sample points will
be called the sample space. All events connected with a given (idealized)
experiment can be described as aggregates of sample points.

Before formalizing these basic conventions, we proceed to discuss a

few typical examples which will play a role further on.

2. EXAMPLES

(a) Distribution of the three balls in three cells. Table 1 describes all
possible outcomes of the “‘experiment” of placing three balls into three
cells.

Each of these arrangements represents a simple event, that is, a sample
point. The event A “‘one cell is multiply occupied” is realized in the
arrangements numbered 1-21, and we express this by saying that the event
A 1s the aggregate of the sample points 1-21. Similarly, the event B “first
cell is not empty” is the aggregate of the sample points 1, 4-15, 22-27.

1. {abc| - | -} 10. {a | bc| -1} 19. { - |a | bc}
2.{ - labe| -} 1.{6 |ac] -} 200 { - | & |ac}
3.{- | - |abc} 12. { clab | -} 21.{ - | clab}
4. {ab | ¢| -1} 13.{a | - | be} 22.{a | b ] ¢}
S5.ac| b ] -} 14. {56 | - |ac} 23.{a | | b}
6. { bcja | -} 15.{ ¢| - Jab} 2. { b |a | ¢
7.{ab | - | ¢ 16. { - |ab | ¢} 25.{ b6 | cla }
8.{ac| - | b} 17.{ - |ac| b} 26. { cla | b}
9. { bc] — |a } 18. { - | bcla } 27.{ ¢| b |a T
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thirteen sample points 1, 4-15. Inthis particular example it so happens that
each of the 27 points belongs to either 4 or B (or to both); therefore the
event “either 4 or B or both occur” is the entire sample space and occurs
with absolute certainty. The event D defined by “A4 does not occur”
consists of the points 22-27 and can be described by the condition that
no cell remains empty. The event “‘first cell empty and no cell multiply
occupied” is impossible (does not occur} since no sample point satisfies
these specifications.

(b} Random placement of r balls in n cells. The more general case of
r balls in # cells can be studied in the same manner, except that the
number of possible arrangements increases rapidly with r and n. For
Fr=4 ballsin n = 3 cells, the sampu. SPaC\. contains already 64 pomm
and for r = #n = 10 there are 10" sample points; a complete tabulation
would require some hundred thousand big volumes.

We use this example to illustrate the important fact that the nature of
the sample points is irrelevant for our theory. To us the sample space
(together with the probability distribution defined in it) deﬁnes the
idealized experimem We use the piCL‘LiT{:‘S‘q‘LiE language of balls and \,ch
but the same sample space admits of a great variety of different practical
interpretations. To clarify this point, and also for further reference, we
list here a number of situations in which the intuitive background varies; all
are, however, abstractly equivalent to the scheme of placing r balls into n
cells, in the sense that the outcomes differ only in their verbal description.
The appropriate assignment of probabilities is not the same in all cases

and will be discussed later on.

(b,1). Birthdays. The possible configurations of the birthdays of r
people correspond to the different arrangements of r balls in 7 =
365 cells (assuming the year to have 365 days).

(b,2). Accidents. Classifying r accidents according to the weekdays
when they occurred is equivalent to placing r balls into n =7 cells.

(b,3). In firing at n targets, the hits correspond te balls, the targets to
cells.

{(h,4). Sampling. Let a group of r people be classified according to,
say, age or profession. The classes play the role of our cells, the people
that of balls.

(b,5). Irradiation in biology. When the cells in the retina of the eye
are exposed to light, the light particles play the role of balls, and the
actual cells are the “‘cells” of our model. Similarly, in the study of
the genetic effect of irradiation, the chromosemes correspond to the
cells of our model and a-particles to the balls.
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(b,6). In cosmic ray experiments the particles reaching Geiger counters
represent balls, and the counters function as cells.

(b,7). An elevator starts with r passengers and stops at n floors.
The different arrangements of discharging the passengers are replicas
of the different distributions of r balls in # cells.

(b,8). Dice. The possible outcomes of a throw with r dice corre-
spond to placing r balls into 7 = 6 cells. When fossing a coin we are
in effect dealing with only n = 2 cells.

(b,9). Random digits. The possible orderings of a sequence of r
digits correspond to the distribution of r balls (= places) into ten cells
called 0,1, ..., 9.

(5,10). The sex distribution of r persons. Here we have n = 2 cells
and r balls.

(6,11). Coupon collecting. The different kinds of coupons represent
the cells; the coupons collected represent the balls.

(6,12). Aces in bridge. The four players represent four cells, and
we have r = 4 balls.

(b,13). Gene distributions. Each descendant of an individual {person,

particular gene can appear in n forms A4;, ..., 4,, then the descend-
ants may be classified according to the type of the gene. Thedescendants
correspond to the balls, the genotypes A;, ..., 4, to the cells.

(b,14). Chemisiry. Suppose that a long-chain polymer reacts with
oxygen. An individual chain may react with 0, 1,2,... oxygen
molecules. Here the reacting oxygen molecules play the role of balls
and the polymer chains the role of cells into which the balls are put.

(0,13). Theory of photographic emulsions. A photographic plate is
covered with grains sensitive to light quanta: a grain reacts if it is
hit by a certain number, r, of quanta. For the theory of black-white
contrast we must know how many cells are likely to be hit by the r
quanta. We have here an occupancy problem where the grains corre-
spond to cells, and the light quanta to balls. (Actually the situation is
more complicated since a plate usually contains grains of different
sensitivity.)

(b,16). Misprints. The possible distributions of r misprints in the
n pages of a book correspond to all the different distributions of » balls
in n cells, provided r is smaller than the number of letters per page.

(¢c) The case of indistinguishable balls. Let us return to example (a)
and suppose that the three balls are not distinguishable. This means
that we no longer distinguish between three arrangements such as 4, 5,
6, and thus table 1 reduces to Table 2. The latter defines the sample space
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of the ideal experiment which we call “placing three indistinguishable balls

into three cells,” d a similar procedure applies to the case of r balls
in n cells.
TABLE 2

Lofers | - | -} 6. { * [+ [ -}

Lo T S | ! T I T, |

. ‘l |¥¥*| - f i, 1 * | | ¥ f

3.0 = | = | ws} 8.4 — |**x | %}

d {#x | = [ -} 9. - [ * [#+x}

S.{xx | - | =} 10. { « | « | = L

Whether or not actual balls are in Inrgcr;ce di i‘hngu;shgbfﬂ Is rrrg{gygnr for
our theory. Even if they are, we may decide to treat them as 1ndlstmgu1sh-
able. The aces in bridge [example (4,12)] or the people in an elevator
[example (b,7)] certainly are distinguishable, and yet it is often preferable
to treat them as indistinguishable. The dice of example (5,8) may be
colored to make them distinguishable, but whether in discussing a par-
ticular problem we use the model of distinguishable or indistinguishable
balls is purely a matter of purpose and convenience. The nature of a
concrete problem may dictate the choice, but under any circumstances our
theory begins only after the appropriate model has been chosen, that is,
after the sample space has been defined.

In the scheme above we have considered indistinguishable balls, but
table 2 still refers to a first, second, third cell, and their order is essential.
We can go a step further and assume that even the cells are indistinguish-
able (for example, the cell may be chosen at random without regard to its
contents). With both balls and cells indistinguishable, only three different
arrangements are possible, namely {#+# | —| =}, {#x[ |-}, {*|*[*}

(d) Sampling. Suppose that a sample of 100 people is taken in order
to estimate how many people smoke. The only property of the sample of
interest in this connection is the number x of smokers; this may be an
integer between 0 and 100. In this case we may agree that our sample
space consists of the 101 “points” 0, 1, . .., 100. Every particular sample
or observation is completely described by stating the corresponding point
z. Anexample of a compound event is the result that “the majority of the
people sampled are smokers.” This means that the experiment resulted in
one of the fifty simple events 51, 52, ..., 100, but it is not stated in which.
Similarly, every property of the sample can be described in enumerating
the corresponding cases or sample points. For uniform terminology we
speak of events rather than properties of the sample. Mathematically, an
event is simply the aggregate of the corresponding sample points.
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(¢} Sampling (continued). Suppose now that the 100 people in our
sample are classified not only as smokers or non-smokers but also as
males or females. The sample may now be characterized by a quadruple
(M, F, M,, F,}) of integers giving in order the number of male and
female smokers, male and female non-smokers. For sampie points we
take the quadruples of integers lying between 0 and 100 and adding to
100. There are 176,851 such quadruples, and they constitute the sample
space (cf. If, 5). The event “relatively more males than females smoke”
means that in our sample the ratio M /M, is greater than F/F,. The
point (73, 2, 8, 17) has this property, but (0, 1, 50, 49) has not. Our event
can be described in principle by enumerating all quadruples with the
desired property.

(f) Coin tossing. For the experiment of tossing a coin three times, the
sample space consists of eight points which may conveniently be represented
by HHH, HHT, HTH, THH, HTT, THT, TTH, TTT. The event A,
“two or more heads,” is the aggregate of the first four points. The event
B, “‘just one tail,” means either HHT, or HTH, or THH; we say that
B contains these three points.

(g) Ages of a couple. An insurance company is interested in the age
distribution of couples. Let x stand for the age of the husband, y for
the age of the wife. Each observation results in a number-pair (x, ¥).
For the sample space we take the first quadrant of the x,y-plane so that
each point x > 0, ¥ > 0 is a sample point. The event A, *‘husband is
older than 40,” is represented by all points to the right of the line # = 40;
the event B, “husband is older than wife,” is represented by the angular
region between the z-axis and the bisector » = x, that is to say, by the
aggregate of points with 2 > y; the event C, “wife is older than 40, is
represented by the points above the line ¥ = 40. A geometric representa-
tion of the joint age distributions of two couples requires a four-dimen-
sional space.

(h} Phase space. In statistical mechanics, each possible “state” of a
system is called a “point in phase space.” This is only a difference in
terminology. The phase space is simply our sample space; its points are
our sample points.

3. THE SAMPLE SPACE. EVENTS

It should be clear from the preceding that we shall never speak of
probabilities except 1n relation to & given sample space (or, physically, 1In
relation to a certain conceptual experiment). We start with the notion of a
sample space and its points; from now on they will be considered given.
They are the primitive and undefined notions of the theory precisely as the
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1otions of “‘points and
treatment of Euclidean geometry. The nature of the sample points does
not enter cur theory. The sample space provides a model of an ideal
experiment in the sense that, by definition, every thinkable outcome of the
experiment is completely described by one, and only one, sample point. Tt

is meaningful to talk about an event A only when it is clear for every

outcome of the experiment whether the event A4 has or has not occurred.

straight line” remain undefined in an axiomatic

The collection of all those sample points representing outcomes where
A has occurred completely describes the event. Conversely, any given
aggregate A containing one or more sample points can be called an
event; this event does, or does not, occur according as the outcome of the
experiment is, or is not, represented by a point of the aggregate 4. We

therefore define the word event to mean the same as an aggregate of sample

points. Weshall say that an event A consists of (or contains) certain points,
namely those representing outcomes of the ideal experiment in which A4
occurs.

Example. In the sample space of example (2.4} consider the event
U consisting of the points number 1, 7, 13. This is a formal and straight-
forward definition, but U can be described in many equivalent ways.
For example, U may be defined as the event that the following three
conditions are satisfied: (1) the second cell is empty, (2} the ball a isin the
first cell, (3) the ball & does not appear after ¢. Each of these conditions
itself describes an event. The event U, defined by the condition (1) alone
consists of points 1, 3, 7-9, 13-15. The event U, defined by (2) consists
of pomtsl 4, 5 7, 8,10, 13, 22, 23; and the event U, defined by (3)

1-4, 6, 7, 9-11, 13, 14, 16, 18-20, 22, 24, 25, The

]
event U can also be described as the simultaneous realization of all three
events U, U, U, >

The terms “sample point” and “event” have an intuitive appeal, but
they refer to the notions of point and point set common to all parts of
mathematics.

We have seen in the preceding example and in (2.a) that new events can
be defined in terms of two or more given events. With these examples in
mind we now proceed to introduce the notation of the formal aigebra of
events (that is, algebra of point sets).

We shall now suppose that an arbitrary, but fixed, sample space S is
given. We use capitals to denote events, that is, sets of sample points.
The fact that a point x is contained in the event A is denoted by « € A.
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Thus »€ & for every point x. We write A = B only if the two events
consist of exactly the same points.

In general, events will be defined by certain conditions on their points,
and it is convenient to have a symbol to express the fact that no point
satisfies a specified set of conditions. The next definition serves this purpose.

Definition 1. We shall use the notation A =0 to express that the
event A contains no sample poinis (is impossible). The zero must be
interpreted in a symbolic sense and not as the numeral.

To every event A there corresponds another event defined by the

condition “A does not occur.” Tt contains all points not contained in A.

Definition 2. The event consisting of all points not contained in the
event A will be called the complementary event (or negation) of A and will

-

be denoted by A'. In particular, & = 0.

Figures 1 and 2. Illustrating relations among events. In Figure 1 the domain within
heavy boundaries is the union 4 W B W €. The triangular (teavily shaded) domain is
the intersection ABC. The moon-shaped {lighrly shaded) domain is the intersection of
B with the complement of 4 U C.

With any two events 4 and B we can associate two new events
defined by the conditions “both A and B occur’” and “‘cither A or B or
both occur”” These events will be denoted by AB and A \U B, respec-
tively. The event 4B contains all sample points which are common to
A and B. If 4 and B exclude each other, then there are no points
commonto 4 and B and the event AB is impossible; analytically, this
situation is described by the equation

(4.1) AB =0

which should be read “4 and B are mutually exclusive” The event
AB’ means that both 4 and B’ occur or, in other words, that 4 but
not B occurs. Similarly, 4'B" means that neither 4 nor B occurs.
The event A U B means that at least one of the events 4 and B occurs;
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it contains all sample points except those that belong neither to 4 nor
to B.

In the theory of probability we can describe the event A8 as the
simultaneous occurrence of A4 and B. In standard mathematical ter-
minology AB is called the (logical) intersection of 4 and B. Similarly,
A W B is the union of 4 and B. Our notion carries over to the case of
events A, B, C, D, ...

Definition 3. To every collection A, B, C,. .. of evenis we define two
new events as follows. The aggregate of the sample points which belong to
all the given sets will be denoted by ABC ... and called the intersection®
(or simultaneous realization) of A, B, C,.... The aggregate of sample
points which belong to at least one of the given sets will be denoted by
AU BUC. .. and called the union (or realization of at least one) of the

.+ . are mutually exclusive if no two
BC=0,....

given events. The events A, B, C,
have a point in common, that is,if AB=0, AC=0, ...

3

We still require a symbol to express the statement that A4 cannot
occur without B occurring, that is, that the occurrence of A4 implies the
occurrence of B. This means that every point of 4 is contained in B.
Think of intuitive analogies like the aggregate of all mothers, which
forms a part of the aggregate of all women: All mothers are women but
not all women are mothers.

Definition 4. The symbols A < B and B> A are equivalent and
signify that every point of A Is contained in B; they are read, respectively,
“A implies B” and “B is implied by A”. If this is the case, we shall
also write B — A instead of BA’ to denote the event that B but not A
occurs.

The event B — A contains all those points which are in B but not
in A. With this notation we can write A’ =& — 4 and 4 — 4 = 0.

Examples. (a)If A and B are mutually exclusive, then the occurrence
of A implies the non-cccurrence of B and vice versa. Thus AB =0
means the same as 4 < B andas B< A"

() The event 4 — AB means the occurrence of A4 but not of both
A and B, Thus A — AB = AB".

(c) In the example (2.g), the event A48 means that the husband is
older than 40 and older than his wife; 4B’ means that he is older than

2 The standard mathematical notation for the intersection of two or more scts is
AMNB or AN BN, etc. This notation is more suitable for certain specific
purposes (see IV, 1 of volume 2). At present we usc the notation A8, ABC, etc.,
since it is less clumsy in print,
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40 but not older than his wife. AB isrepresented by the infinite trapezoidal
region between the x-axis and the lines = = 40 and y =z, and the
event AB' is represented by the angular domain between the lines
= 40 and y = =, the latter boundary included. The event AC means
that both husband and wife are older than 40. The event A U C means
that at least one of them is older than 40, and 4 U B means that the
husband is either older than 40 or, if not that, at least older than his wife
(in official language, “husband’s age exceeds 40 years or wife’s age,
whichever is smaller™).

(d} In example (2.4) let E; be the event that the cell number / is
empty (here i=1,2,3). Similarly, let S, D,, T, respectively, denote
the event that the cell number ¢ is occupled 51mply, doubly, or triply.
Then E\E, =T, and S$,S;< S, and D,D,=0. Note also that
T, © E,, etc. Theevent D, U D, U D, is defined by the condition that
there exist at least one doubly occupied cell.

(e) Bridge (cf. footnote 1). Let 4, B, C, D be the events, respectively,
that North, South, East, West have at least one ace. It is clear that at
least one player has an ace, so that one or more of the four events must
occur. Hence 4 W B W C U D= & is the whole sample space. The
event ABCD occurs if, and only if, each player has an ace. The event
“West has all four aces” means that none of the three events A4, B, C
has occurred; this is the same as the simultaneous occurrence of A4’ and
B’ and C’ ortheevent A'B'C’,

(/) In the example (2.g) we have BC < A4: in words, “if husband is
older than wife (B) and wife is older than 40 (C), then husband is older
that 40 (4).” How can the event 4 — BC be described in words? [

5. DISCRETE SAMPLE SPACES

The simplest sample spaces are those containing only a finite number,
n, of points. If » is fairly small (as in the case of tossing a few coins),
it is easy to visualize the space. The space of distributions of cards in
bridge is more complicated, but we may imagine each sample point repre-
sented on a chip and may then consider the collection of these chips as
representing the sample space. An event 4 (like “North has two aces”™)
is represented by a certain set of chips, the complement 4’ by the re-
maining ones. 1t takes only one step from here to imagine a bowl with
infinitely many chips ot a sample space with an infinite sequence of points
Ey, By Esy o

Examples. (a) Let us toss a coin as often as necessary to turn up one
head. The points of the sample space are then E, = H, E, = TH,
Ey,=TTH, E; = TTTH, etc. We may or may not consider as thinkable
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the possibility that # never appears. If we do, this possibility should be
represented by a point £,

(P) Three players «, b, ¢ take turns at a game, such as chess, according
to the following rules. At the start 2 and & play while ¢ is out. The
loser is replaced by ¢ and at the second trial the winner plays against ¢
while the loser is out. The game continues in this way until a player wins
twice in succession, thus becoming the winner of the game. For simplicity
we disregard the possibility of ties at the individual trials. The possible
outcomes of our game are then indicated by the following scheme:

(*) aa, ace, acbb, achbaa, acbacc, achbachbb, achachaa, .

bb, bce, becaa, beabb, bcabee, beabeaa, beabcabb, . . . .

In addition, it is thinkable that no player ever wins twice in succession, in
which case the play continues indefinitely according to one of the patterns

**) acbacbacbach . . ., beabcabeabea . . . .

The sample space corresponding to our ideal “experiment’ is defined by
(*) and (**) and is infinite. It is clear that the sample points can be
arranged in a simple sequence by taking first the two points (**) and
continuing with the points of (*) in the order aa, bb, acc, bec, . ... [See
problems 5-6, example V,(2.a), and problem 5 of XV,14.] >

Definition. A sample space is called discrete if it contains only finitely
many points or infinitely many points which can be arranged into a simple
sequence E\, E,, . . ..

G. Cantor) that the sample space consisting of all positive numbers is not
discrete. We are here confronted with a distinction familiar in mechanics.
There it is usual first to consider discrete mass points with each individual
point carrying a finite mass, and then to pass to the notion of a continuous

mass distribution, where each individual point has zero mass. In the first
case, the mass of a system 1s ohtained mmnlv hu nddmo the masses of the

individual points; in the second case, masses are computed by integration
over mass densities. Quite similarly, the probabilities of events in discrete
sample spaces are obtained by mere additions, whereas in other spaces
integrations are necessary. Except for the technical tools required, there

is no essential difference between the two cases. In order to present actual
prnhahlhfu considerations unhampered hv technical difficulties. we shall

Al WAL IS RALLGI P LAl Thelharasiedr il niie S,

take up only discrete sample spaces. It w111 be seen that even this special
case leads to many interesting and important results.

Not every sample space is discrete. It is 2 known theorem (due to

In this volume we shall consider only discrete sample spaces.
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X Al al
6. PROBABILITIES IN DISCRETE SAM

SPACES: PREPARATIONS

Probabilities are numbers of the same nature as distances in geometry or
masses in mechanics. The theory assumes that they are given but need
assume nothing about their actual numerical values or how they are
measured in practice. Some of the most important applications are of a
qualitative nature and independent of numerical values. In the relatively
few instances where numerical values for probabilities are required, the
procedures vary as widely as do the methods of determining distances.
There is little in common in the practices of the carpenter, the practical
surveyor, the pilot, and the astronomer when they measure distances.
In our context, we may consider the diffusion constant, which is a notion
of the theory of probability. To find its numerical value, physical con-
siderations relating it to other theories are required; a direct measurement
is impossible. By contrast, mortality tables are constructed from rather
crude observations. In most actual applications the determination of
probabilities, or the comparison of theory and observation, requires
rather sophisticated statistical methods, which in turn are based on a
refined probability theory. In other words, the intuitive meaning of
probability is clear, but only as the theory proceeds shall we be able to see
how it is applied. All possible “definitions’” of probability fall far short
of the actual practice.

When tossing a “‘good™ coin we do not hesitate to associate probability
3 with either head or tail. This amounts to saying that when a coin is
tossed n times-all 2" possible results have the same probability. From a
theoretical standpoint, this is a convention. Frequently, it has been
contended that this convention is logically unavoidable and the only
possible one. Yet there have been philosophers and statisticians defying
the convention and starting from contradictory assumptions (uniformity
or non-uniformity in nature). It has also been claimed that the probabili-
ties § are due to experience. As a matter of fact, whenever refined statistical
methods have been used to check on actual coin tossing, the result has been
invariably that head and tail are not equally likely. And yet we stick to
our model of an “ideal” coin, even though no good coins exist. We
preserve the model not merely for its logical simplicity, but essentially for
its usefulness and applicability. In many applications it is sufficiently
accurate to describe reality. More important is the empirical fact that
departures from our scheme are always coupled with phenomena such as
an eccentric position of the center of gravity. In this way our idealized
model can be extremely useful even if it never applies exactly. For ex-
ample, in modern statistical quality control based on Shewhart’s methods,

\\
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idealized probability models are used to discover ““assignable causes’ for
flagrant departures from these models and thus to remove impending
machine troubles and process irregularities at an early stage.

Similar remarks apply to other cases. The number of possible dis-
tributions of cards in bridge is almost 103, Usually we agree to consider
them as equally probable. For a check of this convention more than 103
experiments would be required—thousands of billions of years if every
living person played one game every second, day and night. However,
consequences of the assumption can be verified experimentally, for
example, by observing the frequency of multiple aces in the hands at
bridge. It turns out that for crude purposes the idealized model describes
experience sufficiently well, provided the card shuffling is doe better than
15 usual. It is more important that the idealized scheme, when it does not
apply, permits the discovery of “assignable causes™ for the discrepancies,
for example, the reconstruction of the mode of shuffling. These are
examples of limited importance, but they indicate the usefulness of
assumed models. More interesting cases will appear only as the theory
proceeds.

Examples. (@) Distinguishable balls. In example (2.a) it appears
natural to assume that all sample points are equally probable, that is, that
each sample point has probability $. We can start from this definition and
investigate its consequences. Whether or not our model will come
reasonably close to actual experience will depend on the type of phenomena
to which it is applied. In some applications the assumption of equal
probabilities is imposed by physical considerations; in others it is intro-
duced to serve as the simplest model for a general orientation, even though
it quite obviously represents only a crude first approximation [e.g.,
consider the examples (2.5,1), birthdays; (2.5,7), clevator problem; or
(2.h,11) coupon collecting].

(b) Indistinguishable balls: Bosc-Einstein statistics. We now turn to the
example (2.c) of three indistinguishable balls in three cells. It is possible
to argue that the actual physical experiment is unaffected by our failure to
distinguish between the balls; physically there remain 27 different possi-
bilities, even though only ten different forms are disinguishable. This
consideration leads us to attribute the following probabilities to the ten
points of table 2.

Point number: 1 2 3 4 5 6 7 8 9 10
Probability: o & L+ 401 1L 11z

It must be admitted that for most applications listed in example (2.5)
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this argument appears sound and the a@ﬂ‘.mnmf_'_nj_ of nr()bab;l;hf-q rea-
sonable. Historically, our argument was accepted for a long time without
question and served in statistical mechanics as the basis for the derivation
of the Maxwell-Bolizmann statistics for the distribution of r balls in »n
cells. The greater was the surprise when Bose and Einstein showed that
certain particles are subject to the Bose-Einstein statistics (for details see
I1,5). In our case with r = » = 3, this model attributes probability ¥
1o cach of the ten sample points.

This example shows that different assignments of probabilities are

compatible with the same sample space and illustrates the intricate

TasLE 3

Trials

number Number of heads Total
0-- 1,000 54 46 33 55 46 54 41 48 51 53 501
- 2,000 48 46 40 53 49 49 48 34 33 45 485
— 3,000 43 52 58 51 51 50 52 50 353 49 509
- 4,000 58 60 54 355 50 48 47 57 52 55 536
— 5,000 48 51 51 49 44 52 50 46 33 41 485
- 6,000 49 350 45 52 52 48 47 47 47 51 438
- 7,000 45 47 41 51 49 59 50 55 53 50 500
- 8,000 53 52 46 52 44 51 48 51 46 54 497
— 9,000 43 47 46 52 47 48 59 57 45 48 494
-10,000 47 41 51 48 39 51 52 55 39 41 484

interrelation between the eory and experience, In p

not to rely too much on a priori arguments and to be pr epared to accept
new and unforeseen schemes,

(c) Coin rossing. A frequency interpretation of the postulate of equal
probabilities requires records of actual experiments. Now in reality every

coin is biased, and it is possible to devise physical experiments which
come mn(‘h ("If"IQPT' to fh{-" ideal mﬁHP] nfenin tneeing than real faine pvar Ao

el LA/ Rl I WL AL LUSall e tllall Dl by Y R U,

To give an idea of the fluctuations to be expected, we give the record of
such a simulated experiment corresponding to 10,000 trials with a coin.?
Table 3 contains the number of occurrences of “heads™ in a series of 100
experiments each corresponding to a sequence of 100 trials with a coin.
The grand total is 4979. Looking at these figures the reader is probably left

with a vasue feeling oft So what? The trut

12 that a mnars advancad
- wv R F b TLIALL . F e L LL Ll [ N S b Lk

A1l b LILNSLA, L YW LA

* The table actually records the frequency of even digits in a section of A million
random digits with 100,000 normal deviates, by The Ranp Corporation, Glencoe,
Illinois (The Free Prass), 1955.
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theory is necessary to judge to what extent such empirical data agree with
our abstract model. (Incidentally, we shall return to this material in
111,6.) >

7. THE BASIC DEFINITIONS AND RULES

Fundamental Convention. Given a discrete sample space & with
sample points E,, Ey, ..., we shall assume that with each point E; there
is associated a number, called the probability of E; and denoted by P{E}. It
is to be non-negative and such that

{7.1) P{E} +PE}+--- =1,

Note that we do not exclude the possibility that a point has probability
zero, This convention may appear artificial but is necessary to avoid
complications. In discrete sample spaces probability zero is in practice
interpreted as an impossibility, and any sample point known to have
probability zero can, with impunity, be eliminated from the sample space.
However, frequently the numerical values of the probabilities are not
known in advance, and involved considerations are required to decide

whether or not a certain sample point has positive probability.

Definition. The probability P{A} of any event A is the sum of the
probabilities of all sample points in it.

By (7.1} the probability of the entire sample space & is unity, or
P{S} = 1. It follows that for any event A4

(7.2) 0 P4 < L.

Consider now two arbitrary events 4, and A, To compute the
probability P{4;\A,} thateither 4, or A, or both occur, we have to
add the probabilities of all sample points contained either in 4, orin A,,
but each point is to be counted only once. We have, therefore,

(7.3) P{d,Ud,} < P{d,} + P{A,}.

Now, if E is any point contained both in A4; and in 4,, then P{E}
occurs twice in the right-hand member but only once in the left-hand
member. Therefore, the right side exceeds the left side by the amount
P{A4,4,}, and we have the simple but important

Theorem. For any two events A, and A, the probability that either
A, or A, or both occur is given by

- (74) P{4, VA4, = PiA} + P{dy} — P{4,4,}.
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If AyA; =0, that is, if A, and A, are mutuglly exclusive, then (7.4)
reduces to

(7.5 - P{d, VA, = P{4)} + P{4}.

Example. A coin is tossed twice. For sample space we take the four
points HH, HT, TH, TT, and associate with each probability 1. Tet A,
and A, be, respectively, the events “‘head at first and second trial.”
Then A, consists of HH and HT, and A, of TH and HH. Further-
more 4 = A4, U4, contains the three points HH, HT, and TH, where-
as A4, consists of the single point HH. Thus

P, ULl =1 +3—1=1 >

The probability P{4, VA, -+- UA,} of the realization of at least
one among n events can be computed by a formula analogous to (7.4),
derived in IV,I. Here we note only that the argument leading to (7.3)
applies to any number of terms. Thus for arbitrary events A,, A, ...
the inequality

(?‘6) P{4, WA, - - } < P{4,} + P{Az} R

holds. In the special case where the cvents Ay, A,, ... are mutually
exclusive, we have

(7.7) P{d, WA, U - -} = P} + P{4s} + -+

Occasionally (7.6) is referred to as Boole’s inequality.

We shall first investigate the simple special case where the sample
space has a finite number, ¥, of points each having probability 1/¥. In
this case, the probability of any event A equals the number of points
in A divided by N. In the older literature, the points of the sample space
were called “cases,”” and the points of 4 “favorable” cases (favorable
for A). Ifall points have the same probability, then the probability of an
event A is the ratio of the number of favorable cases to the total number
of cases. Unfortunately, this statement has been much abused to provide
a “‘definition” of probability. It is often contended that in every finite
sample space probabilities of all points are equal. This is not so. For a
single throw of an untrue coin, the sample space still contains only the two
points, head and tail, but they may have arbitrary probabilities p and
g, with p + ¢ = 1. A newborn baby is a boy or girl, but in applications
we have to admit that the two possibilities are not equally likely. A
further counterexample is provided by (6.h). The usefulness of sample
spaces in which all sample points have the same probability is restricted
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8. PROBLEMS FOR SOLUTION

1. Among the digits I, 2, 3, 4, 5 first one is chosen, and then a second selection
is made among the remaining four digits. Assume that all twenty possible re-
sults have the same probability. Find the probability that an odd digit will
be selected (a) the first time, (b) the second time, (¢) both times.

2. In the sample space of example (2.4) attach equal probabilities to all 27
peints. Using the notation of example (4.4), verify formula (7.4) for the two
events A; = &, and A4, = 5,. How many points does 5§, contain?

3. Consider the 24 possible arrangements (permutations) of the symbols
1234 and attach to each probability 5. Let A4, be the event that the digit i

appears at its natural rﬂace {(where / = 1 2,3, 4‘| Ve-rlf'v formula (7.4),

Ealx Al lia HiAalilldl abh SLR Ly T abrsldlilia

4. A coin 18 tossed unnl for the first time the same result appears twice in
succession. To every possible outcome requiring r tosses attribute probability
1/2m -1, Describe the sample space. Find the probability of the following events:
(a) the experiment ends before the sixth toss, (b)) an even number of tosses is
required.

5. In the sample space of example (5.5) let us attribute to each point of (*)
containing exactly & letters probability 1/2%. (In other words, ee and bb
carry probability &, acb has probability §, etc.) (a) Show that the probabilities -
of the points of (x) add up to unity, whence the two points (x*) receive proba-
bility zero. (b) Show that the probability that a wins is i%. The probability
of b winning is the same, and ¢ has probability 5 of winning. (¢) The proba-
bility that no decision is reached at or before the kth turn (game) is 1/2%71

6. Modify example (5.5) to take account of the possibility of ties at the
individual games. Describe the appropriate sample space. How would you
define probabilities ?

7. In problem 3 show that 4,4;4; < 4, and A;4,4; < A,

8. Using the notations of example (4.4) show that (a) §,5:D; =0; (8)
S0, = By (o) Ey — D,§, = 5;D

9, Two dice are thrown. Let 4 be the event that the sum of the faces is
odd, B the event of at least one ace. Describe the events 4B, A W B, AR’
Find their probabilities assuming that all 36 sample points have equal proba-
bilities.

10. In example (2.g), discuss the meaning of the following events:

(a) ABC, (6) A — AB, (c) ABC.

11. In example (2.g), verify that AC” < B.

12. Bridge (cf. footnote 1). For k =1,2,3,4 let N; be the event that
North has at least & aces. Let S, E;, W, be the analogous events for South,
East, West. Discuss the number z= of aces in West’s possession in the events

(a) W1, (B) N;Ss, (c) NiSLE], d) W, — W,
(e) NS\ E Wy, () NaWy, (g) (N, U S)E,.
13. In the preceding problem verify that

(d) NpS, = Wi, (&) (N, U SW, =0, (f) Wy = NSE,.
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14, Verify the following relations.

(a) (A UBY = AR () (4 UB)— B=A — AB = AB".
(¢) A=A UA=A4, (d) (4—AB)UB = 4 U B.
(e) (4 W B)— 4B = AB" U A’'B. (f) A" W B" = (4B).

(g) (4 VU B)C = AC Vv BC.

15. Find simple expressions for
(@) (A v BX4 v BY), (b)(4 vV BYA vB)4UB), (c)(AwvBBuDC).

16. State wmch of the tollowmg relations are correct and which incorrect:
(@ AVB)—C=4v(B-Q).
(6) ABC = AB(C v B).
() AVBUC =4 v (B-—- ABY i (C— AC)
(d) A VB =(A—A4AB) VB,
(&) AB W BC v CA = ABC.
(HNABVUBCUCA (4 vBUC(C).
{(g) (A UB)—A =8
(h) ABRC = 4 UB,
(i) (AwvBwC)y =ABYC.
() AVB)C=4CuBC
(k) (4w BYC = A'BC.
() (AVUB)YC=C—(C4wvB)

17. Let A, B, C be three arbitrary events. Find expressions for the events
that of A4, B, C:

(a) Only A occurs. (4) Both A and B, but not C, occur,
(¢) All three events occur. (d) At least one occurs.

() At least two occur. (f) One and no more occurs.

{g) Two and no more occur. (#) None occurs.

(/) Not more than two occur.

18. The union A U B of two events can be expressed as the union of two
mutually exclusive events, thus: 4 W B = A W (B—A4B). Express in a similar
way the union of three events A4, B, C.

19. Using the result of problem 18 prove that
P{AUBUC}=

= P{4} + P{B} + P{C} — P{AB} — P{4C} — P{BC} + P{4ABC}
[This is a special case of IV, (1.5).]

4 Notice that {4 \ B)" denotes the complement of 4 ‘U B, which is not the same
as A7\ B’ Similarly, (48)" is not the samc as 4’8,




CHAPTER II

Flements

of Combinatorial Analysis

This chapter explains the basic notions of combinatorial analysis and
develops the corresponding probabilistic background; the last part
describes some simple analytic techniques. Not much combinatorial
analysis is required for the further study of this book, and readers without
special interest in it should pass as soon as possible to chapter V, where
the main theoretical thread of chapter I is taken up again. It may be best
to read the individual sections of the present chapter in conjunction with
related topics in later chapters.

In the study of simple games of chance, sampling procedures, occupancy
and order problems, etc., we are usually dealing with finite sample spaces
in which the same probability is attributed to all points. To compute the
probability of an event A4 we have then to divide the number of sample
points in 4 (“favorable cases’) by the total number of sample points
(“possible cases™). This is facilitated by a systematic use of a few rules
which we shall now proceed to review. Simplicity and economy of
thought can be achieved by adhering to a few standard toocls, and we shall
follow this procedure instead of describing the shortest computational
method in each special case.?

i. PRELIMINARIES

Pairs. With m elements a, ..., a, and n elements by,...,b,, itis
possible to form mn pairs (a,, b,) containing one element from each group.

! The interested reader will find many topics of clementary combinatorial analysis
treated in the classical textbook, Choice and chance, by W. A, Whitworth, fifth edition,
London, 1901, reprinted by G. E. Stechert, New York, 1942. The companion volume
by the same author, DCC exercises, reprinted New York, 1945, contains 700 problems

with complete solutions,

[
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Proof. Arrange the pairs in a rectangular array in the form of a multi-
plication table with m rows and » columns so that (a;, b;) stands at the
intersection of the jth row and kth column. Then each pair appears once
and only once, and the assertion becomes obvious. >

Examples. (a) Bridge cards (cf. footnote 1 to chapter I). As sets of
elements take the four suits and the thirteen face values, respectively.
Each card 1s defined by its suit and its
such combinations, or cards.

(b) “Seven-way lamps’’ Some floor lamps so advertised contain 3
ordinary bulbs and also an indirect lighting fixture which can be operated
on three levels but need not be used at all. Each of these four possibilities

can be combined with 0, 1, 2, or 3 bulbs. Hence there are 4-4 = 16

d there exist 4-13 = 52
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on. There remain fifteen (not seven) ways of operating the l[amps. >
Multiplets. Given n, elements a,...,a, and n, elements b,. ..,
b, etc., up to n, elements z,,...,x, ; itis possible to form nyny - n,
ordered r-tuplets (a,, b, ...,x;) containing one element of each kind.

Proof. If r =2, the assertion reduces to the first rule. If r =3,
take the pair (g, ;) as element of a new kind. There are n,n, such pairs
and ny elements ¢, Each triple (a,, &, c,) is itself a pair consisting of
(a, b)) and an element ¢,; the number of triplets is therefore mn,n;.

Proceeding by induction, the assertion follows for every r. >

Many applications are based on the following reformulation of the last
theorem: ¢ successive selections (decisions) with exactly n, choices
possible at the kth step can produce a total of nyny:--n, different
resulls.

Examples. (c) Multiple classifications. Suppose that people are
classified according to sex, marital status, and profession. The various
categories play the role of elements. If there are 17 professions, then we
have 2-2-17 = 68 classes in all.

(d) In an agricultural experiment three different treatments are to be
tested (for example, the application of a fertilizer, a spray, and tempera-
ture). If these treatments can be applied on ry, s, and r; levels or
concentrations, respectively, then there exist a total of ryrpry combina-
tions, or ways of treatment.

(E) “Pt’ﬂ“ﬁ'ﬁg balls into cells” amounts to cno
With r balls we have r independent choices, and therefore ¢ balls can
be placed into n cells in o different ways. It will be recalled from ex-

ample I,(2.5) that a great variety of conceptual experiments are abstractly

g e Ahancima anea rall far each hall
1 Ua].us AFLI W ll LWL ekiaell LrDigd.
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equivalent to that of placing balls into cells. For example, considering the
faces of a die as ““cells,” the last proposition implies that the experimeﬁt of
throwing a die r times has 67 possible outcomes, of which 57 satisfy the
condition that no ace turns up. Assuming that all outcomes are equally
probable, the event “no ace in r throws’ has therefore probability (§)".
We might expect naively that in six throws ““an ace should turn up,” but
the probability of this event is only I — (§)® or less than §. [Cf. example
(3.5).]

(f) Display of flags.® For a more sophisticated example suppose that r
flags of different colors are to be displayed on » poles in a row. In how
many ways can this be done? We disregard, of course, the absolute
position of the flags on the poles and the practical limitations on the
number of flags on a pole. We assume only that the fiags on each pole are
in a definite order from top to bottom. )

The display can be planned by making r successive decisions for the
individual flags. For the first flag we choose one among the #n poles.
This pole is thereby divided into two segments, and hence there are now
n 4+ 1 choices possible for the position of the second flag. In like manner
it is seen that »n + 2 choices are possible for the third flag, and so on. It
follows that n(n 4+ 1)(n + 2) - - - (n + r —1) different displays are possible.

>

2. ORDERED SAMPLES

Consider the set or “population” of n elements a,, a4, ...,4q, Any
ordered arrangement 4a;,4a,,...,a; of r symbols is called an ordered
sample of size r drawn from our population. For an intuitive picture we
can imagine that the elements are selected one by one. Two pro.edures
are then possible. First, sampling with replacement; here each selection
is made from the entire population, so that the same element can be
drawn more than once. The samples are then arrangements in which
repetitions are pérmitted. Second, sampling without replacement; here an
element once chosen is removed from the population, so that the sample
becomes an arrangement without repetitions. Obviously, in this case, the
sample size r cannot exceed the population size n.

In sampling with replacement each of the r elements can be chosen
in n ways: the number of possible samples is therefore #”, as can be seen
from the last theorem with n, =n, =---=n. In sampling without
replacement we have n possible choices for the first element, but only

2 H. M, Finucan, 4 feaching sequence for "H,, The Math. Gazette, vol. 48 (1964),
pp. 440441,
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n — 1 for the second, n — 2 for the third, etc., and so there are nln—1)---
(n—r—+1) choices in all. Products of this type appear so often that it is
convenient to introduce the notation?®

2.1) ), =nn—0---(n—r41).
Clearly (n), = 0 for integers r, n such that » > n. We have thus:

Theorem. For a population of n elements and a prescribed sample
size r, there exist n" different samples with replacement and (n), samples
without replacement.

We note the special case where r = n. In sampling without replace-
ment a sample of size »n includes the whole population and represents a
reordering (or permutation) of its elements. Accordingly, n elements
a,...,a, can be ordered in (1), =n-(n—1)---2-1 different ways.
Instead of (n), we write a!, which is the more usual notation. We see
that our theorem has the following

- Corollary. The number of different orderings of n elements is
(2.2) Conl=an(n=1--2-1.

Examples. (a) Three persons 4, B, and C form an ordered sample
from the human population. Their birthdays are a sample from the
population of calendar days; their ages are a sample of three numbers.

(6) If by “ten-letter word”’ is meant a (possibly meaningless) sequence
of ten letters, then such a word represents a sample from the population
of 26 letters. Since repetitions are permitted there are 261 such words,
On the other hand, in a printing press letters exist not only conceptually
but also physically in the form of type. For simplicity let us assume that
exactly 1,000 pieces of type are available for each letter. To set up a
word in type the printer has to choose ten pieces of type, and here re-
petitions are excluded. A word can therefore be set up in (26,000),,
different ways. This number is practically the same as 26,000° and
exceeds 10%,

(c) Mr. and Mrs. Smith form a sample of size two drawn from the
human population; at the same time, they form a sample of size one
drawn from the population of all couples. The example shows that the
sample size is defined only in relation to a given population. Tossing a
coin r times is one way of obtaining a sample of size r drawn from the

* The notation (n), is not standard but will be used consistently in this book even
when n is not an integer.
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population of the two letters H and 7. The same arrangement of r
letters H and T is a single sample point in the space corresponding to
the experiment of tossing a coin r times. :

(d) Concerning ordering and sampling in practice. 'When the smoking
habits of a population are investigated by sampling one feels intuitively
that the order within the sample should be irrelevant, and the beginner
is therefore prone to think of samnlec; as not being ordered. But con-
clusions from a sample are possible only on the basis of certain probabilistic
assumptions, and for these it is necessary to have an appropriate model for
the conceptual experiment of obtaining a sample. Now such an experiment
obviously involves choices that can be distinguished from each other,
meamng choices that are labeled in some way. For theoretical purposes it
is 51mn1est to use the mteoer<; as labels, and this amounts to nrdpnna the
sample Other procedures may be preferable in practice, but even the
reference to the “third guy interviewed by Jones on Tuesday’” constitutes
a labeling. In other words, even though the order within the samples may
be ultimately disregarded, the conceptual experiment involves ordered
samples, and we shall now see that this affects the appropriate assignment
of probabilities. -

Drawing in succession r elements from a population of size n is an
experiment whose possible cutcomes are samples of size r. Their number
1s n” or (n),, depending on whether or not replacement is used. In either
case, our conceptual experiment is described by a sample space in which
each individual point represents a sample of size r.

So far we have not spoken of probabilities associated with our samples.
Usually we shall assign equal probabilities to all of them and then speak
of random samples. The word “random™ is not well defined, but when
applied to samples or selections it has a unqiue meaning. The term
random choice is meant to imply that all outcomes are equally probable.
Similarly, whenever we speak of random samples of fixed size r, the
adjective random is to imply that all possible samples have the same proba-
bility, namely, n~" in sampling with replacement and 1/(n), in sampling
without replacement, » denoting the size'of the population from which the
sample is drawn. If » islarge and r relatively small, the ratio (xn),/n"
near unity. Thisleads us to expect that, for large populations and relatively
small samples, the two ways of sampling are practically equivalent (cf.
. problems 11.1, 11.2, and problem 35 of VI, 10).

We have introduced a practical terminology but have made no state-
ments about the applicability of our model of random sampling to reality.
Tossing coins, throwing dice, and similar activities may be interpreted as
experiments in practical random sampling with replacements, and our
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probabilities are numerically close to frequencies observed in long-run
experiments, even though perfectly balanced coins or dice do not exist.
Randon sampling without replacement is typified by successive drawings
of cards from a shuffled deck (provided shuffling is done much better than
is usual). In sampling human populations the statistician encounters
considerable and often unpredictable difficulties, and bitter experience has
shown that it is difficult to obtain even a crude image of randomness.

Exercise. In sampling without replacement the probab:hty for any fixed clement of
the population to be included in a random sample of size r is

(n—1), _ n—r r

(n), B H n’

In sampling with replacement the probability that an element be included at least once
is 1 —(1—1/m)r.

3. EXAMPLES
The examples of this section represent special cases of the following
pr{)blem. A random samp‘ of size r with f\.,ynu\..\.uu.ut is taken from a

population of # elements. We seek the probability of the event that in
the sample no element appears twice, that is, that our sample could have
been obtained also by sampling without replacement. The last theorem
shows that there exist »" different samples in all, of which (n), satisfy
the stipulated condition. Assuming that all arrangements have equal
probability, we conclude that the probability of no repetition in our sample is

(3.1 p= =) (a=r4D)
n n

r

The following concrete interpretations of this formula will reveal surprising
features. T :

(a) Random sampling numbers. Let the population consist of the ten
digits 0, 1, ..., 9. Every succession of five digits represents a sample of
size r =5, and we assume that each such arrangement has probability
1075, By (3.1), the probability that five consecutive random digits are all
different is p = (10);10~° = 0.3024.

We expect intuitively that in large mathematical tables having many
decimal places the last five digits will have many properties of randomness.
(In ordinary logarithmic and many other tables the tabular difference is
nearly constant, and the last digit therefore varies regularly.) As an
experiment, sixteen-place tables were selected and the entries were counted
whose last five digits are all different. In the first twelve batches of a
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hundred entries each, the number of entries with five different digits
varied as follows: 30, 27, 30, 34, 26, 32, 37, 36, 26,.31, 36, 32. Small-
sample theory shows that the magnitude of the fluctuations is well within
the expected limits. The average frequency is 0.3142, which is rather close
to the theoretical probability, 0.3024 [cf. example VII, (4.g)].

Constder next the number e = 2.71828.... The first 800 decimals?
form 160 groups of five digits each, which we arrange in sixteen batches
of ten each. In these sixteen batches the numbers of groups in which all
five digits are different are as follows:

3, 1, 3, 4, 4, 1, 4, 4, 4,2, 3, 1, 5, 4, 6 3.

The frequencies again oscillate around the value 0.3024, and small-
sample theory confirms that the magnitude of the fluctuations is not larger
than should be expected. The overall frequency of our event in the 160
groups is Ty = 0.325, which is reasonably close to p = 0.3024.

(b) If n balls are randomly placed into n cells, the probability that each
cell will be occupied equals n'{n™. It is surprisingly small: For n =7 it
is only 0.00612 . . .. This means that if in a city seven accidents occur each
week, then (assuming that all possible distributions are equally likely)
practically all weeks will contain days with two or more accidents, and on the
average only one week out of 165 will show a uniform distribution of one
accident per day. This example reveals an unexpected characteristic of
pure randomness. (All possible configurations of seven balls in seven cells
are exhibited in table 1, section 5. The probability that two or more cells
remain empty is about 0.87.) For » = 6 the probability n!»s~" equals
0.01543 .. .. This shows how extremely improbable it is that in six throws
with a perfect die a// faces turn up. {The probability that a particular face
does not turn up is about §; cf. example (1.¢).]

(¢) Elevator. An elevator starts with r = 7 passengers and stops at
n = 10 floors. What is the probability p that no two passengers leave
at the same floor? To render the question precise, we assume that al]
arrangements of discharging the passengers have the same probability
(which is a crude approximation). Then

p = 1077(10); = (10:9-8:7-6-5-4)[0~7 = 0.060483.

When the event was once observed, the occurrence was deemed remarkable

* For farther-going results obtained by modern computers see R. G. Stoncham,
A study of 60,000 digits of the transcendental e, Amer, Math. Monthly, vol. 72 {1965),
pp- 483-500 and R. K. Pathria, 4 statistical study of the first 10,000 digits of o,
Mathematics of Computation, vol. 16 (1962), pp. 188-197.
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and odds of 1000 to 1 were offered against a repetition. (Cf. the answer to
problem 10.43.)

(d) Birthdays. The birthdays of r people form a sample of size r from
the population of all days in the year. The years are not of equal length,
and we know that the birth rates are not quite constant throughout the
year. However, in a first approximation, we may take a random selection
of people as equivalent to random selection of birthdays and consider the
year as consisting of 365 days.

With these conventions we can interpret equation (3.1) to the effect that
the probability that all r birthdays are different equals®

365 —1
32) p=LJ:=(1__L)(I_L) (r-m=),
3657\ 365/\ 365 \ 365

Agamn the numerical consequences are astounding. Thus for r = 23
people we have p < 1, that is, for 23 people the probability that at least
two people have a common birthday exceeds %

Formula (3.2) looks forblddmg, but it is easy to derive good numerical
anprn‘mmahnnc to 2. If r 15 cma" we can npn]erf all grr\ nrnd ucts and

"t

pro
have in first approximation®

L4244 (=D _ =D

3.3 A~ ] —
(3:3) P 365 730

For r =10 the correct value is p = 0.883 ... whereas (3.3) gives the
approximation 0.877.

For larger r we obtain a much better approximation by passing to
logarithms. For small positive x we have log (1—=) ~ —=x, and thus
from (3.2)

L2 =) r=D)

- {34 1 v
(34) o8P 365 730

For r = 30 this leads to the approximation 0.3037 whereas the correct
value is p = 0.294. For r < 40 the error in (3.4) is less than 0.08. (For
a continuation see section 7. See also answer to problem 10.44.)

3 Cf. R. von Mises, Ueber Aufteilungs- und Besetzungs-Wahrscheinlichkeiten, Revue
de la Faculté des Sciences de I'Universit¢ d'Tstanbul, N, S, vol. 4 (1938-1939), pp. 145~
163,

* The sign ~ signifies that the equality is only approximate. Products of the form
(3.2) occur frequently, and the described method of approximation is of wide use.
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4. SUBPOPULATIONS AND P

= AL ER ¥ 1N

As before, we use the term population of size n to denote an aggregate
of n elements without regard to their order. Two populations are con-
sidered different only if one contains an element not contained in the other.

Consider a subpopulation of size r of a given population consisting of
n elements. An arbitrary numbering of the elements of the subpopulation
changes it into an ordered sample of size r and, conversely, every such
sample can be obtained in this way. Since r elements can be numbered in
r! different ways, it follows that there are exactly r! times as many
samples as there are subpopulations of size r. The number of sub-
populations of size r is therefore given by (n),/r!. Expressions of this
kind are known as binomial coefficients, and the standard notation for
them is

ny (), nr=01-(n—r+1)
@1 (r)_ Pl L2 =1 e

We have now proved

. n\ ‘
Theorem 1. A population of n elements possesses ( different sub-
. . ¥ :
populations of size r < n.

. n .
In other words, a subset of # elements can be chosen in ( ) different
¥

ways. Such a subset is uniquely determined by the n — r elements not
belonging to it, and these form a subpopulation of size n — r. It follows
that there are exactly as many subpopulations of size r as there are sub-
populations of size n — r, and hence for 1 < r < » we must have

“2 (=G5

To prove equation (4.2) directly we observe that an alternative way of
writing the binomial coefficient (4.1) is

@ =

[This follows on multiplying numerator and denominator of (4.1) by
(n—r)!.] Note that the left side in equation (4.2) is not defined for r = 0,
but the right side is. In order to make equation (4.2) valid for all integers
r such that 0 < r < n, we now define

(4.4) (g) =1, ol=1,
and (1), = 1.
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Examples. (a) Bridge and poker (cf. footnote 1 of chapter I). The order
of the cards in a hand is conventionally disregarded, and hence there exist
52 52
(13) = 635,013,559,600 different hands at bridge, and ( s ) = 2,598,960
hands at poker. Let us calculate the probability, x, that a hand at poker

contains five different face values. These face values can be chosen in
F130
( s ) ways, and corresponding to each card we are free to choose one of

: 1 52
the four surts. It follows that « = 45- ( 53)/( 5 ), which is approxi-
mately 0.5071. For bridge the probability of thirteen different face values

52
is 413/(12) or, approximately, 0.0001057.

{(b) Each of the 50 states has two senators. We consider the events that
in a committee of 50 senators chosen at random: (1) a given state is
represented, (2) all states are represented.

In the first case it is better to calculate the probability ¢ of the comple-

mentary event, namely, that the given state is not represented. There are

100 cpnnfnrc and 98 not from H\n oiven state, Henee
51\" avaiie,

_ (98)/(100) _ 50-49 — 024747 . . .
50 50 100 - 99
Next, the theorem of section 2 shows that a committee including one
senator from each state can be chosen in 2% different ways. The proba-

bility that af/ states are included in the committee is, therefore, p =

! {100\ .
250/ l 50 ) Using Stirling’s formula (cf. section 9), it can be shown that

P2 5020 A 4126 10714,

(¢) An occupancy problem. Counsider once more a random distribution
of r balls in # cells (i.e., each of the n" possible arrangements has proba-
bility n~"). To find the probability, p,, that a specified cell contains
exactly k balls (k = 0,1, ..., r) we note that the & balls can be chosen
in (;) ways, and the remaining » — k balls can be placed into the

remaining » — 1 cellsin (n—1)"* ways. It follows that
ry 1 — r Tk
@9 =) 2 o= () (1)
\KS VK n \ iy

This is a special case of the so-called binomial distribution which will be
taken up in chapter VI. Numerical values will be found in table 3 of
chapter IV. >
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etween distinguishable and indistinguishable elements
has similarities to the relationship between a subpopulation and .the
corresponding ordered samples. Deleting all subscripts in an arrangenient
(or grouping) of r elements a,,...,a, yields an arrangement of r
indistinguishable letters. Conversely, an arbitrary numbering of.the r
letters in an arrangement of the latter kind produces an arrangement of
., @,. This procedure yields r! different arrangements
provided, of course, that any interchange of &; and a, counts as re-
arrangement. The following examples show how this principle can be
applied and extended to situations in which the elements g, -are only
partially identified.

' B P . —
the letters a, ..., 4

Examples. (d) Flags of one or two colors. In example (1.f} it was

shown that r flags can be displayed on n poles in N = n(n+1)---
(n4-r—1) different ways. We now consider the same problem for flags of
one color (considered indistinguishable). Numbering the flags of such a
display yields exactly r! displays of r distinguishable flags and kence r
flags of the same color can be displayed in Njr! ways.
g are blue (where p 4 ¢ = r). It is easily seen that every display of
numbered flags can be obtained by numbering the‘red flags from 1 to p
and the blue flags from p + 1 to p + 4. It follows that the number of
different displays is now Nf(plq!).

(e) Orderings involving two kinds of elements. Let us consider the number
of sequences of length p + ¢ consisting of p alphas and g betas.
Numbering the alphas from ! to p and the betasftom p 4+ 1 te p+ ¢
yields an ordered sequence of p +- ¢ distinguishable elements. There are
(p+4)! such sequences, and exactly p!q! amongthem correspond to the
same ordering of alphas and betas. Accordingly, pralphas and g betas
can be arranged in exactly

(pt+a)! _

{
plal  \
distinguishable ways.

The same result follows directly from theerem:leand the fact that all
orderings of p alphas and ¢ betas can béiobtained by choosing p
among p + g available places and assigning ‘thém.to the alphas.

(f) The number of shortest polygonal paths(with "horizontal and
vertical segments) joining two diagonally opposite vesticés of @ cHessboard

1
equals ( 86) = 12,870. e
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Theorem 2. Let ry, ..., r, be integers such that
(4.6) A+ttt r=n, r; > 0.

The number of ways in which a population of n elements can be divided into
k ordered parts (partitioned into k subpopulations) of which the first con-
tains - ry elements, the second r, elements, etc., is

nt.

(4.7)

leas )
rlrl r!

[The numbers (4.7) are called multinomial coefficients.]
Note that the order of the Subpopulations is essential in the sense that

) — MY and ¢, — 2 s DYV mamsacan AT aramt T~
\!1 = 4, 1'2 — L) alid \ry — J, J'l) —_ L} lcPLCbbllL UJ.J.ILI.C“.L }J‘G»J.LILIUJ.I.), LIN WY ™
ever, no attention is paid to the order within the groups. Note also that
0! =1 so that the vanishing r; in no way affect formula (4.7). Since it

is permitted that r; = 0, the n elements are divided into k. or fewer
subpopulations. The case r; > 0 of partitions into exactly k classes
is treated in problem 11.7.

Proof. A repeated use of (4.3) will show that the number (4.7) may
be rewritten in the form

ao GO

On the other hand, in order to effect the desired partition, we have first
to select r; elements out of the given n; of the remaining » — ry
elements we select a second group of size r,, etc. After forming the

(k—1)st group there remain n — r, —ry, — -+ — r_; = r; ctlements,
and these form the last group. We conclude that (4.8) indeed represents the
number of ways in which the operation can be performed. >

Examples. (g) Bridge. At a bridge table the 52 cards are partitioned

i 1 aranime amd tharafana tha nmmhor AF AT arant citniotinang 19
uuu 1ouUur L..Liu.al groups and tnerefore the numper ol dilierent sifuations 1s

521 (130 = (5.36...) - 10%. Let us now calculate the probability that
each player has an ace. The four aces can be ordered in 4! = 24 ways,
and each order represents one possibility of giving one ace to each player.
The remaining 48 cards can be distributed in (48 I)(12 N~ ways. Hence the
required probability is 24 - 48! - (13)3/52! = 0.105 .

LY Nyias A dlanao. A taaeals Alms meoe waciile £12 JifFaramt ~11t o
\Ai ) LALE,. My Lll].UW o1 LWLI\"C Ul wall u,::uu. ll.l U MLl ILL L

all of which we attribute equal probabilities. The event that each face
appears twice can occur in as many ways as twelve dice can be arranged in
six groups of two each. Hence the probability of the eventis 121/(2-61%) =
0.003438.....
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¥5. APPLICATION TO OCCUPANCY PROBLEMS

The examples of chapter I, 2, indicate the wide applicability of the model
of placing randomly r ballsinto » cells. In many situations it is necessary
to treat the balls as indistinguishable. For example, in statistical studies of
the distribution of accidents among weekdays, or of birthdays among
calendar days, one is interested only in the number of occurrences, and
not in the individuals involved, Again, throwing r dice is equivalent to a
placement of r balls into n = 6 cells. Although it would be possible to
keep track of the r individual results, one prefers usually to specify only
the numbers of aces, twos, etc. In such situations we may still suppose the
balls numbered, but we focus our attention on events that are independent
of the numbering. Such an event is completely described by its occupancy
numbers ri,ts, ..., r,, where r. stands for the number of balls in the
kth cell. Every n-tuple of integers satisfying

(5.1) rntrto 4, =r, r. >0

describes a possible configuration of occupancy numbers. With indis-
tinguishable balls two distributions are distinguishable only if the corre-

sponding n-tuples (ry, ..., r,) are not identical. We now prove that:

(i) The number of distinguishable distributions (i.e. the number of different
solutions of equation (3.1)] is’

(5.2) 4, = (n-i—r—]) _ (n—{-r—l).

r n—1}

(if) The number of distinguishable distributions in which no cell remains

) (r—l)
empiy s a1,
Proof. We represent the balls by stars and indicate the n cells by the
n spaces between n + 1 bars. Thus | *** [* [[[]*¥%** | is used as a
symbol for a distribution of r =8 ballsin » = 6 cells with occupancy
numbers 3, 1, 0, 0, 0, 4. Such a symbol necessarily starts and ends with a
bar, but the remaining # — I barsand r stars can appear in an arbitrary
order. In this way it becomes apparent that the number of distinguishable
distributions equals the number of ways of selecting r places out of
n+r — 1, namely 4,,.

* The materia! of this section is useful and illuminating but will not be used explicitly
in the sequel.
7 The special case r = 100, n = 4 has been used in example I, {2.¢).
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The condition that no cell be empty imposes the restriction that no two
bars be adjacent. The r starsleave r — 1 spaces of which n — 1 areto

r—1

be occupied by bars: thus we have ( )choices and the assertion is

_ n—I1
proved. »

5
Examples. (a) There are (Hg ) distinguishable results of a throw

with r indistinguishable dice.

(b) Partial derivatives. The partial derivatives of order  of an analytic
function f(z,,...,z,) of n variables do not depend on the order of
differentiation but only on the number of times that each variable appears.

Thus each variable corresponds to a cell, and hence rhere exist (H-H_l)
,

different partial derivatives of rth order. A function of three variables has

fifteen derivatives of fourth order and 21 derivatives of fifth order. »

Consider now n fixed integers satisfying (5.1). The number of place-
ments of r ballsin n cells resultmg in the occupancy numbers ry, ..., 7

r thanrarm A9 Acciimming that oll naccihla mlo~ameante or
Ll SOTCIIL 4. 4. naauuuus that all #” }JU:}aLUL\. Pracimenis ar

T a

eq ally probable, the probability to obtain the given occupancy numbers
r, equals

r!

rolrgleeor,!

This assignment of probabilities was used in all applications mentioned
so far, and it used to be taken for granted that it is inherent to the intuitive
notion of randomness. No alternative assignment has ever been suggested
on probabilistic or intuitive grounds. It is therefore of considerable
methodological interest that experience compelled physicists to replace the
distribution (5.3) by others which originally came as a shock te intuition.
This will be discussed in the next subsection. [In physics (5.3) is known as
the Maxwell- Boltzmann distribution.]

In various connections it is necessary to go a step farther and to consider the cells
themselves as indistinguishable; this amounts to disregarding the order among the
occupancy numbers. The following example is intended to explain a routine method
of solving problems arising in this way.

Example. (¢) Configurations of r =7 balls in n="7T7 cells. (The cells may be
interpreted as days of the week, the balls as calls, letters, accidents, etc.) For the sake
of definiteness let us consider the distributions with occupancy numbers 2, 2,0,1,1,0,0
appearing in an arbitrary order. These seven occupancy numbers induce a partition of
the seven cells into three subpopulations (categories) consisting, respectively, of the
two doubly occupied, the three singly occupied, and the two empty cells. Such a
partition into three groups of size 2, 3, and 2 can be effected in 7! = (2! 3!-21)
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correspond 7! - (2’ 2' ! 1Ir g!-0! P = different distributions
of the r =7 ba]ls into the seven cells. Accordingly, the total number of distributions
such that the occupancy numbers coincide with 2,2, 1, 1,1, 0, 0 in some order is

7! 71

(3:4) 313121 " Dar
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It will be noticed that this result has been derived by a dowble applicarion of (4.7),
namely to balls and to cells. The same result can be derived and rewritten in many ways,

TaBLE 1

RaNpoMm DisTRIBUTIONS OF 7 Barls iINn 7 CELLS

Number of Probability {number

Occupancy arrangements equals of arrangements

numbers 7! x 7! divided by divided by 77)
L0, 1,1, 1 71 % 1! 0.006 120
2,1,1,1,1,1,0 5t x 2! 0.128 518
2,2,1,1,1,0,0 21312 x 212! 0321 295
2,2,2,1,0,0,0 33 x 2221 0.107 098
3,1,1,1,1,0,0 412! x 3! 0.107 098
3,2,1,1,0,0,0 213 x 312! 0.214 197
3,2,2,0,0,0,0 2141 »x 312121 0.026 775
3,3,1,0,0,0,0 2141 x 313! 0.017 850
4,1,1,1,0,0,0 3131 x 4! 0.035 699
4,2,1,0,0,0,0 4! x 412! 0.026 775
4,3,0,0,0,0,0 51 x 4131 0.001 785
5,1,1,0,0,0,0 214! x §! 0.005 355
5,2,0,0,0,0,0 51 x 5121 0.001 071
6,1,0,0,0,0,0 51 x 6! 0.000 357
7,0,0,0,0,0,0 6! x 7! 0.000 008

-
-
-

but the present method provides the simplest routine technique for a great variety of
problcms (Cf. problems 43-45 of section 10.) Table 1 contains the analogue to (5.4)

_________________ iy U
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r=n="7
(a) Bose-Einstein and Fermi-Dirac statistics

Consider a mechanical system of r indistinguishable particles. In
statistical mechanics it 1s usual to subdivide the phase space into a large
number, #n, of small regions or cells so that each particle is assigned to one
cell. In this way the state of the entire system is described in terms of a
random distribution of the r particlesin n cells. Offhand it would seem
that (at least with an appropriate definition of the # cells) all »” arrange-
ments should have equal probabilities. If this is true, the physicist speaks
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/ ics” is he
sense peculiar to physics). Numerous attempts have been made to prove
that physical particles behave to accordance with Maxwell-Boltzmann
statistics, but moedern theory has shown beyond doubt that this statistics
does not apply to any known particles; inno case are all n” arrangements
approximately equally probable. Two different probabi]ity models have
been iﬁtfﬁdubud and each describes sau:,factorlly the behavior of one Lype
of particle. The justification of either model depends on its success.
Neither claims universality, and it is possible that some day a third model
may be introduced for certain kinds of particles.

Remember that we are here concerned only with indistinguishable
particles. We have r particles and n cells. By Bose-Einstein statistics
we mean that Gmy umzmgumnawe arrangemeris are considered and that each
is assigned probability 1/4,, with A,, defined in (5.2). Itisshown in
statistical mechanics that this assumption holds true for photons, nuclei,
and atoms containing an even number of elementary particles.® To describe
other particles a third possible assignment of probabilities must be intro-
duced. Fermi-Dirac statistics is based on these hypotheses: (1) iz is
impossible for two or more particles to be in the same cell, and (2) all
distinguishable arrangements satisfying the first condition have equal
probabilities. The first hypothesis requires that » < n. An arrangement
is then completely described by stating which of the n cells contain a
particle; and since there are r particles, the corresponding cells can be

n

chosen in ( ) ways. Hence, with Fermi-Dirac statistics there are in all

n 7 LA

k } possible arrangements, each having probability \ }
r ' r

applies to electrons, neutrons, and protons. We have here an instructive
example of the impossibility of selecting or justifying probability models by
a priori arguments. In fact, no pure reasoning could tell that photons and
protons would not obey the same probability laws. (Essential differences

hetween anu;p” Rn]f—lmaﬂn and Rose-Einstein ctatictics are discussed in
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section 11, problems 14-19.)

To sum up: the probability that cells number 1,2,....n contain
Fl, Fas o o . 1y balls, respectively (where ri 4+« - 4 r, = r)is given by (5.3)
under Maxwell-Boltzmann statistics; it is given by 1/A_, under Bose-

AT
Einstein statistics; and it equals ( \ under Fermi- Dirac statistics provided
each r; equals 0 or 1. r

8 Cf. H. Margenau and G. M. Murphy, The mathematics of physics and chemistry,
New York (¥an Nostrand), 1943, Chapter 12,
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has probablhty 135, 3%, OF g, according to whether Maxwell-Boltzmann,
Bose-Einstein, or Fermi-Dirac statistics is used. See also example

I, (6.b).
() Misprints. A book contains n symbols (letters), of which r are
misprinted The distribution of misprints corresponds to a distribution of

o lanlla ~allc wwith e cell cantninine mare tham ane kell T io thacaFnea
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reasonable to suppose that, approximately, the misprints obey the Fermi-
Dirac staristics. (Cf. problem 10.38.) >

(b) Application fo Runs

In any ordered sequence of elements of two kinds, cach maximal subsequence of
elements of like kind is called a run, For example, the sequence axxSeafiffix opens
with an alpha run of length 3; it is followed by runs of length 1, 2, 3, 1, respectively.
The alpha and beta runs alternate so that the total number of runs is always one plus
the number of conjunctions of uniike neighbors in the given sequence.

Examples of applications. The theory of runs is applied in statistics in many ways, but
its principal uses are connected with tests of randomness or tests of homogeneity.

(@) In testing randomness, the problem 15 1o decide whether a given observation is
attributable to chance or whether a search for assignable causes is indicated. As a
simple example suppose that an observation® yiclded the following arrangement of
empty and occupied seats along a lunch counter: EQEEOQOEEEOEEEOEOE. Note
that no two occupicd seats are adjacent. Can this be due to chance? With five occupied
and eleven cmpty seats it is impossible to get more than eleven runs, and this number
was actually observed. It will be shown later that if all arrangements were equally
probable the probability of eleven runs would be 0.0878 . ... This small probability to
some extent confirms the hunch that the separations observed were intentional, This
suspicion cannot be proved by statistical methods, but further evidence could be
collected from continued observation. If the lunch counter were frequented by families,
there would be a tendency for occupants to cluster together. and this would lead to
relatively small numbers of runs. Similarly counting runs of boys and girls in a class-
room might disclose the mixing to be better or worse thanrandom. Improbable arrange-
ments give clues to assignable causes; an excess of runs points to intentional mixing, a
paucity of runs 1o intentional clustering. It is true that these conclusions are never
foolproof, but efficient statistical lecnmiques have been developed which 1n actual
practice minimize the risk of incorrect conciusions.

The theory of runs is also useful in industrial quality contro! as introduced by
Shewhart. As washers are produced, they will vary in thickness. Long runs of thick
washers may suggest imperfections in the production process and lead to the removal
of the causes; thus oncoming trouble may be forestalled and greater homogeneity of
product achieved.

| B PRy g, e Tl et la e T Af lan
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* F. 8. Swed anl C. Eisenhart, Tables for testing randomness of grouping in a sequence
of alternatives, Aun, Math, Statist., vol. 14 (1943}, Pp. 66-87.
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and long runs are suggestive of contagion. The meteorologist watches successions of
dry and wet months!? to discover clues to a tendency of the weather to persist,

(5) To understand a typical problem of homogeneity, suppose that two drugs have
been applied to two sets of patients, or that we are interested in comparing the efficiency
of two treatments {(medical, agricultural, or industrial}. In practice, we shall have two
sets of observations, say, «,, a5, ..., %, and g, fy, ..., B correspending to the two
treatments or representing a certain characteristic (such as weight) of the elements of
two populations. The alphas and betas are numbers which we imagine ordered in increas-
ing order of magnitude: «; < «, € -+ < &, and f, < < € 5. We now pool
the two sets into one sequence ordered according to magnitude. An extreme case is
that all alphas precede all betas, and this may be taken as indicative of a significant
difference between the two treatments or populations, On the other hand, if the two
treatments are identical, the alphas and betas should appear more or less in random
order. Wald and Wolfowitz!* have shown that the theory of runs can be often advan-
tageously applied to discover small systematic differences. (An illustrative example,

T oo FYRNT S D & SRy IS [ o : 4
but treated by a different method, will be found in 110, 1.6.) »

Many problems concerning runs can be solved in an exceedingly simple manner.
Given « indistinguishable alphas and & indistinguishable betas, we know from

a+b

example (4.¢) that there are ( ) distinguishable orderings. 1f there are n, alpha

a

runs, the number of beta runs is necessarily one of the numbers n, £ 1 or =,

Arranging the ¢ alphas in »; runs is equivalent to arranging them into », cells, none
a—1

of which is empty. By the last lemma this can be done in ( ) distinguishable
nl_l

a—1 h—1
ways, 1t follows, for example, that there are ( )( ) arrangements with #y
m—1 M,

alpha runs and #,4+1 beta runs (continued in problems 20-25 of section 11).

(¢) In physics, the theory of runs is used in the study of cooperative phenomena. In
Ising’s theory of one-dimensional lattices the energy depends on the number of unlike
neighbors, that is, the number of runs. >

6. THE HYPERGEOMETRIC DISTRIBUTION

Many combinatorial problems can be reduced to the following form.

1 B o= . are hlaal
In a population of n elements », are red and n, = n — n, are black.

a

A group of r elements is chosen at random. We seek the probability
g, that the group so chosen will contain exactly % red elements. Here
k can be any integer between zero and n, or r, whichever is smaller.
To find ¢,, we note that the chosen group contains k& red and r — &

YW G Cochran, An extension of Gold's method of exumining the apparent per-
sistence of one type of weather, Quarterly Journal of the Royal Meteorological Society,
vol. 64, No., 277 {1938), pp. 631-634.

"M A, Wald and J. Wolfowitz, On a test whether two samples are from the same

popidation, Ann. Math. Statist., vol. 2 {1940), pp. 147-162.
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{m\ .
lk ) different ways and the

n—n
black ones in ( kl) ways. Since any choice of & red elements may be
.}‘__.

combined with any choice of black ones, we find

(") (")

kA r—k)

R
¢
The system of probabilities so defined is called the hypergeometric distri-
bution.'* Using (4.3), it is possible to rewrite (6.1) in the form

(1) (i)
()

Note. The probabilities g, are defined only for & not exceeding r or

black elements. The red ones can be chosen in

(6.1) G

(6.2) dr =

t
n,, but since (b) = 0 whenever b > g, formulas (6.1) and (6.2) give

g, = 0 if either k > n; or k > r. Accordingly, the definitions (6.1) and
(6.2) may be used for all & > 0, provided the relation g, = 0 is inter-
preted as impossibility.

Examples. (¢} Quality inspection. In industrial quality control, lots
of size n are subjected to sampling inspection. The defective items in the
lot play the role of “red” elements. Their number », is, of course,
unknown. A sample of size r is taken, and the number % of defective
itemns in it is determined. Formula (6.1) then permits us to draw’inferences”
about the likely magnitude of 7,; this is a typical problem of statistical
estimation, but is beyond the scope of the present book.

(&) In example (4.5), the population consists of # = 100 senators of
whom n, = 2 represent the given state (are “red”’). A group of r = 50
senators is chosen at random. It may include k =0, 1, or 2 senators
from the given state. From (6.2) we find, remembering (4.4),

=208 _024m7..., g =20 =050505. ...
100 - 99 79

The value g, was obtained in a different way in example (4.5).

qo = 4=

12 The name is explained by the fact that the generating function (cf. chapter XI)
of {g.} can be expressed in terms of hypergeometric functions.
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(c) Estimation of the size of an animal population from recapture data.'?
Suppose that 1000 fish caught in a lake are marked by red spots and
released. After a while a new catch of 1000 fish is made, and it is found
that 100 among them have red spots. What conclusions can be drawn
concerning the number of fish in the lake? This is a typical problem of
statistical estimation. It would lead us too far to describe the various
methods that a modern statistician might use, but we shall show how the
hypergeometric distribution gives us a clue to the solution of the problem.
We assume naturally that the two catches may be considered as random
samples from the population of all fish in the lake. (In practice this
assumption excludes situations where the two catches are made at one
locality and within a short time.) We also suppose that the number of fish
in the lake does not change between the two catches.

We generalize the problem by admitting arbitrary sample sizes. Let

n = the (unknown) number of fish in the lake.
n; = the number of fish in the first catch. They play the role of red balls.
r = the number of fish in the second catch.
k = the number of red fish in the second catch.
gi(n) = the probability that the second catch contains exactly & red fish.

In this formulation it is rather obvious that g,(n) is given by (6.1).
In practice n,, r, and k can be observed, but » is unknown. Notice that
we consider n as an unknown fixed number which in no way depends on
chance. We know that n, + r — k different fish were caught, and therefore
n>n +r—k This is all that can be saild with certainty. In our
example we had n, = r = 1000 and £ = 100, it is conceivable that the
lake contains only 1900 fish, but starting from this hypothesis, we are
led to the conclusion that an event of a fantastically small probability
has occurred. In fact, assuming that there are n = 1900 fish in all, the
probability that two samples of size 1000 each will between them exhaust
the entire population is by (6.1),

1000 f900) 1900y _ (10001
(100)(900 1000 1001 1900!

£

13 This example was used in the first edition without knowledge that the method is
widely used in practice. Newer contributions to the literature include N. T. J. Bailey,
On estimating the size of mobile populations from recapture data, Biometrika, vol. 38
(1951), pp. 293-306, and D. G. Chapman, Some properties of the hypergeometric
distribution with applications to zoological sample censuses, University of California

Publications in Statistics, vol. 1 {I951), pp. 131-160.
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Stirline’s formula (PF section 0\ shows this probability to be of the order
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of magnitude 10~ 430._ and 1n thls situation common sense bids us to reject
our hypothesis as unreasonable. A similar reascning would induce us to
reject the hypothesis that # is very large, say, a million. This consideraiion
leads us to seek the particular value of n for which g, (n) attainsits
largest value, since for that n our observation would have the greatest

nrohability, For qn\f ﬂarhr\n])r et of oheervations #7,. . k. the val A
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n for which g,(n) is largest is denoted by 74 and is called the maximum
likelihood estimate of n. This notion was infroduced by R. A. Fisher.
To find # consider the ratio

@) _ (n—n)n—r)

{10 (o — 2 3 1 e
L, 1) it iy L s

(6.3)

A simple calculation shows that this ratio is greater than or smaller than
unity, according as #nk < mr or nk > nr. This means that with
increasing n the sequence g,(n) first increases and then decreases; i1t
reaches its maximum when #n is the largest integer short of n,r/k, so
that 7 equals about nyr/k. In our particular example the maximum
likelihood estimate of the number of fish is # = 10,000.

The true number # may be larger or smaller, and we may ask for limits
within which we may reasonably expect n to lie. For this purpose let
us test the hypothesis that # is smaller than 8500. We substitute in (6.1)
n = 8500, n, = r = 1000, and calculate the probability that the second
sample contains 100 or fewer red fish. This probability 1s = = ¢, +

gy + -+ + Gige- A direct evaluation is cumbersome, but using the normal
ymrm i fomm e i et ok ATaamatas VIY ina frd aonail thad 0 — N 0A Cricmailanley F
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n = 12,000, the probability that the second sample contains 100 or more
red fish is about 0.03. These figures would justify a bet that the true
number n of fish lies somewhere between 8500 and 12,000. There exist
other ways of formulating these conclusions and other methods of esti-
mation, but we do not propose to discuss the details. >

From the definition of the probabilities g, it follows that
Qo+ g +g:+ =1
Formula (6.2) therefore implies that for any positive integers n, n,, r

A\ in—rh {r\{n ry\fn—r\ {r\

6o () + (0w + ST = ()

This identity 1s frequently useful. We have proved it only for positive
integers n and r, but it holds true without this restriction for arbitrary
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positive or negative numbers n and r (it is meaningless if #; is not a
positive integer). (An indication of two proofs is given in section 12,
problems 8 and 9.)

The hypergeometric distribution can easily be generalized to the case
where the original population of size # contains several classes of elements.

For example, let the population contain three classes of sizes #,, #n,, and
H— Hy — N, resncctlve]v If a qamnT(—- of size r is taken, the nrobablhtv

that it contains k elements of the ﬁrst, k, elements of the second, and
r — ky — k, elements of the last class is, by analogy with (6.1),

k k-) Jl k k t

ky <y, k< ny, r—ky—ky<n—ny —n

Example. (d) Bridge. The population of 52 cards consists of four
classes, each of thirteen elements. The probab111ty that a hand of thlrteen

$ COTisi n+n ~E L. S . L. I
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7. EXAMPLES FOR WAITING TIMES
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In this section we shall depart from the straight path of combinatorial
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we are led by a simple variation of our occupancy problems. Consider
once more the conceptual “experiment” of placing balls randomly into
n cells. This time, however, we do not fix in advance the number r of
balls but let the balls be placed one by one as long as necessary for a
prescribed situation to arise. Two such possible situations will be discussed

T | b wapdngs nlanime A halle namfimine ti] far tho Fret tinmn
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a ball is placed into a cell already occupied. The process terminates when the
first duplication of this type occurs. (ii) We fix a cell (say cell number 1)
and continue the procedure of placing balls as long as this cell remains empty.
The process terminates when a ball is placed into the prescribed cell.

A few interpretations of this model will elucidate the problem.

Examples. (a) Birthdays. In the birthdayexample (3.4), the n = 365
days of the year correspond to cells, and people to balls. Our model (i)
now amounts to this: If we select people at random one by one, how many
people shall we have to sample in order to find a pair with a common
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birthday? Model (i1) corresponds to waiting for my birthday to turn up
in the sample.

(b) Key problem. A man wants to open his door. He has n keys, of
which only one fits the door. For reasons which can only be surmised,
he tries the keys at random so that at each try each key has probability
n~! of being tried and all possible outcomes involving the same number of
trials are equally likely. What is the probability that the man will succeed
exactly at the rth trial? This is a special case of model (ii). It is interesting
to compare this random search for the key with a more systematic
approach (problem 11 of section 10; see also problem 5 in V, 8).

(¢) 1n the preceding example we can replace the sampling of keys by a
sampling from an arbitrary population, say by the collecting of coupons.
Again we ask when the first duplication is to be expected and when a
prescribed element will show up for the first time.

(d) Coins and dice. In example I, (5.a) a coin is tossed as often as neces-
sary to turn up one head. This is a special case of model (ii) with n = 2.
When a die is thrown until an ace turns up for the first time, the same
question applies with n = 6. (Other waiting times are treated in problems
21, 22, and 36 of section 10, and (2 of section 11.) >

We begin with the conceptually simpler model (i). It is convenient to
use symbols of theform (j,, /5, ..., /,) to indicate that the first, second, . ..,
rth ball are placed in cells number j;,/,, ...,/ and that the process
terminates at the #th step. This means that the j, are integers between 1
and n; furthermore, jy,...,j,_, are all different, but j, equals one
among them. Every arrangement of this type represents a sample point.
For r only the values 2,3,...,n+ | are possible, since a doubly
occupied cell cannot appear before the second ball or after the (n+1)st
ball is placed. The connection of our present problem with the old model
of placing a fixed number of balls into the » cells leads us to attribute to
each sample point (j,,...,/,) involving exactly r balls the probability
#". We proceed to show that this convention is permissible (i.e., that our
probabilities add to unity) and that it leads to reasonable results.

For a fixed r the aggregate of all sample points (j;,...,/,) represents
the event that the process terminates at the rth step. According to (2.1) the
numbers j, ..., ,_; can be chosen in (n),_, different ways; for j, we
have the choice of the + — 1 numbers j,...,j, ;. It follows that the
probability of the process terminating at the rth step is

(7.1) grzui)z(1_1)‘__(1_:‘—2)‘,@1’

H h H n

with ¢, =0 and g, = 1/n. The probability that the process lasts for more
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than r stepsis p, =1 — (g, +g,+- + ++

¢ Y or p, =1 and
L i
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as can be seen by simple induction. In particular, p,., =0 and
g+ >+ ¢, =1, as is proper. Furthermore, when n = 365, for-
mula (7.2) reduces to (3.2), and in general our new model leads to the same
quantitative results as the previous model involving a fixed number of balls.

The model (ii) differs from (i) in that it depends on an infinite sample
space. The sequences (jy,...,/,) are now subjected to the condition that
the numbers j,, ...,/ are different from a prescribed nuriver a < a,
but j, = a. Moreover, there is no a priori reason why the process should
ever terminate. For a fixed r we attribute again to each sample point of
the form (fy,...,j,) probability . For j,...,j,, we have n — 1
choices each, and for j. no choice at all. For the probability that the

process terminates at the rth step we get therefore

. fn — vl
(1.3) 7= ("

A

r=12,....

= J

Summing this geometric series we find ¢f + 4¢3 + -+~ = 1. Thus the
probabilities add to unity, and there is no necessity of introducing a sample
point to represent the possibility that no ball will ever be placed into the
prescribed cell number a. For the probability

*AL---L*
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that the process lasts for more than r steps we get

(7.4) p;"=(1~]~), r=1,2,...
i

as was to be expected.

The median for the distribution {p,} is that value of r for which p, +
oo+ pea Ll but py+ ...+ p,>4%; it is about as likely that the
process continues beyond the median as that it stops before. [In the
birthday example (3.d) the median is r = 23.] To calculate the median
for {p,} we pass to logarithms as we did in (3.4). When r is small as
compared to n, we see that —log p, is close to r?/2n. It follows that
the median to {p,} is close to Vn2log 2 or approximately sn. Tt s
interesting that the median increases with the square root of the population
size. By contrast, the median for {p*} is close to n-log?2 or 0.7# and
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increases linearly with n. The probability of the waiting time in model
(i1) to exceed # is (1 — 7~*)" or, approximately, ¢-1 = .36788 . . . .

8. BINOMIAL COEFFICIENTS

. . . e . .-
We have used binomial coefficients ( ) only when # is a positive
\r/ ’ :

integer, but it is very convenient to extend their definition. The number
(z), introduced in equation (2.1), namely

(8.1) (@), = 2(x—1)- - - (x—r+1)

is well defined for all real z provided o.nIy that » is a positive integer.
For r =0 we put (z), = 1. Then

(8.2) (x) _ @), _#z—1) - (@=r+1)

T r! r!

defines the binomial coefficients for all values of x and all positive integers

FARY

x
r. For r=0 we put, as in (4.4), ( ) =1 and 0! = 1. For negative
integers r we define

(8.3) (“’) — o0, r <0

tr

We shall never use the symbol (i) if r is not an integer.

It is easily verified that with this definition we have, for example,
—1 -2
(3.4) (7= (V) =cvesn,

Three important properties will be used in the sequel. First, for any

DOTFT Fosrony
quu(uul. ;'fx'u.sr.r I3
’

(8.5) (”) =0 ifeither r>n or r <O

r

Second, for any number x and any integer r

‘2 6 { = + (2 {z+ 1Y
o () (=07
These relations are easily verified from the definition. The proof of the
next relation can be found in calculus textbooks: for any number a and
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N
all !}«isriues —1 <t <1, we have Newton's binomial formula

B
: (8'.-7)1' (140" =1 + ((;)r T (‘2‘):2 T (g)ﬁ SRR
If a 1s a positive integer, all terms to the right containing powers higher
than ¢ vanish automatically and the formula is correct for all 1. If a
is 1ot a positive integer, the right side represents an infinire series.

Using (8.4), we see that for @ = —1 the expansion (8.7) reduces to the
geometric series

|
(8.8) —'——=1_t+12_r3+14_+...
1+ 1

Integrating (8.8), we obtain another formula which will be useful in the
sequel, namely, the Taylor expansion of the natural logarithm

(8.9) log(l4+r) =t — 42+ 413 — L1t f- - - - .

Two alternative forms for (8.9) are frequently used. Replacing ¢ by
—! we get

(8.10) log . L

=1+é32+%'!3+%14+""
Adding the last two formulas we find

J.Tnnl + ¢!
2

Uy
1 — 1t

.
[ o)
—

N

145 4 ...,
alk 0

=t+ 4+
All these expansions are valid only for —1 < 7 < 1.

Section 12 contains many useful relations derived from (8.7). Here we
mention only that when & =n is an integer and ¢ =1, then (8.7)

reduces to

L R R R R

This formula admits of a simple combinatorial interpretation: The left
side represents the number of ways in which a population of » elements
can be divided into two subpopulations if the size of the first group is
permitted fo be any number k =0, 1,...,n On the other hand, such
a division can be effected directly by deciding for each element whether it
is to belong to the first or second group. [A similar argument shows that
the multinomial coefficients (4.7) add to k".]
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9. STIRLING’S FORMULA

An important tool of analytical probability theory is contained in a
classical theorem!* known as

Stirling’s formula:
9.1) o 27 it

where the sign ~ s used to indicate that the ratio of the two sides tends to
unity as n— .

This formula is invaluable for many theoretical purposes and can be

PR | [ IS

used also to obtain excellent numerical approximations. It is true that
the difference of the two sides in (9.1) increases over all bounds, but it is
the percentage error which really matters. It decreases steadily, and
Stirling’s approximation is remarkably accurate even for small n. In
fact, the right side of (9.1) approximates 1! by 0.9221 and 2! by 1.919
and 5!'= 120 by 118.019. The percentage errors are 8 and 4 and 2,
respectively. For 10! = 3,628,800 the approximation is 3,598,600 with
an error of 0.8 per cent. For 100! the error is only 0.08 per cent.

Proof of Stirling’s formula. Our first problem is to derive some sort of
estimate for

(9.2) logn! =logl +log2 + - -+ logn.
Since logz is a monotone function of * we have
e '\kfl
(9.3) J logzdr <logk <| logzdx.
E—1 o R
Summing over k =1,...,n we get
n -1
(9.4) J log z dx < log n! <f log x dz
0 1
or
(9.5) nlogn —n <logn! < (n+1)log(n+1) — n.

This double inequality suggests comparing loga! with some quantity
close to the arithmetic mean of the extreme members. The simplest such

14 James Stirling, Merhodus differentialis, 1730.
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quantity is (n+5)logn — n, and accordingly we proceed to estimate the
difference!”

(5.6) d, =logn! — (n+1)logn + n.
Note that
©) dy= dp = (kD log "L 1 eh
, .
But
1
(9 8) it + 1 _ 2” + 1
h _ 1
2n+ 1

and using the expansion (8.11) we get

1 1
-+ +
32n4-12 5241

By comparison of the right side with a geometric series with ratio (Zn41)~?
one sees that

(9.9) do —d,., =

9.10) 0<d,—d,,, < L _ v
3M2n+1F — 1] 120 12(n+1)

From (9.9) we conclude that the sequence {d,} is decreasing, while (9.10)
shows that the sequence {d, — (12n)"'} Is increasing. It follows that a

i

) 1Mt lujiu _ﬂfl‘f—.’\"""';’h"
(9.11) C =limd, T ewmm
exists. But in view of (9.6) the relation d, — C is gquivalent to

(9.12) nl~ o€ - gt e,

This 1s Stirling’s formula, except that the constant C is not yet specified.
That € = 27 will be proved in VII, 2. The proof is elementary and
independent of the material in chapters IV-VI; it is postponed to chapter
VII because 1t is naturally connected with the normal approximation
theorem, 16

1 The following elegant argument and the inequality {9.14) are due to H. E. Robbins,
Amer. Math. Monthly, vol. 62 (1955), pp. 26-29.

8 The usual proof that e = V27 relies on the formula of Wallis. For a simple
direct proof see W. Feller, Amer. Math. Monthly (1967).
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1 1 I

9.13 d, —d, — .
-13) R 32n41)2 > 2e+1 12(n+1) + 1

It follows that the sequence {a’ —(12n+l) 1} _ decreases. Since {d —(12n) 1

T— e —.

1 Ti
yiw lLlCLiud.llLJ’ T =

=1
lGd.bC‘) Llllb 11 lpll

P
>

the dou
(9.14) C+—_<d, <C+——.

o

Substituting into (9.6}, and anticipating that ¢* = N’E, we gel

(9.15) V2 nrdemn - gm0 & p) o v/ 2 prtden e

- -

This double inequality supp]ements Stirling’s formuIa in a remarkable manner. The
ratio of the extreme members is close to 1 — (12!:2)* and hence the right-hand
member in (9.15) overestimates n!, but with an ervor of less than;§n—* per cent. In
reality the error is much smaller;'* for » = 2 the right side in (9.15} yields 2.0007, for
n =15 we get 120.01. '

PROBLEMS FOR SOLUTION

Note: Sections 11 and 12 contain problems of a different character and
diverse complements to the text.

Note: Assume in each case that all arrangements have the same probability.

1. How many different sets of initials can be formed if every person has one
surname and (@) exactly two given names, (b) at most two given names, (¢) at
most three given names?

2. Letters in the Morse code are formed by a succession of dashes and dots
with repetitions permitted. How many letters is it possible to form with ten
symbols or less?

3. Each domino picce is marked by two numbers. The pieces are symmetrical
so that the number-pair is not ordered. How many different pieces can be
made using the numbers 1,2, ..., a?

4. The numbers 1 2,...,n are arranged in random or der Find
bility that the digits (a) 1 and 2, (6) 1, 2, and 3, appear as nei i

A e

named,

*

17 Starting from (9.9) it is possible to show that d, = C + (12m)~ — (3602
where the dots indicate terms dominated by a multiple of »™*
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5. A4 throws six dice and wins if he scores at least one ace, A throws twelve
dice and wins if he scores at least two aces. Who has the greater probability
to win M8

Hint: Calculate the probabilities to lose.

6. (a) Find the probability that among three random digits there appear

exactly 1, 2, or 3 different ones. (b) Do the same for four random digits.
7. Find the probabilities p, thatin a sample of r random digits no two are

i tral walite ~f o treie CHieliaate Bl
equal. Estimate the numerical value of P, USINE Stuhus s formiila.

8. What is the probability that among k random digits (@) 0 does not appear;
(b) 1 does not appear; (c) neither 0 nor 1 appears; (d) at least one of the two
digits 0 and 1 does not appear? Let 4 and B represent the events in (@) and
(5). Express the other events in terms of 4 and B.

9. If n balls are placed at random into n cells, find the probability that
exactly one cell remains empty.

10. At a parking lot there are twelve places arranged in a row. A man ob-
served that there were eight cars parked, and that the four empty places were
adjacent to each other (formed ore run). Given that there are four empty
places, is this arrangement surprising (indicative of non-randomness)?

11. A man is given n keys of which only cne fits his door. He tries them
successively (sampling without replacement). This procedure may require 1,
2, ..., n trials. Show that each of these » outcomes has probability n1

12. Suppose that each of » sticks is broken inte one long and one short part.
The 2n parts are arranged into » pairs from which new sticks are formed.
Find the probability (@) that the parts will be joined in the original order, (4)
that all long parts are paired with short parts.t?

137 Testing a statistical hypothesis. A Cornell professor got a ticket twelve
times for illegal overnight parking. All twelve tickets were given either Tuesdays
or Thursdays. Find the probability of this event. (Was his renting a garage
only for Tuesdays and Thursdays justified ?)

t4. Continuaiion. Of iwelve police tickets none was given on Sunday. Is
this evidence that no tickets are given on Sundays?

15. A box contains ninety good and ten defective screws. If ten screws are
used, what is the probability that none is defective?

16. From the population of five symbols a, b, ¢, d, e, a sample of size 25 is
taken. Find the probability that the sample will contain five symbels of each

¥ This paraphrases a question addressed in 1693 to I Newton by the famous
Samuel Pepys. Newton answered that “an easy computation” shows A to be at an
advantage. On prodding he later submitted the calculations, but he was unable to
convince Pepys. For a short documented account see E. D. Schell, Samuel Pepys,
Isaac Newton, and probability, The Amer, Statistician, vol. 14 (1960), pp. 27-30. There
reference is made to Private correspondence and miscellaneous papers of Samuel Pepys,
London (G, Bell and Sons), 1926,

* When cells are exposed to harmful radiation, some chromosemes break and play
the role of our *‘sticks.” The “long” side is the one containing the so-called centromere.
If two “long™ or two “short” parts unite, the cell dies. See D. G. Catcheside, The
effect of X-ray dosage upon the frequency of induced structural changes in the chromo-
somes of Drosophila Melanogaster, Journal of Genetics, vol. 36 (1938), pp. 307-320.




56 ELEMENTS OF COMBINATORIAL ANALYSIS (II.10

. . s racirlt i tohlag A nela T g 2 P H
kind. Check the result in tables of random uUulb\“.fa, 0 ide 1tif}"1'1g the dig;ts
0 and 1 with @, the digits 2 and 3 with 5, etc.

17. If » men, among whom are 4 and B, stand In a row, what is the
probability that there will be exactly r men between 4 and B? If they stand
in a ring instead of in a row, show that the probability is independent of r and
hence 1/(n—1). (In the circular arrangement consider only the arc leading
from A4 to B in the positive direction.)

18. What is the probability that two throws with three dice each will show
the same configuration if (a) the dice are distinguishable, () they are not?

19. Show that it is more probable to get at least one ace with four dice than
at least one double ace in 24 throws of two dice. The answer is known as
de Méré’s paradox.”

20. From a population of » elements a sample of size r is taken. Find the
probability that none of N prescribed elements will be included in the sample,
-assuming the sampling to be (@) without, (b) with replacement. Compare the
numerical values for the two methods when (i) » =100, r = N =3, and
(i) » =100, r = N = 10.

21. Spread of rumors. Inatownof # + 1 inhabitants, a person tells a rumor
to a second person, who in turn repeats it to a third person, etc. At each step
the recipient of the rumor is chosen at random from the » people available.
Find the probability that the rumor will be told r times without: (a) returning
to the originator, (b) being repeated toc any person. Do the same problem when
at each step the rumor is told by one person to a gathering of N randomly
chosen people. (The first question is the special case N = 1)

. 22, Chain letters. In a population of n 4 1 people a man, the “progenitor,”
.1 < sends out letters to two distinct persons, the ““first generation.” These repeat the
performance and, generally, for each letter received the recipient sends out two
letters to two persons chosen at random without regard to the past development.
Find the probability that the generations number 1, 2,..., r will not include
the progenitor. Find the median of the distribution, supposing # to be large.

. ¥=7 23, A family problem. In a certain fafnily four girls take turns at washing

" dishes. Out of a total of four breakages, three were caused by the youngest girl,

and she was thereafter called clumsy. Was she justified in attributing the fre-
quency of her breakages to chance? Discuss the connection with random
placements of balls.

24. What is the probability that (a) the birthdays of twelve people will fall
in tweive different calendar months {assume equal probabilities for the twelve
months), (4) the birthdays of six people will fall in exactly two calendar months?

0 They are occasionally miraculously obliging: see J. A. Greenwood and ng.
Stuart, Review of Dr. Feller's critique, Journal for Parapsychology, vol. 4 (1940),
pp. 298-319, in particular p. 306.

7t An often repeated story asserts that the problem arose at the gambling table and
that in 1654 de Méré proposed it to Pascal. This incident is supposed to have greatly
stimulated the development of probability theory. The problem was in fact treated by
Cardano (1501-1576). See Q. Ore, Pascal and the invention of probability theory, Amer.
Math. Monthly, vol. 67 (1960), pp. 409419, and Cardano, the gambling scholar,
Princeton {Princeton Univ, Press), 1953,
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25, Given thirty people, find the probability that among the twelve months
there are six containing two blrthdays and six containing three.

26. A closet contains # pairs of shoes. If 2r shoes are chosen at random
(with 2r < n), what is the probablhty that there will be (a) no complete pair,
(&) exactly one complete pair, (c) exactly two complete pairs among them ?

27. A car is parked among N carsin a row, not at either end. On his return

the owner finds that exactly r of the N places are still occupied. What is the
nrnhahlllrv that both nf‘lohhn‘rlnc nlaces are empty ?

L)l L) R saSUAR I, phaabLl I CIlpiy

28. A group of 2N boys and 2N girls is divided into two equal groups. Find
the probability p that each group will be equally divided into boys and girls.
Estimate p, using Stirling’s formula.

29. In bridge, prove that the probability p of West’s receiving exactly &
aces is the same as the probab1]1ty that an arbitrary hand of thirteen cards
contains exactly K aces. (Thls is intuitively clear. Note, however, that the

two probabilities refer to two different expenmems since in the second case
thirteen cards are chosen at random and in the first case all 52 are distributed.)

30. The probability that in a bridge game East receives m and South n
spades is the same as the probability that of two hands of thirteen cards each,
drawn at random from a deck of bridge cards, the first contains m» and the
second n spades.

31. What is the probability that the bridge hands of North and South to-
gether contain exactly & aces, where & =0, 1,2, 3, 4?

32. Let a, b, ¢, d be four non-negative integers such that a + b6 + ¢ + d =
13. Find the probability p(a, b, ¢, d) that in a bridge game the players North,
East, South, West have a, b, ¢, d spades, respectively. Formulate a scheme of
placing red and black balls into cells that contains the problem as a special case.

33. Using the result of problem 32, find the probability that some player
receives a, another &, a third ¢, and the last d spadesif (@) a =35, & = 4,
c=3, d=1, b)a=b=c=4,d=1;(c)a=5b=4, c =3, d=2.

Note that the three cases are quentlallv dlf-'f'erent

34. Let a,b, c,d beintegers with @ + & + ¢ + d = 13. Find the probability
gla, b, ¢, d) that a hand at bridge will consist of « spades, & hearts, ¢ dia-
monds, and ¢ clubs and show that the problem does nor reduce to one of
placing, at random, thirteen balls into four cells. Why?

35. Distribution of aces among r bridge cards. Calculate the probabilities
po(r), pir), ..., pa(r) that among r bridge cards drawn at random there are
u, 1, Py 4 ales, rCSpﬁthmy ‘v"CI‘Lf} that o '\U —};4\.).:.—1;

36. Continuation: waiting times. If the cards are drawn one by one, find
the probabilities f,(r), ..., fy(r) that the first, ..., fourth ace turns up at the
rth trial. Guess at the medians of the waiting times for the first, . . ., fourth ace

and then calculate them.

37. Find the probability that each of two hands contains exactly & aces if
the twoc hands are composed of r bridge cards each, and are drawn (2) from
the same deck, (&) from two decks. Show that when r = 13 the probability
in part (a) is the probability that two preassigned bridge players receive exactly
# aces each.

38. Misprints. Each page of a book contains N symbols, possibly mis-
prints. The book contains # = 500 pages and r = 50 misprints. Show that
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, 2,..., A coniain, respectively, r,,

(N (N (N nN
F1 -"2) Fn ( ¥ ) ,
(b) for large N this probability may be approximated by (5.3). Conclude that

the r misprints are distributed in the n pages approximately in accordance with a
random distribution of r balls in n cells. (Note. The distribution of the r
misprints among the N available places follows the Fermi-Dirac statistics.
Our assertion may be restated as a general limiting property of Fermi-Dirac
statistics. Cf, section 5.a.)

Note: The following problems refer to the material of section §.

39. If r, indistinguishable things of one kind and r, indistinguishable things
of a second kind are placed into » cells, find the number of distinguishable
arrangements.

40. If r; dice and r, coins are thrown, how many results can be distin-
guished ?

41. In how many different distinguishable ways can r, white, r, black, and
ra red balls be arranged?

42. Find the probability that in a random arrangement of 52 bridge cards no
two aces are adjacent.

43. Elevator. In the example (3.c) the elevator starts with seven passengers
and stops at ten floors. The various arrangements of discharge may be denoted
by symbols like (3, 2, 2), to be interpreted as the event that three passengers leave
together at a certain floor, two other passengers at another floor, and the last
two at still another floor. Find the probabilities of the fifteen possible arrange-
ments ranging from (7) to (1, 1,1, 1, 1, 1, 1).

44. Birthdays. Find the probabilities for the various configurations of the
birthdays of 22 people.

45. Find the probability for a poker hand to be a (a) royal flush (ten, jack,
queen, king, ace in a single suit); (b) four of a kind (four cards of equal face
values); (c) full house (one pair and one triple of cards with equal face values);
(d) straight (five cards in sequence regardless of suit); (e) three of a kind (three
equal face values plus two extra cards); {f) two pairs (two pairs of equal face
values plus one other card); (g¢) one pair (one pair of equal face values plus three
different cards). -

11. PROBLEMS AND COMPLEMENTS OF A
THEORETICAL CHARACTER

1. A population of » elements includes np red ones and ng black ones
(g +g =1). A random sample of size r is taken with replacement. Show
that the probability of its including exactly k& red elements is

(11.1y (r) pigr.
k
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2. A limit theorem for the hypergeometric distribution. If n is large and
mfn = p, then the probability ¢, given by (6.1) and (6.2) is close to (11.1).
More precisely,

T BT AR PO

A comparison of this and the preceding problem shows: For large popuiations
there is practically no difference between sampling with and without replacement.

3. A random sample of size r without replacement is taken from a population
of n elements. The probability u, that N given elements will all be included
in the sample is

11.3) o ="M
\ /

[The corresponding formula for sampling with replacement is given by (11.10)
and cannot be derived by a direct argument, For an alternative form of (11.3)
cf. problem 9 of TV, 6.]

4. Limiting form. If n — © and r — o so that r/n —p, then wu, —p¥
(cf. problem 13).

Note:** Problems 5-13 refer to the classical occupancy problem (Boltzmann-
Muaxwell statistics): That is, r balls are distributed among n cells and each
of the n” possible distributions has probability n".

5. The probability p, that a given cell contains exactly & balls 1s given by
the binomial distribution (4.5). The most probable number is the integer »
such that (r—n+1)/n <» < (r+1)/n. (In other words, it is asserted that
Po<pr < < p g Py >pyg > >p,, cf. proble 15.)

I fsmiting  farm T e ~ A FREN E
BFL !U!“’(. L I Ll ) gaita r =

&
Ea

(11.4) pr — e ARk,
(This is the Poisson distribution, discussed in chapter VI; for the corresponding
limit theorem for Bose-Einstein statistics see problem 16.)

7. Let A(r,n) be the number of distributions leaving none of the n celis
empfy. Show by a combinatorial argument that

(11.5) A ntl) =3 (;) Alr—k, n).

k=

22 Prahlems 519 nlay a role in ocuantum statistics, the theorv of h]‘\n'{nur:\hhl(‘ ‘n|'lh=“.
ALl willd o LS l_l (.J.‘?’ EL LA A0 3L ‘1““ ulll DL Lik 3, LA r L J IJ FLv \Ib M ““““

G-M counters, etc. The formulas are therefore frequently discussed and d1sc0\ered in
the physical literature, usually without a realization of their classical and essentially
elernentary character. Probably all the problems occur {atthough in modified form) in
the book by Whitworth quoted at the opening of this chapter.
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Conclude that
(11.6) Alr, n) = z (—1)y ( ) (n—vy.

Hint: Use induction; assume (11.6) to hold and express A(r—k,n) in
(11.5) accordingly. Change the order of summation and use the binomial
formula to express A(r, n+1) as the difference of two simple sums. Replace
in the second sum » + 1 by a new index of summation and use (8.6).

Note: Formula (11.6) provides a theoretical solution to an old probiem but
obviously it would be a thankless task to use it for the calculation ofrhe probability
x, say, that in a village of r = 1900 people every day of the year is a birthday.
In 1V,2 we shall derive (11.6) by another method and shall obtain a simple approxi-
mation formula (showing, e.g., that * = 0.133, approx:marel)«)

8 Show that fhe number of distribution u

O SOOW 04l e RUMper Of Qisinodi

(11.7) E,(r,n) = (n) Alr,m—m) = (n) n_zm (=1 (H_m) (n—m—v).
m m; y=g 3

9. Show without using the preceding results that the probability

(r
Y

LR

n Y = TE (r o)
Fm 7 o bl /AN A

of finding exactly m cells empty satisfies
m+1

n—m
(11.8) Pm(r+1s H) = Pm('r'l n) +P'm-{-‘]_(rs n)
10, Using the results of problems 7 and 8, show by direct calculation that
(11.8) holds. Show that this method provides a new derivation (by induction
on P of (11.6)
35,

L LT R

11. From problem 8 conclude that fhe probability z,.(r, n) of finding m or
more cells empty equals

[ N —im _m'-}-‘vf m
(11.9) ( ) 2 (—=1) ( ) )(1 - )erv.

(For m > n this expression reduces to zero, as is proper.}

Hint: Show that @p(r, 1) — pulr, n) = Ty ().
12, The probability that each of N given cells is occupied i,

r

(11.10) wrymy =n" ¥ ( )A(k NYn—Ny—*

k=0 \K/
Conclude that

N N Y
(11.11) ulr, n) = E (—1) (v)(l — ;)

v=0
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[Use the binomial theorem. For N =n we have u(r, n) = 1 TA(r, 1.
Note that (11.11) is the analogue of (11.3) for sampling with replacement,®
For an alternative derivation see problem 8 of IV, 6.]

13. Limiting form. For the passage to the limit described in problem 4 one
has u(r, n) — (1 —e P)¥.

Note: In problems 14-19, r and n have the same meaning as above, but we
assume that the balls are z‘ndfsrin(gmiskabfe and that all distinguishable arrange-
ments have equal probabilities (Bose-Einstein statistics).

14. The probability that a given cell contains exactly & balls is

(11.12) g = (n+r:i —2)/(n+r—‘1) .

15. Show that when » > 2 zero is the most probable number of balls in
any specified cell, or more precisely, ¢, > g; > - - - (cf. problem 5).

16. Limit theorem. Let n — = and r — x, so that the average number of
particles per cell, r/n, tendsto A, Then
ik

(11.13) Gpe > ———— .
{1+ A+

(The right side is known as the geomertric distribution.)

17. The probability that exactly m cells remain empty is

n r—1 n+r—1
(1114 pm = (m)(n—m—l)/( r ) '

18. The probabtlity that group of m prescribed cells contains a total of
exactly ;j balls is

m+j—1 —mr—i—1 -
A1.15) 7,m) =( +J )(n + _; )/(n+r 1)_
m—1 r—j r

* Note that u(r, 1) may be interpreted as the probability that the waiting time
up to the moment when the Nth element joins the sample is less than . The result may
be applied to random sampling digits: here u(r, 10) — u(r—1, 10) is the probability
that a sequence of r elements must be observed to include the complete set of all ten
digits. This can be used as a test of randomness. R. E. Greenwood [Coupon collector’s
test for random digits, Mathematical Tables and Other Aids to Computation, vol. 9

3 3 H i L. | P I 7 T
(1955}, pp. 1-5] tabulated the distribution and compared it to actual counts for the

corresponding waiting times for the first 2035 decimals of o and the first 2486 decimals
of e. The median of the waiting time for a complete set of all ten digits is 27. The
probability that this waiting time exceeds 50 is greater than 0.05, and the probability of
the waiting time exceeding 75 is about 0.0037.
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19. Limiting form. For the passage to the limit of problem 4 we have

m+j—1 p?
11.1 . — _—
( 6) qJ(m) ( m—l )(1 _ho)m——}

(The right side is a special case of the negative binomial distribution to be intro-
duced in VI, 8.)

Theorems on Runs. In problems 20-25 we consider arrangements of r, alphas
and r, betas and assume that all arrangements are equally probable [sce example
(4.e)). This group of problems refers to section 3b.

20. The probability that the arrangement contains exactly 4 runs of either
kind is

1—1 —1
(11.17) P2v=2{ (" \/(rﬁ-@\
Vo=t \v=1// Ny )

when &k = 2v is even, and

: =1\ /rs—1 =1 fro—1 ry+ry
(11.18) Pyir _[{n (" 17
\ v r—1 r—1 7 r
when & = 2» + 1 1is odd.

21. Continuation. Conclude that the most probable number of runs is an

. 2r 7y 2ryty . . }
integer k& such that ——— < k <« ———— 4+ 3, (Hint: Consider the ratios
ry +ry Fp -+ ¥y

PayyofPay and Py, 1/Pp, 1)

22. The probability that the arrangement starts with an alpha run of length
v >0 is (r)raf(ry +rdvp- (Hint: Choose the » alphas and the beta which
must follow it.) What does the theorem imply for » = 07?

23. The probability of having exactly & runs of aiphas is

B ri—1\ fra+1 (.r'1+11"2
L = (o) ()0
Hint: This follows easily from the second part of the lemma of section 5.
Alternatively (11.19) may be derived from (11.17) and (11.18), but this procedure

is more laborious.
24. The probability that the nth alpha is preceded by exactly m betas is

ri+re—n—m\ fm+n—1 ry+r
wa TN
ro—m m ry

15 The mrobkakility for the alnhae to he arraneed in F runs of whic I-
[ ALl l_}lUUaUll‘l} Fa v L% R u‘Pll“n’ Lar Afhs €40 - bl LA A LAl Ura ¥Y LLi1d ’\yl
are of length 1, %, of length 2, ..., k, oflength »(with &y + --- + &k, = k)is

kl r2+1 r1+!‘2
(11.21) i U )
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BINOMIAL COEFFICIENTS

1. Forintegral n > 2

n P
1_()+()-+-- — 0
1, 2,
AEEINEEIME 2
="
1 2 3
{12.1)
# _ 1 43 n _ 4 _0
1 A2 3 ’
n n i3
21 (2)+ 3-2 (3) +4-3 (4) + =n{n—1)2n2
Hint: Use the binomial formula.
2. Prove that for positive integers n, k
@ () - (VG ) <G = )" =0
. \0 \k:’ \lf N 1 =7OAv W SON O 7 '

More generally®

(12.3) > (f) (:::) = (z) (1 +0)~.

3. Forany a >0

—ay _ k(a+k—l
(12.4) (k) (1). ; )

If a is an integer, this can be proved also by repeated differentiation of the
geometric series > ¥ = {1 —x)1

4, Prove that

1
(12.5) (2”) 2-2r — (1) ( 2) :
H H
1 (2?1—2) 9-2n+l — (_1)n—1 (%) .
n\n—|] n

5. For integral non-negative » and r and all real 4
n —v a+l a—n)

12.6 = — .
(12.6) ; ( ) (r—H) (r+1,

Hint; Use (8.6). The special case n = a is frequently used.

* The reader is reminded of the convention (8.5): if v runs through a/f integers,
only finitcly many terms in the sumn in (12.3) are different from zero,
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6. For arbitrary a and integral » > 0

(12.7) -y (a)= (1) (a_l) :
y=0 v

1
Hint: Use (8.6).
7. For positive integers r, k

r Iy¢“_1 r”i. A
12.8 T _ +i .
(128) \Z{] ( k-1 ) ( k )

(a) Prove this using (8.6). (b) Show that (12.8) is a special case of (12.7). (¢)
Show by an inductive argument that (12.8) leads to a new proof of the first part
of the lemma of section 5. () Show that (12.8) is equivalent to

(PN 1y

n Py
(128a) :,Z[:] tm) - (m+1)'

8. In section 6 we remarked that the terms of the hypergeometric distribution
should add to unity. This amounts to saying that for any positive integers
a’ b! H‘J

(12.9) Y A W CA YO W CA Y EAN . 2
D KUAVY RS VAU AR VAT R U

Prove this by induction. Hint: Prove first that equation (12.9) holds for a = 1
and all .

9. Continuation, By a comparison of the coefficients of ¢ on both sides of
(12.10) (1+0)%1+2) = (1 4e)e*

prove more generally that (12.9) is true for arbitrary numbers a, 5 (and in-
tegral n).
10. Using (12.9), prove that

T R R R )

P |

. Using (12.11), prove that

(12.12) 3 - LI (2”)2.

v=0 (P !)2(?7'_1") 12 n
12. Prove that for integers 0 < a < b

B faN {6k /b A
12,13 — 1)k = .
( ) Lgl( ) (k)(b"'l) (0—1)

Hint: Using (12.4) show that (12.11) is a special case of (12.9). Alternatively,
compare the coefficients of 271 in (1 —£)*(1 —1)722 = (1 —r)" %2,
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13. By specialization derive from (12.9) the identities

() ()= (7)

and

C(12.15) g(—l)v(ﬂ("f] (" “)

WYL r H

valid if &, n, and r are positive integers. Hint: Use (12.4).
14. Using {12.9), prove that®® for arbitrary @, b and integral %

(12.16) i ("+k f—l)(bﬁ—l) _ (a+b+k—l).

k—j / k

Hint: Apply (12.4) back and forth. Alternatively, use (12.10) with changed signs
of the exponents,
Note the important special cases & = 1, 2.

15. Referring to the problems of section 11, notice that (11.12), (11.14),
(11.15), and (11.16) define probabilities. In cach the quantities should therefore
add to unity. Show that this is implied, respectively, by (12.8), (12.9), (12.16),
and the binomial theorem. i i

16. From the definition of A(r, #} in problem 7 of section 11 it follows that
A(r,n) =0 if r <n and Af{n, n) = r!. In other words

0 if r<n

n! if r=n.

12.17) 3 (=1t (”)kf _
E=u k

(a) Prove (12,17) dlrcctly by reduction from n to #
D)’ COHblULrlIlg I.Ht‘, rih aerlv.duve 01 (1 —€} at 1 =
by starting from (11.11} instead of (11.6).

17. If 0 < N < n prove by induction that for each integer r > 0

N N
(12.18) i (—1)¥ (1,) (n—2), = (f N) .
v=0 i

(Note that the right-hand member vanishes when » < ¥ and when r > n.)
Verify {12.18) by considering the rth derivative of (*~¥(¢—1)* at 7 = 1.

18. Prove by induction (using the binomial thcorem)

a1 7\ 1 1 n)l 1 1 1
_ - —_ 1y T = = _ R
(12.19) (1)1 (2)2+ +(=D (n, PR T n

n—1
Verify (12.19) by integrating the identity > (1 —¢)* = {l — (1 —tyL
0

%5 For a more clegant proof see problem 15 of IX, 9.
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19. Show that for any positive integer m

m!

maybzc
alb!c!

(12.20) @+y+a)m =3

where the summation extends over all non-negative integers a, b, ¢, such that
a+b+c=m,
20, Show that I'(a+1) = al(a) forall a > 0, whence

—a\ . T(@a+k)
(12.21) ( B ) =V

21, Prove that for any positive integers a and b

{(a+1Ma+2) - -(a+n) WE
(b+1)b+2) - (b+n) a!

a—b

(12.22)

22. The ganuna function 1s defined by

w0
{12.23) I'{x) = f ¥t gy
1]
1+ TN w A mem] IRIasTan tlees e I
() ~ v 2w e 2, [Notice that it * = # i§ an

where = > 0. Show that
integer, I'(n) = (n—1)1

23. Let a and r be arbitrary positive numbers and » a positive integer.
Show that

(12.24) a(a+r)(a+2¢) - - - (@a4nr) ~ Crrilymidiar,

Th tant C 1 al t V2n
¢ constant C is cqual to TG
24. Using the results of the preceding problem, show that

ala+r)a+2r) - (a+nry  T(bfr) (bl
(12.25) bhARB 1) G Ta@hn

25, From (8.10) conclude

(12.26) - e MU= | =7, 0 <t <.




CHAPTER III*

Fluctuations in Coin Tossing

and Random Walks

This chapter digresses from our main topic, which is taken up again
only in chapter V. Its material has traditionally served as a first orientation

and guide to more advanced theories. Simple methods will soon lead us
to resnlts of far-reaching theoretical and practical importance. We shall
encounter theoretical conclusions which not only are unexpected but
actually come as a shock to intuition and common sense. They will reveal
thatcommonly accepted notions concerning chance fluctuations are without
foundation and that the implications of the law of large numbers are
widely misconstrued. For example, in various applications it is assumed
that observations on an individual coin-tossing game during a long time
interval will yield the same statistical characteristics as the observation of
the results of a huge number of independent games at one given instant.
This is not so. Indeed, using a currently popular jargon we reach the
conclusion that in a population of normal coins the majority is necessarily
maladjusted. [For empirical illustrations see section 6 and example (4.5).]

Until recently the material of this chapter used to be treated by analytic
methods and, consequently, the results appeared rather deep. The
elementary method' used in the sequel is therefore a good example of the
newly discovered power of combinatorial methods. The results are fairly
representative of a wider class of fluctuation phenomena® to be discussed

* This chapter may be omitted or rcad in conjunction with the following chapters.
Reference to its contents will be made in chapters X (laws of large numbers), XTI {first-
passage times), X1 (recurrent cvents), and XIV (random walks), but the contents
will not be used explicitly in the sequcl.

' The discovery of the possibility of an elementary approach was the principal
motivation for the sccond edition of this book (1957). The present version is new and
greatly improved since it avoids various combinatorial tricks.

? See footnote 12,

a7
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in volume 2. All results will be derived anew, independently, by different
methods. This chapter will therefore serve primarily readers who are not
in a hurry to proceed with the systematic theory, or readers interested in
the spirit of probability theory without wanting to specialize in it. For
other readers a comparison of methods should prove instructive and
interesting. Accordingly, the presem chapfer should be read at the reader’s

S A R . JE

discretion mm,!unaehu_y UJ, oF puruuu ig, the remainder Oj the book.

1. GENERAL ORIENTATION.
THE REFLECTION PRINCIPLE

From a formal point of view we shall be concerned with arrangements

of finitely many plus ones and minus ones. Consider n = p + ¢ symbols
€1, . . ., €,, each standing either for +1 or for —1: suppose that there
are p plus ones and ¢ minus ones. The partialsum 5, = ¢, + - - -+ €,
represents the difference between the number of pluses and minuses
occurring at the first & places. Then
(1.1 Sp — Sp1 = €, = +1, s

o
—1 X —_ U

where A =1,2,...,n

We shalluse a geometric terminology and refer to rectangular coordinates
{, z; for definiteness we imagine the r-axis is horizontal, the z-axis vertical.
The arrangement (e, ..., ¢,) will be represented by a polygonal line
whose kth side has slope €, and whose kth vertex has ordinate 5,. Such
lines will be called paths.

Definition. Let n >0 and x= be integers. A path (5,55 ...,5,)
Jfrom the origin to the point (n, %) is a polygonal line whose vertices have
abscissas 0,1, ...,n and ordinates sy, 8y,...,5, satisfying (1.1) with
5, = x.

We shall refer to » as the length of the path There are 2" paths of
length n. If p among the e, arc positive and ¢ are negative, then

(1.2) n=p-+q, T=p-—9q.

A path from the origin to an arbitrary point (n, z) exists only if » and
z are of the form (1.2). In this case the p places for the positive €, can
be chosen from the n = p + g available places in

(1.3) N = (p+q) _ (p+q)
e p g

different ways. For convenience we define N, ., =0 whenever n and =
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are not nf the fnrm .(I 2). With this conven

d{ﬁerentpathsfrom the origin to an arbitrary peint (n, x)
Before turning to the principal topic of this chapter, namely the theory
of random walks, we illustrate possible applications of our scheme.

Examples. (a) The ballot theorem. The following amusing proposition
was proved in 1878 by W. A. Whitworth, and again in 1887 by J. Bertrand.

Suppose that, in a ballot, candidate P scores p votes and candidate
scores g votes, where p > q. The probability that throughout the counting
there are always more votes for P than for Q equals (p—q)/(p+q).

Similar problems of arrangements have attracted the attention of students
of combinatorial analysis under the name of ballot problems. The recent
renaissance of combinatorial methods has increased their popularity, and
it is now realized that a great many important problems may be reformu-
lated as variants of some generalized ballot problem.?

Figure 1. Illustrating positive paths, The figure shows also that there arc exactly as
many strictly positive paths from the origin to the point (2n,0) as there are non-
negative paths from the origin to (2n—2, Q).

The whole voting record may be represented by a path of length g + ¢
in which €, = 41 if the kth vote is for P; conversely, every path from
the origin to the point (p + ¢, p — ¢) can be interpreted as a record of
a voting with the given totals p and ¢. Clearly s, is the number of votes
by which P leads, or trails, just after the kth vote is cast. The candidate
P leads throughout the voting if, and only if, 5, > 0,...,s, > 0, that
is, if all vertices lie strictly above the r-axis. (The path from 0 to N, in
figure 1 1s of this type.) The ballot theorem assumes tacitly that all
admissible paths are equally probable. The assertion then reduces to the
theorem proved at the end of this section as an immediate consequence of
the reflection lemma. '

(b) Galton’s rank order test.* Suppose that a quantity (such as the height

* A survey of the history and the literature may be found in Seme aspeces of the
random sequence, by D, E. Barton and C. L. Maliows [Ann, Math. Statist., vol. 36
(1963), pp- 236-260]. These authors discuss also various applications. The most recent
generalization with many applications in queuing theory is due to L. Takacs.

* J. L. Hodges, Biometrika, veol. 42 (1955), pp. 261-262.
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,,,,,

control subjects. Denote the measurements by a,,...,a, and &, ...,
b,, respectively. To fix ideas, suppose that each group is arranged in
decreasing order: a4, >a>-+- and b, >b,>.... (To avoid
trivialities we assume that no two observations are equal.) Let us now
combine the two sequences into one sequence of n = 2r numbers ar-
ranged in decreasing order. For an extremely successful treatment all the
a’s should precede the 5’s, whereas a completely ineffectual treatment
should result in a random placement of «’s and &’s. Thus the efficiency
of the treatment can be judged by the number of different a’s that
precede the b of the same rank, that is, by the number of subscripts
k for which a, > b,. This idea was first used in 1876 by F. Galton
for data referred to him by Charles Darwin. In this case » equaled
[5 and the a’s were ahead 13 times. Without knowledge of the actual
probabilities Galton concluded that the treatment was effective. But,
assuming perfect randomness, the probability that the &’s lead 13
times or more equals y%. This means that in three out of sixteen cases a
perfectly ineffectual treatment would appear as good or better than the
treatment classified as effective by Galton. This shows that a quantitative
analysis may be a valuable supplement to our rather shaky intuition.

For aninterpretation in terms of paths write ¢, = +1 or —1 according
as the kth term of the combined sequence is an a ora 4. The resulting
path of length 2r joins the origin to the point (2r,0) of the f-axis.
The event a, > b, occurs if, and only if, s5,,_, contains at least k plus
ones, that is, if’ s,, | > 0. This entails s,, > 0, and so the (2k—1)st and
the 2kth sides are above the -axis. It follows that the inequality a, > b,
holds » times if, and only if, 2v sides lie above the f-axis. In section 9
we shall prove the unexpected result that the probability for thisis 1/(r+1),
irrespective of », (For related tests based on the theory of runs see 11, 5.5.)

() Tests of the Kolmogorov-Smirnov type. Suppose that we observe two
populations of the same biological species (animals or plants) living at
different places, or that we wish to compare the outputs of two similar
machines. For definiteness let us consider just one measurable charac-
teristic such as height, weight, or thickness, and suppose that for each of
the two populations we are given a sample of r observations, say
ay, .. -,4a, and by, ..., b, The question is roughly whether these data

are consistent with the hypothesis that the two populations are statistically
identical. In this form the problem is vague, but for our purposes it is
not necessary to discuss its more precise formulation in modern statistical
theory. It suffices to say that the tests are based on a comparison of the
two empirical distributions. For every ¢ denote by A(z) the fraction

kfn of subscripts { for which a; < . The function so defined over the
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real axis is the empirical distribution of the @’s. The empirical distribution
B is defined in like manner. A refined mathematical theory originated
by N. V. Smirnov (1939) derives the probability distribution of the maxi-
mum of the discrepancies | A(z) — B(f)| and of other quantities which can
be used for testing the stated hypothesis. The theory is rather intricate,
but was greatly simplified and made more intuitive by B. V. Gnedenko
who had the luckv idea to connect it with the u.s_-omet_rlg ‘[hEQ[V of naths.
As in the precc:dmcr example we associate with the two samples a path of
length 2r leading from the origin to the point (2r, 0). To say that the
two populations are statistically indistinguishable amounts to saying that
ideally the sampling experiment makes all possible paths equally probable.
Now it is easily seen that |A(z) — B(¢f)] > £ for some ¢ if, and only if,

]SE! > &r for some k. The nrnhﬂhlhi‘v of this event is clmn]u the nrr\hﬂ-

pl8) 0 ) L prllailily e YLl S11PR Y

bility that a path of length 2r leading from the origin to the point (0, 2r)
is not constrained to the interval between +££&r. This probability has
been known for a long time because it is connected with the ruin problem
in random walks and with the physacal problem of diffusion with absorbing
barriers. (See problem 3.)

This PYA‘I’T‘I‘I"\]P 15 hpunnd the scope of the present volume, but it 1 .HJJ.&ICS
how rdndom walks can be applied to problems of an entirely different
nature.

(d) The ideal coin-tossing game and its relation 1o stochastic processes.
A path of length » can be interpreted as the record of an ideal experiment
consisting of n successive tosses of a coin. If +1 stands for heads, then
5, equals the (positive or negative) excess of the accumulated number of
heads over tails at the conclusion of the kth trial. The classical description
introduces the fictitious gambler Peter who at each trial wins or loses a
unit amount. The sequence sy, 55, . . ., 5, then represents Peter’s succes-
sive cumulative gains. It will be seen presently that they are subject to
chance fluctuations of a totally unexpected character.

The picturesque language of gambling should not detract from the
general importance of the coin-tossing model. In fact, the model may
serve as a first approximation to many more complicated chance-dependent
processes in physics, economics, and learning theory. Quantities such as
the energy of a physical particle, the wealth of an individual, or the
accumulated learning of a rat are supposed to vary in consequence of
successive collisions or random impulses of some sort. For purposes of a
first orientation one assumes that the individual changes are of the same
magnitude, and that their sign is regulated by a coin-tossing game. Refined
models take into account that the changes and their probabilities vary from
trial to trial, but even the simple coin-tossing model leads to surprising,
indeed to shocking, results. They are of practical importance because they

=7
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ed views, the laws Buwcuuug a
prolonged series of i nd1v1duc11 observations will show patterns and averages
far removed from those derived for a whole population. In other words,
currently popular psychological tests would lead one to say that in a
population of “normal” coins most individual coins are “maladjusted.”

It turns out that the chance fluctuations in coin tossing are typical for
more general chance processes with cumulative effects. Anyhow, it stands
to reason that if even the simple coin-tossing game leads to paradoxical
results that contradict our intuition, the latter cannot serve as a reliable

guide in more complicated situations. «

A\ Vs

o

Figurc 2. Illustrating the reflection principle.

It is as surprising as it is pleasing that most important conclusions can be
drawn from the following simple lemma.

Let A4 =(a,«) and B=(b, f) be integral points in the positive
quadrant: & > a > 0, « > 0, # > 0. By reflection of 4 on the t-axis
is meant the point A" = (@, —=x). (See figure 2.) A path from 4 to B
is defined in the obvious manner.

Lemma.® (Reflection principle.) The number of paths from A to B
“which touch or cross the z-axis equals the number of all paths from A’ to B.

Proof. Consider a path (s, = o, 5,,4,...,85 =) from A4 to B
having one or more vertices on the r-axis. Let ¢ be the abscissa of the
first such vertex (see figure 2); thatis,choose ¢ sothat s, > 0,...,5, ;> 0,
s;=0. Then (—s, ~Spi1,-+-> =5, 1,5, =0,8.1,5,0...,5) I a

* The reflection principle is used frequently in various disguiscs, but without the
geometrical interpretation it appears as an ingenious but incomprehensible trick. The
probabilistic literature attributes it to D. André {1887). It appears in connection with
the difference equations for random walks in XIV, 9. Thesc arc related to some
partial differential equations where the reflection principle is a familiar tool called
method of images. It is gencrally attributed to Maxwell and Lord Kelvin. For the use
of repeated reflections sec problems 2 and 3.
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path leading from 4" to B and having 7 = (7, 0) as its first vertex on
the r-axis. The sections A7 and A'T being reflections of each other,
there exists a one-to-one correspondence between all paths from 4’ to
B and such paths from A4 to B that have a vertex on the z-axis. This
proves the lemma. >

1-\ veotild digrriges A nm..-.n

L u..,auu WIS LLISLAL 111 Cxain P

t
whole theory of this chapter.
The ballot theorem. ZLetr n and x be positive integers. There are
xr
exactly - N, . paths (s1,...,8, = %) from the origin to the point (n, x)

such that s, > 0.. . . ¢ >0

a1 Ty L B R

Proof. Clearly there exist exactly as many admissible paths as there
are paths from the point (1, 1) to (», =) which neither touch or cross the
t-axis. By the last lemma the number of such paths equals

N 11— Vp 1,41 = k __] ) k p

with p and ¢ defined in (1.2). A trite calculation shows that the right
side equals N, .(p—q)/{(p+¢q), as asserted. >

2. RANDOM WALKS: BASIC NOTIONS AND
NOTATIONS

The ideal coin-tossing game will now be described in the terminolog
of random walks which has greater intuitive appeal and is better suited
for generalizations. As explained in the preceding example, when a path
(s1,...,5,) 1s taken as record of p successive coin tossings the partial
sums s, ...,S5, represent the successive cumulative gains. For the
geometric description it is convenient to pretend that the tossings are
performed at a uniform rate so that the »th trial occurs at epoch® n. The
successive partial sums sy, ..., s, will be marked as points on the vertical
z-axis; they will be called the positions of a “particle” performing a
random walk. Note that the particle moves in unit steps, up or down, on a

¢ Following J. Riordan, the word epoch is used to denote points on the time axis
becausc some contexts use the alternative terms (such as moment, time, point) in
different meanings. Whenever used mathematically, the word time will refer to an
interval or duration. A physical experiment may take some time, but our ideal trials
are timeless and occur at epochs.
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line. A path represents the record of such a movement. For example, the
path from O to N in figure 1 stands for a random walk of six steps
terminating by a return to the origin.

LEach path of length p can be interpreted as the outcome of a random
walk experiment; there are 27 such paths, and we attribute probability
277 to each. (Diflerent assignments will be introduced in chapter XIV.
To distinguish it from others the present random walk is called symmetric.)

We have now completed the definition of the sample space and of the
probabilities in it, but the dependence on the unspecified number p is
disturbing. To see its role consider the event that the path passes through
the point (2, 2). The first two steps must be positive, and there are 22
paths with this property. As could be expected, the probability of our
event therefore equals ; regardiess of the value of p. More generally, for
any k < p it is possible to prescribe arbitrarily the first & steps, and
exactly 277% paths will satisfy these &k conditions. It follows that an
event determined by the first k < p steps has a probability independent of
p. In practice, therefore, the number p plays no role provided it is
sufficiently large. In other words, any path of length » can be taken as
the initial section of a very long path, and there 1s no need to specify the
latter length. Conceptually and formally it is most satisfactory to consider
unending sequences of trials, but this would require the use of non-
denumerable sample spaces. 1n the sequel it is therefore understood that
the length p of the paths constituting the sample space is larger than the
number of steps occurring in our formulas. Except for this we shall be
permitted, and glad, to forget about p.

To conform with the notations to be used later on in the general theory
we shall denote the individual steps generically by X;, X,,... and the
positions of the particle by S,,S;,.... Thus

.1) S, =X, + -+X, S,=0

From any particular path one can read off the corresponding values of
X1, X, . .. ; that is, the X, are functions of the path.? For example,
for the path of figure 1 clearly X, =X, =X,=1 and X, =X;=
= X; = —1.

We shall generally describe all events by stating the appropriate con-
ditions on the sums S,. Thus the event “at epoch » the particle is at the
point " will be denoted by {S, = r}. For its probability we write p,, ,.
(For smoother language we shall describe this event as a “visit” to r at

” In the terminology to be introduced in chapter IX the X, are random variables.
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epoch n.) The number N, of paths from the origin to the point (n, r)
is given by (1.3), and hence
n
(2.2) Pur =P8, =r}=|n+r2
: 2

where it is understood that the binomial coefficient is to be interpreted as
zero unless (n+7)/2 is an integer between 0 and », inclusive.

A return to the origin occurs at epoch k if S; = 0. Here &k is neces-
sarily even, and for k& = 2v the probability of a return to the origin equals
Pavo Because of the frequent occurrence of this probability we denote it
by u,. Thus

(2.3 w = ()2
i

When the binomial coefficient is expressed in terms of factorials, Stirling’s
formula II, (9.1) shows directly that
1

!
S T
W

(24) Ugy ™

where the sign ~ indicates that the ratio of the two sides tends to 1 as
v — c0; the right side serves as excellent approximation® to u,, even for
moderate. values of ».

Among the returns to the origin the first refurn commands special
attention. A first return occurs at epoch 2v if

(2.5) S #0,...,8, ,#0, but S, =0.

The probability for this event will be denoted by f,. By definition
Jo=0.

The probabilities f,, and wu,, are related in a noteworthy manner. A
visit to the origin at epoch 2z may be the first return, or else the first
return occurs at an epoch 2k < 2n and is followed by a renewed return
2n — 2k time units later. The probability of the latter contingency is
Jaxts, o because there are 2%%f,, paths of length 2k ending with a first
return, and 22"~%%y, .. paths from the point (2k,0) to (2x#,0). It
follows that

(2.6) Yo = follan g +,f-:1u2rz—4 + - +f2nu(]a nel.

(See problem 5.)

% For the truc value wu,, = 0.246] we get the approximation 0.2523; for uy, =
0.1762 the approximation is 0.1784. The per cent error decreases roughly in inverse
proportion to ¥,
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The normal approximation. Formula (2.2} gives no direct clue as to the range within
which S, is likely to fall. An answer to this question is furnished by an approximation
formula which represents a special case of the central limit theorem and will be proved®
in V1iI, 2,

The probability that @ < S, < b is obtained by summing prebabilities Pr.r OVET
all r between a and b. For the cvaluation it suffices to know the probabilities for all
inequalities of the form S, > a. Such probabilities can be estimated from the fact
that for all = as » — =

™o

- 1
(2.7 PiS, > 2V} > 1 — N@) = ?J 4 g
V2m o

where N stands for the nermal distribution function defined in VII, 1. Its nature is of
no particular interest for our present purposes. The circumstance that the limit exists
shows the important fact that forlarge » theratios S,,,f'\/; are governed approximately
by the same probabilities and so the same approximation can be used for all large .

The accompanying table gives a good idea of the probable range of S,. Morc and
better values will be found in table 1 of chapter VII,

TaBLE ]

I
@ 0.5 | 1.0 1.5 2.0 2.5 3.0 r

P{S, > 2V} 0.309 0.159 0.067 0.023 0.006 0.001 |'

3. THE MAIN LEMMA

As we saw, the probability of a return to the origin at epoch 2» equals
the quantity u,, of (2.3). As the theory of fluctuations in random walks
began to take shape it came as a surprise that almost all formulas involved
this probability. One reason for this is furnished by the following simple
lemma, which has a mild surprise value of its own and provides the key
to the deeper theorems of the next section.

Lemma 1.1°  The probability that no return to the origin.occurs up to and
including epoch 2n is the same as the probability that a return occurs at
epoch 2n. In symbols,

(3.1) P{S, #0,...,S,, # 0} = P{S,, =0} = u, .

® The special case required in the sequel is treated separarely in VII, 2 without
reference to the general binomial distribution. The proof is simple and can be inserted
at this place.

1% This lemma is obvious from the form of the generating function I f,.s™ [see
XI, (3.6)] and has bcen noted for its curiosity value. The discovery of its significance
is recent. For a geometric proof sce problem 7.
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Here, of course, # > 0. When the event on the left occurs either all the
S, are positive, or all are negative. The two contingencies being equally
probable we can restate (3.1) in the form

(32) P(S; > 0,..., S, > 0} = 4.

Proof. Considering all the possible values of S, it is clear that
(3.3) P{S;>0,...,8:,, >0} =2P{(S,>0,...,5;,,>0,8;, =2r}
=1

(where all terms with r > »n vanish). By the ballot theorem the number
of paths satisfying the condition indicated on the right side equals
Non 1,901 — Nog 1 2941, and so the rth term of the sum equals

%(Pﬁn—l, gr—1 — Pen—1, 2r+-1)'

The negative part of the rth term cancels against the positive part of the
(r+1)st term with the result that the sum in (3.3) reduces to }p,, ;. It

is easily verified that n, = u,, and this concludes the proof. »
F Pt in he Ir

n—1,1

The lemma can be restated in several ways; for example,
(3.4) P{S,>0,...,8,;, > 0} = uy,.

Indeed, a path of length 2z with all vertices strictly above the z-axis passes
through the point (1, ). Taking this point as new origin we obtain a path
of length 21 — 1 with all vertices above or on the new z-axis. It follows
that

(3.5)  P{S;>0,...,S,, >0 =1P{S,>0,...,S;,1> 0O}

But S,,; iIs an odd number, and hence S,, ;> 0 implies that also
S,, > 0. The probability on the right in (3.5) is therefore the same as
(3.4) and hence (3.4) is true. (See problem 8§.)

Lemma 1 leads directly to an explicit expression for the probability
distribution for the first return to the origin. Saying that a first return
occurs at epoch 2# amounts to saying that the conditions

S17#0,...,85 %0

are satisfied for k = »n — 1, but not for k= n. In view of (3.1) this
means that

(3'6) f2‘rl = Ugp o — Hap, n = l, 2, et v s
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(3.7 Jon =

We have thus proved

Lemma 2. The probability that the first return to the origin occurs at
epoch 2n is given by (3.6) or (3.7).

It follows from (3.6) that f; + f, 4+ --: = 1. In the coin-tossing
terminology this means that an ultimate equalization of the fortunes
becomes practically certain if the game is prolonged sufficiently long. This
was to be anticipated on intuitive grounds, except that the great number of
trials necessary fo achieve practical certainty comes as a surprise. For
example, the probability that no equalization occurs in 100 tosses is about
0.08.

4. LAST VISIT AND LONG LEADS

We are now prepared for a closer analysis of the nature of chance
fluctuations in random walks. The results are startling. According to
widespread beliefs a so-called law of averages should ensure that in a
long coin-tossing game each player will be on the winning side for about
half the time, and that the lead will pass not infrequently from one player
to the other. Imagine then a huge sample of records of ideal coin-tossing
games, each consisting of exactly 2n trials. We pick one at random and
observe the epoch of the last tie (in other words, the number of the last
trial at which the accumulated numbers of heads and tails were equal).
This number is even, and we denote it by 2k (so that 0 < k < #).
Frequent changes of the lead would imply that & is likely to be relatively
close to #n, but this is not so. Indeed, the next theorem reveals the
amazing fact that the distribution of % is symmetric in the sense that any
value k has exactly the same probability as » — k. This symmetry
implies in particular that the inequalities K > n/2 and &k < #/2 are
equally likely.)! With probability } no equalization occurred in the second
half of the game, regardless of the length of the game. Furthermore, the
probabilities near the end points are greatest; the most probable values
for %k are the extremes 0 and n. These results show that intuition leads
to an erroneous picture of the probable effects of chance fluctuations. A

few numerical results may be illuminating,

11 The symmetry of the distribution for & was found empirically by computers and
verified theoretically without knowledge of the exact distribution (4.1). See D. Blackwell,
P. Dewel, and D, Freedman, Ann. Math, Statist,, vol. 35 (1964), p. 1344,
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Examples. (a) Suppose that a great many coin-tossing games are con-

ducted snmultaneously at the rate of one per second, day and night, for a
whole year. On the average, in one out of ten games the last equalization
will occur before 9 days have passed, and the lead will not change during
the following 356 days. In one out of twenty cases the last equalization

takes place within 2§ days, and in one out of a hundred cases it occurs

‘,Ulﬂ']ln f]']Pl ﬁrcf ’) hours and 10 llliﬂULcS

(b) Suppose that in a learning experiment lasting one year a child was
consistently lagging except, perhaps, during the initial week. Another
child was consistently ahead except, perhaps, during the last week. Would
thetwo children bejudged equal? Yet, leta group of 11 children be exposed
to a similar learning experiment involvinn no intelligence but only chance

Nne amone the 1T was TA cimenan - 1~ .-l,-... L ox PR R

flag‘r;a rd for all but one week.

The exact probabilities for the possible values of k are given by

Theorem 1. (Arc sine law for last visits.) The probability that up to and
including epoch 2n the last visit 1o the origin occurs at epoch 2k is given by

(4'1) Kap.on = Hoplon o, k= 0, 1, ey M

Proof. We are concerned with paths satisfying the conditions S,, = 0
and Sy, #0,...,8,, # 0. The first 2k vertices can be chosen in
2%yy, different ways. Taking the point (2k, 0) as new origin and using
(3.1) we see that the next (2n—2k) vertices can be chosen in 22% %y, .
ways. Dividing by 22" we get (4.1). >

It follows from the theorem that the numbers (4.1) add to unity. The
probability distribution which attaches weight =, ,, to the point 2k
will be called the discrete arc sine distribution of order n, because the
inverse sine function provides excellent numerical approximations. The
distribution 1s symmetric in the sense that o 5, = %5, sy 9, FOr # =2
the three values are £, %, 2; for n = 10 see table 2. The central term is
always smallest.

The main features of the arc sine distributions are best explained by

TABLE 2
IDISCRETE ARC Si~neE DISTRIBUTION OF ORDER 10

k=0 | k=1 k k
k=10| k=91 k k

Il
o B
S
Il
LA

|I
|I
I

k
k

|
Lok, 20 0.1762 0.0927 0.0736 i 0.0655 0.0617 | 0.0606
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means of the graph of the function

1

'n'w-f (1 —zx)

(4.2) f(=) = 0<z<1.

Using Stirling’s formula it is seen that u,, is close to 1/3/mn, except when

d §

|-
| &
\ /
\ /
m*’-ﬂc?_g
4 o
! i
i
! l L1 TS B B i | '
0 0.1 0.2 0.3 0.4 0.5 06 a7 08 0.9 io
- 1 . . o
Figure 3. Graph of f{r) = —=————" The construction cxplains the approximation
(4.3). 7y z(l — )

n 1s very small. This yields the approximation

1
~

(4.3) Ol 2n 5 - f(,), where x, = - ;
n n

the error committed is negligible except when & is extremely close to 0
or n. The right side equals the area of a rectangle with height f(z,)
whose basis is the interval of length I/n centered at z, (see figure 3).
For 0 < p < ¢ < 1 andlarge »n the sum of the probabilities «,, ,, with
pn < k < gn is therefore approximately equal to the area under the graph
of /' and above the interval p < x < g. This remains true also for p = 0
and ¢ = 1 because the total area under the graph equals unity which is
also true of the sum over all oy, ,,. Fortunately (4.2) can be integrated
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explicitly and we conclude that for fixed 0 <z < 1 and n sufficiently
large
2 T
(4.4) D, O g, A —arcsin Lz
k< rn ks

approximately. Note that the right side is independent of #» which means

TABLE 3

2 -
TueE CoNTINUOUS ARC SINE DISTRIBUTION A(z) = — arc sin Ya
m

x Alx) z Alz) z A(z)
0.00 0.000 0.20 4.295 0.40 0.236
0.01 0.064 0.21 0.303 0.41 0.442
0.02 0.090 0.22 0.311 0.42 0.449
0.03 0.111 0.23 0.318 0.43 0.455
0.04 0.128 0.24 0.326 0.44 0.462
0.05 0.144 0.25 0.333 0.45 0.468
0.06 0.158 0.26 0.341 0.46 0.474
0.07 0.171 0.27 0.348 4.47 0.481
0.08 0.183 0.28 0.355 0.48 0.487
0.09 0.194 0.29 0.362 0.49 0.494

0.50 0.500
0.10 0.205 0.30 0.365
0.11 (0.215 0.31 0.376
0.12 0.225 0.32 0.383
0.13 0.235 0.33 0.390
0.14 0.244 0.34 0.396
0.15 0.253 0.35 0.403
0.16 0.262 0.36 0.410
0.17 0.271 0.37 0.416
0.18 0.279 (.38 0.423
0.19 0.287 .39 0.429

Fora > § use A(1 —z) = 1 — A(x).

that table 3 suffices for all arc sine distributions of large order. (Actually
the approximations are rather good even for relatively small values of n.)

We saw that, contrary to popular notions, it is quite likely that in a long
coin-tossing game one of the players remains practically the whole time
on the winning side, the other on the losing side. The next theorem
elucidates the same phenomenon by an analysis of the fraction of the total
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time that the particle spends on the positive side. One feels intuitively that
this fraction is most likely to be close to §, but the opposite is true: The
possible values close to } are least probable, whereas the extremes k = 0
and &k == n have the greatest probability. The analysis is facilitated by the
fortunate circumstance that the theorem again involves the discrete arc
sine distribution (4.1) (which will occur twice more in section 8).

Theorem 2. (Discrete arc sine law for so:fo"’u}"?r? times.) The probability
that in the time interval from O fo 2n the particle spends 2k time units on
the positive side and 2n — 2k time units on the negative side equals oy, o,

(The total time spent on the positive side is necessarily even.)

Corollary.’? If 0 < x < 1,the probability that < zn time units arc
spent on the positive side and 2 (1 — z)n on the negative side tends 1o

v _.'r‘_‘
— arcsin s x as n— 00,
o

Examples. (¢) From table L it is seen that the probability that in
20 tossings the lead never passes from one player to the other is about
0.352. The probability that the luckier player leads 16 times or more is
about 0.685. (The approximation obtained from the corollary with
xz = % is 0.590.) The probability that each player leads 10 times is only
0.06.

(d) Let n be large. With probability 0.20 the particle spends about
97.6 per cent of the time on the same side of the origin. In one out of ten
cases the particle spends 99.4 per cent of the time on the same side.

(¢) In example (a) a coin is tossed once per second for a total of 365 days.
The accompanying table gives the times ¢, such that with the stated

2 Paul Lévy [Sur certains processus stochastiques homogénes, Compositia Mathe-
matica, vol, 7 (1939}, pp. 283-339] found this arc sine law for Brownian motion and
referred to the connection with the coin-tossing game. A general arc sine limit law for
the number of positive partial sums in a sequence of mutually independent random
variables was proved by P. Erdds and M. Kac, On the number of positive sums of inde-
pendent random variables, Bull. Amer. Math, Soc., vol. 53 (1947}, pp. 1011-1020. The
wide applicability of the arc sine limit law appecared at that time mysterious. The
whole theory was profoundly reshaped when E. Sparre Andersen made the surprising
discovery that many facets of the fluctuation theory of sums of indepcndent random
variables are of a purcly combinatorial nature. [Sec Mathematica Scandinavica, vol. 1
(1953), pp. 263-285, and vol. 2 (1954}, pp. 195-223.] The original proofs were excesd-
ingly complicated, but they opened new avenues of research and are now greatly
simplified. Theorem 2 was first proved by K. L. Chung and W. Feller by complicated
methods. (Sce sections XI1,5-6 of the first edition of this book.} Theorem 1 is new.
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probability p the less fortunate player will be in the lead for a total time
less than ¢_.

P Iy 7 Iy
0.9 153.95 days 03 19.89 days
0.8 126.10 days 0.2 8.93 days
0.7 99.65 days 0.1 2.24 days
0.6 75.23 days 0.05 13.5 hours
0.5 53.45 days 0.02 2.16 hours
0.4 34.85 days 0.01 32.4 minutes
»
Proof of Theorem 2. Consider paths of the fixed length 2r and denote
by boy 2. the probability that exactly 2k sides lie above the r-axis, We
have to prove that
(4-5) b'Zk.Ev = g, 2v

Now (3.4) asserts that b,, 5, = u;, and for reasons of symmetry we have
also by 5, = uy,. It suffices therefore to prove (4.5) for 1 < k < » — 1.

Assume then that exactly 2k out of the 2s time units are spent on the
positive side, and 1 < k < p#— 1. In this case a first return to the origin
must occur at some epoch 2r < 2n, and two contingencies are possible.
First, the 2r time units up to the first return may be spent on the positive
side. Inthiscase r <k < n — 1, and the section of the path beyond the
vertex (2r,0} has exactly 2k — 2r sides above the axis. Obviously the
number of such paths equals §-2%f, - 22" ¥by, 5, 5, 5. The other
possibility is that the 2r time units up to the first return are spent on the
negative side. In this case the section beyond the vertex (2r, 0) has
exactly 2k sides above the axis, whence # — r > k. The number of such
pathsequals - 2¥f, - 22 *"h, o .. Accordingly, when 1 <k <n—1

(4-6) b?k,En = me 2k -2r.2n -2r + = 5 Zf.rbzk 2n -2

We now proceed by induction. The assertion (4.5) is trivially true for
v = 1, and we assume it to be true for v < n — 1. Then (4.6) reduces to

k n--k
(4.7) Doron = 3Unn 2z 2, Jorllop oy -+ g 2, forltzn ax—or
r=1 =1

In view of (2.6} the first sum equals u,, while the second equals s, s-
Hence (4.5) is true also for » = n. >
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*5. CHANGES OF SIGN

The theoretical study of chance fluctuations confronts us with many

PAaramnvysao AT avatThinlae Aanes cRan /Y e l‘\‘!l‘ alyy =1 ln a mralmnoo
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coin-tossing game the observed number of changes of lead should increase
roughly in proportion to the duration of the game. In a game that lasts
twice as long, Peter should lead about twice as often. This intuitive
reasoning is false. We shall show that, in a sense to be made precise, the

number of changes of lead in n trials increases only as Jr: in 100n
trials one should expect only 10 times as many changes of lead as in »
trials. This proves once more that the waiting times between successive
equalizations are likely to be fantastically long.

We revert to random walk terminology. A change of sign is said to
occur at epoch » if 8, , and S,,, are of opposite signs, that is, if the
path crosses the axis. Inthiscase S, = 0, and hence n is necessarily an

even {positive} integer.

Theorem 1.%*  The probability £, ,,.. that up to epach 2n + 1 there
occur exactly r changes of sign equals 2py, 1 0.1 In other words

(5.1) £ran = 2P{S;,, = 2r + 1}, r=0,1,

Proof. We begin by rephrasing the theorem in a more convenient
form. If the first step leads to the point (1, 1) we take this point as the
origin of a new coordinate system. To a crossing of the horizontal axis
in the old system there now corresponds a crossing of the line below the
new axis, that is, a crossing of the level —I. An analogous procedure is
applicable when 8, = —1, and it is thus seen that the theorem is fully
equivalent to the following proposition: The probability that up to epoch
2n the level —1 is crossed exactly r times equals 2pa, 1 .2,41.

Consider first the case r = 0. To say that the level —1 has not been
crossed amounts to saying that the leve]l —2 has not been touched (or
crossed). In this case S,, is a non-negative even integer. For k > 0 we
conclude from the basic reflection lemma of section 1 that the number of
paths from (0, 0) to (2x, 2k) that do touch the level —2 equals the
number of paths to (2m, 2k 4+ 4). The probability to reach the point

* This section is not used explicitly in the sequel.
12 For an analogous theorem for the number of returns 10 the origin see problems 9-10.
For an alternative proof see problem 11.
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(2n, 2k) without having touched the level —2 is therefore equal to
Pon.2k — Pin2e-q 1he probability that the level —2 has not been touched
equals the sum of the quantities for £ =0, 1,2, .... Most terms cancel,
and we find that our probability equals p,, o + Ps.e. This proves the
assertion when r = 0 because

(5.2) Peny1a = TIz(Pzn.n'i‘P-zn,z)

as 1s obvious from the fact that every path through (2n# + 1, 1) passes
through either (2x,0) or (2n, 2).

Next let r = 1. A path that crosses the level —1 at epoch 2» — 1
may be decomposed into the section from (0, 0) to (2v, —2) and a path
of length 2n — 2v starting at (2v, —2). To the latter section we apply the
conclude that the number of paths of length 2n — 2y starting at (2», —2)
and not crossing the level —1 equals the number of paths from (2», —2)
to (2n + 1, —3). But each path of this kind combines with the initial
section to a path from (0, 0) to (2n + 1, —3). It follows that the number
of paths of length 2n that cross the level —1 exactly once equals the
number of paths from the origin to (2n 4 I, —3), that is, 22", ., 4
This proves the assertion for r = 1.

The proposition with arbitrary r now follows by induction, the argu-
ment used in the second part of the proof requiring no change. (It was
presented for the special case r = 1 only to avoid extra letters.) >

An amazing consequence of the theorem is that the probability &,
of r changes of sign in n trials decreases with r:

(53) 50,1'1 2 El,n > 52,71 > T

This means that regardless of the number of tosses, the event that the lead
never changes is more probable than any preassigned number of changes.

Examples. (a) The probabilities x, for exactly r changes of sign in
99 trials are as follows:

ﬂ
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0.0160. The probabilities . for exactly r changes decrease very slowly,
for r =10, 20, 30 the values are z, = 0.0156, 0.0146, and 0.0130. The
probability that in 10,000 trials the lead changes at most 10 times is about
(0.0174, in other words, one out of six such series will show not more than
10 changes of lead. >

I"f‘\lﬂ ]'N“I"I‘trf st
LWy Y Liled L

A pleasing property of the identity (5.1) is that it enables us to apply the normal
approximation derived in section 2. Suppose that # is large and z a fixed positive

number. The probability that fewer than «Vn changes of sign occur before epoch #

is practically the same as 2P{S, < 2V}, and according to {2.7) the last probability
tends to N(2x) — § as n — oo We have thus

Theorem 2. (Normal approximation.) The probability that fewer than zV'n changes
of sien occur before epoch n tends to 2NM(2x} — 1 as n — .

It follows that the median for the number of changes of sign is about 0.337\/;;
this means that for n sufficiently large it is about as likely that there occur fewer than

0.337Vn changes of sign than that occur more. With probability 5'5 there will be fewer
than 0.0628V'n changes of sign, etc.'*

-, 6. AN EXPERIMENTAL ILLUSTRATION

Figure 4 represents the result of a computer experiment simulating
10,000 tosses of a coin; the same material is tabulated in example I, (6.c).
The top line contains the graph of the first 550 trials; the next two lines
represent the entire record of 10,000 trials the scale in the horizontal
direction being changed in the ratio 1:10. The scale in the vertical
direction is the same in the two graphs.

When looking at the graph most people feel surprised by the length of
the intervals between successive crossings of the axis. As a matter of fact,
the graph represents a rather mild case history and was chosen as the
mildest among three available records. A more startling example is
obtained by looking at the same graph in the reverse direction; that is,
reversing the order in which the 10,000 trials actually occurred (see section
8). Theoretically, the series as graphed and the reversed series are equally
legitimate as representative of'an ideal random walk. The reversed random

4 This approxnmatlon gives 5 for the probability of at most 6 equalizations in 10,000
trials. This is an underestimate, the true value being about 0.112.
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the path stays on the

negative side positive side
Jor the first 1804 steps next 8 steps
next 2 steps next 34 steps
next 30 steps next 2 steps
next 48 steps next 6 steps
next 2046 steps
Total of 9930 sleps Total of 70 steps
Fraction of time: 0.993 Fraction of time: 0.007

This /ooks absurd, and yet the probability that in 10,000 tosses of a
perfect coin the lead is at one side for more than 9930 trials and at the
other for fewer than 70 exceeds -%;5. In other words, on the average one
record out of ten will look worse than the one just described. By contrast,
the probability of a balance better than in the graph is only 0.072.

The original record of figure 4 contains 78 changes of sign and 64 other
returns to the origin. The reversed series shows 8 changes of sign and 6
other returns to the origin. Sampling of expert opinion revealed that even
trained statisticians expect much more than 78 changes of sign in 10,000
trials, and nobody counted on the possibility of only 8 changes of sign.
Actually the probability of not more than 8 changes of sign exceeds 0.14,
whereas the probability of more than 78 changes of sign is about 0.12.
As far as the number of changes of sign is concerned the two records stand
on a par and, theoretically, neither should cause surprise. If they seem
startling, this is due to our faulty intuition and to our having been exposed
to too many vague references to a mysterious “‘law of averages.”

7. MAXIMA AND FIRST PASSAGES

Most of our conclusions so far are based on the basic lemma 3.1, which
In turn is a simple corollary to the reflection principle. We now turn our
attention to other Interesting consequences of this principle,

Instead of paths that remain above the z-axis we consider paths that
remain below the line « = r, that is, paths satisfying the condition

(7.1} S, <r, S,<r...,8 <

We say in this case that the maximum of the pathis < r. (The maximum
is > 0 because S;,=0) Let A= (nk) be a point with ordinate
k < r. A path from 0 to A touches or crosses the line = = r if it
violates the condition (7.1). By the reflection principle the number of such
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paths equals the number of paths from the origin to the point 4" =
= (n, 2r — k) which is the reflection of 4 ontheline = = r. This proves

Lemma 1. Let k< r. The probability that a path of length n leads
to A = (n, k) and has amaximum > r equals p, .., = P{S, = 2r — &j}.

The probability that the maximum equals r is given by the difference
Paer—k — Pr2rer Summing over all k < r we obtain the probability
that an arbitrary path of length » has a maximum exactly equal to r.
The sum is telescoping and reduces to p, ., + p,.,.1. Now p, . vanishes
unless #» and r have the same parity, and in this case p, .., =0 We
have thus

Theorem 1. The probability that the maximum of a path of length
‘317 e ths
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For r =0 and even epochs the assertion reduces to

(7.2) P{S, < 0,8,<0,...,8S,, <0} =u,,

itine mromhor af
(U omioer Oy

This, of course, is equivalent to the relation (3.4) which represents one
version of the basic lemma. Accordingly, theorem 1 is a generalization of
that [emma.

We next come to a notion that plays an important role in the general
theory of stochastic processes. A first passage through the point r > 0 is
sald to take place at epoch n if

(?'3) Sl<r:'--asn—1<r9 Sn=r-

In the present context it would be preferable to speak oﬂ!a,ﬁpst wvisif, but
the term first passage, which originates in the physical literature, is well
established; furthermore, the term visit is not applicable to continuous
processes.

Obviously a path satisfying (7.3) must pass through (# — 1, — 1) and
its maximum up to epoch # — 1 must equal r — 1. We saw that the
probability for this event equals p,._;,; — Pn_1.,41, and so we have

Theorem 2. The probability ¢, , that the first passage through r occurs
at epoch n Is given by

(1.4) @ron = 3 Pn1 1 — Pn1ral
A trita ~ralenilatian choawe that
A LN Carcuidddonl SN0Ws uldl
1
7.5 r
( ) Pen = — n+r 27"
H
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[as always, the binomial coefficient is to be interpreted as zero if (n+r)/2
i

inom
is not an integer]. For an alternative derlvatlo e section 8.4.

The distribution (7.5) is most interesting when r is large. To obtain the probability
that the first passage through r occurs before epoch N we must sum ¢, , over all
n < N. It follows from the normal approximation (2.7) that only those terms will
contribute significantly 1o the sum for which r*/n is neither very large nor very close
to 0. For such terms the estimates of V1I, 2 provide the approximation

|'II§ r 5
(76) Fron ™~ | —_— e—r—.n’?.n.
\II T4 H.:!

In the summation it must be borne in mind that # must have the same parity as r.
The sum is the Riemann sum to the integral in (7.7), and one is led to

Theorem 3. (Limit theorem for first nass.g es.} For fixed 1 the probability that the

first passage through r occurs beﬁ)re (poch tr® tends m”
2 ™ : 1
(7.7) i — ‘. e ity = 2]:1 — ‘.Tl(-j)]
N 7 v M

as r — o, where N is the normal distribution defined in V11,1,

It follows that, roughly speaking, the waiting time for the first passage 1hrough ¥
increases with the square of r: the probablhty of a first passage a after epoch i.’ has a
probability close to 4. It follows that there must exist points 4 < r such that the

passage from % to k& - 1 takes a time longer than it took to go from 0 to k.

The distribution of the first-passage times leads directly to the distribu-
tion of the epoch when the particle returns to the origin for the rth time.

Theorem 4. The probability thai the rth return 1o the origin occurs at

3
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In words: An rth return at epoch » has the same probability as a first
passage through r at epoch »n — r.

Proof.’¢ Consider a path from the origin to (», @) with all sides below
the axis and exactly r — 1 interior vertices on the axis. For simplicity
we shall call such a nnfh enresentative, (FIUI]I‘P 5 shows such a nath with

call such epresentatiy ure h a path with
n =20 and r = 5.} A representative path consists of r sections with
endpoints on the axis, and we may construct 2 different paths by assign-
ing different signs to the vertices in the several sections (that is, by mirroring
sections on the axis). In this way we obtain all paths ending with an rth

return, and thus there are exactly 27 times as many paths ending with an
rth return at epoch n as there are representative pa_thq The theorem mav

LA LIIL AL R i iabeld ~p- aid. L3RS LR B S L) S vk § 8 B ) L

¥ (7.7) defines the so-called positive stable distribution of order . For a general-
ization of theorem 3 see problem 14 of XIV.Y.
*® For a proof in terms of generating functions see X1,(3.17).
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be therefore restated as follows: There are exactly as many representative
paths of length n as there are paths of length # — r ending with a first
passage through r. This is so, because if in a representative path we delete
the r sides whose left endpoints are on the axis we get a path of length
n — r ending with a first passage through r. This procedure can be

reversed by inserting r sides with negative slope starting at the origin and

the r — 1 vertices markine the first nassaoec throuch 1 2 o — 1
L Hees marxing the Nrst passages througn 1, 24,...,1 i.
{See figure 5.) o T B >
' ;v \ . " -é keug (e
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Figure 5. lllustrating first passages and returns to the origin.

It follows that the limit theorem for first returns is also applicable to
rth returns as r — oc: the probability that the rth return to rthe origin
accurs before epoch fr® tends to the quantity (7.7).

This result reveals another unexpected feature of the chance fluctuations
inrandom walks. Inthe obvious sense the random walk starts from scratch
every time when the particle returns to the origin. The epoch of the rth
return is therefore the sum of r waiting times which can be interpreted as
“measurements of the same physical quantity under identical conditions.”
It is generally believed that the average of r such observations is bound to
converge to a ““true value.”” But in the present case the sum is practically
certain to be of the order of magnitude r?, and so the average increases
roughly in proportion to r. A closer analysis reveals that one among the
r waiting times is likely to be of the same order of magnitude as the whole
sum, namely r% In practice such a phenomenon would be attributed to an
“experimental error’” or be discarded as “outlier.”” It is difficult to see
what one does not expect to see.

8. DUALITY. POSITION OF MAXIMA

Every path corresponds to a finite sequence of plus ones and minus ones,
and reversing the order of the terms one obtains a new path. Geometrically
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the new path is obtained by rotating the given paLh through 180 degrees
about its right endpoint, and taking the latter as origin of a new coordinate
system. To every class of paths there corresponds in this way a new class
of the same cardinality. If the steps of the original random walk are

X1, Xy, - .., X,,, then the steps of the new random walk are defined by
(8.1) X'=X,...,X =X,
A £ 1 Ty ] n 1

The vertices of the new random walk are determined by the partial sums

(8.2) Se =X+ - +X.=8,-8,,
(whence SF = 0 and 8 = 8,). We shall refer to this as the dual random

walk., To every event defined for the r)rlmnq] random walk there cor-
responds an event of equal probability in the dual random walk, and in
this way almost every probability relation has its dual. This simple method
of deriving new relations is more useful than might appear at first sight.
Its full power will be seen only in volume 2 in connection with general
random walks and queuing theory, but even in the present context we can
without effort derive some interesting new results.

To show this we shall review a few pairs of dual events, listing in each
case the most noteworthy aspect. In the following list # is considered
given and, to simplify language, the endpoint (n, S,) of the path will be
called terminal point. 1t is convenient to start from known events in the
dual random walk. '

(a) First-passage times. From (8.2) it is clear that the events defined,

acnactively. by
gspectively, Dy

Il
(8.3 ST >0, i=12,...,n,
and
(8.4) S, > S, j=01,...,n—1

are dual to each other. The second signifies that the terminal point was not
visited before epoch n. We know from (3.2) that the first event has prob-
ability $u,, when n = 2» > 0 iseven; for n = 2v + 1 the probability
is the same because S}, > 0 implies S} _, > 0. Accordingly, the prob-
ability that a first passage through a positive point takes place at epoch n
equals Luy,, where » = 4n or v = §(n—1}). (This is trivially true also
for n =1, but talse for » = 0.) The duality principle leads us here to
an interesting result which is not easy to verify directly.

(b) Continuation. In the preceding proposition the terminal point was
not specified in advance. Prescribing the point r of the first passage means
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supplementing (8.4) by the condition S
the path from the origin to (n, r) with all intermediate vertices above the
axis: The number of such paths follows directly from the reflection lemma

[with 4 =(1,1) and B = (n, r)], and we get thus a new proof for (7.4).

o L. d..~1 S I
= . 1ne gudal event conisists ¢

(¢) Maximum at the terminal point. A new pair of dual events is defined
when the strict inequalities > in (8.3) and (8.4) are changed to >. The
second event occurs whenever the term S, is maximal even when this
maximum was already attained at some previous epoch.!? Referring to
(3.4) one sees that the probability of this event equals u,, where v = §n or
v = §(n+1). It is noteworthy that the probabilities are twice the prob-
abilities found under (a).

(d) The event that & returns to the origin have taken place is dual to the
event that k visits to the terminal point occurred before epoch n. A
similar statement applies to changes of sign. (For the probabilities see
section 5 and problems 9-10.)

(e) Arc sine law for the first visit to the terminal point. Consider a
randomly chosen path of length » = 2v. We saw under (@) that with
probability ju,, the value S,, is positive and such that no term of the
sequence S,, Sy,...,8,,; equals S,;,. The same is true for negative
S,,, and hence the probability that the value S,, is not attained before
epoch 2v equals w,,; this is also the probability of the event that S§;, = 0
in which the terminal value is attained already at epoch 0. Consider now
more generally the event that the first visit to the terminal point takes place
at epoch 2k (in other words, we require that S,, = S,, but §,# S,, for
j < 2k). This is the dual to the event that the last visit to the origin took

R -1 . . .

place at epoch 2%, “dhd Wwesaw in section 4 that such visits are governed by
the discrete ar¢ sine distribution. We have thus the unexpected result
that with probability ay, o, = tnly, o, the first visit to the terminal point
S,, fook place at epoch2v—2k(k = 0,1, .., ). It follows, in particular,
that the epochs 2k and 2» — 2k are equally probable. Furthermore, very
early and very late first visits are much more probable than first visits at
other times.

(/) Arcsine law for the position of the maxima. As alast example of the
usefulness of the duality principle we show that the results derived under
(a) and () yield directly the probability distribution for the epochs at which
the sequence S;, S;, ..., S, reaches its maximum value. Unfortunately

the maximum value can be attained repeatedly, and so we must distinguish

" In the terminology used in chapter 12 of volume 2 we are considering a weak
ladder point in contrast to the strict ladder points treated under {a).
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between the first and the last maximum. The results are practically the
same, however.

For simplicity let #n = 2» be even. The firsr maximum occurs at epoch
k if

(8.52) Se<S.  ....8,,<8S,
(8.5b) Si1 <Su... S, <S8,

Let us write X in the form & = 2p or k = 2p + 1. According to (a)
the probability of (8.5a) equals 3u,, except when = 0. The event

(8.5b) involves only the section of the path following the epoch k and
its probability obviously equals the probability that in a path of length
2v — k all vertices lie below or on the z-axis. It was shown under (c)
that this probability equals u,, 5,. Accordingly, if 0 < & < 2v the prob-
ability that in the sequence Sy, . . ., Sy, the first maximum occurs at epochs
k=2p or k=2 + 1 isgivenby Jug,ttp, 5, For k =0 and k = 2v
the probabilities are u,, and 3u,,, respectively.

(For the /as: maximum the probabilities for the epochs 0 and 2» are
interchanged; the other probabilities remain unchanged provided k& is
written in the form k& = 2p or X =2p — 1.}

We see that with a proper pairing of even and odd subscripts the position
of the maxima becomes subject to the discrete arc sine distribution. Con-
trary 1o intuition the maximal accumulated gain is much more likely to
occur towards the very beginning or the very end of a coin-tossing game

than somewhere in the middle.

9. AN EQUIDISTRIBUTION THEOREM

We conclude this chapter by proving the theorem mentioned in connec-
tion with Galton’s rank order test in example (1.5). 1t is instructive in that
it shows how an innocuous variation in conditions can change the character
of the result,

It was shown in section 4 that the number of sides lying above the »-axis
is governed by the discrete arc sine distribution. We now consider the same
problem but restricting our attention to paths leading from the origin to a
point of the z-axis. The result is unexpected in itself and because of the

striking contrast to the arc sine law.

Theorem. The number of paths of length 2n such that S,, =0 and
exactly 2k of its sides lie above the axis is independent of k and equal fo
28Uy J(n4-1) = 2284Lf o, (Here k=0,1,...,n)
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he cases &k =0 and k& = n separately. The
number of paths to (2n,0) with all sides above the z-axis equals the
number of paths from (I, 1) to (2n, 0) which do not touch the line directly
below the z-axis. By the reflection principle this number equals

2n—1 2n—1y 1 '2n)
.- ( n )_(”-4—1)_!:-‘.-1(‘1 |

WA )

L]
i RiA . LRI S )

AR

This proves the assertion for k¥ = n and, by symmetry, also for k = 0.
For 1 <4 <»n—1 we use induction. The theorem is easily verified
when n = I, and we assume it correct for all paths of length less than 2n.
Denote by 2r the epoch of the first return., There are two possibilities.
If the section of the path up to epoch 2r is on the positive side we must
have 1 <r < k& and the second section has exactly 2k — 2r sides above
the axis. By the induction hypothesis a path satisfying these conditions
can be chosen in
N D2n—2r B H2n—2 |
(9.2) 27 e, n—r luﬁn_zr = r—r 1) Ugr ollon or
different ways. On the other hand, if the section up to the first return to the
origin is on the negative side, then the terminal section of length 2n — 2r
contains exactly 2k positive sides, and hence in this case n — r > k.
For fixed r the number of paths satisfying these conditions is again given
by (9.2). Thus the numbers of paths of the two types are obtained by
summing (9.2) over 1 <r <k and 1 <r < n—k, respectively. In
the second sum change the summation index r to p =n+ 1 — r. Then
p runsfrom &k + 1 to n, and the terms of the sum are identical with (9.2)
when r isreplaced by p. It follows that the number of paths with k posi-
tive sides 1s oblained by summing (9.2) over 1 < r < n. Since &k does not
appear in (9.2) the sum is independent of % as asserted. Since the total
number of paths is 2%"u,, this determines the number of paths in each
category. (For a direct evaluation see problem 13.) >

An analogous theorem holds also for the position of the maxima. (See
problem 14.)

10. PROBLEMS FOR SOLUTION

l. (@} If @ >0 and b > 0, the number of paths (s, 5, ..., s,) such that
sy > —b, . sy > —hs, =a equals N, o — Ny, oo

(b) If & > a >0 there are N, , — N, -, paths satisfying the conditions
51 < b, . .,5m <b,5, =a.

2. Let a>c >0 and & > 0. The number of paths which touch the line
z = a and then lead to (n, ¢) without having touched the line # = —b equals
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Nposa—c — Np aayapie- (INOte that this inciudes paths touching the line = = —b
before the line = = a.)

3. Repeated reflections. Let a and b be positive, and —& < ¢ < a. The
number of paths to the point (7, ¢) which meet neither the line * = —4 nor
x = aq is given by the series

z ( w2 klatbl+e T Nn.2k{a+b)+2c:—c)a

the series extending over all integers & from — o to oo, but having only finitely
many [on-zero terms.
Hinr: Use and extend the method of the preceding problem.

Note. This is connected with the so-called ruin problem which arises in
gambling when-the two players have initial capitals ¢ and & so that the game
terminates when the accumulated gain reaches either ¢« or —&. For the
connection with statistical tests, see example (1.¢).

(The method of repeated refiections will be used again in problem 17 of
XIV,9 and in connection with diffusion theory in volume 2; X,5.)

4. From lemma 3.1 conclude (without calculations) that

Hytta, + Upllgn 5 + ' 0 uguqty = 1.
5. Show that

Derive the identity of the preceding problem as well as (2.6) from II, (12.9).

6. Prove geometrically that there are exactly as many paths ending at
(27 + 2, 0) and having all interior vertices strictly above the axis as there are
paths ending at (2n, 0) and having all vertices above or on the axis. Therefore

P{S; 2 0,...,80 1 20,8y =0} =2fn,
Hint: Refer to figure 1.
T Themnze 11 r. alls chavarim that tha Fall~

i I. Ty lcuuua R S sbuuu’u ica ll)’ UJ BllUWlll& lllal Liik lUllUWllls \;Ull}lruc'
tion establishes a one-to-one correspondence between the two classes of paths:

Given a path to (2n, 0) denote its lefzrmost minimum point by M = (k, m).
Reflect the section from the origin to M on the vertical line f = & and slide
the reflected section to the endpoint (2a,0). If M is taken as origin of a
new coordinate system the new path leads from the origin to (2n, 2m) and has
all vertices strictly above or on the axis. (This construction is due to E. Nelson.)

8. Prove formula (3.5) directly by considering the paths that never mect the
line x = —1.

9. The probability that before epoch 2n there occur exactly r returns to
the origin equals the probability that a return takes place at epoch 2n and is
preceded by at least r returns. Hinf: Use lemma 3.1.

10. Continuation. Denote by z,,, the probability that exactly r returns to
the origin occur up to and including epoch 2a. Using the preceding problem
show that Zp o5 = Pron + Pryren + - Where p,q, is the probability that the
rth return occurs at epoch 2n. Using theorem 7.4 conclude that

1 (2n —r)
z = : .
7.2n 22—t n

£
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11. Alternative derivation Jor the probabilities for 1}
Show that

51'.29’:—1 =

n—I1
Z Soelér10n 1 on + & o1 or)-
=1

bl o—

Assuming by induction that (5.1) holds for all epochs prior to 2z — 1 show
that this reduces to

n—1

IE‘r.‘z'n—l =2 z fﬂ!cpzn-?k.%r
1

which is the probability of reaching the point (2n, 2r) after a return to the origin.
Considering the first step and using the ballot theorem conclude that (5.1) holds.

12. The probability that S,, = 0 and the maximum of S,, ..., S,,_, equals
k is the same as P{S,, = 2k} — P{S,, = 2k + 2}. Prove this by reflection.

13. In the proof of section 9 it was shown that

d 1 l
—_———— Uy s = — Uy,
’gl n—r+1) 2r—aMen_or P Hon

Show that this relation is equivalent to (2.6). Hint: Decompose the fraction,
14. Consider a path of length 2n with S,, = 0. We order the sides in

circular order by identifying 0 and 2z with the result that the first and the
last side become adjacent. Applying a cyclical permutation amounts to viewing
the same closed path with (k, S;) as origin. Show that this preserves maxima,
but moves them & steps ahead. Conclude that when all 2# cyclical permuta-
tions are applied the number of times that a maximum occurs at r is independent
of r.

Consider now a randomly chosen path with 8,, = 0 and pick the place of
the maximum if the latter is unigue; if there are several maxima, pick one at
random. This procedure leads to a number between 0 and 22 — 1, Show

I
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CHAPTER IV *

Combination of Events

This chapter is concerned with events which are defined in terms of cer-
tain other events A,, 4,, ..., Ay. For example, in bridge the event A,
“at least one player has a complete suit,” is the union of the four events
A, “player number 4 hasacomplete suit” (k = 1, 2, 3, 4). Of the events
A, one, two, or more can occur simultaneously, and, because of this over-
lap, the probability of A is not the sum of the four probabilities P{A,}.
Given a set of events A4,, ..., Ay, we shall show how to compute the
probabilities that 0, 1,2, 3,... among them occur.!

1. UNION OF EVENTS

If A, and A, are two events, then 4 = A, \W 4, denotes the event
that either A4, or A4, or both occur. From I, (7.4) we know that

(L.1) P{A} = P{4;} + P{Ay} — P{A, 4},

We want to generalize this formula to the case of N events A;, A,, ...,
Ay; that is, we wish to compute the probability of the event that at least
one among the A, occurs. In symbols this event is

A=A1UA2U"'UA‘_\-.

For our purpose it is not sufficient to know the probabilities of the indi-
vidual events A,, but we must be given complete information concerning
all possible overlaps. This means that for every pair (i, j), every triple
(i, j, k), etc., we must know the probability of A, and A, or 4,, 4;, and

« The material of this chapter will not be used explicitly in the sequel. Only the
first theorem is of considerable importance.

! For further information sce M. Fréchet, Les probabiliiés associées a un systéme
d’événements compatibles el dépendants, Actualités scientifiques et industrielles, nos.
859 and 942, Paris, 1940 and 1943,

98
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Ay, ete., occurring simultaneously. For convenience of notation we shall
denote these probabilities by the letter p with appropriate subscripts. Thus

(1‘2) Pi= P{Az'}a P = P{A-xA;}: Pig = P{AiAJ'Ak}: e

The order of the subscripts is irrelevant, but for uniqueness we shall always
write the subscripis in increasing order; thus, we write p,;,; and not
Pr.a11- ITwo subscripts are never equal. For the sum of all p’s with r
subscripts we shall write S,, that is, we define

(1.3) S = ZPz‘a S, = ZP:‘;a Sy = zpijk: cas

Here i <j <k <+--< N, so that in the sums each combination
;SO

Fa
appears once and only once; hence S, has ( ’ terms. The last sum,
r B

Sy, reduces to the single term p, , 4y, which is the probability of the
simultaneous realization of all N events. For N = 2 we have only the
two terms 5; and S,, and (1.1) can be written

S - 52-

(1.4) P{A)

The generalization to an arbitrary number N of events is given in the
following

Theorem. The probability P, of the realization of ar least one among

the events Ay, Ay, ..., Ay is given by
(I.S} 4p1;n91_;5‘2+53734+7-.'ig_\r‘

Proof. We prove (1.5) by the so-called method of inclusion and ex-
clusion (cf. problem 26). To compute P; we should add the probabilities
of all sample points which are contained in at least one of the A,, buteach
point should be taken only once. To proceed systematically we first take

. . thhom the t- =
h are contained in only one A,, then those contained in

exactly two events A4,, and so forth, and finally the points (if any) con-
tained in all A4,. Now let E be any sample point contained in exactly n
among our N events A, Without loss of generality we may number the
events so that £ is contained in A,, Ay, ..., A, but not contained in

Ay Ayyes .o, Ay Then P{E} appears as a contribution to those
r+1 rt2s P AN
Pi» Piis Pisor - - - Whose subscripts range from 1 to #. Hence P{E} appears

t-+
3
+
5 2
—
—+

n times as a contribution to §;, and (2) times as a contribution to

S,, etc. In all, when the right-hand side of (1.5) is expressed in terms of
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the probabilities of sample points we find P{F} with the factor

(1.6) n—(;)+(§)—+---i(:)_

[t remains to show that this number equals 1. This follows at once on
comparing (1.6) with the binomial expansion of (1—1)*[cf. 11, (8.7)]. The

lciLLCT staris \r\rll.ﬂ 1 dI](l U'lC ierms Ol Ll 0) IOllOW Wlln re\fersecl Slgﬂ Hence
for every n > 1 the expression (1.6) equals 1. >

Examples. (4) In a game of bridge let A; be the event “player number

[ has a complete suit.”” Then p, = 4/ ) the event that both player {

'ID-
3
&
L
[17
L]

complete suits can occur in 4-3 wavs and has

an 145 p
52\ /39 /26
id 224/ .
P (13)(13)(13)

= i P A rryrrimlata ot
Finally, py 234 = D123, Since whenever three kua.)'\.la havea cor ipieie suit

so does the fourth. The probability that some player has a complete suit is
therefore Py = 4p; — 6py o+ 4p105 — Prosas Using Stirling’s formula,
we see that P, = ;- 107 approximately. In this particuhr case P, is
very nearly the sum of the probabilities of A4,, but this is the exception
rather than the rule. -

(b) Matches (coincidences). The following problem with many variants
and a surprising solution goes back to Montmort (1708). It has been
generalized by Laplace and many other authors.

Two equivalent decks of N different cards each are put into random
order and matched against each other. If a card occupies the same place in
both decks, we speak of a match (coincidence or rencontre). Matches may
occur at any of the N places and at several places simultaneously. This
experiment may be described in more amusing forms. For example, the
two decks may be represented by a set of N letters and their envelopes,
and a capricious secretary may perform the randommatching. Alternatively
we may imagine the hats in a checkroom mixed and distributed at ran-
dom to the guests. A match occurs if a person gets his own hat. It is
instructive to venture guesses as to how the probability of a match depends
on N: How does the probability of a match of hats in a diner with 8
guests compare with the corresponding probability at a gathering of
10,000 people? It seems surprising that the probability is practically
independent of N and roughly £. (For less frivolous applications cf.
problems 10 and 11.) L

roh_
LAdy
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The probabilities of having exactly 0, 1, 2, 3, ... matches will be cal-
culated in section 4. Here we shall derive only the probability P, of at
least 1 match. For simplicity of expression let us renumber the cards
1,2,..., ¥ insuch a way that one deck appears in its natural order, and
assume that each permutation of the second deck has probability 1/NV!,
Let A, be the event that a match occurs at the kth place. This means that
card number k is at the kth place, and the remaining N — 1 cards may
be in an arbitrary order. Clearly p, = (N—1)!/N! = I/N. Similarly, for
every combination 7,j we have p,, = (N—2)!/N! = 1/N(N—1), etc.
f‘:) terms, each of which equals (N—r)l/NL

Hence S, = 1/r!, and from (1.5) we find the required probability to be

The sum §, contains (

1
(1.7) P11 L L
21 31 N1

Note that 1 — P, represents the first ¥ 4 1 terms in the expansion

1 1 1
£1 Y n_l_T_]—I___I__I;==
i1.9) [+ — 1 Tz‘ 3TT4I T »
and hence
(1.9) Pl~]—el1=1063212...,

approximately, The degree of approximation is shown in the following
table of correct values of 2 :

N= 3 4 5 6 7
P, = 0.66667 0.62500 0.63333 0.63196 0.63214 »

2. APPLICATION TO THE CLASSICAL
OCCUPANCY PROBLEM

We now return fo the problem of a random distribution of r balls in
n cells, assuming that each arrangement has probability #~". We seek the
probability p,(r, n) of finding exactly m cells empty.?

Let A, be the event that cell number k is empty (k =1,2,...,n).
In this event all r balls are placed in the remaining » — 1 cclls, and this
can be done in (n—1)" different ways. Similarly, there are (n—2)"

* This probability was derived, by an entirely different method, in problem 8 in
I, 11. Compare also the concluding remark in section 3.
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arrangements, leaving two preassigned cells emnty
o ) r o )

3

1y 2\ 3y
(2.1) pg:(l——), pg,-=(1——), pijk=(1——),...
n, n, n,

and hence for every v < n
2) s — (M _®w
: WU TS

The probability that at least one cell is empty is given by (1.5), and hence
we find for the probability that all cells are occupied

-2

(

(23) pr,n)=1—8+8 —+ = i(—l)"(”\ (1-7).
¥=0 el n/

Consider now a distribution in which exactly m cells are empty. These

. (n
m cells can be chosen in (m) ways. The r balls are distributed among

E

the remaining n — m cells so that each of these cells is occupied; the
number of such distributicns is (n—m)'p,(r, n — m). Dividing by n” we
find for the probability that exactly m cells remain empty

(2.4) prn) = (”)(1 — %)Tpu(r, n—m) =

m.r

B o e
mj o v no

We have already used the model of r random digits to illustrate the
random distribution of # thingsin n = 10 cells. Empty cells correspond
in this case to missing digits: if m cells are empty, 10 — s different
digits appear in the given sequence. Table 1 provides a numerical illustra-
tion.

It is clear that a direct numerical evaluation of (2.4) is limited to the case
of relatively small n and r. On the other hand, the occupancy problem is
of particular interest when »n is large. If 10,000 balls are distributed in
1000 cells, is there any chance of finding an empty cell? In a group of 2000
people, is there any chance of finding a day in the year which is not a
birthday? Fortunalely, questions of this kind can be answered by means
of a remarkably simple approximation with an error which tends to zero
as n— oc. This approximation and the argument leading to it are typical
of many /imit thearems in probability.

Qur purpose, then, is to discuss the limiting form of the formula (2.4)
as n— oo and r— ¢o. The relation between r and »n is, in principle,
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TABLE 1
PROBABILITIES p,(7, 10} ACCORDING TO (2.4)

m r=10 r=18
0 0.000 363 0.134 673
L 0.016 330 0.385 289
2 0.136 080 0.342 987
3 0.355 622 0.119 425
4 0.345 144 0.016 736
5 0.128 596 0.000 876
6 0.017 189 0.000 014
7 0.000 672 0.000 000
8 0.000 005 0.000 000
9 0.000 000 0.000 000

Pnlr, 10} is the probability that exactly m of
the digits 0,1,...,9 will not appear in a
sequence of r random digits.

arbitrary, but if the average number r/n of balls per cell is excessively
large, then we cannot expect any empty cells; in this case py(r,n) is
near unity and all p,(r, n) with m > 1 are small. On the other hand, if
rfn tends to zero, then practically all cells must be empty, and in this case
Pnlr,n) — 0 for every fixed m. Therefore only the intermediate case is of
real interest.

We begin by estimating the quantity S, of (2.2). Since

(n—v) <(n), <n'
we have

¢ v vir v T
(2.5) {1l ——-1 <»'S, <nfl ——).
n i
For 0 < ¢ < 1 itis clear from the expansion 11, (8.10) that —log (1—1)
lies between ¢ and ¢/(1—¢). Therefore
(26) {ne—(v'-r).-"{n—v)}v < P! Sv < {”e—rﬁn}v'
Now put for abbreviation

(2?) he Tt = ]

and suppose that r and » increase in such a way that A remains con-
strained to a finite interval 0 < a < 7 < 4. For each fixed » the ratio of




oL

Tapre 2

PoIssoN APPROXIMATION (2.11) To THE PROBARILITIES OF FINDING EXACTLY 1 EMPTY CELLS WHEN + BALLS ARE RANDOMLY

DhsTrIBUTED N # = 1000 CeLrs
plat; )
r 3 m=0|m=1] m=2{ m=3 | m=4| m=5|m=6|m=T7T| m=8| m=9% m=10 m=11

5000 6.74 |0.0012 | 0.0080 | 0.0269 | 0.0604 | 01017 § 0.1371 | 0.1540 |} 0.1482 | 0.124%9 | 0.0935 | ¢.0630 | 0.0386
5500 4.05 |0.0167 | 0.0685 | 0.1400 | 0.190% | 0.1951 | 0.1596 | 0.1088 | 0.0636 | 0.0325 | 00148 | 0.0060 | 0.0023
6000 248 00838 | 0.2077 | 02575 | 0.2128 | 0.1320 | 0.0655 | 0.0271 | 0.0096 | 0.0030 | (L0008 | 0.0002
6500 1.50 |0.2231 | 0.3347 { 0.2510 . 0.1255 | 0.0471 | 0.0141 | .0035 | 0.0008 | 0.0001
7000 0.91 (04027 | 0.3661 { 01666 : 00506 | 0.0115 | 0.0021 | 0.0003
7500 0.55 [0.5777 | 0.3163 | 0.0873 | 0.0162 | 0.0023 | 0.0003
§000 034 |07126 | 02406 | 0.04i4 | 0.004% | 0.0004
8500 0.20 |0.8187 | 0.1637 | 0.0164 | 0.0011 | C.0001
9000 0.2 |0.8869 | 0,1064 | 0.0064 | G.0003 ;
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the extreme members in (2.6) then tends to unity, and so

(2.8) o<t _s o

!
This relation holds trivially when £ -— 0, and hence (2.8) remains true
whenever r and n increase in such way that 7 remains bounded. Now

(2.9) et — p(r. n) = i(—w{’l—: - sv}

and (2.8) implies that the right side tends to zero. Furthermore, the factor
of po(r,n — m) in (2.4) may be rewritten as S,,, and we have therefore
for each ﬁveﬂ] e

L Tl

T

(2.10) p(r.n) — e A 0,
1!

This completes the proof of the

Theorem.” [f n and r tend o infinity so that A= ne—"'" remains
bounded, then (2.10) holds for each fixed m.

The approximating expressions
Am

(2.11) pim; ) = e*—

m!
define the so-called Poisson distribution, which is of great importance and
describes a variety of phenomena; it will be studied in chapter VI.

In practice we may use p(m; A) as an approximation whenever n is
great. For moderate values of # an estimate of the error is required, but
we shall not enter into it.

Examples. (a) Table 2 gives the approximate probabilities of finding

m cells empty when the number of cells is 1000 and the number of balls
varies from 5000 to 9000, For r = 5000 the median value of the number

of empty cells is six: seven or more empty cells are about as probable as
six or fewer. Even with 9000 balls in 1000 cells we have about one chance
in nine to find an empty cell.

() In birthday statistics {example II, (3.4)] n = 365, and r is the
number of people. For r = 1900 we find A = 2, approximately. /n a

rJanrn af 1900 neople the orobabilities P of Andine m dave of the vear
S LT x [m] UJ Ji b ‘u}u \ /

Ui LAV plll o EFRILEL

® Due (with a different proof) to R. von Mises, Uber Aufteilungs- und Besetzungs-
wahrscheintichkeiten, Revue de la Faculté des Sciences de I'Université d'Istanbul, N.S.,
vol, 4 (1939), pp. 145-163.
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which are not birthdays are approximarely as follows.

Py = 0135, P, =027, P, =0271, P, =0.180,
Py =0090, Py =003, P, =002, P, = 0003

(c) When #nlogn + an balls are placed into »n cells and » is large,
the probability of finding all cells occupied is 1 — e, >

Instead of empty cells one may consider cells containing exactly & balls.
The argument used above for the special case k& = 0 applies with minor
changes. As von Mises has shown, the probability of finding exactly m
cells with k-tuple occupancy can again be approximated by the Poisson
distribution (2.11), but this time A must be defined as

LT ok
[+ r
k! (n)

3. THE REALIZATION OF m AMONG
N EVENTS

(2.12) i=n

The theorem of section | can be strengthened as follows.

Theorem. For any integer m with 1 <m < N the probability P,

that exactly m among the N events Ay, ..., Ay occur simultaneously is

given by

(3.1) me=sm—(m+gsm4+(m+ﬁsmﬁ—-+~-i(Nyh.
. om m m

Note: According to (1.5), the probability P, that none among the

A ]
[J.J' VLLLILY 1S

(3.2) Po=1—=P =1—5+58 — S+ F Sy

This shows that (3.1) gives the correct value also for m = 0 provided we
put S, = 1.

Proof. We proceed as in the proof of (1.5). Let E be an arbitrary
sample point, and suppose that it is contained n exactly n among the
N events A; Then P{E} appears as a contribution to P, only if
n = m. To investigate how P{E} contributes to the right side of (3.1),
note that P{E} appears in the sums S,, S,,...,S, but notin S, .,
..., Sy. It follows that P{£} does not contribute to the right side in
(3.1)if n < m. If n =m, then P{E} appears in one and only one term
of §,.. To complete the proof of the theorem it remains to show that for
n > m the contributions of P{£} to the terms S, Sp-1,- .., S, onthe

right in (3.1) cancel. Now P{E} appears in S, with the factor (:),

.
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Contammg the point £. For » > m the total contribution of P{£} to
the right side in (3.1) is therefore

(3.3) (n) _(m—i—l)( 7 n m—i—2) " n ) L

m m Jim+1 m Jim+2
When the binomial coefficients are expressed in terms of factorials, it is
seen that this expression reduces to

o0 G =) ()

N
Within the braces we have the binomial expansion of (1—1)""™ so that
(3.3) vanishes, as asserted. >

The reader is asked to verify that a substitution {rom formula (2.2)
into (3.1) leads directly to (2.4).

4. APPLICATION TO MATCHING AND

GUESSING

In example (1.5) we considered the matching of two decks of cards and
found that S, = 1/k!. Substituting into (3.1), we find the following result.

In a random matching of two equivalent decks of N distinct cards the
probability P, . of having exactly m matches is given by

P[n]=1_1+L—1_+—"'i 1 - '1 +_1—
20 3 (N—2)! T (N=1)1 T N
1 | [
4.1 Ppp=1—14——— 4 — -
*-1 ( TR T E v—r T v
iy 11 1 1
Pi—_l_] -_— — = _
1o ST i(N—3)!¢(N—2)r
L 1 1)
Py=—11 14— —— 4 —
TN YT (N—3)!]
= — 14—
LY== (N—DP{ 2t
{ 1
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T oo
1ABL

Lad

E
PROBABILITIES OF m CORRECT GUESSES IN CALLING A DECK OF N DISTINCT CARDS

N=23 N=14 N=2375 N=25¢ N=10

Pim) bm Pim] bm Pim] bm  Plm] bm Plm] bm Pm

0.333 0.296 0.375 0.316 0.367 0,328 0.368 0.335 0.3678% 0.3486% 0.367879
0.500 0.444 0.333 0,422 0.375 0.410 0.367 0.402 0.36788 0.38742 ) 0157879
oo 02220 0,250 0211 0.167 0.205 0,187 0,201 0.18394 0.19371 | 0.183940
0.167 0.037 ... 0,047 0.083 0,051 0.056 0.053 0.0613]1 0.05740| 0.061313
0.042 0.004 ... 0006 0,021 0.008 0.01534 0.01116 ! 0.015328

0.008 0.000 ... 0.001 0.00306 0.00149 | 0.003066

0.001 0.000 0.00052 0.00014 | 0.000511

0.00007 0.00001 | 0.000073

0.00001 ..... 0.000009

.......... (,000001

10 ! 0.000000

WO ] R LA o b D

The P[m] are given by (4.1), the &, by (4.4). The last column gives the Poisson limits (4..3)

The last relation is obvious.” The vanishing of P y_;; expresses the
mmpossibility of having N — 1 matches without having all N cards in
the same order.

e—l
In table 3 the columns headed £, give the exact values of Pry for
N =3,4,5,6,10. The last column gives the limiting values

(4.3) P = -

The approximation of p, to P,; is rather good even for moderate
values of N,
For the numbers p,, defined by (4.3) we have

11

Accordingly, the p, may be interpreted as probabilities. Note that (4.3)
represents the special case A =1 of the Puisson distribution (2.11).

Example. Testing guessing abilities. In wine tasting, psychic experi-
ments, etc., the subject is asked to call an unknown order of N things, say,
cards. Any actual insight on the part of the subject will appear as a depar-
ture from randomness. To judge the amount of insight we must appraise
the probability of turns of good luck. Now chance guesses can be made
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accordine to several svstems amone which we mention three extrame
(=3 IS (o> UJULI-AIAI [T Ullb ¥Yiliwidl LAY Lllw libln/rl Ll LALMLWLIY
possibilities. (i) The subject sticks t card and keeps calling it. With

this system he is sure to have one, and only one, correct guess in each
series; chance fluctuations are eliminated. (ii) The subject calls each card
once so that each series of N guesses corresponds to a rearrangement of
the deck. If this system is applied without insight, formulas (4.1) should

flﬂn]\! ﬁn\ A third naccihilify 1 that A 1agqan @ 1 da aloalintals
ut} Lk LILILAD }JUQ\JIUJIILJ 13 Llildl Fa 5“\-33\.’3 are mniaae auaulul.‘vlj

1n(;1ependent]}r of each other. There are NV possible arrangements. 1t is
true that every person has fixed mental habits and is prone to call certain
patterns more frequently than others, but in first approximation we may
assume all NY arrangements to be equally probable. Since m correct

and N — m incorrect guesses can be arranged in ( )(_N—l)-‘;—m
L

different ways, the probability of exactly m correct guesses is now

(4.4) b= (V)&“ |

i N

{This is a special case of the binomial distribution and has been derived
in example I1, (4.¢).] :

Table 3 gives a comparison of the probabilities of success when guesses
are made in accordance with system (ii) or (iii). To judge the merits of the
two methods we require the theory of mean values and probable fluctua-
tions. Itturns out that the average number of correct chance guesses is one
under all systems; the chance fluctuations are somewhat larger under

system (i) than (iii). A glance at table 3 will show that in practice the
differences will not be excessive. >

5. MISCELLANY

(a) The Realization of at Least m Events

With the notations of section 3 the probability P, that m or more of
the events Ay, ..., Ay occur simultaneously Is given by
(51) P-mZP[m]+P[m{1_]+"'+P[.-\']'

To find a formula for P, in terms of S; it is simplest to proceed by
induction, starting with the expression (1.5) for P, and using the recur-
rence relation P, = P, — P, We get for m > 1

m
)Sm-l +
m—1,

+ (’m—{—l)SmH _ (m—{—Z)Sm+3 b4 (N__I)S_\'-
m—1, m :

(5.2) Pp=S,— (
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[t is also possible to derive (5.2) directly, using the argument which led
to (3.1).
(b) Further Identities

The coefficients S, can be expressed in terms of either Py, or P as
follows

N

(53) S, = kgv(’,j)Pm
and _ '
(5.4 s, =§; (”‘ - i) Py.

Indication of proof. For given values of P, the equations (3.1) may
be taken as linear equations in the unknowns S,, and we have to prove
that (5.3) represents the unique solution. If (5.3) is introduced into the
expression (3.1) for P, the coefficient of P,y (m < k < N)tothe right
1s found to be

(5.5) S (=" \(k\ (N 3 (—ny=n(km).
v \m/\v) \m) T \v—m

If k = m thisexpression reduces to 1. If k > m the sum is the binomial
expanéion of (1—1)*™ and therefore vanishes. Hence the substitution
(5.3) reduces (3.1) to the identity P, = P, The uniqueness of the
solution of (3.1) follows from the fact that each equation introduces only
one new unknown, so that the S, can be computed recursively.. The truth
of (5.4) can be proved in a similar way.

(c) Bonferroni’s Inequalities
A string of inequalities both for P, , and for P, can be obtained in the
following way. If in either (3.1) or (5 2) only the terms involving S, Sy,
oy S,y are retained while the terms involving S, ., S, 0, ., Sy
are dropped, then the error (i.e., true value minus approximation) has the
sign of the first omitted term [(namely, (—1)7], and is smaliler in absolute
value. Thus, for r =1 and r = 2:

(56) Sm_(m+])Smi1$P[m]<S
and
(57) S — mS-mil < Pm < Sm'

Indication of Proof. The identity (3.1) for P, shows that the
assertion (5.6) is equivalent to

(5.8) Z(—U“ t( )s > 0,
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for every 1. Now use (5.3) to write the left side as a linear combination
of the P, For 1 <k < N the coefficient of 7, equals

2 ()0 = () 2 ()

(k m_l) and is therefore positive (problem 13 of
_m_

II, 12). For further mequal:tles the reader is referred to Fréchet’s mono-
graph cited at the beginning of the chapter.

The last sum equals

6. PROBLEMS FOR SOLUTION

Nt E

Note: Assume in each case rhat all possible arrangements have the same
probability.

1. Ten pair of shoes are in a closet. Four shoes are selected at random. Find
the probability that there will be at least one pair among the four shoes selected.

2. Five dice are thrown, Find the probability that at least three of them show
the same face. (Verify by the methods of 11, 5.)

3. Find the probability that in five tossings a coin falls heads at least three
times in succession.

4. Solve problern 3 for a head-run of at least length five in ten tossings.
5. Solve problems 3 and 4 for ace runs when a die is used instead of & coin.

6. Two dice are thrown r times, Find the probability p, that each of the
six combinations (1, 1),...,(6, 6) appears at least once.

7. Quadruples in a bridge hand. By a quadruple we shall understand four
cards of the same face value, so that a bridge hand of thirteen cards may contain
0, 1, 2, or 3 quadruples. Calculate the corresponding probabilities.

8. Sampling with replacement. A sample of size r is taken from a population
of n people. Find the probability wu, that N given people will all be included
in the sample. (This is problem 12 of I, 11.)

9. Sampling without replacement. Answer problem 8 for this case and show
that u, — p~¥. (This is problem 3 of II, 11, but the present method leads to a
formally entirely different result, Prove their identity.)

10. In the general expansion of a determinant of order N the number of
terms containing one or more diagonal elements is N! P, defined by (1.7).

11. The number of ways in which 8 rooks can be placed on a chessboard so
that none can take another and that none stands on the white diagonal is
8! (1 —P,), where P is defined by (1.7) with N = 8.

12. A sampling (coupon collector’s) problem. A pack of cards consists of
s identical series, each contdining n cards numbered 1,2,...,n A random

I Frm v a vyer e le [ an\l armian Calenlata

samiple of » > # cards is drawn from the pau\ without nuylaCmuuu Ldicuiale
the probability u, that each number is represented in the sample. (Applied
to a deck of bridge cards we get for s =4, n = 13 the probability that a hand
of r cards contains all 13 values; and for s = 13, » = 4 we get the probability
that all four suits are represented.)
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13. Continuation. Show that as § — ¢ one has i, _,,!nﬂ(. ) where t

latter expression is defined in (2.3). This means that in the limit our sampling

becomes random sampling with replacement from the population of the numbers
1,2,.

14. Cm-:rumarr‘on. From the result of problem 12 conclude that

Z (=1 ( )(m —ks), =

Fa)
i

if r <n andfor r =»n
» n
> (—l)"'( )(ns—ks)ﬂ = §"n!,
k=0 k

Verify this by evaluating the rth derivative, at 2 =0, of

1

Wfﬁ {1 — (-2,

15. In the sampling problem 12 find the probability that it will take exactly
r drawings to get a sample containing all numbers, Pass to the limitas s — o

16. A cell contains N chromosomes, between any two of which an inter-

change of parts may occur. If r interchanges occur (which can happen in
Iy.YA%
(2) distinct ways), find the probability that exactly m chromosomes will be

involved.4

17. Find the probability that exactly % suits will be missing in a poker hand.

18. Find the probability that a hand of thirteen bridge cards contains the
ace-king pairs of exactly 4 suits.

19, Multiple matching. Two similar decks of N dlstlnct cards each are
matched simultaneously against a similar target deck. Find the probability
" AF havirmoe avoantlsy gaa Aanihla mmatahag Olover: #lacad . 1 . ! e
Hop vl llﬂ‘llls \,AClI.,le\«' Frl ULvd v Lid sl ivo, SIIUYY LI L L{G —* 1 dd P e
(which implies that «,, —~0 for m > 1).

20. Multiple matching. The procedure of the preceding problem is modified
as follows. Out of the 2N cards N are chosen at random, and only these N
are matched against the target deck. Find the probability of no match. Prove
that it tends to l/e as N — =,

21. Multiple marching. Answer problem 20 if r decks are used instead of
two.

22. In the classical occupancy problem, the probability £, (k) of finding
exactly m cells occupied by exactly & things is

(—I)”n r! Y (n—jy—i%
mta’ Z( b (G—m) (n =) (r— k) (KY)

Ppaj(k) =

the summation extending over those j > 1 for which j < » and kj < r.

TFor N =06 see . G. Catcheside, D, E. Lea, and J. M, Thoday, Types of chroma-
seme structural change introduced by the irvadiation of tradcscantm microgpores, Journal
of Genetics, vol. 47 (1945-40), pp. 113- 149, .
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23. Prove the last statement of section 2 for the case & = 1.

24. Using (3.1), derive the probability of finding exactly m empty cells in
the case of Bose-Einstein statistics.

25. Verify that the formula obtained in 24 checks with I, (11.14).
26. Prove (1.5) by induction on N.




CHAPTER V

Conditional Probability.

Stochastic Independence

With this chapter we resume the systematic exposition of the funda-
mentals of probability theory.

1. CONDITIONAL PROBABILITY

The notion of conditional probability is a basic tool of probability
theory, and it is unfortunate that its great simplicity is somewhat obscured
by a singularly clumsy terminology. The following considerations lead in
a natural way to the formal definition.

Preparatory Examples

Suppose a population of ¥ people includes N, colorblind people and

\r” females. Let the events that a Person chosen at random is colorblind

and a female be 4 and H, respectively. Then (cf. the definition of ran-
dom choice, 11, 2)

N /
(1.1) P{4} ==, P{H}=-%.

! N

>

=

n consisting o
females. The probability that a person chosen at random from this S&ub-
population 1s colorblind equals Ny /N, where N,, , is the number of
colorblind females. We have here no new notion, but we need a new
notation to designate which particular subpopulation is under investiga-
tion. The most widely adopted symbol is P{4 l H}; it may be read “the

1 romt LF (that
probability of the event A (colorblindness), assuming the event H (that

; . .
We may now restrict our attention to the subpopulation co f

the person chosen is female).”” In symbols:

Ny PlAH
(12) P{A | H} — A _ { ]}
1"\f”, P{HJ
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own right; we speak of a subpopulation merely for convenience of lan-
guage to indicate that we have a larger population in the back of our minds.
An insurance company may be interested in the frequency of damages of a
fixed amount caused by lightning (event A). Presumably this company
has several categories of insured objects such as industrial, urban, rural,

afp QTI'IH\}I'F‘IG' conaratelv the damaoee tn indiictrial Ahiarst
CLL, ALY £ obpaiditiy uif Gamages o indust

the event A only in conjunction with the event H#—"Damage is to an
industrial object.” Formula (1.2) again applies in an obvious manner.
Note, however, that for an insurance company specializing in industrial
objects the category H coincides with the whole sample space, and
P{A4 ‘ H} reduces to P{A4 }

Finally consider the bridge player North. Once the cards are dealt, he
knows his hand and is in terested only in the distribution of the remaining
39 cards. Itislegitimate to introduce the aggregate of all possible distribu-
tions of these 39 cards as a new sample space, but it is obviously more con-
venient to consider them in conjunction with the given distribution of the
13 cards in North’s hand (event ) and to speak of the probability of an
event A { \say South’s havmg two a"es) “"Summ& the event A. Formula

(1.2) again applies. >

ObVLr_)l_l_ly every S_I_bp.g nulation may bhe considered as a nonulation in its

ctindy

mapanc to
1 dfis o dl.u\.l.,\f

amnte
11u1 UL)JLULD 11

By analogy with (1.2) we now introduce the formal

Definition. Le:r H be an event with positive probability. For an arbi-
trary event A we shall write

i,

i1

H}

Al
(1.3) P{A\H}:PL !

——

The quantity so defined will be called the conditional probability of A on the
hypothesis H (or for given H). When all sample points have equal
probabllltles P{A| H} is the ratio N /N, of the number of sample

~ oA e D & SR MY ......v.l«. er of polnts in Ly
0 A dnd i, 10 e aumodr U poitits i £,

Conditional probabilities remain undefined when the hypothesis has
zero prebability. This is of no consequence in the case of discrete sample
spaces but is important in the general theory.

Though the symbol P{A4 [ H} itself is practical, its phrasing in words is
so unwieldy that in practice less formal descriptions are used. Thus in our
introductory example we referred to the probability that a female 15
colorblind instead of saying “‘the conditional probability that a randomly
chosen person is colorblind given that this person is a female.”” Often the
phrase “on the hypothesis f{" is replaced by “if it is known that #
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occurred.” In short, our formulas and symbols are unequivocal, but
phrasings in words are often informal and must be properly interpreted.

For stylistic clarity probabilities in the original sample space are some-
times called absolute probabilities in contradistinction to conditional ones.
Strictly speaking, the adjective “absolute’ s redundant and will be
omitted.

Taking conditional probabilities of various events with respect to a
particular hypothesis A amounts to choosing ff as a new sample space
with probabilities proportional to the original ones; the proportionality
factor P{H} is necessary in order to reduce the total probability of the
new sample space to unity. This formulation shows that all general
theorems on probabilities are ralid also for conditional probabilities with
respect to any particular hypothesis H. For example, the fundamental
relation for the probability of the occurrence of either 4 or B or both
takes on the form

(1.4) P{4 U B|H} =P{4 | H} + P{B| H} — P{4B| H}.

Similarly, all theorems of chapter IV concerning probabilities of the real-
ization of m among N events carry over to conditional probabilities,
but we shall not need them.

Formula (1.3) is often used in the form

(1.5) P{4H) = P{4 | H} - P{i}.

This is the so-called theorem on compound probabilities. To generalize
it to three events A4, B, C we first take H = BC as hypothesis and then
apply (1.5) once more; 1t follows that

(1.6) P{ABC} = P{4 | BC}-P{B| C}- P{C}.

A further generalization to four or more events is straightforward.

We conclude with a simple formula which is frequently useful. Let
H,, ..., H, beasetof mutually exclusive events of which one necessarily
occurs (that is, the union of Ay, ..., H, is the entire sample space).
Then any event 4 can occur only in conjunction with some £, or in
symbols,

(].?) A=AH1 UAH2 U"‘UAH.”.

Since the AF, are mutually exclusive, their probabilities add. Applying
(1.5) to H = H, and adding, we get

(1.8) P{d} = > P{4| H} P{H}.
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This formula 1s useful hecause an

(=34

t
ties P{A | H;} is frequently easier than a

ndit [UERS [ S M
naitional proodoii-

irect calculation of P{4

cr

[ 9
b

Examples. (a) Sampling without replacenient. From a population of
the n elements 1,2,..., 7 an ordered sample is taken. Let i and j be
two different elements. Assuming that / is the first element drawn (event

o P T~ WL P LY
H), what 15 the probability that the act.uud element is j (event A)?

Clearly P{AH} = l/n(n—1) and P{4 | H} = 1/(n—1). This expresses
the fact that the second choice refers to a population of n — 1 elements,
each of which has the same probability of being chosen. In fact, the most
natural definition of random sampling is: “Whatever the first r choices,
at the (r+1)st step each of the remaining n — r elements has probability
1(n—r) to be chosen.” This definition is equivalent to that given in
chapter II, but we could not have stated it earlier since it involves the
notion of conditional probability.

(£) Four balls are placed successively into four cells, all 4* arrangements
being equally probable. Given that the first two balls are in different cells
(event H), what is the probability that one cell contains exactly three balls
{cvent A)? Given H, the event A can occur in two ways, and so
P{A| H}=2-42= ] (Itis easy to verify directly that the events /
and AH contain 12 - 4% and 12+ 2 points, respectively.)

(¢) Distribution of sexes. Consider families with exactly two children.
Letting »and g stand for boy and girl, respectively, and the first letter for
the older child, we have four possibilities: bb, bg, gb, gg. These are the
four sample points, and we associate probability 1 with each. Given thata
family has a boy (event H), what is the probability that both children are
boys (event 4)? The event AH means bb, and H means bb, or bg,
or gb. Therefore, P{A | H} = 1; in about one-third of the families with
the characteristic H we canexpect that 4 also will occur. It is interesting
that most people expect the answer to be 3. This is the correct answer to a
different question, namely: A boy is chosen at random and found to come
from a family with two children; what is the probability that the other child
1s a boy? The difference may be explained empirically. With our original
problem we might refer to a card file of families, with the second to a file of
males. In the latter, each family with two boys will be represented twice,
and this explains the difference between the two results.

(d) Stratified populations. Suppose a human population consists of
subpopulations or strata ., H,, . ... These may be races, age groups,
professions, etc. Let p, be the probability that an individual chosen at
random belongs to H,. Saying *‘g, is the probability that an individual
in H; is left-handed” is short for “‘g; is the conditional probability of the
event A (left-handedness) on the hypothesis that an individual belongs to
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H.” The probability that an individual chosen at random is left-handed is
P + pegs + pags + -+, which is a special case of (1.8). Given that an
individual is left-handed, the conditional probability of his belonging to
stratum £, is

(1.9) P{H,; [ A} = — 0 —— >
ity T Pelfe 7T

2. PROBABILITIES DEFINED BY CONDITIONAL
PROBABILITIES. URN MODELS

In the preceding section we have taken the probabilities in the sample

Far aoramntad and meraly ralenlarad a fow candifiamal mrahaliliting
apau\, 107 gratnicd ana merary Caitludicod d Iew conditional l)lUUaUllll.ll.-J

In applications, many experiments are described by specifying certain
conditional probabilities (although the adjective “‘conditicnal™ is usually
omitted). Theoretically this means that the probabilities in the sample
space are to be derived from the given conditional probabilities. It has
already been pointed out [example (1.4)] that sampling without replace-
ment is best defined by saying that whatever the result of the r first
selections, each of the remaining elements has the same probability of being
selected at the (r41)st step. Similarly, in example (1.d) our stratified
population 1s completely described by stating the absolute probabilities
p; of the several strata, and the conditional probability ¢; of the charac-
teristic ““left-handed” within each stratum. A few more examples will
reveal the general scheme more effectively than a direct description could.

o example 1.{5.5) in which three players
a, b, and ¢ take turns at a game. The scheme (*) on p. 18 descrlbe the
peints of the sample space, but we have not yet assigned probabilities to
them. Suppose now that the game is such that at each trial each of the two
partners has probability & of winning. This statement does not contain the
word ‘“‘conditional probability" but refers to 1t nonetheless. For it says
that if player @ participates in the rth round (event 7f), his probability
of winning that particular round is . [t follows from (1.5) that the prob-
ability of a winning at the first and second tryis }; in symbols, P{aa} = &.
A repeated application of (1.5) shows that P{acc} = }, Plachkh} = 4,
etc.; that is, a sample point of the scheme (*) involving r letters has
probabilitv 2 7. This is the assignment of probabilities used in problem 5
in Chapter 1.8 but now the description is more intuitive. {Continued in
problem 14.)

(b) Families. We want to interpret the following statement. “The
probability of a family having exactly & children is p, (where > p, = 1).
For any family size all sex distributions have equal probabilities.” Letting
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b stand for boy and g for girl, our sample space consists of the points 0
(no children), b, g, bb, bg, gb, gg, bbb, .... The second assumption in

quotation marks can be stated more formally thus: If it is known that the
family has exactly # children, each of the 2” possible sex distributions has
conditional probability 2=*. The probability of the hypothesis is p,, and
we see from (1.5) that the absolute probability of any arrangement of »
letters b and g is p, - 27",

Note that this is an example of a strarified population, the families of size
j forming the stratum FH;. As an exercise let 4 stand for the event “the
family has boys but no girls.”" Its probability is obviously P{A} =
=p1" 271+ py-27% + - - - whichisaspecial case of (1.8). The hypothesis
H; inthis case is “family has j children.” We now ask the question: Ifit
is known that a family has no girls, what is the (conditional) probability
that it has only one child? Here A is the hypothesis. Let A be the
event “only one child”” Then AH means “one child and no girl,” and

P{AH} p, 2!

(2.1) PIH| A} = = )
{ ’ } P{A} P12_1 + P22_2 + Paz_s + -

which is a special case of (1.9).

(c) Urn models for aftereffect. For the sake of definiteness consider an
industrial plant liable to accidents. The occurrence of an accident might
be pictured as the result of a superhuman game of chance: Fate has in
storage an urn containing red and black balls; at regular time intervals a
ball is drawn at random, a red ball signifying an accident. If the chance of
an accident remains constant in time, the composition of the urn is always
the same. Butitis conceivable that each accident has an afrereffect in that
it either increases or decreases the chance of new accidents. This cor-
responds to an urn whose composition changes according to certain rules
that depend on the outcome of the successive drawings. It is easy to invent
a variety of such rules to cover various situations, but we shall be content
with a discussion of the following!

Urn model: An urn contains b black and r red balls. A ball is drawn
at random. It is replaced and, moreover, ¢ balls of the color drawn and d
balls of the opposite color are added. A new random draswing is made from

' The idea to use urn models to describe aftercifects (contagious diseases) seems to
be due to Polya, His scheme [first introduced in F. Eggenberger and G. Polya, Eiber
die Statistik verkerreter Vorgdnge, Zcitschrift fir Angewandte Mathematik and
Mechanik, vol. 3 {1923}, pp- 279-289] served as a prototype for many models discussed
in the literature. The model described in the text and its three special cases were
proposed by B. Iriedman, A4 simple urn model, Communications on Purc and Applicd
Mathematics, vol. 2 (1949), pp. 59-70.
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the urn (now containing v+ & + ¢+ d balls), and this procedure is
repeated. Here ¢ and d are arbitrary integers. They may be chosen
negative, except that in this case the procedure may terminate after finitely
many drawings for lack of balls. In particular, choosing ¢ = —1 and
d = 0 we have the model of random drawings without replacemens which
terminates after r + b steps.

To turn our picturesque description into mathematics, note that it
specifies conditional probabilities from which certain basic probabilities
are to be calculated. A typical point of the sample space corresponding to
n drawings may be represented by a sequence of n letters B and R.
The event “black at first drawing™ (i.e., the aggregate of all sequences
starting with B) has probabihty blb+r). If the first ball is black, the

\CDﬁultiOHal) prouaumw of a black ball at the second urdwmg 15
(b+o)(b+r+ctd).

The (absolute) probability of the sequence black, black (i.e., the aggregate
of the sample points starting with BB) is therefore, by (1.5),

b _ b+ ¢
b+r b4+r+c+d

The probability of the sequence black, black, black is (2.2) multiplied by
(b+20)[(b+r+2¢+2d), etc. In this way the probabilities of all sample
points can be calculated. It is easily verified by induction that the prob-
abilities of all sample points indeed add to unity.

Explicit expressions for the probabilities are not readily obtainable
except in the most important and best-known special case, that of

(2.2)

Polya’s urn scheme which s characterized by d =0, ¢ > 0. Here after
each drawing the number of balls of the color drawn increases, whereas
the bulls of opposite color remain -unchanged in number. In effect the
drawing of either color increases the probabilitv of the same color at the
next dl--wiug, aud Wi ha\«c 4 1uu511 1uudc1 of pm‘:nomend bl.l(.[l a5 Ccon-
1agious diseases, where each occurrence increases the probability of further
occurrences. The probability that of » = n; 4+ n, drawings the first »,

ones result in black balls and the remaining 7, ones in red balls is given by

bb+cXb+2¢) - (b+nic—ec) - r(r'+c) o (r e —c¢)

{b%—,}{b-{-, +elb+r+2¢) - {b+r+ne—o)

(2.3)

Consider now any other ordering of n, black and », red balls. In cal-
culating the probability that n drawings result in this particular order of
colors we encounter the same factors as in (2.3) but rearranged in a new
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order. [t follows that all possible sequences of n, black and », red balls
have the same probability. The analytical simplicity (and hence the easy
applicability) of Polya’s urn scheme is due mainly to this characteristic
property. To obtain the probability p, , that n drawings result in n,
black and n, red balls in any order we must multiply the quantity (2.3)

by (H) namely the number of possible orderings. The use of general

W] S
binomial coefficients permits us to rewrite this probability in either of the
following forms:

S [ B (]

aLm T /n—l—l—(b-{-?‘)f(‘\ - lf—(b+r)/c‘\l

no ; #

(2.4)

(The discussion of the Polya scheme is continued in problems 18-24.
See also problems 9 and 10 of XVII, 10.)

In addition to the Polya scheme our urn model contains another special
case of Interest, namely the

Ehrenfest model* of heat exchange between two isolated bodies. In
the original description, as used by physicists, the Ehrenfest model en-
visages two containers I and II and k particles distributed in them. A
particle 15 chosen at random and moved from its container into the other
container. This procedure is repeated. What is the distribution of the
particles after # steps? To reduce this to an urn model it suffices to call
the particles in container [ red, the others black. Then at each drawing the
ball drawn is replaced by a ball of the opposite color, that is, we have
¢ = —1, d=1. Tt is clear that in this case the process can continue as
long as we please (if there are no red balls, a black ball is drawn auto-
matically and replaced by a red one). [We shall discuss the Ehrenfest
model in another way in example XV, (2.¢).]

The special case ¢ =0, d > 0 has been proposed by Friedman as a
model of a safety campaign. Every time an accident occurs {i.e., a red ball
is drawn), the safety campaign is pushed harder; whenever no accident
occurs, the campaign slackens and the probability of an accident increases.

(d)y Urn models for stratification. Spurious contagion. To continue in the
vein of the preceding example, suppose that each person is liable to ac-
cidents and that their occurrence is determined by random drawings from

*P. and T, Ehrenfest, Uber zwei bekannte Einwdnde gegen das Bolrzmannsche
H-Theorem, Physikalische Zeitschrift, vol. 8 (1907}, pp. 311-314. Tor a mathcematical
discussion see M. Kac, Random walk and the theory of Brownian motion, Amer, Math,
Monthly, vol. 54 (1947}, pp. 369-391.
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an urn. This time, however, we shall suppose that no aftereffect eXISts, SO
that the composition of the urn remains unchanged throughout the process.
Now the chance of an accident or proneness to accidents may vary from
person to person or from profession to profession, and we imagine that
each person {or each profession) has his own urn. In order not to compli-
cate matters unnecessarily, let us suppose that there are just two types of
people (two pr01e55|0n5) and that their numbers in the total population
stand in the ratio 1:5. We consider then an urn | containing r, red and
£, black balls, and an urn 1I containing r, red and 4, black balls. The
experiment “‘choose a person at random and observe how many accidents
he has during » time units” has the following counterpart: A die is
rf?rmm’ ffa(e appear s, choos‘e urn |, oﬂ?e; M fse urn II fn eacz’r case n ran-

descnbes the situation of an insurance compdny a(.ceptmg a new subscriber.
By using (1.8) it is seen that the probability of red at the first drawing is

1 2
(3»5) p{R}:_'.___rl___ é.__f_-:_
6 b+ 6 by+ 1,

and the probability of a sequence red, red

1/ F ? 5 ¢ r -
2.6 P{RR} = -~ ——1—)+—(~—-)
( ) { } 6 (bl + ry, 6 b, + Fal

No mathematical problem is involved in our model, but it has an inter-
esting feature which has caused great confusion in applications. Suppose
our insurance company observes that a new subscriber has an accident

dnrms‘r the first year, and is interested in the Prnha]—n‘lufy of a f‘mth"r

acudent during the second year. In other words, given that the first drawing
resulted in red, we ask for the {(conditional) probability of a sequence red,
red. This is clearly the ratio P{RR}P{R} and is different from P{R}.
For the sake of illustration suppose that

rf(by+r) = 0.6 and rol(bo+15) = 0.06.

The probability of red at any drawing is 0.15, but if the first drawing re-
sulted in red. the chances that the next drawing also results in red are (.42,
Note that our model assumes #o aftereffect in the total population, and yet
the occurrence of an accident for a person chosen at random increases the

odds that this sume person will have a second accident. This is, however,
merely an effect of sampling: The occurrence of an accident has no real
effect on the future, but it does serve as an indication that the person in-
volved has a relatively high proneness to accidents. Continued observa-
tions enable us for this reason to improve our predictions for the future

even though in reality this future is not at all affected by the past.
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In the statistical literature it has become customary to use the word
contagion instead of aftereffect. The apparent aftereffect of sampling was
at first misinterpreted as an effect of true contagion, and so statisticians
now speak of contagion (or contagious probability distributions) in a
vague and misleading manner. Take, for example, the ecologist searching
for insects in a field. If after an unsuccessful period he finds an insect,
it is quite likely that he has finally reached the proximity of a litter, and in
this case he may reasonably expect increased success. In other words, in
practice every success increases the probability for further success, but once
more this is only a side effect of the increased amount of information
provided by the sampling. No aftereffect is involved, and it is misleading
when the statistician speaks of contagion.

(¢} The following example is famous and illustrative, but somewhat
artificial. Imagine a collection of N + 1 urns, each containing a total of
N red and white balls; the urn number k& contains & red and N — k&
white balls (A =0,1,2,...,N). An urn is chosen at random and »
random drawings are made from it, the ball drawn being replaced each
time. Suppose that all # balls turn out to be red (event 4). We seek the
(conditional) probability that the next drawing will also yield a red ball
(event B). If the {irst choice falls on urn number &, then the probability
of extracting in succession n red balls is (k/¥)". Hence, by (1.8),

27 PiA) 1"+ 2f S N
NYN+1)

The event AB means that # + 1 drawings yield red balls, and therefore

1n+1_+_ 2n+l+...+ l'?’H‘l

(2.8} P{4B} = P{B} = NN D

The required probability is P{B| A} = P{B}/P{4}.

When N is large the numerator in (2.7) differs relatively little from the
area between the x-axis and the graph of »* between 0 and N. We have
then approximately

1 ~Y N 1 1
Q9 Pty ———— | #"de= ~
NN+ T T T N+l o+t a4
A cirmilar caleulatinn ammliae fa (7 R and wea ronclude that for ]ﬂrOP f\rf
A SHIHIAD LallUiduOn appiits LU L.0) allld Wo LONLIUGL Llal JU0 aal =%
approximately
, n—+1
(2.10) P{B| A} ~
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-—_

0 comp an
urn are equally probable, and if s trials vielded red balls, the probability
of a red ball at the next trial is (n+l)/(n 2). This 1s the so-called law of
succession of Laplace (1812).

Before the ascendance of the modern theory, the notion of equal
probabilities was often used as synonymous for “no advance knowledge.”
L;ln]dce himself has illustrated the use of (7.10\ hu comphting the pr0b=
dblllty that the sun will rise tomorrow, given that it has risen daily for
5000 years or n = 1,826,213 days. It is said that Laplace was ready to
bet 1,826,214 to 1 in favor of regular habits of the sun, and we should be
In a position to better the odds since regular service has followed for
another century. A historical study would be necessary to appreciate

what Laplace had in mind and to understand his intentions. His successors,
however, used similar arguments in routine work and recommended
methods of this kind to physmsts and engineers in cases where the formu-
las have no operational meaning. We should have to reject the method
even if, for sake of argument, we were to concede that our universe was
chosen at random from a collection in which all conceivable possibilities
were Pqn'al]\; Iil(pl\; In fqrt it prpfends t0 judge the chances of the sun’s
rmné tomorrow from the assumed risings in the past. But the assumed
rising of the sun on February 5, 3123 B.c., is by no means more certain
than that the sun will rise tomorrow. We believe in both for the same

reasons. >

This result can be interpreted roughly as ,olln ws: If all compositions o

Note on Bayes’s Rule. In (1.9) and (2.2} we have calculated certain conditional
probabilities directly from the definition. The beginner is advised always to do sc and
not to memorize thc formula (2.12), which we shall now derive. Tt retraces in a gencral
way what we did in special cases, but it is only a way of rcwrmng (1.3). We had a
collection of events H,, H,.... which arc mutually exclusive and exhaustive, that is,
every sample point belonging to one, and only one, among the f4;. We were interested in

(2.11) PiH, A} =

P{d | HP{H,}
D Pid| HIP(H,)
i

(2.12) P, | A} =

If the cvents H, are called causes, then (2.12) becomes “*Bayes’s rule for the probability
of causes.” Mathematically, (2.12) is a special way of writing (1.3) and nothing more.
The formula is useful in many statistical applications of the type described in examples
{h) and (), and we have used it there. Unfortunately, Bayes’s rule has been somewhat
discredited by metaphysical applications of the type described in example (¢). In
routine practice this kind of argument can be dangerous. A quality control engineer is
concerned with one particular machine and not with an infinite population of machines
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from which one was chosen at random. He has been advised to use Bayes's rule on the
grounds that it is logically acceptable and corresponds to our way of thinking. Plato
used this type of argument to prove the existence of Atlantis, and philosophers used it
to prove the absurdity of Newton’s mechanics. But for our engineer the argument
overlooks the circumstance that he desires success and that he will do better by estimating
and minimizing the sources of various types of crrors in prediction and guessing, The
modern raethod of statistical tests and estimation is less intuitive but more realistic. Tt
may be not only defended but also applied.

3. STOCHASTIC INDEPENDENCE

In the examples above the conditional probability P{4 | #} generally
does not equal the absolute probability P{A}. Popularly speaking, the
information whether H has occurred changes our way of betting on the
event 4. Only when P{4 | H} = P{4} this information does not permit
any inference about the occurrence of A. In this case we shall say that A4
is stochastically independent of H. Now (1.5) shows that the condition
pP{4 ‘ H)} = P{A} can be written in the form

(3.1) P{AH} = P{4} P{H}.

This equation is symmetric in 4 and H and shows that whenever A4 is
stochastically independent of H, sois H of A. Itistherefore preferable
to start from the following symmetric

Definition 1. Two events A and H are said to be stochastically inde-
pendent (or independent, for short} if equation (3.1) holds. This definition is
accepted also if P{H} = 0, in which case P{4 i H} is not defined. The
term statistically independent is synonymous with stochastically inde-
pendent.

In practice one usually has the correct feeling that certain events must be
stochastically independent, or else the probabilistic model would be
absurd. As the following examples will show, there exist nevertheless
situations in which the stochastic independence can be discovered only by
computation.

Examples. (@) A card is chosen at random from a deck of playing
cards. For reasons of symmetry we expect the events “spade™ and “ace”
to be independent. As a matter of fact, their probabilities are } and 4,
and the probability of their simultaneous realization is 3's.

(b) Two true dice are thrown. The events “ace with first die” and “even
face with second’” are independent since the probability of their simultan-
eous realization, % = +&, is the product of their probabilities, namely

3
% and 4.
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(¢} In a random permutation of the four letters (g, &, ¢, d) the events
“a precedes 6 and “c precedes 4 areindependent. This is intuitively
clear and easily verified.

(d) Sex distribution. We return to example (1.c) but now consider
families with three children. We assume that each of the eight possibilities
bbb, bbg, . . ., ggg has probability . Let H be the event “the family has
children of both sexes,”” and A the event “there is at most one girl.”’ Then
P{H} = §, and P{A} = £ The simultaneous realization of 4 and H
means one of the possibilities bbg, bgb, ghb, and therefore P{4H} =
= { = P{A4} - P{H}. Thus in families with three children the two events
are independent. Note that this is not true for families with two or four
children. This shows that it is not always obvious whether or not we have

independence. ~
I -

If H occurs, the complementary event H’ does not occur, and vice
versa. Stochastic independence implies that no inference can be drawn
from the occurrence of A tothatof A; therefore stochastic independence
of A and A should mean the same as independence of 4 and H’ (and,
because of symmetry, also of 4" and H, and of A4’ and H'). This
assertion 1s easily verified, using the relation P{H'} = | — P{H}. Indeed,
if (3.1) holds, then (since AH = A — AH)

(3.2) P{AH'} = P{A} — P{AH} = P{4} — P{4} - P{H} =
= P{A4} - P{H"},
as expected.
Suppose now that three events 4, B, and C are pairwise independent

s0 that
P{4B} = P{4}-P{B]}

(3.3) _ P{AC} = P{4} - P{C}
P{BC} = P{B} - P{C).

One might think that these three relations should imply that also
P{ABC} = P{A}P{BIP{C},

in other words, that the pairwise independence of the three events should
imply that the two events 4B and C are independent. This is almost
always true, but in principle it is possible that (3.3) holds and yet

PIARCY — 0

A ki o

Actually such occurrences are so rare that their possibility passed un-
noticed until S. Bernstein constructed an artificial example. It still takes
some search to find a plausible natural example.
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Example. (e) Consider the six permutations of the letters a, b, ¢ as
well as the three triples (a, a, a), (b, b, b), and (c, c, ¢). We take these
nine triples as points of a sample space and attribute probability } to each.
Denote by A4, the event that the kth place is occupied by the letter a.
Obviously each of these three events has probability § while

P{A, Ay} = P{A;A,} = P{d,A,)} = |

The three events are therefore pairwise r‘na’ependenr but they are not
mutually independent because also P{4,4,4,} = 1. (The occurrence of
A, and A, implies the occurrence of A,, and so A3 1s not independent
of A;4,.)

We obtain further examples by considering also the events B, and C,
consisting, respectively, in the occurrence of the letters 4 and ¢ at the
kth place. We have now nine events in all, each with probability }.
Clearly P{A4,B,} = § and generally any two events with different subscripts
are independent. On the other hand, the letters appearing at the first two
places uniquely determine the letter at the third place, and so C, is not

independent of any among the nine events A, A4,, ..., C,C, involving the
first two places.® We shall return to this example at the end of IX, 1. A
further example is contained in problem 26. >

It is desirable to reserve the term stochastic independence for the case
where not only (3.3} holds, but in addition

(3.4) P{4BC} = P{A}P{B)P{C}.

This equa ation ensures that 4 and BC are independent and also that
same is true of B and AC, and C and AB. Furthermore, it can now
be proved also that 4w B and C are independent. In fact, by the
fundamental relation 1, (7.4) we have

(3.5) P{4 U BYC} = P{AC} + P{BC) — P{4BC).

Again applying (3.3) and (3.4} to the right side, we can factor out P{C}.
The other factor is P{4} + P{B} — P{4AB} = P{4 U B} and so

(3.6) | P{d v B)C} = P{(4 U BYP{C}.

* The construction generalizes to r-tuples with » > 3. The sample space then contains
r! + r points, namely of the r!{ permutations of the syrabols 4, ..., @, and of the r
repetitions of the same symbol a;. To each permutation we attribute probability
Lr*(r — 2)1, and to each repetition probability 1/r%. If A, is the event that a, occurs
at the kth place, then the events A4, arc pairwise independent, but no three among
them are mutually independent.
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This makes it plausible that the conditions {3.3) and (3.4) together suffice
to avoid embarrassment; any event expressible in terms of 4 and B will
be independent of C.

Definition 2. The events Ay, Ay, ..., A, are called mutually inde-

pendent if for all combinations 1 <1 <j <k < - <n the multiplica-
tion rules
P{A4,4;} = P{4,} P{4}}
P{A; A4} = P{4;} P{A;} P{4;}
(3‘?) ................................

................................

apply

The first line stands for (;) equations, the second for (n)’ etc. We
have, therefore, ' 3.

H H n . . , s
(2)’+(3)+“‘+<n)=(1+1) _(1)_(3}—2 —n—1

‘

conditions which must be satisfied. On the other hand, the (;) conditions

stated in the first line suffice to insure pairwise independence. The whole
system (3.7) looks like a complicated set of conditions, but it will soon
become apparent that its validity is usually obvious and requires no
checking. It is readily seen by induction [starting with » = 2 and (3.2)]

~E
14l

In definition 2 the system (3.7) may be replaced by the system of the 2"
equations obtained from the last equation in (3.7) on replacing an arbitrary
number of events A; by their complements A,

4. PRODUCT SPACES. INDEPENDENT TRIALS

We are now finally in a position to introduce the mathematical counter-
part of empirical procedures which are commonly described by phrases
such as continued experimentation, repeated observation, merging of two
samples, combining two experiments and treating them as parts of a whole,
etc. Specifically, the notion of independent trials corresponds to the
intuitive concept of “‘experiments repeated under identical conditions.”
This notion is basic for probability theory and will add more realism to the
examples treated so far.

We first require a notion that is by no means specific for probability
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theory. The combinatorial product of two sets 4 and B is the set of all
ordered pairs (a,5) of their elements. We shall denote?® it by (A, B).
The definition carries over trivially to triples (4, B, C), quadruples
(A, B, C, D), and even to infinite sequences.

The notion of combinatorial product is so natural that we have used it
implicitly several times. For example, the conceptual experiment of tossing
a coin three times is described by a sample space of eight points, namely
the triples that can be formed with two letters H and 7. This amounts to
saying that the sample space is the combinatorial product of three spaces,
cach of which consists of the two points (elements) H and 7. More
generally, when we speak of two successive trials we refer to a sample
space & whose points represent the pairs of possible outcomes, and so
€ is the combinatorial product of the two sample spaces corresponding to
the individual trials. Given any two conceptual experiments with sample
spaces A and B, it is possible to consider them simultaneously or in
succession. This amounts to considering pairs of possible outcomes, that
is, to introduce the combinatorial product (%, B) as a new sample space.
The question then arises as to how probabilities should be defined in this
new sample space. The answer varies with circumstances, but before con-
sidering this point we turn to two examples which will clarify ideas and
explain the prevalent terminology.

Examples. (a) Cartesian spaces. When the points of the plane are
represented by pairs (z, %) of real numbers, the plane becomes the com-
binatorial product of the two axes. (The fact that geometry in the plane
can be studied without use of coordinates shows that the same space can be
considered from different viewpoints.) The three-dimensional space with
points (z, ¥, ) may be viewed either as the triple product of the three axes,
or else as the product of the ,y-plane and the z-axis.

In the plane, the set of points satisfying the two conditions 0 <z < 1
and 0 <y <1 is the combinatorial product of two unit intervals. Note,
however, that such a description is not possible for arbitrary sets such as
triangles and ellipses. Finally we note that in the (z,, z)-space the set
defined by the same two inequalities is an infinite cylinder with a square
cross-section. More generally, when interpreted in space, any set whose
definition involves only the z- and y-coordinates may be viewed as a
cylinder with generators parallel to the z-axis.

(6) Alphabets and words. Let A consist of the 26 standard letters. The
triple product (4, 4, 4) is then the aggregate of all triples of letters or, as

* Another commonly used notation is 4 X B. The terms combinatorial product
and Carlesian product are synonymous.
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we shall say, all three-letter “words.”” This viewpoint is used in communi-
cation and codmg theory, but then it is not natural to consider words of a
fixed length. Indeed, a message of arbitrary length may be considered a
“word™” provided a new symbol for separation (a blank) is added to the
alphabet. 1tis then no longer necessary to introduce any assumptions con-
cerning the length of words: Any finite message may be considered as the
beginning of a potentially unending message, just as any written word is

e e S SRR S LAt L & RIRAEL, jnot ¥YLILLA il

potentlally the ﬁrst of a series. Incidentally, communication theory uses
arbitrary codes, and under its influence it has become common usage to
refer to arbitrary symbols as letters of an alphabet, In this sense one
describes the outcome of n repeated trials as a “message” or “word” of
length ~. >

If & is an arbitrary sample space with points E,, E,, ... the n-fold
combinatorial product (&, &, ..., S} of & with itself is referred to as
sample space for a succession of n trials corresponding to 3. 1t is con-
venient to describe its points generically by symbols such as (x,, ..., z,
where each z; stands for some point of &. By analogy with example (a)
it is usual to refer to the z, as coordinares. The terms set and event are,
of course, interchangeable. What we describe as an event that depends only
on the outcome of the first two trials is generally called a set depending only
on the first two coordinates.®

As already mentioned, all these notions and notations carry over to
infinite sequences. Conceptually these present no difficulties; after all, the
decimal expansion 3.1415. .. represents the number = as a point in an
infinite product space, except that one speaks of the nth decimal rather than

of the nth coordinate. Infinite product space

tho wmatiral hoabitat Af
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probability theory. 1Tt is Lmdeswable to specify a fixed number of coin
tossings or a fixed length for a random walk. The theory becomes more
flexible and simpler if we conceive of potentially unending sequences of
trials and then direct our attention to events depending only on the first

few trials. This Conceptuallv simpler and more satisfactory approach

- - th : Th
technical apparatus of measure theory. The

plan of this volume is to present the basic ideas of probability theory un-
obscured by technical difficulties. For this reason we are restricted to
discrete sample spaces and must be satisfied with the study of finitely many
trials. This means dealinﬂ with unspecified or variable sample spaces as
ity. This solution is unsatisfactory theoreti-

cally, but has little practical effect.
S That is to say, if (rl,rz,. ) is a point of this sct so arc all points (=], %, .. )

such that =; = =, and »; = =,. By analogy with example (g), sets depending only on
specified coordinates (in any number) are called cyfindrical.




VY.4] PRODUCT SPACES. INDEPENDENT TRIALS 131

various urn models of section 2 can be rephrased in terms of repeated
trials and we have seen that probabilities of different types can be defined
by means of conditional probabilities. Intuitively speaking, various forms
of dependence between successive trials can be imagined, but nothing

surpasses in importance the notion of independent trials or, more generally,
independent experiments.

We turn to the as Slgnrnflpt of rgbabl ities In prndn(‘f spaces. The

To be specific, consider two sample spaces ¥ and B, with points
%, &gy ... and Sy, B, ... carrying probabilities py, ps, ... and gy, gs,
.., respectively. We interpret the product space (¥, B) as the sample
space describing the succession of the two experiments corresponding to
A and B. Saying that these two experiments are independent implies

[ X% . 3
come iz =."' and ‘‘second outcome 18 g
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are stochastically independent. But this is so only if probabilities in
(U, B} are defined by the product rule

(4.1) P{(x;, B}t = pigi

Such an assignment of probabilities is legitimate® because these probabili-
fies add to unity. In fact, summation over all points leads to the double
sum > > pgr which is the product of the two sums > p, and X g,.

We now establish the convention that the phrase “two independent
experiments’ refers to the combinatorial product of rwo sample spaces with
probabilities defined by the product rule (4.1). This convention applies
- equally to the notion of n successive independent experiments.

We speak of repeated independent triafs if the component sample spaces
{and the probabilities in them) are identical.

This convention enables us, for example, to speak of » independent
coin tossings as an abbreviation of a sample space of 27 points, each
carrying probability 27",

An Intuitively obvious property of independent experlments deserves
mention. Let 4 be an event in ¥ containing the points Bg s Olg s v v )
let similarly B be an event in B containing the points ;3’, B
Then (A4, B) is the event in (9, B) which consists of all palrs (ea:bj 18:,‘),
and clearly

(4.2) P{(4, B)} = 2> pogi, = (2 p.)(2.4,) = PIAIP{B}.

The multiplication rule thus extends to arbitrary events in the two com-
ponent spaces This arecument \nh]lPQ equ 1”\! to # |ndenendent EXDEI’I-

WL spdlle Tpuiiiciil prabo LLall duli

ments and shows that if a system of n ewnrs A ooy A.” is such that

fhf\f fh{-\ two events

¢ Mcasures defined similarly occur outside probability theory and are called product
measures.
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are mutually independent.

The theory of indcpendent experiments is the analytically simplest and most advanced
part of probability theory. Itis therefore desirable, when possible, to interpret compli-
cated experiments as the result of a succession of simpler independent cxperiments.
The following examples illustrate situations where this procedure is possible.

Examples, (¢) Permuiations, We have considered the #»! permutations of ay,
as, ..., a, as polnts of a sample space and attributed probability 1/n! to each. We
may consider the same sample space as representing n — 1 successive independent
cxperiments as follows. Begin by writing down a,. The first experiment consists in
putting @, cither before or after a,. This done, we have three places for @, and the
second cxpcrimcm consists of a choice among them, deciding on the relative order of
ay, a., and a, In general, when a,,..., 4, arc put into some relative order, we
proceed with experiment number &, which consists in seiccting one of the k& + |
places for a..,. In other words, we have a succession of » — | experirnents of which
the Ath can result in & different choices (sample points), each having probability
1/k. The experiments are independent, that is, the probabilitics arc multiplicative.
Each permutation of the » elements has probahbility {4 .- 1/n, in accordance with
the original definition.

(d) Sampling without replacement. Let the population be (a,,...,a.). In sampling

withait ranloparmant carh ~hoice ramiauves an clomeant Aftar L ctame tlhaes maman i
Wy lLLIGL J\,k)lu\,\,lll\wlll Al L WU L%y d O Al L Wlil. P YRR WYY " .‘.HLIJS Ll IWlllcll]
n — k elements, and the next choice can be described by specifying the number » of
the place of the element chosen (v =1, 2,..., n — k). In this way the taking of a

sample of size r without replacement becomes a succession of r experiments where the
first has n possible results, the sccond n — 1, the third # — 2, cte. We attribute
cqual probabilities to all results of the individual experiments and postulate that the r
experiments are independent, This amounts to attributing probability 1/{n), to each
saraple in accordance with our definition of random samples. Note that for n = 100,
r =3, the sample (@3, G0, as,) means choices number 13, 39, 79, respectively: At
the third cxperiment the seventy-ninth element of the reduced population of 7 — 2 was
chosen. (With the original numbering the outcomes of the third experiment would
depend on the first two choices.) We sec that the notion of repeated independent
cxperiments permits us to study sampling as a succession of independent operations.

'_

¥5. APPLICATIONS TO GENETICS

The theory of heredity, originated by G. Mendel (1822-1884), provides
instructive illustrations for the applicability of simple probability models.
We shall restrict ourselves to indications concerning the most elementary
problems. In describing the biological background, we shall necessarily
oversimplify and concentrate on such facts as are pertinent to the mathe-

matical treatment
LTLLWAL I bl b ARl MlTwrliues

Heritable characters depend on special carriers, called genes. All cells
of the body, except the reproductive cells or gametes, carry exact replicas

* This section treats a special subject and may be omitted.
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The reader may picture them as a vast collection of beads on short pieces
of string, the chromosomes. These also appear in pairs, and paired genes
occupy the same position on paired chromosomes. In the simplest case
each gene of a particular pair can assume two forms (alleles), 4 and a.
Then three different pairs can be formed, and, with respect to this particular
ndll‘ the orgdnmm heloncc to one of the three genotypes AA, Aa, aa

(there (s no dlstmctlon between Aa and aA). For example, peas carry a
pair of genes such that A4 causes red blossom color and a causes white.
The three genotypes are in this case distinguishable as red, pink, and white.
Each pair of genes determines one heritable factor, but the majority of

observable properties of organisms depend on several factors. For some
characteristics {e.o.. eve enlor and left-handedness) the influence of one

---------------- \‘“C’ e ATV L B e Y Lipiiiin [ i

of the same gene structure. The salient fact is that genes appear in r'mlrt.

particular pair of genes is predominant, and in such cases the effects of
Mendelian laws are readily observable. Other characteristics, such as
height, can be understood as the cumulative effect of a very large number
of genes [cf. example X, (5.c)]. Here we shall study genotypes and inherit-
ance for only one particular pair of genes with respect to which Wwe have the

three genotypes A4, Aa, aa. Frequently there are N different forms
Ay, .., Ay for the two genes and, accordingly, N(N+1)/2 genotypes

AyAy, ArAy, ..., AyAy. The theory applies to this case with obvious
modifications (cf. problem 27). The following calculations apply also to
the case where A4 is dominant and a recessive. By this is meant that
Aa-individuals have the same observable properties as AA, so that only
the pure aa-type shows an observable influence of the a-gene. All shades of
partial dominance appear in nature. Typical partially recessive properties
are blue eyes, left-handedness, etc.

The reproductive cells, or gametes, are formed by a splitting process and
receive one gene only. Organisms of the pure AA4- and ag-genotypes
(or homozygotes) produce therefore gametes of only one kind, but Aa-
organisms (hybrids or heterozygotes) produce A- and g-gametes in equal
numbers. New organisms are derived from two parental gametes from
which they receive their genes. Therefore each pair includes a paternal
and a maternal gene, and any gene can be traced back to one particular
ancestor in any generation, however remote.

The genotypes of offspring depend on a chance process. At every
occasion, each parental gene has probability § to be transmitted, and the
successive trials are independent. In other words, we conceive of the geno-
types of n offspring as the result of n independent trials, each of which
corresponds to the tossing of two coins. For example, the genotypes of
descendants of an Aa X Aa pairing are AA, Aa, aa with respective
probabilities 1, 4, 1. An A4 X aa union can have only Aq-offspring, etc.
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Looking at the population as a whole, we conceive of the pairing of
parents as the result of a second chance process. We shall investigate only
the so-called random mating, which is defined by this condition: If *
descendants in the first filial generation are chosen at random, then their
parents form a random sample of size r, with possible repetitions, from
the aggregate of all possible parental pairs. In other words, each descen-
dant is to be regarded as the product of a random selection of parents, and
all selections are mutually independent. Random mating is an idealized
model of the conditions prevailing in many natural populations and in
field experiments. However, if red peas are sown in one corner of the
field and white peas in another, parents of like color will unite more often
than under random mating. Preferential selectivity (such as blondes
preferring blondes) also violates the condition of random mating. Extreme
non-random mating is represented by self-fertilizing plants and artificial
inbreeding. Some such assortative mating systems will be analyzed
mathematically, but for the most part we shall restrict our attention to
random mating.

The genotype of an offspring is the result of four independent random
choices. The genotypes of the two parents can be selected in 3 - 3 ways,
their genes in 2+ 2 ways. It is fortunately possible to combine two selec-
tions and describe the process as one of double selection thus: The pater-
nal and maternal genes are each selected independently and at random
from the population of all genes carried by males or females, respectively,
of the parental population.

Suppose that the three genotypes AA, Aa. aa occur among males and
females in the same ratios, w:2v:w. We shall suppose 1 + 2p + w =1
and call u, 2v, w, the genotype frequencies. Put

(5.1) p=u-+ur, g=v+w

Clearly the numbers of 4- and a-genes are as p:g, and since p + ¢ =1
we shall call p and g the genc frequencies of A and a. In each of the
two selections an A-gene is selected with probability p, and, because of
the assumed independence, the probability of an offspring being AA is p2.
The genotype Aa can occur in two ways, and its probability is therefore
2pg. Thus, under random mating conditions an offspring belongs to the
genotypes AA, Aa, or aa with probabilities

(3.2) u; = p°, 2v, = 2pq, wy = g

Examples. (a) All parents are Aa (heterozygotes); then u = w = 0,
20 =1, and p=¢g =14 (b) AA- and aa-parents are mixed in equal

E,
proportions; then w=w=14% v=0, and again p=g=14 (¢
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Finally, # =w =}, 2v = 1: again p=g¢g = 1, In all three cases we
L 4 2 o Vel i z
have for the filial generation w; = ¢, 26, = %, w, = L >

For a better understanding of the implications of (5.2) let us fix the gene
frequencies p and g (p + ¢ = 1) and consider all systems of genotype
frequencies u, 2v, w for which # + v = p and v 4+ w = ¢: They all lead
to the same probabilities (5.2) for the first filial generation. Among them
there s the particular distribution

(5.3) u = p? 2v = 2pgq. w = g-

Consider now a population—as in example (c}—in which the frequencies
u, v, w of the three genotypes are given by (5.3). In accordance with (5.2)
these frequencies are then transmitted unchanged as genotype probabilities
in the next generation. For this reason genotype distributions of the par-
ticular form (5.3} are called srarionary or equilibrium distributions. To
every ratio p:g there corresponds such a distribution.

In a large population the actually observed frequencies of the three
genotypes in the filial generation will be close to the theoretical probabilities
as given by (5.2).7 Itis highly remarkable that this distribution is stationary
irrespective of the distribution #:25:w in the parental generation. In
other words, if the observed frequencies coincided exactly with the cal-
culated probabilities, then the first filial generation would have a stationary
genotype distribution which would perpetuate itself without change in all
succeeding generations. In practice, deviations will be observed. but for
large populations we can say: Whatever the composition of the parent
population may be, random mating will within one generation produce an
approximately stationary genotype distribution with unchanged gene fre-
quencies. From the second generation on, there is no tendency toward a
systematic change; a steady state is reached with the first filial generation.
This was first noticed by G. H. Hardy,® who thus resolved assumed diffi-
culties in Mendelian laws. 1t follows in particular that under conditions

of random mating the frequencies of the three genotypes must stand in the
Iy
1

ratios p*:2pg:g® This can in turn be used to check the assumption o
random mating.

T Without this our probability model would be void of operational meaning. The
statement is made precise by the law of large numbers and the central liroit theorem,
which permit us to estimate the effect of chance fluctuations.

* G5, H. Hardy, Mendelian proportions in a mixed population. Letter 10 the Editor,
Science, N.8., vol. 28 (1908), pp. 49-50. Anticipating the language of chapters 1X and
XV, we can describe the situation as follows. The frequencies of the three genotypes in
the #th generation are three random variables whose expected valucs are given by (5.2)
and do not depend on s. Their actual values will vary from generation to gencration
and form a stochastic process of the Markov type.
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Hardy also pointed out that emphasis must be put on the word “approxi-
mately.”” Even with a stationary distribution we must expect small changes

from generation to generation, which leads us to the following picture.
Starting from any parent population, random mating tends to establish
the stationary distribution (5.3) within one generation. For a stationary
distribution there is no tendency toward a systematic change of any kind,
but chance fluctuations will change the gene frequencies p and ¢ from
generation to generation, and the genetic composition will slowly drift.
There are no restoring forces seeking to re-establish original frequencies.
On the contrary, our simplified model leads to the conclusion [cf. example
XV, (2.0)] that, for a population bounded in size, one gene should ulti-
mately die out, so that the population would eventually belong to one of
the pure types, A4 or aa. In nature this does not necessarily occur be-
cause of the creation of new genes by mutations, selections, and many
other effects.

Hardy’s theorem is frequently interpreted to imply a strict stability for
all times. It is a common fallacy to believe that the law of large numbers
acts as a force endowed with memory seeking a return to the original state,
and many wrong conclusions have been drawn from this assumption.
Note that Hardy’s law does not apply to the distribution of two pairs of
genes (e.g., eye color and left-handedness) with the nine genotypes AABB,
AABb, . .., aabb. There isstill a tendency towardastationarydistribution,
but equilibrium is not reached in the first generation (cf. problem 31).

*6. SEX-LINKED CHARACTERS

In the introduction to the preceding section it was mentioned that genes
lie on chromosomes. These appear in pairs and are transmitted as units,
5o that all genes on a chromosome stick together.® Qur scheme for the
inheritance of genes therefore applies also to chromosomes as units. Sex
is determined by two chromosomes; females are XX, males XY. The
mother necessarily transmits an X-chromosormie, and the sex of offspring
depends on the chromosome transmitted by the father. Accordingly, male
and female gametes are produced in equal numbers. The difference in
birth rate for boys and girls is explained by variations in prenatal survival

chances.
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* This scction treats a special topic and may be omitted.
® This picture is somewhat complicated by occasional breakings and recombinations
of chromosomes (cf. problem 12 of 11,10).
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no c_‘o_rresponding gene on Y. Females have two Y_Phrnmngnnﬂes and

hence two of such X-linked genes; however, in males the X-genes appear
as singles. Typical are two sex-linked genes causing colorblindness and
haemophilia. With respect to each of them, females can still be classified
into the three genotypes, A4, Aa, aa, but, having only eone gene, males
have only the two genotypes A4 and a. Note that a son always has the

anhm— g V_r‘hrnmns.nmn cn that n cav_ a tmharitad
LLIWS Vil sJU l.lll.rle [ S LW, § L"EN PR R Uy
C

from father to son. However, it can pass from father to daughter and from
her to a grandson.

We now proceed to adapt the analysis of the preceding section to the
present situation. Assume again random mating and let the frequencies of
the genotypes AA, Aa, aa in the female pOpulatlon be u, 2v, w, respec-

a

it — Tlha Frasnnanaiag A tla fa

Cpul p=u -+ i, g = + w. 1408 uu.{ut.uut.a O1 Lnc (wao
mm’e genotypes A and g will be denoted by p and __c_j'r_ (p + g = 1)
populations, respectively. The probablllty for female descendant to be
of genotype AA, Aa, aa will be denoted by ul, 2v4, wy; the analogous
prObabllltleS for the male types A and a are p,gq,. Nowamale offspring

(6.1) pi=p 4, =4q.
For the three female genotypes we find, as in section 5,

f

(6.2) w=pp's 2y =pq +qp,  wi=qq

Hence

(6.3) pro=uy 4+ vy = 3(p+p"), Gy = Uy + wy = Hg+q).

This means that among the male descendants the genes 4 and @ appear
approximately with the frequencies p, g of the maternal population;
the gene frequencies among female descendants are approximately p,
and g, or halfway between those of the paternal and maternal popula-
tions. We discern here a tendency toward equalization of the gene fre-

quencies. In fact, from (6.1) and (6.3) we get

(6.4) i~ o= Hp—-p) g1 — g, = Hg—4q')

and so random mating will in one generation reduce approximately by
one-half the differences between gene frequencies among males and females.
However, it will not eliminate the differences, and a tendency toward
further reduction will subsist. In contrast to Hardy's law, no stationary
situation is reached after one generation. We can pursue the systematic
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e g g b +

componeit © gererat:or 0 gen \eration UY negi lecti ing
chance fluctuations and dentlfymg the theoretical probabilities (6.2) and
(6.3) with corresponding actual frequencies in the first filial generation.!®

For the second generation we obtain by the same process

(6.5) ps=1i(pr+p)=2p+ 210, ¢o=Ha+q) =39+ iq,

and, of course, p, = p;, ¢, = ¢,. A few more trials will lead to the general
expression for the probabilities p, and g, among females of the nth
descendant generation. Put

(6.6) o oe=iptp), f=132g+g)

n— + "lﬂ— b
1 P 1 _ + ( 1) p

( p?’!, - 2 - 3 271’
6.7) , ,
oy + Gnn wq — 4

Lt DAl g (ot
g 5 P =0T,

and P; = Pu-1 q; =4q,1 Hence

(6.8) Po—>%  DPi—d G, B q,—p

The genotype frequencies in the female population, as given by (6.2), are

( 9) L{” = pn—lp:a—]; 2Er¢ = pn—lq;:—l + Qra—lp;r—ls wn = Qn—IQ;—l'

Hence

(6.10) u, —> &5, 2, — 2af, w, — fI%

(Note that o + § =

These formulas show that there is a4 strong systematic tendency, from
generation to generation, toward a state where the genotypes 4 and a
appear among males with frequencies « and §, and the female genotypes
AA, Aa, aa have probabilities «?, 2aff, 3%, respectively. In practice, an
approximate equilibrium will be reached after three or four generations.
To be sure, small chance fluctuations will be superimposed on the described
changes, but the latter represent the prevailing systematic tendency.

Our main conclusion is that under random mating we can expect the
sex-linked genotypes A and a among males, and AA, Ag, aa among

10 [n the terminology introduced in footnote 8, p, and g, arc the expected values
of the gene frequencies in the ath female generation, With this interpretation the
formulas for p, and g. arc no longer approximations but cxact.
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females to occur approximately with the frequencies o, £, 2 223, 2,
respectively, where o« + 3 = 1.

Application. Many sex-linked genes, like colorblindness, are reces-
sive and cause defects. Let ¢ be such a gene. Then all a-males and all
aa-females show the defect. Females of Aa-type may transmit the defect
to their offspring but are not themselves affected. Hence we expect that a
recessive sex-linked defect which occurs among males with frequency o
occurs among females with frequency o2 1f one man in 100 is colorblind,
one woman in 10,000 should be affected.

*7. SELECTION

As a typical example of the influence of selection we shall investigate the
case where aa-individuals cannot multiply. This happens when the g-gene
is recessive and lethal, so that aa-individuals are born but cannot survive.
Another case occurs when artificial interference by breeding or by laws
prohibits mating of aa-individuals.

Assume random mating among A A- and Ag-individuals but no mating
of aa-types. Let the frequencies with which g
appear in the tota/ population be u, 2, w. The corresponding frequencies
for parents are then

notypes A4A4, Aa, aa

(7.1) L L T )
1 —w 1 —w

We can proceed as in section 5, but we must use the quantities (7.1) instead
of u, 2, w. Hence, (5.1} is to be replaced by
U+ v

q::l-w'

(7.2) p = ,
1 —w
The probabilities of the three genotypes in the first filial generation are
again given by (5.2); thatis, u, = p? 2, = 2pg, and w, = g%

As before, in order to investigate the systematic changes from generation
to generation, we have to replace u, v, w by u, vy, w, and thus obtain
probabilities u,, v, w, for the second descendant generation, etc. In
general we get from (7.2)

U, + v, v
(7.3) p, =———", g,=_—"—
1 —w, 1 —w,
and
(?4) un+l = p:'! 2U-n_+1 = 2praq:'za wn-—l = QE

* This scction treats a special subject and may be omitted.
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nnnnnnn e ~F T Y amd 7 A chavge that
M bUllll)al Lyl WL kf..}) <LTIAL k!"f} SLUYYD LI
(7 5) p _— u‘!é'f'l + Uﬂ.'f’l . pﬂ. _ 1

. ntl T - T

1 —w, 1—g, 1+g,

and similarly
i B . _ Vn—1 _ d n
\i-u) Yp-1 —

1~w,, 144,

From (7.6) we can calculate g, explicitly. In fact, taking reciprocals we
get

whence successively

g,'=14+q" g'=24+4q"

(7.8) . o 1 .4
45 =3+¢g7, ..., g, =n+g
or
T Fa - 2
(7.9) g, =—3— w,= (—‘1—)
1 4+ ng 14 gn

We see that the unproductive (or undesirable} genotype gradually drops
out, but the process is extremely slow. Zor ¢ = 0.1 it takes ten genera-
tions to reduce the frequency of a-genes by one-half; this reduces the
frequency of the aa-type approximately from 1 to ] per cent. (If a s sex-
linked, the elimination proceeds much faster: see problem 29. For a

W

generalized selection scheme see probiem 30.)™*

8. PROBLEMS FOR SOLUTION

1. Three dice are rolled. If no two show the same face, what is the probability
that one is an ace?

- v o o oal o Tal e P e U B [T [,
L, WIven iidl a4 ULOW WILDL Ll dive PIUUULCU dl 1C8dsl O

probability z of two or morc aces?

3, Bridge. In a bridge party West has no ace. What probability should he
attribute to the event of his partner having (a) no ace, () two or more aces?
Verify the result by a direct argument.

4. Bridge. North and South have ten trumps between them (trumps being
cards of a specified suit). (2) Find the probability that all three remaining
trumps are in the same hand (that is, either East or West has no trumps). (&)

11 Fpr a further analysis of various cugenic cffects (which are frequently different
from the ideas of enthusiastic proponents of sterilization laws) see G. Dahlberg,
Marthematical methods for population genetics, New York and Bascl, 1948,
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If it is known that the king of trumps is S included among the three, what is the
probdblllty that he is “unguarded™ (that is, one player has the king, the other the
remaining two trumps)?

5. Discuss the key problem in cxample II, (7.5) in terms of conditional
probabilties following the pattern of example (2.a).

6. In a bolt factory machines 4, B, C manufacture, respectively, 25, 35,
and 40 per cent of the total. Of their output 5, 4, and 2 per cent are defective

bolts. A bolt is drawn at random from the produce and is found defective.

What are the probabilities that it was manufactured by machines A4, B, C?

7. Suppese that 5 men out of 100 and 25 women out of 10,000 are colorblind.
A colorblind person is chosen at random. What is the probability of his being
male? (Assume males and females to be in equal numbers.)

8. Seven balls arc distributed randomly in seven cells. If exactly two cells

are empty, show that the (conditional} probablhty of a mple occupancy of some
cells t:LiUd.lb 4. VLIII) this numerlcauy uSlng tabie 1 of II, 5.

9. A die is thrown as long as necessary for an acc to turn up. Assuming that
the ace does not turn up at the first throw, what is the probability that more than
threc throws will be necessary?

10. Continuation. Supposc that the number, s, of throws is even. What is
the probability that n =27
I.ILUIJI.:IIJIAA 5 it o L
when 7 > 1, and p, =1 — ap(l4+p+p?+- - ). Suppose that all sex
tions of n children have the samec probability. Show that for & > 1 the
probability that a family has exactly & boysis 2up*/(2 —p)y*+L.

12. Continuation. (Given that a family includes at lcast one boy, what is
the probability that there are two or more?

13. Die 4 has four red and two white faces, whereas die B has two red and
four white faces. A coin is flipped once. If it falls heads, the game continues
by throwing die A4 alone; if it falls tails, dic B is to be used. (a) Show that the
probability of red at any throw is 3. (b) If the first two throws resulted in red,
what is the probability of red at the third throw ? (¢) If red turns up at the first
n throws, what is the probability that die 4 is being used? (4) To which
urn medel is this game equivalent?

14. In cxample (2.q) let x, be the conditional probability that the wisiner
of the nth trial wins the entirc game given that the gamc does not terminate
at the nth trial; let v, and z, be the corresponding probabilitics of victory for
the losing and the pausing player, respectively, of the nth trial. (a) Show that

12 La H 3 =1 =3
11 I et rhp nrobabil 'f” o that a family “las Cxactly 1 Childruu b\, ﬁp”
t

(*) Ty = ]2 + 5'3/114—17 ¥n = ‘122 ~11 In = "]ixn—-l-

(b) Show by a direct simple argument that in reality =, ==, ¥, =¥, 2, =2
arc Independent of n. (¢} Conclude that the probability that player @ wins
the gdme is 5% (ln agreement with problem 5in I, B). (d4)Show that =, =%,

.,. Lo oo 11 1'.‘{ \
= is tne (Jlll_)'r Qounaca DU]ULI i L)

Yo =1 % =3

* According to A, J. Lotka, American family statistics satisfies our hypothesis with
p = 07358, See Théorie analytique des associations biologigues II, Actualités scien-
tifiques et industrielles, no. 780, Paris, 1939,
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15. 1et the ocvents 4 A A he indenendent and PV4. 1l — 5. FinAd
1, A . .-, Ay DEMAgpenaent and A P Tind

the probability p that none of the events occurs.

16. Continuation. Show that always p < e™ %,

17. Continuation. From Bonferroni’s inequality IV, (5.7) dcduce that the
probability of k& or more of the events 4, ..., 4, occurring simultaneously
is less than (p, +- - - +p )k

18. To Polya’s urn scheme, example (2.c). Given that the sccond ball was
black, what is the probability that the first was black?

19, To Polya’s urn scheme, example (2.c). Show by induction that the prob-
ability of a black ball at any trial is /(& +7).

20. Continuation. Prove by induction: for any m < n the probabilities that
the mth and the nth drawings produce (black, black) or (black, red) are

b(b+c) br
Gribtr+to’  GBnbFr+o’

respectively. Generalize to more than two drawings.

21. Time symmetry of Polya’s scheme. Let 4 and B stand for either black
or red (so that 4B can be any of thc four combinations). Show that the
probability of 4 at the nth drawing, given that the mth drawing yields B, is
the same as the probability of 4 at the mth drawing when the nth drawing
yields B. ) B

22. In Polya scheme let pi(n) bc the probability of 4 black balls in the
first n drawings. Prove the recurrence relation
r + (n—k)c b+ (k—1)

Pr() 5

pk(n+1) =Pk(n)b+r+nc b —r + nc

where p_(#) is to be interpreted as 0. Use this relation for a new proof of
(2.3).
23, The Polya distribution. In (2.4) set

b ¥ c
®-1) bt+r D byr T b+r
Show that

(‘P"’W —9l7)
H .

8.2) Prgn = - 1_;1\/;_ 2/,
)

remains meaningful for arbitrary (not nccessarily rational) constants p > 0,
g > 0, y > Osuch that p +¢ = 1. Verify that p, , >0 and

]
va,n =1
v=10

In other words, (8.2) defines a probability distribution on the integers 0, 1,. .
. 1t is called the Polya distribution.




a

V.8} PROBLEMS FOR SOLUTION 143

24, Limiting form of the Polya distribution. If n — , p -0, v -0 so
that np — 4, ny — p~1, then for fixed m

z.p+n1—1) P )ﬁp 1 )m
Fra.m n JAL+p) A1 +p/

: ?

* Verify this and show that for fixed 4, p the terms on the right add to unity.
(The right side represents the so-called negative binomial distribution; cf. V],
8, and problem 37 in VI, 9.)

25, Interpret IT, (11.8) in terms of conditional probabilities.

26. Pairwise but not totally independent events. Two dice are thrown and three
events are defined as follows: 4 means “odd face with first die”; B means
“odd face with second die”; finally, C means “odd sum” {one face even, the
other odd). If each of the 36 sample points has probability %, then any two of
the events are independent. The probability of each is §. Nevertheless, the three
events cannot occur simultaneously.

Applications in Biology

27. Generalize the results of section 5 to the case where each gene can have
any of the forms A4, A,, ..., A, so that thereare k(k +1)/2 genotypes instead
of three (multiple alleles).

28. Brother-sister maiing, Two parents are selecied at random from a popu-
lation in which the genotypes 44, Aa, aa occur with frequencies «, 2v, w. This
process is repeated in their progeny. Find the probabilities that both parents of
the first, second, third filial generation belong to A4 [cf. examples XV, (2.f)
and XVI, (4.5)].

29. Selection. Let a be a recessive sex-linked gene, and suppose that a
selection process makes mating of a-males impossible. If the genotypes AA,
Aa, aa appear among females with frequencies u, 2v, w, show that for female
descendants of the first generation w; =u + v, 20y =¢ +w, w; =0, and
hence p; = p + 39, g; = $¢. That is to say, the frequency of the a-gene among
fcm/alcs is reduced to one-half.

._30. The selection problem of section 7 can be generalized by assuming that
only the fraction % (0 < 1 < 1) of the aa-class is eliminated. Show that

_utv v+l = Aw
F=1 " 91717

More generally, (7.3) is to be replaced by

_ P _ 1=
Pl = | — ?-qi » Fnit 1 — Af]i

(The general solution of these equations appears to be unknown.)

.31, Consider simuitaneousiy two pairs of genes with possibie forms (A4, @)
and (B, &), respectively. Any person transmits to each desc_:endant one gene
of each pair, and we shall suppose that each of the four possible combinations
has probability 3. (This is the case if the genes are on separate chromosomes;
otherwise there is dependence.) There exist nine genotypes, and we assume that
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their frequencies in the parent population are U, ,nr, Unerrrs Ut dnsr Usvos
2U qap8 2U 4001, 2U 4130, 2Usesny 4U 401, Put

Par = Uaanp + Usuapy + Udonn + Udesn

Pav = Udapy + Uhar + Usapy + Utarns

Parr = Uppn + Upepy + Ugonp + Uziu;’;’b,

acis Qi Lrl LAfid el

Pt = Uaabb + UAabb + UfmTJ’b + UAQBD-

Compute the corresponding quantities for the first descendant generation. Show
that for it -

£1) loom '
PAR =Pap— 0 TP =pap + 9,
A ; NS S - -
Fafi = Fal? + é’ Fab — fFab — ¢

with 26 = pappa — paypep. The stationary distribution is given by
Pun — 20 = pa, + 26, ete.

(Notice that Hardy’s law does nor apply; the composition changes from gener-
ation to generation.) :

32. Assume that the genotype frequencics in a population are u = ph 2 =
2pg, w =g Given that a man is of genotype Aa, the probability that his
brother is of the same genotype is (1 +pg)/2.

Note: The following problems are on family relations and give a meaning
1o the notion of degree of relationship.  Eack problem is a continuation of the
preceding one. Random mating and the notations of section 5 are assumed, We
are here concerned with a special case of Markov chains (cf. chapter XV). Matrix
algebra simplifies the writing.

33, Number the genotypes AA4, Aa, aa by 1, 2, 3, respectively, and let
Pa (I, k = 1, 2, 3) be the conditional probability that an offspring is of genotype
k if it is known that the male (or female) parent is of genotype i. Compute the
nine probabilities p;,, assuming that the probabilities for the other parent to
be of genotype 1, 2, 3 are p?% 2pq, ¢°, respectively.

34. Show that py is also the conditional probability that the parent is of
genotype k if it is known that the first offspring is of genotype /.

35. Prove that the conditional probability of a grandson (grandfather) to
be of genotype & if it is known that the grandfather {grandson) is of genotype
{ 18 given by

PE = pupu + papu + PusPor

[The matrix (p'%) is the square of the matrix (Pi).]

36.13 Show that p/2 is also the conditional probability that a man is of geno-
type & 1if it 1s known that a specified half-brother is of genotype /.

** The first edition contained an crror since the word brother (two common parents)
was used where a salf-brother was meant. This is pointed out in C. C. Li and Louis
Sacks, Biometrika, vol, 40 (1954), pp. 347-360.
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- 37. Show that the conditional probability of a man to be of genotype 4 when
it 1s known that a specified great-grandfather (or great-grandson) is of genotype
{ 1s given by
) — @ =
PR =p R + PEPw + P Ep = pap +Pupsl + popty-

[The matrix (p%) is the third power of the matrix (pir). This procedure gives
a precise meaning to the notion of the degree of family relationship.]

38. More generally, define probabilities p{ that a descendant o
generation is of genotype & if a specified ancestor was of genotype /. Prove
by induction that the p{r) are given by the elements of the following matrix:

£ oalan a1
i tie mth

PRt 2pg +qlg-p) 2t @ — gyant
PRIt 2pq + (L—4p)2* ¢ + g(p—g)2" ).
PR 2pg + plp 2t gt + g2

(This shows that the influence of an ancestor decreases from generation to

generation by the factor 1.)

39. Consider the problem 36 for a full brother instead of a half-brother.
Show that the corresponding matrix is

f{1+pP iq(l+p) ig?
\i-pii +p) Hi+pg Ig(i+gq) }
3p? ip(l+q) 3H1+g¢)?,

40. Show that the degree of relationShip between uncle and nephew is the same
as between grandfather and grandson.




CHAPTER VI

The Binomial

and the Poisson Distributions

1. BERNOULLI TRIALS!

Repeated independent trials are called Bernoulli trials if there are only
two possible outcomes for each trial and their probabilities vemain the same
Y PR SR SR R S Tt o vigiral v Ao it dle i o oL L L
ERLPOUEROUL A€ [ridis. 1118 USUdl 10 UETIOLE 1Ne 1WOo prodabpllties by p and
g, and to refer to the outcome with probability p as *“‘success,”” S, and to
the other as “faifure,” F. Clearly, p and ¢ must be non-negative, and

(1.1) p+g=1

The sample space of each individual trial is formed by the two points
S and F. The sample space of n Bernoulli trials contains 2" points or
successions of # symbols S and F, each point representing one possible
outcome of the compound experiment. Since the trials are independent,
the probabilities multiply. In other words, the probability of any specified
Sequence is the product obtained on replacing the symbols S and F by p

and q, respectively. Thus P{(SSFSF- - - FFS)} = ppapq - - + qqp.

Examples. The most familiar example of Bernoulli trials is provided
by successive tosses of a true or symmetric coin; here p = ¢ = §. If the
coin is unbalanced, we still assume that the successive tosses are independ-
ent so that we have a model of Bernoulli trials in which the probability p
for success can have an arbitrary value. Repeated random drawings from
an urn of constant composition represent Bernoulli trials. Such trials arise
also from more complicated experiments if we decide not to distinguish
among several outcomes and describe any result simply as A or non-A.
Thus with good dice the distinction between ace (S) and non-ace (F) leads

! James Bernoulli (1654-1705). His main work, the Ars conjectandi, was published
in 1713,

146
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to Bernoulli trials with p =i, whereas dis n or
odd leads to Bernoulli trldls with p = }. If the die is unbalanced, the
successive throws still form Bernoulli trials, but the corresponding prob-
abilities p are different. Royal flush in poker or double ace in rolling dice

may represent success; calling all other outcomes failure, we have Ber-

hngnlchlng between even or

noulli trials with p = and p = g, respectively. Reductions of

LA TAN
04%, /40

this type are usual in statistical applications. For example, washers pro-
duced in mass production may vary in thickness, but, on inspection, they
are classified as conforming (S} or defective (F) according as their thickness
is, or is not, within prescribed limits. >

The Bernoulli scheme of trials is a theoretical model, and only experience
can show whether it is suitable for the description of specified observations,
Our knowledge that successive tossings of physical coins conform to the
Bernoulli scheme is derived from experimental evidence. The man in the
street, and also the philosopher K. Marbe,? believe that after a run of
seventeen heads tail becomes more probable. This argument has nothing
to do with imperfections of physical coins; it endows nature with memory,
or, in our terminology, it denies the stochastic independence of successive
trials. Marbe’s theory cannot be refuted by logic but is rejected because of
lack of empirical support.

In sampling practice, industrial quality control, etc., the scheme of
Bernoulli trials provides an ideal standard even though it can never be
fully attained. Thus, in the above example of the production of washers,
there are many reasons why the output cannot conform to the Bernoulli
scheme. The machines are subject to changes, and hence the probabilities
do not remain constant; there is a persistence in the action of machines,
and therefore long runs of deviations of like kind are more probable than
they would be if the trials were truly independent. From the point of view
of quality control, however, it is desirable that the process conform to the
Bernoulli scheme, and it is an important discovery that, within certain
limits, production can be made to behave in this way. The purpose of con-
tinuous control is then to discover at an early stage flagrant departures
from the ideal scheme and to use them as an indication of impending
trouble. .

o

2. THE BINOMIAL DISTRIBUTION

- a1 PRpS. R ~E prrmemo oo
[‘ICL:ILI.C )«’ weg are lIlLCI'CbI.CU. UIU}" l[l LIie LUI.d.I. nuimoeg UJ. SUUCCCHRUS

produced in a succession of »n Bernoulli trials but not in their order.

* Die Gleichformigkeit in der Welr, Munich, 1916. Marbe’s theory found wide
acceptance; its most prominent opponent was von Mises.
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The number of successes can be 0,1, ..., n, and our first problem is to
determine the corresponding probabilities. Now the event *“» trials result
in k successes and n — k failures” can happen in as many ways as &
letters § can be distributed among » places. In other words, our event

contains (z) points, and, by definition, each point has the probability
P*q"*. This proves the

Theorem. Let b(k; n, p) be the probability that n Bernoulli trials with
probabilities p for success and q =1 — p for failure result in k successes
and n — k failures. Then

@n bk n, p) = (") g

\k/
In particular, the probability of no success is g, and the probability of at
Ieast one success is 1 — g™. >

We shall treat p as a constant and denote the number of successes in »
trials by S,; then b(k;n, p) = P{S, = k}. In the general terminology
S, is a random variable, and the function (2.1} is the “distribution’ of this
random variable; we shall refer to it as the hinomial distribution. The
attribute *binomial” refers to the fact that (2.1) represents the kth term
of the binomial expansion of (g+p)*. This remark shows also that

BO;n,py+ b(1;m,p) + +++ + b(n: n, p) = (g+p)" =1,

a

Examples. (a} Weldon's dice data. Let an experiment consist in
throwing twelve dice and let us count fives and sixes as “success.”” With
perfect dice the probability of successis p = % and the number of successes
should follow the binomial distribution b(k; 12, 4). Table 1 gives these
probabilities, together with the corresponding observed average fre-
quencies in 26,306 actual experiments. The agreement looks good, but for
such extensive data it is really very bad. Statisticians usually judge close-
ness of fit by the chi-square criterion. According to it, deviations as large
as those observed would happen with true dice only once in 10,000 times.

_—

*For n < 50, sec National Bureau of Standards, Tables of the binomial probability
distribution, Applied Mathematics Series, vol. 6 (1950). For 50 < n < 100, see
H. C. Romig, 50-100 Binomial tables, New York (John Wiley and Sons), 1953. Fora -
wider range see Tables of the cumuiative binomial probability distribution, by thc Harvard
Compulalion Laboratory, 1955, and Tables of the cumulative binomial probabilities, by
the Ordnance Corps, ORDP 20-11 (1952).
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Tanrre |1

WELDON’S DICE Data

Observed
k blk; 12, 4) frequency bk: 12, 0.3377)
0 0.007 707 0.007 033 0.007 123
1 0.046 244 0.043 678 0.043 584
2 0.127 171 0.124 116 0.122 225
3 0.211 952 0.208 127 0.207 736
4 0.238 446 0232418 0,238 324
5 0.190 757 0.197 445 0.194 429
6 0.111 275 0.116 589 0.115 660
7 0.047 689 0.050 597 0.050 549
8 0.014 903 0.015 320 0.016 109
9 0.003 312 0.003 991 0.003 6350
10 (.000 497 0.000 532 0.000 538
11 0.000 045 0.000 152 0.000 032
12 0.000 002 0.000 000 0.000 002

it is, therefore, reasonable to assume that the dice were biased. A bias with
probability of success p = 0.3377 would fit the observations.*

{6) In TV, 4, we have encountered the binomial distribution in connec-
tion with a card-guessing problem, and the columns b, of table 3 exhibit
the terms of the distribution for n =3, 4, 5, 6, 10 and p=n' In the

counancy or rathlarm T 74 - o Fanimd ann
U\.r\.,uyu. ¥ }JIUUI\.-IAL 1Ly 17T, l.,_} WE 1OUnac anoc

distribution with p = n—

(c) How many trials with p = 0.01 must be performed to ensure that
the probability for at least one success be § or greater? Here we seek the
smallest integer n for which 1 — (0.99)" > i, or —nlog(0.99) > log 2;
therefore # > 70.

3% A npvier cunnfe nen Crmim o 4T oy — 1IN wnarkers aras t
(i) A ponct )u})}n}! iU!UUtC."N JUppUsL that n = 1U workers are t

electric power intermittently, and we are interested in estimating the tota
load to be expected. For a crude approximation imagine that at any given
time each worker has the same probability p of requiring a unit of power.
If they work independently, the probability of exactly k workers requiring
power at the same time should be b(k; n, p) If, on the average, a worker
nnnnnnnnnnn Fram 19 P R, E L Tha mrahahility
(B Lo ) IJUW\.J. [0 12 IDinuies lJCJ. llULI.J. We WUL«LIU }Jul. IU = 5. 1lL puvuduiiiley

of seven or more workers requiring current at the same time 1s then

11Ce
L= 0 L

o

1 R. A. Fisher, Staristical methods for research workers, Edinburgh-London, 1932,
p- 66.
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5(7:10,0.2) + - - - 4 5(10; 10, 0.2) = 0.0008643584. 1In other words, if
the supply 1S adJusted to six power units, an overload has probablllty
0.00086 . . . and should be expected for about one minute in 1157, that i s,
about one minute in twenty hours. The probability of eight or more
workers requiring current at the same time is only 0. 0000779264 or about
eleven times less. _'

{¢) Testing sera or vaccines.® Suppose that the normal rate of infection
- of a certain disease in cattle is 25 per cent. To test a newly discovered
serum #z healthy animals are injected with it. How are we to evaluate the
result of the experiment? For an absolutely worthless serum the prob-
ability that exactly & ofthe n test animals remain free from infection may
be equated to b(k;n, 0.75). For k& = n = 10 this probability is about
0.056, and for &k = n = 12 only 0.032. Thus, if out of ten or twelve test
animals none catches infection, this may be taken as an indication that the
serum has had an effect, although it is not a conclusive proof. Note that,
without serum, the probability that out of seventeen animals at most one
catches infection is about 0.0501. 1t is therefore stronger evidence in favor
of the serum if out of seventeen test animals only one gets infected than if
out of ten all remain healthy. For n = 23 the probability of at most two
animals catching infection is about 0.0492, and thus two failures out of
twenty-three is again better evidence for the serum than one out of seven-
teen or none out of ten.

(f} Another statistical test. Suppose n people have their blood pressure
measured with and without a certain drug. Let the observations be
Tio. .. %, and 2, ..., 2. We say that the ith trial resulted in success if
z; < ¥, and in failure if @, > z;. (For simplicity we may assume that no
two measurements lead to exactly the same result.y If the drug has no
effect, then our observation should correspond to » Bernoulli trials with

P = %, and an excessive number of successes is to be taken as evidence

that the drug has an effect. >
3. THE CENTRAL TERM AND THE TAILS

From (2.1) we see that
blk; n, p) _(n—k+Dp _ 14 (n+1p — k
bk—1yn,p) kg kq '

Accordingly, the term &(k; n, p) is greater than the preceding one for
k < (n+1)p and is smaller for & > (n+1)p. If (n+1)p = m happens

(3.1)

* P. V. Sukhatme and V. G. Panse, Size of experiments for testing sera or vaccines,
Indian Journal of Veterinary Science and Animal Husbandry, vol. 13 (1943), pp. 75-82.
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tq be an integer, then &(m;n, p) = b(m — 1;n, p). There exists exactly
~one integer m such that
: _,’_(;2) (n+1)p — 1 <m < (n+1)p,

and we have the

Theorem. As k goes from O to n, the terms bk n,p) first increase
monotonically, then decrease monotonically, reaching their greatest value
when k = m, except that b(m—1;n, p) = b(m; n, p} when m = (n+1)p.

We shall call b(m;n,p) the central term. Often m is called “the
most probable number of successes,” but it must be understood that for
large values of »n all terms b(k; n, p) are small. In 100 tossings of a true
coin the most probable number of heads 1s 50, but 1ts probability 1s less
than 0.08. In the next chapter we shall find that b(m; n, p) is approxi-

mately 1/\;'J27rnpq.
The probability of having exactly r successes is less interesting than the
probability of at least r successes; that is,

(3.3) i P{S, > r} =§b(r+v; n, p)

{The series is only formally infinite since the terms with » > n—r vanish.)

We shall now derive gn upper bound for this probability which is useful

even though more sephisticated estimates will be found in the next chapter.

Suppose r > np. It is obvious from (3.1) that the terms of the series

in (3.3) decrease faster than the terms of a geometric series with ratio
1 — {(r—np)/rg, and so

(3.4) ,(1:}{- P(S, > r} < b(r; n, p)
- i-g ¥ — np

On the other hand, there are more than r — np integers k such that
- m < k < r. The corresponding terms of the binomial distribution add to

]r—\cc than n‘r‘n'hf and none 15 smaller f]'\':lﬂ f-n(y‘ no» Tt f‘nllnwc that fhlc:

llllllll Ly SLIIdiiCn (AR AL aRifii Liadin

quantity 1s at most (r—np)~', and hence

(3.5) P(S,>r < —2— if > np.
(r—np)

The same argument could be applied to the left tail, but no calculations are

necessary. In fact, saying that there are at most r successes amounts to

saying that there are at least » — r failures; applying the equivalent of

(3.5) for failures we see that

(3.6) P(s, < r} < =02 if r<np.
(np—")
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The next section will illustrate the usefuiness of these inequalities for
estimating the probability of large deviations from the most probable
value m1.

4. THE LAW OF LARGE NUMBERS

On several occasions we have mentioned that our intuitive notion of
probability is based on the following assumption. If in n identical trials
A occurs v times, and if n is very large, then »/n should be near the
probability p of A4. Clearly, a formal mathematical theory can never
refer directly to realp life, but it should at least provide theoretical counter-
parts to the phenomend which it tries to explain. Accordmgly, we require
that the vague introductory remark be made precise in the form of a
theorem. For this purpose we translate “identical trials” as “Bernoulli
trials’’ with probability p for success. If S, is the number of successes
in n trials, then 8,/n is the average number of successes and should be
near p. It is now easy to give a precise meaning to this. Consider, for
example, the probability that S,/n exceeds p + €, where € > 0 is
arbitrarily small but fixed. This probability is the same as P{S_, > n(p+e)}, -
and by (3.5) this is-ggeater than 1/(ne?). It follows that as n increases, \) (L

P, > a(pe)} — 0.
We see in the same way that P{S, < n(p—e¢)} — 0, and thus

(4.1) PI—Sﬂ—p‘<el—>I.
| |
In words: As n increases, the probability that the average number of
successes deviates from p by more than any preassigned e tends to zero.
This is one form of the law of large numbers and serves as a basis for the -
intuitive notion of probability as a measure of relative frequencies. For

practical applications it must be supplemented by a more precise estimate
of the nrnhf\hl]lf\f on the left side In (4.1); such an estimate is prn\;ldgd b}]

VLA iy [P W LA L 2 LW LR U 2 Y Saidil G s L

the normal apprommatlon to the bmomlal distribution [cf. the typical
example VII, (4.7)]. Actually (4.1) is a simple consequence of the latter
(problem 12 of ViI, 7).

The assertion (4.1} is the classical law of large numbers. It is of very

limited interest and should be replaced by the more precise and more useful
ctrane Joaw af Inyr)—a nu'r;n;']arl‘ fC,PP VTTT A\

SEPUTLL bty Uf dher g Sl

Warning. It is usual to read into the law of large numbers things which it
definitely does not imply. If Peter and Paul toss a perfect coin 10,000
times, it is customary to expect that Peter will be in the lead roughly half
the time. This is not true. In a large number of different coin-tossing

I

f‘*?\:f*
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games it is reasonable to expect that at any fixed moment heads will be in
the lead in roughly half of all cases. But it is quite likely that the player
who ends at the winning side has been in the lead for practically the whole
duration of the game. Thus, contrary to widespread belief, the time
average for any individual game has nothing to do with the ensemble

average at any given moment. For closer study of other unexpected and
paradox_ieal nrnnerhec of chance fluctuations the reader is referred to

L LS R Anabo L LI AL

chapter III, in partlcular to the discussion of the arc sine laws.

5. THE POISSON APPROXIMATION®

In many applieations we deal with Bernoulli trials where, comparatively
sneakmg n is ]arge and )2 is small, whereas the product

(5.1) /o= np

is of moderate magnitude. In such cases it is convenient to use an approxi-
mation to &(k: n, p) which is due to Poisson and which we proceed to
derive. For &k =0 we have

(5.2) b(O; 1, p) = (1= p)" = (1 - 4.

nr

Passing to logarithms and using the Taylor expansion I, (8.10), we find

(5.3) logb(o;n,p)=mog(1uﬁ)=_;L___.-.
n 2n

so that for large »
(5.4) bO; n, p) ~ e

where the sign = is used to indicate approximate equality (in the present
case up to terms of order of magnitude »~). Furthermore, from (3.1) it is
seen that for any fixed & and sufficiently large »

blk;n,p)  _ A—(k=L)p 7
bk—1;n, p) kg k-

(3-3)

From this we conclude successively that
b(1;n, p) ~ A+ b(O; n, p) ~ je ™
b(2; n, p) =~ 1A-b(1;n, py ~ 4%,

® Siméon D. Poisson {1781-1840). His book, Reckerches sur la probabilité des juge-
ments en matiére criminelle et en matidre civile, précedées des régles générales du calcul
des probabilités, appeared in 1837,
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and generally by induction
k

(5.6) blk; n, p) ~ % e,

This is the classical Peoisson approximation to the binomial distribution.”
In view of its great importance we introduce the notation

ko

C9) — A
(5.7) plk; ) = ¢ *k!.

With this notation p(k;A) should be an approximaticn to b(k; n, Aln)
when n is sufficiently large.

Examples. (a) Table 3 of IV 4 tabulates the Poisson probabilities (5.7)
with A = | and, for comparison, the binomial distributions with p = 1/n
and # = 3, 4, 5,6, 10. It will be seen that the agreement is surprisingly
good despite the small values of x.

(b) An empirical illustration. The occurrence of the pair (7, 7) among
100 pairs of random digits should follow the binomial distribution with
n =100 and p = 0.01. The accompanying table 2 shows actual counts,
N,, in 100 batches of 100 pairs of random digits.® The ratios N,./100 are

TaBLE 2
AN EXAMPLE OF THE POISSON APPROXIMATION

k bk ; 100, 0.01) plks 1) Ny
0 0.366 032 0.367 879 41
1 0.369 730 0.367 879 34
2 0.184 865 0.183 940 16
3 0.060 999 0.061 313 8
4 0.014 942 0,015 328 0
5 0.002 898 0.003 066 1
6 0.000 463 0.000 511 0
7 0.000 063 ' 0.000 073 0
8 (.000 007 (.000 009 0
9 0.000 001 0.000 001 0

The first columns illustrate the Poisson approximation to the binomial
distribution. The last column records the number of batches of 100 pairs of
random digits each in which the combination (7, 7) appears exactly k times.

? For the degree of approximation see problems 33 and 34,
* M. G. Kendall and Babington Smith, Tables of randem sampling numbers, Tracts
for Computers No. 24, Cambridge, 1940.
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compared with the theoretical binomial probabilities as well as with the
corresponding Poisson approximations. The observed frequencies agree
reasonably with the theoretical probabilities. (As judged by the -
criterion, chance fluctuations should, in about 75 out of 100 similar cases,
produce large deviations of observed frequencies from the theoretical
probabilities. )

(c} Birthdays. What is the probability, p,, that in a company of 500
people exactly & will have birthdays on New Year’s Day? If the 500
people are chosen at random, we may apply the scheme of 500 Bernoulli
trials with probability of success p = zi5. For the Poisson approximation
we put A= 48% = 1.3699....

The correct probabilities and their Poisson approximations are as
follows:

k 0 1 2 3 4 > 6
Binomial 0.2537 0.3484 0.2388 0.1089 0.0372 0.0101 0.0023
Poisson 0.2541 0.3481 0.2385 0.1089 0.0373 0.0102 0.0023

(Y Neofonts [
\aj ybjbbubb {tems. uu})t 03¢

quality control so that it is legmmate to apply the Bernoulli scheme of
trials. If the probability of a screw being defective is p = 0.015, then the
probability that a box of 100 screws does not contain a defective one is
(0.985)'% = 0.22061. The corresponding Poisson approximation is
e 1% = (0.22313 ..., which should be close enough for most practical
purposes. We now ask: How many screws should a box contain in order
that the probability of finding at least 100 conformirg screws be 0.8 or
better? If 100 + x is the required number, then « is a small integer. To
apply the Poisson approximation for » = 100 + z trials we should put
A= np, but np is approximately 100p = [.5. We then require the
smallest integer x for which

or -y
SCICWS dTC l.Jl.U L

sl 1.5, o (1.5

.8) e 1+ =4+
x!

1

n g
V.0,

\Y

In tables® we find that for z = 1 the left side is approximately 0.56, and
for z = 2 itis 0.809. Thus the Poisson approximation would lead to the
conclusion that 102 screws are required. Actually the probability of finding
at least 100 conforming screws in a box of 102 is 0.8022 .. . .

*E. C. Molina, Poisson’s exponential binomial limit, New York (Van Nostrand),
1942, [These arc tables giving p(k; 4} and p(k; 4) + plk+1; 4) + - -- for & ranging
from 0 to 100.]
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(¢) Centengrians. At birth any particular person has a small chance of
living 100 years, and in a large community the number of yearly births is
large. Owing to wars, epidemics, etc., different lives are not stochastically
independent, but as a first approximation we may compare » births to »
Bernoulli trials with death after 100 years as success. In a stable com-

munity, where neither size nor mortality rate changes appreciably, it is
reasonable to expect that the frequency of years in which exactly k

anie o Lilal UL IR Ul UL Wibgdls 111

centenarians die is approximately p(k, /.), w1th A depending on the size
and health of the community. Records of Switzerland confirm this
conclusion.*

(f) Misprints, raisins, etc. If in printing a book there is a constant
probability of any letter being misprinted, and if the conditions of printing

rarmain unchanoed. then we have as manv Bernoulli trials as there are

remain unchanged, then 1y Bernoulli trials as there
letters. The f'rei:]uency of pages containing exactly & misprints will then
be approximately p(k; A), where / is a characteristic of the printer.
Occasional fatigue of the printer, difficult passages, etc., will increase the
chances of errors and may produce clusters of misprints. Thus the Poisson
formula may be used to discover radical departures from uniformity or

from the state of statistical control. A similar argument applies in many
cases. Forexample, if many raisins are distributed in the dough, we should
expect that thorough mixing will result in the frequency of loaves with
exactly k raisins to be approximately p(k; A) with 2 a measure of the

density of raisins in the dough. >

6. THE POISSON DISTRIBUTION

In the preceding section the Poisson probabilities (5.7) appear nerely as
4 convenient approximation to the binomial distribution in the case of
lirge n and small p. In connection with the matching and occupancy
problems of chapter I'V we have studied different probability distributions,
which have lso led to the Poisson expressions p(k; A} as a limiting form.
We have here g special case of the remarkable fact that there exist a few
distributions of greatl universality which occur in a surprisingly great
variety of prablems. The three principal distributions, with ramifications
threughout probability theory, are the binomial distribution, the normal
distribution (to be introduced in the following chapter), and the Poisson

distribution

(6.1) plk; ) = 2L

which we shall now consider on its own merits.

YWE. I Gumbel, Les centenaires, Aktuarske Vedy, Prague, vol. 7 (1937), pp. 1-8.
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We note first that on adding the quantities (6.1) for k =0, 1,2, ... we
get on the right side e=* times the Taylor series for e* Hence for any
fixed A the quantities p(k; 1) add to unity, and therefore it is possible
to conceive of an ideal experiment in which p(k; 4} is the probability of
exactly &k successes. We shall now indicate why many physical experi-
ments and statistical observations actually lead to such an interpretation
of (6.1). The examples of the next section will illustrate the wide range and
the importance of various applications of (6.1). The true nature of the
Poisson distribution will become apparent only in connection with the
theory of stochastic processes (cf. the new approaches in XII,2 and
XVIL2).

Consider a sequence of random events occurring in time, such as radio-
active disintegrations, or incoming calls at a telephone exchange. Each
eventis represented by a point on the time axis, and we are concerned with
chance distributions of points. There exist many different types of such
distributions, but their study belongs to the domain of continuous prob-
abilities which we have postponed to the second volume. Here we shall be
content to show that the simplest physical assumptions lead to p(k; 2} as
the probability of finding exactly & points (events) within a fixed interval
of specified length. Our methods are necessarily crude, and we shall return
to the same problem with more adequate methods in chapters XII and
XVIIL

The physical assumptions which we want to express mathematically are
that the conditions of the experiment remain constant in time, and that
non-overlapping time intervals are stochastically independent in the sense
that information concerning the number of events in one interval reveals
nothing about the other. The theory of probabilities in a continuum makes
it possible to express these statements directly, but being restricted to
discrete probabilities, we have to use an approximate finite model and pass
to the limit.

Imagine a unit time interval partitioned into » subintervals of length
[/n. A given collection of finitely many points in the interval may be
regarded as the result of a chance process such that each subinterval has the
same probability p, to contain one or more points of the collection. A
subinterval is then either occupied or empty, and the assumed independ-
ence of non-overlapping time intervals implies that we are dealing with
Bernoulli trials: We assume that the probability for exactly & occupied
subintervals is given by b(k;n, p,). We now refine this discrete model
indefinitely by letting »-> oo. The probability that the whole interval
contains no point of the collection must tend to a finite limit. But this 1s
the event that no cell is occupied, and its probability 1s (1—p,)". Passing
to logarithms it is seen that this quantity approaches a limit only if ap,
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does. The contﬂ”lgency np, — oo Is excluded because it would imply
infinitely many points of the collection in even the smallest interval,
Accordingly our model requires that there exists a number 1 such that
np,— 4. 1n this case the probability of exactly & occupied subintervals
tends to p(k; 4), and since we are dealing with individual points, the
number of occupied cells agrees in the limit with the number of points of
the collection contained in our unit time interval, 1!

In applications it is necessary to replace the unit time interval by an
~interval of arbitrary length 7. If we divide it again into subintervals of
length [/n then the probabilities p, remain unchanged, but the number of
subintervals is given by the integer nearest to nt. The passage to the limit
1s the same except that A is replaced by At. This leads us to consider

k
(6.2) plk; Aty = e_”%
as the probability of finding exactly k points in a fixed interval of length t.
In particular, the probability of no point in an interval of length t is

AL
c ]

.
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and the probability of one or more points is therefore 1 — e=*%

The parameter A is a physical constant which determines the density
of points on the r-axis, The larger A is, the smaller is the probability
(6.3) of finding no point. Suppose that a physical experiment is repeated
a great number N of times, and that each time we count the number of
events in an interval of fixed length . Let N, be the number of times that
exactly k events are observed. Then

(6.4) Ne+ N+ N+ =N,

The total number of points cbserved in the N experiments is
(6.5) N+ 2N+ 3N+ -+ =T,

and T/N is the average. If N is large, we expect that

(6.6} Ny &~ Npk; A1)

11 Other possibilities are conceivable. Our model may be a reasonable approximation
in the study of automobile accidents, but it does not apply when one counts the number
of cars smashed rather than the number of accidenis as such, This is so beecause some
accidents involve more than one car, and so it is nccessary to consider single poifts,
doublets, triplets, ctc. In the limit we arc lcad to the compound Poisson distribution
of X11,2. From the point of view of more general processes onc could say that we are
counting only the number of jumps, but leave their magnitude out of consideration.
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(this lies at the root of all applications of probability and will be justified
and made more precise by the law of large numbers in chapter X}, Sub-
stituting from (6.6) into (6.5), we find

(6.7) T~ N{p(1; A0+2p(2; A)+3p(3; A+ -} =
= Ne —“xr1+1+(”) -l = NAt

and nence

(6.8) At ~ TIN.

This relation gives us a means of estimating /A from cbservations and
of comparing theory with experiments. The examples of the next section
will illustrate this point.

Spatial Distributions

We have considered the distribution of random events or points along
the r-axis, but the same argument applies to the distribution of points in
plane or space. Instead of intervals of length ¢ we have domains of area
or volume ¢, and the fundamental assumption is that the probability of
finding k& points in any specified domain depends only on the area or
volume of the domain but not on its shape. Otherwise we have the same
assumpticns as before: (1) if ¢ is small, the probability of finding more
than one point in a domain of volume ¢ is small as compared to ¢; (2)
non-overlapping domains are mutually independent. To find the prob-
ability that a domain of volume ¢ contains exactly & random points, we
subdivide it into # subdomains and approximate the required probability
by the probability of & successes in # trials. This means neglecting the
possibility of finding more than one point in the same subdomain, but our
assumption (1) implies that the error tends to zero as # — oc. In the limit
we get again the Poisson distribution (6.2). Stars in space, raisins in cake,
weed seeds among grass seeds, flaws in materials, animal litters in fields
are distributed in accordance with the Poisson law. See examples (7.5)
and (7.e).

7. OBSERVATIONS FITTING THE POISSON
DISTRIBUTION'®

(a) Radioactive disintegrations. A radioactive substance emits «-
particles; the number of particles reaching a given portion of space during

12 The Poisson distribution has become known as the law of small numbers or of
rarc cvents. These arc misnomers which proved detrimental to the realization of the
fundamental role of the Poisson distribution. The following examples will show how
misleading the two names are.
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time ¢ is the best-known example of random events obeying the Poisson
law. Of course, the substance continues to decay, and in the long run the
density of x-particles will decline. However, with radium it takes years
before a decrease of matter can be detected; for relatively short periods
the conditions may be considered constant, and we have an ideal realiza-
tion of the hypotheses which led to the Poisson distribution.

In a famous experiment® a radioactive substance was observed during
N = 2608 time intervals of 7.5 seconds each; the number of particles
reaching a counter was obtained for each period. Table 3 records the

TABLE 3
EXAMPLE (a): RADIOACTIVE DISINTEGRATIONS

k N.  Nplk; 3.870) 2 N.  Np(k; 3.870)

0 57 54.399 5 408 393.515

i 203 210.523 6 273 253.817

2 383 407.361 7 139 140.325

3 525 525.496 8 45 67.882

4 532 508.418 9 27 29.189
k> 10 16 17.075
Total 2608 2608.000

number N, of periods with exactly & particles. The total number of
particles is T = X kN, = 10,094, the average T/N = 3.870. The

theoretical values Np(k; 3.870) are seen to be rather close to the observed

A
numbers Nrk. To j'”*ge the closeness of ﬁu., an estimate of the ]_JI.UUd.UllC

magnitude of chance fluctuations is required. Statisticians judge the close-
ness of fit by the y%-criterion. Measuring by this standard, we should
expect that under ideal conditions about 17 cut of 100 comparable cases
would show worse agreement than exhibited in table 3.

(b) Flying-bomb hits on London. As an example of a spatial distribution

AF e i omatmte ramaidae tha ofafickire ~F .

Ul 1auu0|u }_}UlllLb COnNSIACT tng SLanstics o1 llyilIE'UUlllU lllLb lll LllC bUUL[l

of London during World War I1. The entire area is divided into N = 576
small areas of ¢= } square kilometers each, and table 4 records the
number N, of areas with exactly & hits.® The total number of hits is
T = > kN, = 537, the average Ar= 7/N = 09323 .... The fit of the

o

it e o
13 Ruthcrfﬂrd, Chudv‘v’lck and Ellis 5, Radations f;"Gm radivdactive substan Lari-

CEes,
bridge, 1920, p. 172. Table 3 and the y*estimate of the text arc taken from H. Cramér
Mathematical methods of statistics, Uppsala and Princeton, 1945, p. 436,

** The figures are taken from R. D. Clarke, An application of the Poisson distribution,
Journal of the Institute of Actuaries, vel, 72 {1946}, p. 48,
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Poisson distribution is surprisingly good; as judged by the yx*-criterion,
under ideal conditions some 88 per cent of comparable observations should
show a worse agreement. It is interesting to note that most people believed
in a tendency of the points of impact to cluster. If this were true, there
would be a higher frequency of areas with either many hits or no hitand a
deficiency in the intermediate classes. Table 4 indicates perfect randomness
and homogeneity of the area; we have here an instructive illustration of
the established fact that to the untrained eye randomness appears as
regularity or tendency to cluster.

TABLE 4
ExaMpLE (b): FLYING-poMB Hits oN LoNDON

k 0 1 2 3 4 5 and over
N, 229 211 93 35 7 1
N;D(k; 0.9323) 226,74 211,39 98,54 30.62 7.14 1.57

(¢) Chromosome interchanges in cells. Irradiation by X-rays produces
certain processes in organic cells which we call chromosome interchanges.
As long as radiation continues, the probability of such interchanges re-
mains constant, and, according to theory, the numbers N, of cells with
exactly k interchanges should follow a Poisson distribution. The theory
is also able to predict the dependence of the parameter 4 on the intensity
of radiation, the temperature, etc., but we shall not enter into these details.
Table 5 records the result of eleven different series of experiments,'
These are arranged according to goodness of fit. The last column indicates
the approximate percentage of ideal cases in which chance fuctuations
would produce a worse agreement (as judged by the y*standard). The
agreement between theory and observation is striking.

(d) Connections to wrong number. Table 6 shows statistics of telephone
connecticns to a wrong number.'® A total of N = 267 numbers was
observed; N, indicates how many numbers had exactly & wrong con-
nections. The Poisson distribution p(k; 8.74) shows again an excellent
fit. (As judged by the y®-criterion the deviations are near the median
value.) In Thorndike’s paper the reader will find other telephone statistics

'* D. G, Catcheside, D. E. Lea, and J. M. Thoday, Types of chromosome structural
change induced by the irradiation of Tradescantia microspores, Journal of Genetics,
vol, 47 {194546) nn. 113135, Our table is table IX of this paper, excent that the
vol. 47 (1945-46), pp. 113-136. Our table is table IX of this paper, I
y*levels werc recomputed, using_a single degree of frecdom,

1% The observations are taken from F. Thorndike, Applications of Poisson’s probability
summation, The Bell System Technical Journal, vol. 5 {1926), pp. 604-624. This paper

contains a graphical analysis of 32 different statistics.




TABLE 3

ExaMPLE (¢): CHROMOSOME INTERCHANGES INDUCED BY X-RAY

IRRADIATION

k
Al N AQ7T200%
NP, VA7 355)

4
223
s
[+
]
[R]
=J
-
LA
[4 SN =]
]
[
o=
LA

Experi- Cells with & interchanges A
. ment Total .lcvel
i ! N in per
~- number 0 1 5 >3 cent
1 Observed Ny, 753 266 49 5 1073 95
Np(k; 0.35508) | 7523 | 267.1 | 474 | 6.2
S
X
2 Observed N, 434 195 44 9 682 85
Nplk;045601) | 4323 | 1971 | 449 | 7.7
3 Observed N, 280 75 12 1 168 65
Np(k; 0.27717) 278.9 773 10,7 1.1
4 Observed N, 2278 273 15 0 2566 65
Np(k; 0.11808) | 2280.2 269.2 1 159 0.7
5 Observed Ny, 593 143 20 3 759 45
Np(k; 0.25296) 589.4 149.1 18.8 1.7
6 Observed N, 639 141 13 0 793 45
Np(k; 0.21059) | 642.4 | 1353 | 142 | 1.1
7 Ohserved N, 359 109 13 1 482 40
Nplk; 0.28631) 362.0 103.6 | 149 1.5
8 Observed N, 493 176 26 2 697 35
Np(k;033572) | 4982 | 1673 | 28.1 | 34
9 Observed N, 793 339 62 b} 1199 20
Np(k; 0.39867) 804.8 3208 | 64.0 9.4
10 Observed N, | 379 254 47 3 883 20
Np(k; 0.40544) | 588.7 [ 238.7 | 484 | 7.2
il Observed N, 444 252 5 756 5

162
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EXAMPLE (d): CONNECTIONS TO WRONG NUMRER

s RIS
1T AHiIE D

k Ny Np(k; 8.74) k Ny Np(k; 8.74)
0-2 1 2.05 11 20 24.34
3 5 4.76 12 18 17.72
4 11 10,39 13 12 11,92
5 14 18.16 14 7 7.44
6 22 26.45 15 6 4.33
7 43 33.03 =16 2 4.65
8 31 36.09 267 267.00
8 40 35.04
10 35 30.63

following the Poisson law. Sometimes (as with party lines, calls from
groups of coin boxes, etc.) there is an obvious interdependence among the
events, and the Poisson distribution no longer fits.
- {e) Bacteria and blood counts. Figure 1 reproduces a photograph of a
Petri plate with bacterial colonies, which are visible under the microscope
as dark spots. The plate is divided into small squares. Table 7 reproduces
the observed numbers of squares with exactly k& dark spots in eight
experiments with as many different kinds of bacteria.}” We have here a

! —L
o e s
| /] telre [N
| 4 [ Y
3.ea | 2%)01 "3 |e1
' . . \ 1 a |
+ [. [ ~
Heat| oy 1t el s s
LI L eis e !
;

Figure 1. Bacteria on a Petri plate.

7 The table is taken from J. Neyman, Lectures and conferences on mathematical

statistics {mimeographed), Dept. of Agriculture, Washington, 1938.
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TABLE 7
ExXAMPLE (e): COUNTS OF BACTERIA

o

Level

o
o=
—
[
L¥e)
Py
Lh
N
~]
"}

La
‘ol
d
Ty
]
e
o¥ |
i

[#.+]

~]

Observed N

Qo R
WAL Y LV

Poisson theor. 6.11 18.01 26.7| 264119.6{11.7| 9.5

W

Observed N, 26 40 38 17 7 66
Poisson theor. | 27.5| 42,2 32.5| 16.7| 9.1

Observed N, 59 86 49 30 20 26
Poisson theor. |55.6 | 82.2| 60.8| 30.0)15.4

Observed N, 83 134 135 101 40 16 7 63
Poisson theor, | 75.0 | 144,5 | 139.4 189.7 |43.3|16.7| 7.4

Observed N, 8 16 18 15 g 7 97
Poisson theor, 68| 16.2| 19.2] 15.1| 8.0| 6.7

Observed N, 7 11 11 11 7 8 53
Poisson theor. 391 104} 13.7] 120 79| 7.1

Observed N;, 3 7 14 21 20 |19 7 ] 85
Poisson theor, 2.1 82 158 20.2(195|15 9.6 | 9.6

Observed N, 60 80 45 16 9 78
Poisson theor. |62.6{ 758 | 45.81 18.5| 7.3

The last entry in each row includes the figures for higher classes and should be
labeled “£™ or more.”

representative of an important practical application of the Poisson dis-
tribution to spatial distributions of random points. >

8. WAITING TIMES. THE NEGATIVE
BINOMIAL DISTRIBUTION

Consider a succession of # Bernoulli trials and let us inquire how long
it will take for the rth success to turn up. Here r is a fixed positive integer.
The total number of successes in # trials may, of course, fall short of r,
but the probability that the rth success occurs at the trial number » < n
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is clearly independent of » and depends only on », r, and p  Since
necessarily v > r, it is preferable to write v = k + r. The probability
that the rth success vccurs at the trial number r + k (where k =0,1,...)

will be denoted by f(k;r, p). It equals the probability that exactly k
failures precede the rth success. This event occurs if, and only if, among
the r + &k — 1 trials there are exactly 4 failures and the following, or

(r+k)th, trial results in success; the corresponding probabilities are
r+k—1 -
X < p™¢* and p, whence
r+k_""1 r k
(8.1 arp =" e

Rewriting the binomial coefficient in accordance with I1,(12.4), we find
the alternative form

(8.2) flk;r, p) = (—;) r(—q), k=10,1,2,....

Suppose now that Bernoulli trials are continued as long as necessary for
r successes to turn up. A typical sample point is represented by & sequence
containing an arbitrary number, k, of letters F and exactly r letters S,
the sequence terminating by an §; the probability of such a point 1s, by
definition, p"g*. We must ask, however, whether it is possible that the
trials never end, that is, whether an infinite sequence of trials may produce

fewer than r successes. Now 3 f{k;r, p) is the probability that the rth
k=0

success occurs after finitely many trials; accordingly, the possibility of an
infinite sequence with fewer than r successes can be discounted if, and
only if, .

(8.3) S st p=1.
x=0
This Is so because by the binomial theorem

(8.4 > ()t =a-a7 =
k=03 K
Multiplying (8.4) by p" we get (8.3).

In our waiting time problem r is necessarily a positive integer, but the
quantity defined by either (8.1) or (8.2) is non-negative and (8.3) holds for
any positive r. For arbitrary fixed real r >0 and O <p <1 the
sequence {f(k;r,p)} is called a negative binomial distribution. It occurs
in many applications (and we have encountered it in problem 24 of V, as
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TABLE 8
THE PROBABILITIES (8.5) 1IN THE MATCH Box PROBLEM

r iy U, r i, U,
0 0.079 589 0.079 589 15 0.023 171 0.917 941
1 0.079 589 0,159 178 16 0.019 081 0.937 022
2 0.078 785 0.237 963 17 0.015 447 0.952 465
3 0.077 177 0.315 140 18 0.012 283 0.964 752
4 0.074 790 0.389 931 18 0.009 587 0.974 338
5 0.071 674 0.461 605 20 0.007 338 0.981 676
6 0.067 902 0.529 506 21 0.005 504 0.987 180
7 0.063 568 0.593 073 22 0.004 041 0.991 220
8 0.058 783 0.651 855 23 0.002 901 0.944 121
9 0.053 671 0.705 527 24 0.002 034 0.996 155
10 0.048 363 0.753 890 25 0.001 392 0.997 547
11 0.042 989 0.796 879 26 0.000 928 0.998 475
12 0.037 676 0.834 555 27 0.000 602 0.999 077
13 0.032 538 0.867 094 28 0.000 379 0,999 456

14 0.027 676 0.894 770 29 0.000 232 0.599 688

u, is the probability that, at the moment for the first time a match box is found
empty, the other contains exactly r matches, assuming that initially each box
contained 50 matches. U, =u, +u; + 4+ u, is the corresponding prob-
ability of having not more than r matches,

the limiting form of the Polya distribution). When  is a positive integer,
{flk;r.p)} may be interpreted as the probability distribution for the
waiting time to the rth success; as such it is also called the Pasca/ distribu-
tion. For r = 1 it reduces to the geomerric distribution {pg*}.

Examples. (a) The problem of Banach’s match boxesl® A certain
mathematician always carries one match box in his right pocket and one in
his left. When he wants a match, he selects a pocket at random, the suc-
cessive choices thus constituting Bernoulli trials with p = i. Suppose that
initially each box contained exactly N matches and consider the moment
when, for the first time, our mathematician discovers that a box is empty.

1* This example was inspired by a humorous reference to Banach’s smoking habits
made by H. Stcinhaus in an address honoring Banach, It became unexpectedly popular
in the literature and for this reason I leave the name unchanged. References to Banach’s
Oeuvres complétes are, of course, spurious.
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At that moment the other box may contain 0,1,2, ..., N matches, an
we denote the corresponding probabilities by u,. Let us identify “success”
with choice of the left pocket. The left pocket will be found empty at a
moment when the right pocket contains exactly r matches if, and only i,
exactly N — r failures precede the (N-1)st success. The probability of
this event is f(N—r; N+1, ). The same argument applies to the right

pocket and therefore the required probability is

F)

(8.5) U, = 2f(N—r: N+1, 1 = (ZN—?’)z_z.wr.

Numerical values for the case N = 50 are given in table 8. (Cf. problems
21, and 22, and problem 11 of 1X,9).

(6) Generalization: Table tennis. The nature of the preceding problem
becomes clearer when one attributes different probabilities to the two
boxes. For a change we interpret this variant differently. Suppose that
Peter and Paul play a game which may be treated as a sequence of
Bernoulli trials in which the probabilities p and ¢ serve as measures for
the players’ skill. In ordinary table tennis the player who first accumulates
21 individual victories wins the whole game. For comparison with the
preceding example we consider the general situation where 2» 4+ [ indi-
vidual successes are required. The game lasts at least 2» + 1 and at most
4» 4+ [ trials. Denote by g, the probability that Peter wins at the trial
number 4» + 1 — r. This event occurs if, and only if, in the first 4y — r
trials Peter has scored 2v successes and thereafter wins the (2v+1)st
trial. Thus

. 5

(86) a, = (4?—?") p2v+1q2v—r-
2v

In our game a, + - - + g,y Is the probability that Peter wins. The
probability that the game ends exactly at the trial number 4» + 1 — r
is given by «, + b,, where 6, is defined by (8.6) with p and ¢ inter-
changed.

If we put 2v = N and p =g = {, the probabilities a, + b, reduce
to the probabilities », of the preceding example. >

9. THE MULTINOMIAL DISTRIBUTION

The binomial distribution can easily be generalized to the case of »
repeated independent trials where each trial can have one of several
outcomes. Denote the possible outcomes of each trial by £, ..., £, and
suppose that the probability of the realization of £, in each trial is
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p: i=1,...,r). For r =2 we have Bernoulli trials; in general, the
numbers p, are subject only to the condition

9.1) pptr+p=1, pi 2 0.

The result of » trials is a succession like E,E\E,.... The probability

] +
ky times, E, occurs k, times, etc., is

fy ke By Ky,
9.2) PRPRERTRTIECEC G
here the k; are arbitrary non-negative integers subject io the obvious
condition

(9.3) ki +kg+- 4+ k=n

If r = 2, then (9.2) reduces to the binomial distribution with p, = p,
p:=¢, ky=~k, ky=n— k. The proof in the general case proceeds
along the same lines, starting with II, (4.7).

Formula (9.2) 1s called the multinomial distribution because the right-
hand member is the general term of the multinomial expansion of
(p1+ -+ - +p,)" Its main application is to sampling with replacement when
the individuals are classified into more than two categories (e.g., according
to professions).

Examples. (a) In rolling twelve dice, what i§ the probability of getting
each face twice? Here Ej, ..., E; represent the six faces, all k, equal
2,and all p; equal §. Therefore, the answer is 12! 27%6-12 = 0.0034 .. ..

(b) Sampling. Let a population of N elements be divided into sub-
classes £,,..., E, of sizes Np,, ..., Np,. The multinomial distribution
gives the probabilities of the several possible compositions of a random
sample with replacement of size # taken from this population.

(c) Multiple Bernoulli trials. Two sequences of Bernoulli trials with
probabilities of success and failure py, q,, and p,, ¢go, respectively, may
be considered one compound experiment with four possible outcomes in
each trial, namely, the combinations (S, S), (S, F), (F, S), (F, F). The
assumpticn that the two original sequences are independent is translated
into the statement that the probabilities of the four outcomes are pyp,,
P, q1P2: G1qe, respectively. If ki, ky, &y, k4 are four integers adding to
n, the probability that in n trials §§ will appear k, times, SF k,
times, etc., 1s

n! Eytke, Kyt kg oyt kot ky
(9.4) RTATATR A R




VI1.10} PROBLEMS FOR SOLUTION 169

A specia

defective with probabilities p and 4. It may or may not be inspected with
corresponding probabilities p’ and ¢'. The decision of whether an item
is inspected is made without knowledge of its quality, so that we have
independent trials. (Cf. problems 25 and 26, and problem 12 of IX, 9.)

pection. An item is conforming or

1. Assuming all sex distributions to be equally probable, what proportion
of families with exactly six children should be expected to have three boys and
three girls?

2. A bridge player had no ace in three consecutive hands. Did he have
reason to complain of ill luck ?

3. How long has a series of random digits to be in order for the probability
of the digit 7 appearing to be at least 1% ?

4, How many independent bridge dealings are required in order for the
probability of a preassigned player having four aces at least once to be 3 or
better? Solve again for some player instead of a given one.

5. If the probability of hitting a target is £ and ten shots are fired independently,
what is the probability of the target being hit at least twice?

6. In problem 5, find the conditional probability that the target is hit at least
twice, assuming that at least one hit is scored.

7. Find the probability that a hand of thirteen bridge cards selected at random
contains exactly two red cards. Compare it with the corresponding probability
in Bernoulli trials with p = }. (For a definition of bridge see footnote 1,inI, 1)

8. What is the probability that the birthdays of six people fall in two calendar
months leaving exactly ten months free? (Assume independence and equal
probabilities for all months.)

9. In rolling six true dice, find the probability of obtaining {a) at least one,
{b) exactly ane, (c) exactly two, aces. Compare with the Poisson approxXimations.

10, If there are on the average 1 per cent left-handers, estimate the chances
of having at least four left-handers among 200 people.

11. A book of 500 pages contains 500 misprints. Estimate the chances that
a given page contains at least three misprints.

i2. Colorblindness appears in 1 per cent of the people in
How large must a random sample (with replacements) be if the probability of
its containing a colorblind person is to be 0.95 or more?

13. In the preceding exercise, what is the probability that a sample of 100
will contain (a) no, (§) two or more, colorblind people?

14. Estimate the number of raisins which a cookic should contain on the
average if it is desired that not more than one cookie out of a hundred should be

without raisin.
" : , 1
15. The probability of a royal flush in poker is p = 549,740 How large

has »n to be to render the probability of no royal flush in » hands smaller than
lje ~ §? (Note: No calculations are necessary for the solution.)
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16. A book of n pages contains on the average 2 misprints per page. Esti-
mate the probability that at least one page will contain more than & misprints.

17. Suppoese that there exist two kinds of stars (or raisins in a cake, or flaws
in a material). The probability that a given volume contains j stars of the first
kind is p(j; a), and the probability that it contains k stars of the second
kind is p(k; b); the two events are assumed to be independent. Prove that
the probability that the volume contains a total of » stars is p(n; a+b).

3 A o+l e o TS Y
{Interpret the asscrtion and the assumptions abstractly.)

18. A traffie problem. The flow of traffic at a certain street crossing is described
by saying that the probability of a car passing during any given second is a con-
stant p; and that there is no interaction between the passing of cars at different
seconds. Treating seconds as indivisible time units, the mode! of Bernoulli
trials applies. Suppose that a pedestrian can cross the street only if no car is to
pass during the next three seconds. Find the probability that the pedestrian
has to wait for exactly & =0, 1, 2, 3, 4 seconds. {The corresponding general
formulas are not obvious and will be derived in connection with the theory of
success runs in XIII, 7.)

19. Two people toss & true coin » times each. Find the probability that
they will score the same number of heads.

20. In a sequence of Bernoulli trials with probability p for success, find the
probability that a successes will occur before b failures. (Note: The issue is
decided after at most a + b — 1 trials. This problem played a role in the
classical theory of games in connection with the question of how to divide
the pot when the game is interrupted at a moment when one player lacks a
points to victory, the other & points.)

21. In Banach’s match box problem [example (8.4)] find the probability that at
the moment when the first box is emptied (not found empty) the other contains
exactly r matches (where r = 1,2, ..., N).

22. Continuation. Using the preceding result, find the probability z that
the box first emptied is not the one first found to be empty. Show that the

2
expression thus obtained reduces to = = ( )2—2N—1 or }{Nm)~%, approxi-
mately. N

23. Proofs of a certain book were read independently by two proofreaders
who found, respectively, &k, and k; misprints; k), misprints were found by
both. Give a reasonable estimate of the unknown number, », of misprints in the
proofs. (Assume that proofreading corresponds to Bernoulli trials in which
the two proofreaders have, respectively, probabilities p; and p, of catching a
misprint. Use the law of large numbers.)

Note: The problem describes in simple terms an experimental setup used

by Rutherford for the count of scintillations. -

24. To estimate the size of an animal! population by trapping!® traps are
set 7 times In succession. Assuming that each animal has the same probability
g of being trapped; that originally there were » animals in all; and that the
only changes in the situation between the successive settings of traps are that

¥ P. A. P, Moran, 4 mathematical theory of animal irapping, Biometrika, vol. 38
(1951), pp. 307 311.
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animals have been trapped (and thus removed); find the probability that
the r trappings yield, respectively, ny, ns, ..., n, animals.

25. Multiple Bernoulli trials. In example (9.¢) find the conditional prob-
abilities p and g of (S, F) and (F, S), respectively, assuming that one of these
combinations has occurred. Show that p > & or p < }, according as p; > pp
or p, > pi.

26. Continuation™ 1f in n pairs of trials exactly m resulted in one of the
combinations (S, £) or (F, S), show that the probability that (S, F) has
occurred exactly & times 1s b(k; m, p).

27. Combination of the binomial and Poisson distributions. Suppose that the
probability of an insect laying r eggsis p(r; 1) and that the probability of an
egg developing is p. Assuming mutual independence of the eggs, show that
the probability of a total of & survivors is given by the Poisson distribution
with parameter Zp, :

Note: Another example for the same situation: the probability of k& chromeo-
some breakages is p(k; 7), and the probability of a breakage healing i1s p.
[For additional examples of a similar nature see IX, (1.4) and XII, 1.]

28. Prove the theorem:*1 The maximal term of the multinomial distribution
{9.2) satisfies the inequalities

(10.1) np; — 1 <k; <{n+r—Dpy, i=12,...,r

Hint: Prove first that the term is maximal if, and only if, pk;, < pik;+1)
for each pair (i, j). Add these inequalities for all j, and also for all 7 # J.

29. The terms p(k; #) of the Poisson distribution reach their maximum
when k is the largest integer not exceding 4.

Note: Problems 30-34 refer to the Poisson approximation of the hinomial
distribution. It is understood that 1 = np,

30. Show that as £ goes from 0 to = the ratios a, = blk; n, piptk; A)
first increase, then decrease, reaching their maximum when k is the largest
integer not exceeding 1 + 1.

31. As k increases, the terms b(k; n, p) are first smaller, then larger, and
then again smaller than p(k; 4).

32, If » > o and p —0 so that np = 4 remains constant, then

blk,n, p) ~~plk; 7)
uniformly for all k.

® A Wald, Sequential tests of statistical }:)porheses, Ann. Math. Statist., vol. 16
1945), p. 166. Wald uses the results given above to devise a practical method of
comparing two empirically given sequences of trials (say, the output of two machines),
with a view of selecting the one with the greatcr probability of success. He reduces this
problem to the simpler onc of finding whether in a sequence of Bernoulli trials the
frequency of success ditfers significantly from #.

21 In the first edition it was only asserted that [k,-—np,-| < r. The present improve-

ment and its elegant proof are due to P, A. P. Moran,
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33, Show that

K i ok FL: k k i n—fk

34, Conclude from (10.2) that

)

(102)

bl

10.3) plics Dekdin > blk; n, p) > plk; De W Hn—E=22/tn—2)

Hint: Use 1, (12.26). :

Note: Although (10.2) is very crude, the inequalities (10.3) provide excellent
error estimates. It is easy to improve on (10.3) by calculations similar to those
used in 11, 9. Incidentally, using the result of problem 30, it is obvious that the
exponent on the left in (10,3) may be replaced by ma/n which is <(p+nHa.

Further Limit Theorems

35. Binomial approximation to the hypergeometric distribution. A population
of N elements is divided into red and black elements in the proportion p:gq
(where p 4 g = 1). A sample of size n is taken without replacement. The
probability that it contains exactly k& red elements is given by the hyper-
rEf::f(’)metric distribution of I, 6. Show thatas N -» o this probability approaches

e ey
LA, L, }/}.

36. In the preceding problem let p be small, » large, and 2 = np of mod-
erate magnitude. The hypergeometric distribution can then be approximated by
the Poisson distribution p(k; 4). Verify this directly without using the binomial
approximation,

37. In the negative binomial distribution {f(k; r, p)} of section 8§ let g—0
and r - « in such a way that rg = 4 remains fixed. Show that

flk;r, p) ~plk; 7).

{(Note: This provides a lunit theorem for the Polya distribution: cf. problem 24
of V, 8))

38. Multiple Poisson distribution. When n 1s large and np; = 7, is moderate
for j = 1,...,r — 1, the multinomial distribution (9.2) can be approximated by

Kijaka oo k&
i) FRST IS VL
L I A .

e~thre AR N
K- Kg! He !

Prove also that the terms of this distribution add to unity, (Note that prob-
lem 17 refers to a double Poisson distribution.)

39. {a) Derive (3.6) directly from (3.5) using the obvious relation
blk;n, p) = bln—k;n, q).

{#) Deduce the binomial distribution both by Induction and from the general
summation formula 1V, (3.1).

40. Prove 3 kblk;n, p) = np, and 3 k*b(k; n, p) = np? + npg.
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41. Prove Y kPplk; 1) = 32 + A,
42, Verify the identity

k
(10.4) Z b(v; ny, pyblk —v; ng, p) = blk; ny +ra, p)
y=0

and interpret it probabilistically. Hint: Use 1T, (6.4).
Note: Relation (10.4) is a special case of convolutions, to be introduced in
chapter XI; another example is (10.5).

43, Verify the identity

[
(10.5) ZP(V Mplk —v»; Ay = plk; 4 +4,)
44. Let -
(10.6) Blkinp) =3 b(v; m, p)
v=0

be the probability of at most & successes in » trials. Then

(10.7) Bk; n+1, p) = Blk; n, p) — pblk; n, p),
Bk+1;n+1,p) = Blk;n, p} + gblk+1; 1, p).
Verify this (a) from the definition, (#) analytically.
45. With the same notation??

M ')

(10.8) Bk;n,p) =(n —k)(k)J. 1 — Nk dt
0
and
P N /” _1 m_z-_1 1.

(10.9)

— Blk;n, p) = kk}J{U Ldi

Hint: Integrate by parts or differentiate both sides with respect to p. Deduce
one formula from the other.

46. Prove

1 oo
(10.10) pO; 2y + -+ pln; 1) = — Jf e %™ dz.
ntJ,

2% The integral in (10.9) is the incomplete beta function. Tables of 1 — B(k; n, p) to
7 decimals for & and # upto 50 and p = 0.01,0.02,0.03, ... are given in K. Pearson,
Tables of the incomplete beta function, London (Biometrika Office), 1934,




CHAPTER VII

The Normal Approximation

to the Binomial Distribution

The normal approximation to the binomial distribution is of consider-
able theoretical and practical value. It played an important role in the
development of probability theory because it lead to the first limit theorem.
From a modern point of view it is only a special case of the central limit
theorem to which we shall return in chapter X, but whose full treatment
must be postponed to volume 2.

The special case p = ¢ was used in chapter IT] to obtain limit theorems
for first passages, the number of changes of sign, etc. This special case is
particularly simple, and is therefore treated separately in section 2.

1. THE NORMAL DISTRIBUTION

In order to avoid later interruptions we pause here to introduce two
functions of great importance.

Definition. The function defined by

(1.1) n(r)y = L ¢t
‘\.'/2?'}"

is called the normal density function; ils integral

r

(1.2) Wa) = —= | ¥ ay

The graph of n{z) is the symmetric, bell-shaped curve shown in figure 1.
Note that different units are used along the two axes: The maximum of

n(x) is 127 = 0.399, approximately, so that in an ordinary Cartesian
174
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system the curve y = n(x) would be much flatter. [The notations n and
N are not standard. In the first two editions the more customary ¢ and
® were used, but in volume 2 consistency required that we reserve these

letters for other purposes.]

Lemma 1. The domain bounded by the graph of n(z} and the z-axis has’

unit area, that is,

+o
(1.3) [Tn@ds =1
Proof. We have
+w@ 2 +o o
(1.4) { R i) = | nen dzay =
+ow 4+ P
N — i J. e—%(x +4} dx dy.
27T —00
This double integral can be expressed in polar coordinates thus:
2r ==} 2 & a 2 Y
(1.5) ﬁi ‘. dﬁ[‘ et e gr = r et rdr=—_et | =1
LT 4D Jo Jo io
which proves the assertion. _ »

It follows from the definition and the lemma that N(z) increases
steadily from 0 to 1. Its graph (figure 2) is an S-shaped curve with

(1.6) _ MW—2x) = 1 — N(x).

Table 1 gives the values® of J(z) for positive z, and from (1.6) we get
N(—x).

For many purposes it is convenient to have an elementary estimate of
the “tail,”” 1 — N(x), for large x. Such an estimate is given by

Lemma 2. As z—
(1.7} 1 — Yz} ~ 2~ In(x);
more precisely, the double inequality
(1.8) [zt —z%n(z}) < 1 — Nz} < 27 'nx)
holds for every « > 0. (See problem 1.)

! For larger tables cf. Tubles of probubility functions, vol. 2, National Bureau of
Standards, New York, 1942. There n{z} and )} — M(—=x) are given to 15 decimals
for = from 0 to 1 in steps of G.0001 and for & > 1 in steps of 0.001.

* Here and in the sequel the sign ~ is used to indicate that the ratio of the two
sides tends to one.
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~, -

Proof. Obviously R o
(1.9) [1=3z"4n(z) < n(z) < [14+22n(z).
The members are the negatives of the derivatives of those in (1.8}, and so
(1.8) follows by integration between z and co. »

Note on Terminology. The term distribution Junction is used in the mathematical
literature for never-decreasing functions of & which tend to 0 as z — —o0, and to
l as z — co. Statisticians currently prefer the term cumulutive distribution Sfunction,
but the adjective “cumulative” is redundant. A density function is a non-negative
function f{(z) whose integral, extended over the entire x-axis, is unity. The integral
from —o to x of any density function is a distribution function. The older term
frequency function is a synonym for density function,

The normal distribution function is often called the Gaussian distribution, but it was

used in probability theory earlier by DeMoivre and Laplace, If the origin and the

unit of measurement are changed, then N(z) is transformed into N((z—a)fp); this
function is called the normal distribution function with mean & and variance &* {or

standard deviation ||). The function 29(xV'2) — 1 is often called error function.

2. ORIENTATION: SYMMETRIC DISTRIBUTIONS

We procee )
proximation to the binomial with p = }.

There are two reasons for treating the special case p = % separately.
First, the calculations are much simpler and therefore convey a better
idea of how the normal distribution enters the problem. Second, this
special case was used in connection with random walks (see I11,2), and it is
therefore desirable to supply a proof which is not obscured by the tech-
nicalities required for unsymmetric distributions.

For definiteness we take n = 2v even, and to simplify notations we put

(2.1) a;, = b(v+k; 2v, 1);

N
S
[
P
=

that is, the a, are the terms of the symmetric binomial distribution
renumbered so as to indicate the distance from the central term; a, is the
central term, and & runs from —v to » Since a_, = g, we shall
consider only £ > 0.

(In the notation of chapter 111 we have a, = p,, ; the following proof
does not depend on notions developed after 11,2 and could be inserted
there.)

To get an idea concerning the behavior of the sequence a,, a,, as, . . .
we shall compare its general term with g, using the relation

Cvy=1)- - (y—k+1)
© D +2) - (v k)

which follows trivially from the definition.

(2.2) a, = a
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o

W d only in lar Tge values of

We are interested only in v, and it will turn out that we
need consider only values & such that k/v is small, because for other &
the terms g, will be negligible, On dividing numerator and denominator
by #* the individual factors take on the form 1 + j/» with j running

from —(k—1) to k. Now

EILE SRR

Y
L+ =&
v

—
(%]
o

where the dots indicate terms which add to less than (jf»)2. Within this
approximation the fraction in (2.2) reduces to an exponential with
exponent

. kK
At tle—D] — = ===,
v ¥

\ell\)

and the error is less than k%/»%. Accordingly, if v— oo and k varies
within a range 0 < & < K such that '

0.4 K0 b L -

we have the approximation

2

(2.5) Ay ~age * 1,

When the binomial coeflicient is expressed in terms of factorials it is seen
from Stirling’s formula® I1,(9.1) that

_{(\y 1

dp
¥ ~ T
Substituting into (2.5) we get
(2.7) a, ~ hn(kh) -‘ where h = /2]y = /\/n

; e

® Note on the constant in Stirling’s formula. It will be recalled from 11

have not yet proved that the constant in Stirling’s formula coincides with V2x. We
now fill this gap as follows. The constant = in (2.6) must be replaced by an unknown
constant; this does not affect the approximation theorem except that the right side in
(2.10) must be multiplied by an unknown constant ¢, and we have to prove that
¢ = 1. We use the amended form with z, = 0. The ratio of the two sides tends to 1
as n — co. But the tail estimate VI,(3.5) shows that the left side lies between % and

i — 492_2 whereas for the right side (1 Q‘. vieldes the double ineagualits
El

Las Al GIML L L.0) Yiodlds LD dbiacal u\.\.iuu.ubjr

e > c[Mzy)—3] = de — o[l — Niz)] > bc — enlzy)fz,.

For z, sufficiently large the two sides ace arbitrarily close to 4 and to #c, respectively,
and hence ¢ =1 as asserted.
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This basic relation iy valid when v — oc and k
k < K, satisfying (2.4). We shall use (2.7) principally for values & of th
order of magnitude of +/», and then (2.4) is trivially satisfied.

In practice we require approximations for the probabilities carried by
various intervals, that is, to partial sums of the form?

9

(2.8) Az, z)= 3 a,
LR

the summation extending over all integers between 0 and =z, inclusive.
We now show how A(x) can be approximated by an area under the graph
of n which, in turn, can be expressed in terms of the integral RN. Because
of the monotone character of n it is clear that the area under the
Eranh of 1 between kh and (k+1Dh is ﬂmal]er than h'n(kh] hn‘r ]aropr

than An((k+1)4). Tt follows that _"" L 7;..-__..,;'\ g
roh+h .
(2.9) [‘ n(s)yds < Y hn(kh) <f n(s) és
e Ey Th—h

In view of (2.9) the middle term is an approximation to A(x,, z,); it is
good when » is large and A%/v moderate, that is, when # is small and
xh moderate. The two extreme membersin(2.9)equal R(z.hi+k) — N(z, k)
and N(z,h) — N(zs—h), respectively; their difference tends to 0 with
h, and so we can replace them by R(z,h) — Nz, h).

We express this result in the form of a limit theorem, but replace the
variable x by z = zh.

Approximation Theorem. For fixed z, < z,

(2.10) D g N — Nz,

kzl\/ﬁékﬁ-%zgv"ﬁ

We shall see presently that this result extends meaningfully to certain
sitnations in which 2, and =z, are allowed to vary with »n without
remaining bounded. Note that the limit theorem of III, (2.7) is contained
in (2.10), and that this is only a special case of the general theorem of the
next section.

Bounds for the Error. We need not concern ourselves with the error committed in
replacing the sum by an integral because {2.9) contains upper and lower bounds.

1t We refrain from referring to 8, because this letter appears in different meanings
in chapters 11l and V1. In the terminology of random walks A(x,, x;) is the proba-
bility that at epoch n = 2v the particle is between 22, and 2x,; in the present
terminology A(x,, z,) is the probability that # = 2v; trials yield a number of successes
between v + x; and v + z., In the next secticn this number will be again denoted
by S,.
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T ecgtitnate the arror in tha a
4l wino ermoer It i a

rovimation 2. 7Y wa nnar
esiima roximalion {£./p w

e put
(2.11) ay = ape * 1 = Im(kh)e®1—%

so that e, represents the error committed by droppmg the higher-order terms in (2. 3)
while €, derives from (2.6). From our derivation it is clear that

(2.12) o= Sog 2 2 (g (1452 K
AT T TN

The error estimates are most interesting for relatively small », and to cover such cases
we shall assume only that & < yv. Comparing the expansion II, (8.11) with a geometric
serles with ratio 1/3 it is seen that the general term in the series in (2,12) is positive and
is less than (j/»)®. The whole series is therefore positive and less than k%/(4+%). From
I1,(8.9) it is similarly seen that the last term is negative and greater than —3k%/(4v%).
Thus

Jk? 244
(2.13) - <a<—, provided k < n.
. on n

In most applications & and Vn are of comparable magnitude, and the condition

k < nf6 is then trivally satisfied. Under such circumstances (2.13) is rather _sharp.
As for (2.6), it follows from the |mprnvpd version of Qnrlmgq formula IT(9, 1%": that

Viidh

a better approximation for a, is obtained on multiplying the right side by e”“'”, and
that under any circumstances

1 1 1 1

2.14 — - e < — .
(2.14) m 20w < T e

We have thus found precise bounds for the error in the approximations (2.7} and (2.10).
These estimates are applicable even for relatively small values of n.

The main result of this investigation is that rhernercen_fgge ervor in (2.7) is of the order
k*n® or k*n’, whichever is larger. In practice the estimate is usually applied when
k*n is large, and in this case the relative error is of the order &%/n®, Our estimates
also point the way how to improve the approximation by appropriate correction terms
(problem 14).

3. THE DEMOIVRE-LAPLACE LIMIT THEOREM

We proceed to show how our approximations can be extended to the
general binomial distribution with p 7 4. The procedure is the same, but
the calculations are more involved. The first complication arises in
connection with the central term of the distribution. As we saw in VI,
(3.2), the index m of the central term is the unique integer of the form

(3.1) m=unp -+ 8 with —g < 6 < p.

The quantity ¢ will be ultimately neglected, but it occurs in the calcula-
tions. (In the case p = % this was avoided by assuming n = 2» even.)




VI1I1.3] THE DEMOIVRE-LAPLACE LIMIT THEOREM 183

Ag ir tha mramadi- PR
£ I Le precoda

distribution and write

H

Ak, —m—k
mat k)p g :

(3.2) a, = b(m+k; n, p) = (

For definiteness we consider k > 0, but the same argument applies to
k < 0. (Alternatively, the range &k < 0 is covered by interchanging p
and g.) In analogy with (2.2) we have now

(3.3) o = g mmn—m—1) - - - (n—m—k+1)p*
: (A D(m42) - (makd®

This can be rewritten in the form

(3.4) a, = a, (I—pto)(1—pty) - - - (1—pt;_,)
(I+qt)(1+qt) - - - (1+qt 1)

where we put for abbreviation

(3.5) . ZM.
(n+1)pq

We shall use (3.4) only for values of k for which #; is small, say #, < 3.
From the Taylor expansion I1,(8.9) for the logarithm it is then clear that

(3.6) _ L=pt _ v
1 + gt
where the omitted quantity is in absolute value less than 7. Thus
(3?) a, = aue"(fo+"'—i~l‘k—1:‘+"-
where the dots indicate a quantity that is in absolute value less than®
kr?::?—l < ka/(“P?)g- Now
tk(k—1) + k(04
(3.8) IU+I1+"'+&_1=2( ) ( Q)_
(n+1)pq

simplicity we replace the right side by k%/(2npg) thereby committing
1 - Yy LYT-BR T
L r\'.lr ¥ ¥

1
T if wa writa
Ly Y1LL

s g T
Viigg . aiius, &

2
(39) a, = ane—k f[2nﬂa)+ﬂk’

5 We shall be satisfied with very rough bounds for the error term.
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the error term p, satisfies the inequality

K® 2k
(3.10) lox| < st
(npq)* npg
We next show that
(3.11) gy =~ a1
" om (n—m)! \-/2fmpq ’

which generalizes the analogous relation (2.6) in the symmetric case. In
the ideal case where p = m/n the estimate (3.11) is an immediate conse-
quence of Stirling’s formula I1,(9.1). A straightforward differentiation
shows that the middle term in (3.11) assumes its maximum when p = m/n.
For given m we need consider only values of p such that (3.1) holds, and
the minimum of a, is then assumed at one of the endpoints, that is, for
p =mj/(n+1) or p=(m+1){(n+1). With these values for p a direct
application of Stirling’s formula again leads to (3.11) except that n is
replaced by n + 1. It follows that (3.11) holds for all possible values of
p. If we put for abbreviation

(3.12) h=— !

v npq
then (3.9) shows that
(3.13) a;, ~ hm{kh)

provided only that k varies with » in such a way that p, — 0. We have
thus proved

Theorem 1. If n— oo and k is constrained to an interval k< K,
such that K3 {n® — 0, then (3.13) holds® uniformly in k; that is, for every
€ > 0 and n sufficiently large '

ax - 1

m(kly 0 ©

(3.14) 1 —e<

Example. Figure 3 illustrates the case # =10 and p =% where

npg = 1.6. Considering that » Is extremely small the approximation
seems surprisingly good. For k =0, ..., 6 the probabilities b(k; n, p)
are 0.1074, 0.2684, 0.3020, 0.2013, 0.0880, 0.0264, 0.0055. The corre-
sponding approximations {3.13) are 0.0904, 0.2307, 0.3154, 0.2307, 0.0904,
0.0189, 0.0021. >

8 When & varies with » in such a way that k%{n* — o the normal approximation
is replaced by a limit theorem of a different type; see problems 13 and 15.
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| | |

0 1 2 3 4 5 6

Figure 3. The normal approximation to the binomial distribution. The step function
gives the probabilities 5(k; 10, §) of & successes in ten Bernoulli trials with p = &,
The continuous curve gives for each integer & the corresponding normal approximation.

The main application of theorem 1 is to obtain approximations to
probabilities of the form

p—m

B
(3.15) Plo <S8, <B=>hrv,n,p)= 2 a,.

v=a k=a—m
Within the range of applicability of theorem 1 we obtain a good approxi-
mation when we replace a, by Mn(kk). This quantity may be interpreted
as the area of a rectangle with height n(kh) whose basis is an interval of
length A centered at ki (see figure 3). As usual we replace the area of the
rectangle by the corresponding area between the z-axis and the graph of
n; asis well known, the error thus committed is negligible in the limit when
h— 0. When « and # are integers we arrive thus at the approximation
(3.16) Pla <8, < 8} ~ N{(a—m-+1Hn) — W(B—m—

R

b

Yh).

It is advisable to use the normal approximation in this form when % is
only moderately small and the greatest possible accuracy is desired. For
the final formulation, however, it is preferable to replace the arguments
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n the ri
niger

o —np nilkand » —¢ 4 PR Y A
3 W — i/ ji d naz —\p )R,
the error introduced by this simplification obviously tends to zero with 4.

We have thus proved the fundamental

Q

Theorem 2. (DeMoivre-Laplace limit theorem.) For fixed’ z, and
2, S N—> O

(G17)  Plp+avnpg < S, < nptan/ngp} — Nz — N,).

Besides being of theoretical importance this theorem justifies the use of
the right side as an approximation to the left. From (3.10) it is easy to
obtain good estimates of the error, but we shall not dwell on this pomt
Practical examples will be found in the next section.

The limit relation (3.17) takes on a more pleasing form if S, is replaced
by the reduced number of successes S¥ defined by

S—np

\/”Pq

(3.18) S¥ =

- neasuring the deviations of 8, from #mp in units of
\/ npq. In the terminology of random variables (chapter IX) #p would be
called the expectation, and npqg the variance of S,. (The square root

Vnpq is the standard deviation.) The inequality on the left side in (3.17)
is the same as 2z, < S} <z, and hence we can restate (3.17) in the form

(3.19) Pz < Sy < 2y — N(za) — Nezy).

In most cases we shall refer to the limit theorem in this form. It shows, in
particular, that for large » the probability on the left is practically
independent of p. This permits us to compare fluctuations in different
series of Bernoulli trials simply by referring to our standard units.

Note on Optional Stopping

It is essential to note that our approximation theorems are valid only if the number
n of trials is fixed in advance independently of the outcome of the trials. If a pambler
has the privilege of stopping at a moment favorable to him, his ultimate gain cannot
be judged from the normal approximation, for now the duration of the game depends
on chance. For every fixed n it is very improbable that S¥ is large, but, in the long
run, even the most improbable thing is bound to happen, and we shall see that in a
continued game SF is practically certain to have a sequence of maxima of the order of

magnitude ) log log 7 (this is the law of the iterated logarithm of VIII, 5).

? It is obvious from theorem 1 that this condition can be weakened., See also section 6
as well as problems 14 and 16.
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4. EXAMPLES

{a) Let p =% and n = 200. We consider P{95 < 8, < 105}, which

is the probability that in 200 tosses of a coin the number of heads deviates

from 100 by at most 5. Here 4 = 1/4/50 = 0.141421 - - - is relatively
large, and it pays to be careful about the limits of the interval. The use of

Pl B B 4.} . P . U
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P{95 < S, < 105} ~ N(5.5h) — N(—5.5h) =
— 29(0.7778 - - -y — 1 = 0.56331.

The true value is 0.56325 . .. . The smallness of the error is due largely to
the symmetry of the d.str;bution

() Let p=+4 and n=500. Here &= 1//45=0.14907.. ..
Proceeding as before we get

P{50 < S, < 55} v N(5.58) — N(—0.5k) =
= TU(5.5h) + N(0.5k) — 1 = 0.3235 - - -

against the correct value 0.3176 . ... The error is about 2 per cent.

{c) The probability that S_ lies within the limits np + 2\f;npq is about
N(2) — N(—2) = 0.9545, for np + 3/npg the probability is about
0.9973. It is surprising within how narrow limits the chance fluctuations
are likely to lie. For example in 10° tosses of a coin the probability that
the number of heads deviates from the mean 500000 by more than 1000
is less than 0.0455,

(d) Let » =100, p = 0.3. Table 2 shows in a typical example (for
relatively small 7) how the normal approximation deterlorates as the
interval («, #) moves away from the central term. RS

(e) Let us find a number a such that, for large n, the inequality
[S*[ > a has a probability near 4. For this it is necessary that

Nla) — N(—a) =3

or Ma) = 2. From tables of the normal distribution we find that
a = 0.6745, and hence the two inequalities

(4.1) IS, — np| < 0.6745npg and S, — np| > 0.6745v/npg

are about equally probable. In particular, the probability is about } that
in n tossings of a coin the number of heads lies within the limits
in + 0.33?\/14, and, similarly, that in » _throws of a die the number of
aces lies within the interval {n 4= 0.251\/n.
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TaABLE 2
COMPARISON OF THE BINOMIAL DISTRIBUTION FOR r = 100,
p = 0.3 AND THE NORMAL APPROXIMATION

Number of Normal Percentage
SUCCeSSes Probability approximation error
9 <5, <11 0.000 006 0.000 03 +400
12 <5, <14 0.000 15 0.000 33 +100
15 <58, <17 0.002 01 0.002 83 +40
18 £ .5, <20 0.014 30 0.015 99 +12
21 €5, <23 0.059 07 0.058 95 0
24 < 5, <26 0.148 87 0.144 47 -3
27 < S, €29 0.237 94 0.234 05 —2
31 €85, €33 0.230 13 0.234 05 +2
34 <5, <36 0.140 86 0.144 47 +3
37 <85, €39 0.058 89 0.058 95 0
40 < S, <42 0.017 02 0.015 99 - —6
43 < 5, < 45 0.003 43 G.002 83 —18
46 < 5, <48 0.000 49 0.000 33 —-33
49 < 5, <51 0.000 05 0.000 03 —40

(f) A competition problem. This example illustrates practical appli-
cations of formula (3.17). Two competing railroads operate one train
each between Chicago and Los Angeles; the two trains leave and arrive
simultaneously and have comparable equipment. We suppose that =
passengers select trains independently and at random so that the number
of passengers in each train is the outcome of n Bernoulli trials with
p = % If a train carries s < n seats, then there is a positive probability
f(s) that more than s passengers will turn up, in which case not all
patrons can be accommodated. Using the approximation (3.17), we find

(4.2) Fs) 1 — sn(zs \/E ”).

If 5 is solarge that f(s) < 0.0, then the number of seats will be sufficient

in 00 Aaut of 100 cases, More m‘nPrﬂ"v the combpanv mav decide on an
1in 77 Ul O UV Cabls,. Vil gelciall Ule COINDEILY ay acclae o1 an

arbitrary risk level « and determine s so that f(s) < a. For that
purpose it suffices to put

(4.3) s > Mnt1./n),
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where 7, is the root of the equation « = 1 — (z,), wifich can be found
from tables. For example, if n = (000 and « = 0.0l, then 1, =~ 2.33
and s = 537 seats should suffice. If both railroads accept the risk level
o = 0.01, the two trains will carry a total of 1074 seats of which 74 will be
empty. The loss from competition (or chance fluctuations) is remarkably
small. In the same way, 514 seats should suffice in about 80 per cent of all
cases, and 549 seats in 999 out of 1000 cases.

Similar considerations apply in other competitive supply problems.
For example, if m movies compete for the same » patrons, each movie
will put for its probability of success p = 1/m, and (4.3) is to be replaced

by s > m'n+1,v/n(m—1)]. The total number of empty seats under this
system is ms — n & 1,5/n(m—1). For « = 0.01, n = 1000, and m = 2,

3, 4, 5 this number is about 74, 105, 126, and 147, respectively. The loss
of efficiency because of competition is again small.

(g) Random digits. In example I1, (3.a) we considered n = 1200 trials
with p = 03024 and an average of 0.3142 successes per trial. The

discrepancy is ¢ = 0.0118. Here

P{i;"—‘ — pi > s} = P{[S, — np| > en} ~

~ P{|S, — np| > 0.880vnpq} ~ 2(1 — N(0.88)) ~ 0.379.

This means that in about 38 out of 100 similar experiments the average
number of successes should deviate from p by more than it does in our
material.

(k) Sampling. An unknown fraction p of a certain population are
smokers, and random sampling with replacement is to be used to determine
p- Itis desired to find p with an error not exceeding 0.005. How large
should the sample size » be?

Denote the fraction of smokers in the sample by p". Clearly no sample
size can give absolute guarantee that |p’ — p| < 0.005 because it is
conceivable that by chance the sample contains only smokers. The best
we can do is to render an error exceeding the preassigned bound 0.005
very improbable. For this purpose we settle for an arbitrary confidence
level «, say « = 0.95, and choose » so large that the event |p" — p| <
< 0.005 will have a probability >a«. Since np’ can be interpreted as the
number of successes in » trials we have

(4.4) P{lp’ — pl < 0.005} = P{[S, — np| < 0.005n}

and we wish to choose »n so large that this probability is >=. From the
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tables we first find the number 2z, for which Nz,) — M(—2) = =
Relying on the normal approximation it is then necessary to choose n so

0.005vn

Vrq
probability p, but we have under any circumstances pg < %, and so @
sample size n > 10,0002 should suffice.

For the confidence level o = 0.95 we find 2, = 1.960 and hence a
sample size of n = 40,000 would certainly suffice. A sample of this size
would be costly, but the requirement that {p" — p| < 0.005 is exceedingly
stringent. If it is only required that [p” — p[ < 0.01, a sample size of
10,000 will suffice (on the same confidence level). The so-called accuracy to
four percentage points means theevent [p’ — Pl < 0.045 and requires only
a sample size of 475: On the average only five out of one hundred random
samples of this size will result in an estimate with a greater error. (The
practical difficulty is usually to obtain a representative sample of any size.)

>

large that 2 %, or n 2> 40,000pgz®. This involves the unknown

5. RELATION TO THE POISSON APPROXIMATION

The error of the normal approximation will be small if npg is large.
On the other hand, if » islarge and p small, the terms &(k; n, p) will be
found to be near the Poisson probabilities p(k; 2) with 4 = np. For small
4 only the Poisson approximation can be used, but for large 2 we can
use either the normal or the Poisson approximation. This implies that for
large values of 1 it must be possible to approximate the Poisson distri-
bution by the normal distribution, and in example X, {1.¢) we shall see
that this is indeed so (cf. also problem 9). Here we shall be content to
iltustrate the point by a numerical and a practical example.

Examples. (@) The Poisson distribution with 7 = 100 attributes to
the set of integers a,a + 1, ..., b the probability

P(a, b) = pla; 100) 4+ pla+1;100) + - - - + p(b; 100).

This Poisson distribution may be considered as an approximation to the
binomial distribution with »# = 100,000,000 and p = 10" Then
npg ~ 100 and so it is not far-fetched to approximaté this binomial
distribution by the normal, at least for values close to the central term 100.
But this means that P(a, &) is being approximated by

T((B—99.5)/10) — 9i((a—100.5)/10).




VIL.S] RELATION TO THE POISSON APPROXIMATION 191

The following sample gives an idea of the degree of approximation.

Correct values Normal apprommatlon
P(85, 90) 0.113 84 0.110 49
P(90, 95) (0.184 85 0.179 50
P(95, 105) 0.417 63 0.417 68
P90, 110) 0.706 52 0.706 28
P(110, 115) 0.107 38 0.110 49
P(115, 120) 0.053 23 0.053 35

(b) A relephone trunking problem. The following problem is, with some
simplifications, taken from actual practice.® A telephone exchange A is
to serve 2000 subscribers in a nearby exchange B. It would be too

1mctall 2N teisml-liman o n T+
expermm and extravagant to instail 2000 trunklines frfom A to B. It

suffices to make the number N of lines so large that, under ordinary
conditions, only one out of every hundred calls will fail to find an idle
trunkline immediately at its disposal. Suppose that during the busy hour
of the day each subscriber requires a trunkline to B for an average of 2
minutes. At a fixed moment of the busy hour we compare the situation to
a set of 2000 trials with a piuuauuuy 7= 3— in each that a line will be
required. - Under ordinary conditions these trials can be assumed to be
independent (although this is not true when events like unexpected showers
or earthquakes cause many people to call for taxicabs or the local news-
paper; the theory no longer applies, and the trunks will be “jammed”’).
We have, then, 2000 Bernoulli trials with p = 5%, and the smallest
number N is required such that the probability of more than N “‘suc
cesses”” will be smaller than 0.01; in symbols P{S,000 = N} < 0.01.

For the Poisson approximation we should take A = 233 ~ 66.67,
From the tables we find that the probability of 87 or more successes is
about 0.0097, whereas the probability of 86 or more successes is about
0.013. This would indicate that 87 rrunklines should suffice. For the
normal approximation we first find from tables the root = of 1 — N(z) =
= 0.01, which is x = 2.327. Then it is required that

(N—}—np)|Nnpg > 2.327.

Since n = 2000, p = 3%, thismeans N > 67.17 4 (2.327)(8.027) &~ §5.8.
Hence the normal approximation would indicate that 86 trunklines should

suffice.

8 E. C. Molina, Probability in engineering, Electrical Engineering, vol. 54 (1935),
pp. 423-427, or Bell Telephone System Technical Publications Monograph B-854.
There the problem is treated by the Poisson method given in the text, which is preferable
from the engineer’s point of view.
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For practical purposes the two solutions agree. They vyield further
useful information. For example, it is conceivable that the installation
might be cheaper if the 2000 subscribers were divided into two groups of
1000 each, and two separate groups of trunklines from 4 to B were
installed. Using the method above, we find that actually some ten
additional trunklines would be required so that the first arrangement is
preferable. 'S

*6. LARGE DEVIATIONS

The DeMoivre-Laplace theorem describes the asymptotic behavior of
P{z; < S* < z,} for fixed 2z; and z,. From its derivation it is clear that

gy R PRI Y 7 e F waa

the theorem applies also when 2z, and z, are permitted to vary with »
in such a way that z; — oo, provided that the growth is sufficiently slow.
In this case both sides in (3.17) tend to 0, and the theorem is meaningful
only if the ratio of the two sides tends to unity. The next theorem shows to
what extent this is true. To simplify the formulation the double inequality
z; < 8% <z, is replaced by S¥ > z,. This is justified by the following

lemma, which shows that when 2, — o the upper limit z, plays no role.

Lemma. If x,— oo then for every fixed® n > 0

P(S; >z, + 71}

6.1 ,
e P{S; > z,}

that is, :
(6.2) Ple, <SS! < v, +n}~PSE >z}

In other words: When S* exceeds z, it is likely to be very close to

z,, and larger values play no role in the limit.

n?

Proof. With the notation (3.2) for the binomial distribution we have

(63) P{S:: > xn} = zarn--}-w P{S: > Ty + 7}} = Zaﬁn"l'-u’
v=il v=0

where r, and s, are integers that differ at most by one unit from
r.Nnpg and (xﬂ+n)\frr{—;;_g:, respectively. Now it 1s obvious from (3.4)

* The theorem of this section is in general use, but in this volume it will be applied

only in VII, 4 and VIII, 5.
® The proof will show that it suffices that a,n — 2. For a stronger and more

interesting version see problem 18,
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that for large n

a k
64) B <1 —E e
k #
and hence
(6.5) Dsnty < e—(sn—fn?fn-"n < e—%nwﬂ ve
arn—.—v

By assumption x, — oo, and so the terms of the second series in {6.3) tend
to become negligible in comparison with the corresponding terms of the
first series. >

We are now in a position to extend the limit theorem as follows.

Theorem. If x, — oo in such a way that x3/\ n—>0, then ]

(6.6) P{S) > z,} ~1 — %(x,). e S

In view of (1.7) the asymptotic relation (6.6) is fully equivalent to

o 1 1 L s
(6.7) l’{b’ > xn} —_— e g T,
\f2w o

Proof. In view of the preceding lemma and theorem 3.1

(6.8) P{S*. 2 Tp) ~ Z hn(kh)é, .

* k=ry Mo X
/Y w2

where r, is an integer such thaf lroh — z,| < h. The sum on the right

therefore lies between I — Nz, —2h)z\and 1 — N(=x,+2k). For the

‘--.

difference of these two quantities we get,‘using (1.7), [~V (22
(6.9) Nz, 4+28) — Nz, —2h) < dm(z,—20) —0, -
and so the sum in (6.8) is ~1 — Yi(z,), as asserted. >

For generalizations see problems 14 and 16.

7. PROBLEMS FOR SOLUTION

1. Generalizing (1.7), prove that

(7.1) 1 — WYzy ~ =

V2

1-3---(2k—1
+ 2B
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and that for = > 0 the richt side cverestimates 1 — WY if iz even. and
uuuuuuuu VoM LIElil sl PLETESLTIHIESY 1 )L A DS LYRLL, dllld
underestimates if k is odd.
2. For every constant a > 0
1 — Nz +alx
(7.2) -———-—( =) — g
I — M=)

as T — oo,

3. Find the probability that among 10,000 random digits the digit 7 appears
not more than 968 times.

4. Find an approximation to the probability that the number of aces obtained
in 12,000 rollings of a die is between 1900 and 2150,

5. Find a number & such that the probability is about 0.5 that the number
of heads obtained in 1000 tossings of a coin will be between 490 and k.

P Ao oy Fam e tTe P b d e Fotmnnlap frs g 4% vt

6. A Smupu., is taken in order to find the fraction j of femalesina Po ulation.
Find a sample sizc such that the probability of a sampling error less than 0,005
will be 0.89 or greater.

7. In 10,000 tossings, a coin fell heads 5400 times. Is it reasonable to assume:
that the coin is skew ?

8. Find an approximation to the maximal term of the trinomial distribution

1

", . —
ETri(n—k—n1 PP =P=pd™

9. Normal approximation 10 the Poisson distribution. Using Stirling’s formula,
show that, if 4~ — o, then for fixed o« < §

(7.3) > plk; 7)) = B — ().

Aray A<k<A+ 34/ 2

10. Normal approximation to the hypergeometric distribution. Let n,m, k be
positive integers and suppose that they tend to infinity in such a way that

r H
—f
n -+ m

(7.4) - 7, —q, hik—rp} >z

»

n4m n—+m

where b = 1/V(n + mpgi(1 — ). Prove that

A [ B

Hint: Use the normal approximation to the binomial distribution rather than
Stirling’s formula.

11. Normal distribution and combinatorial runs® In 11, (11.19) we found that
in an arrangement of » alphas and sm betas the probability of having exactly

1A, Wald and J, Wolfowitz, On a test whether two samples are from the same popu-
lation, Ann. Math. Statist., vol. 11 (1940}, pp. 147-162. For more general results, see
A. M, Mood, The distribution theory of runs, ibid., pp. 367-392,




VIIL.7] PROBLEMS FOR SOLUTION 195

k runs of alphas is

o ()

Let n — 0, m— o sothat (7.4) holds. Forfixed « < 5 the probability that the

number of alpha runs lics between ng + «g \/pn and ng + fq \/pn tends to
RE) — N(a).

12, A Hew Ifﬂrtﬂnhnn nf the Iaw nf ‘L-

s
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numbers of VI, 4 from the de Moivre-Laplace

Limit Theorems for Large Deviations

13. Using the notations of section 3 show that if & varies with » in such a
way that k%n®—0, then

! ) s N %3 Toa ey - 1
(7.7 Gy =blk +m n, p) ~ hnikh) - ¢\ P 0SRE h=—xw.
Vpg

This generalizes theorem 3.1.

14. Using the preceding problem and the lemma of section 6 prove the
following

Theorem. If =, varies with n in such a way that zijn -0 but z, — w,
then

(7.8) P{S* > x,} ~ [1 —N(z,)]e— (P~ 0=+ npe).
15. Generalization of problem 13. Put

@9 f@) = E P 1(—91))"— A%V — P — - ‘fxsh +P I_;qsz"‘hz

where h = I/V’npg. If k varies with n in such a way that &/n — 0 then
(7.10) Gy ~ hn(kh) - e—TikR)

[When &%n® — 0 this reduces to theorem 3.1; when k%n® — 0 we get (7.7);
when k5/n* —0 we get (7.7) with a fourth- degrec term added in the exponent,
ete.]

16. Generalization of problem 14. If x, varies with n in such a way that
%, = @ but z,{Vin —~0, then
7. P{Sn = xn} ~— [1' _m(xn}]e ’

—

1
1

o~
R

When z}/n — 0 this reduces to (7.8). When z3/n? one may replace f(z,¥)
by the fourth -degree polynomial appearing on the right in (7.9), etc.

17. If p > g then P{S} >z} > P{S} < —z} for all large . Hint: Use
problem 15.

18. If z, = o and x,/Vn —0 show that

(7.12) Pz, <8f <@, + afz,; ~ (1 —e)P{ST > z,}.
In words: The conditional probability of the event {S; >, + afx,} given

that S¥ > x, tends to e™®. (A weaker version of this thcorcm was proved by
Khmtchme)




CHAPTER VIII*

Unlimited Sequences

of Bernoulli Trials

This chapter discusses certain properties of randomness and the im-
portant law of the iterated logarithm for Bernoulli trials. A different
aspect of the fluctuation theory of Bernoulli trials (at least for p = 3
is covered in chapter IIL. '

1. INFINITE SEQUENCES OF TRIALS

In the preceding chapter we have dealt with probabilities connected
with n Bernoulli trials and have studied their asymptotic behavior as
n— oo. We turn now to a more general type of problem where the
events themselves cannot be defined in a finite sample space.

Example. A problem in runs. Let « and § be positive integers, and
_consider a potentially unlimited sequence of Bernoulli trials, such as
tossing a coin or throwing dice. Suppose that Paul bets Peter that a run of
% consecutive successes will occur before a run of § consecutive failures.
It has an intuitive meaning to speak of the event that Paul wins, but it
must be remembered that in the mathematical theory the term event
stands for “‘aggregate of sample points” and is meaningless unless an
appropriate sample space has been defined. The model of a finite number
of trials is insufficient for our present purpose, but the difficulty is solved
by a simple passage to the limit. In » trials Peter wins or loses, or the
game remains undecided. Let the corresponding probabilities be 2, ¥, 2,
(x, + v, + 2, = 1). Asthe number a of trials increases, the probability
z. of a tie can only decrease, and both =z, and y, necessarily increase.

Hence z = limz,, ¥y = limy,, and z=limz, exist. Nobody would

* This chapter is not directly connected with the material covered in subscquent
chapters and may be omitted at first reading.

196
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hesitate to call them the probabilities of Peter’s ultimate gain or loss or of
a tie. However, the corresponding three events are defined only in the

sample space of infinite sequences of trials, and this space is not discrete.

The example was introduced for illustration only, and the numerical values of
Zny Yu, %y arc not our immediate concern. We shall return to their calculation in
example X111, (8.5). The limits =z, ¥, z may be obtained by a simpler method which is
applicable to more gencral cases. We indicate it here because of its importance and
intrinsic interest,

Let 4 be the cvent that a run of « consecutive successes occurs before a run of
consecutive failures. In the event A Paul wins and = = P{4). If « and v are the
conditional probabilitics of 4 under the hypotheses, respectively, that the first trial
results in success or failure, then = = pu + qv [sec V, (1.8)]. Suppose first that the
first trial results in success. In this case the event 4 can occur in x mutually ex-
clusive ways: (1 ‘The fﬂl]nWlﬂg o — 1 trials result in successes; the hrnl’mhlhf\} for

Ials Teslll 11 SUCCCESCS praedaq

this is p“—l. (2) The first failurc occurs at the »th trial where 2 < v < o Let this
event be H,. Then P{H,} = p**g, and P{4| H,} = v. Hence (using once more thc
formula for compound probabilities)

(1.1} u=p gl +pt - +po2) = p*t 4 ol —p= .
If the first trial results in failure, a similar argument leads to
(12) v =pu(l+q+ - +¢7) = ull =" ).
We have thus two equations for the two unknowns # and v and find for x = pu + gv
1 —gf

— =l
(-9 TP g gt

To obtain ¥ we have only to interchange p and ¢, and o and ,8.' Thus

1 —p*
(1.4) y =g ,
q ch—l + qﬁ—l _Pz—-lgﬂ—l

Since z + ¥ =1, we have z = 0 the probability of a tie is zero.

For cxample, in tossing a coin (p = }) the probability that a run of two heads
appears before a run of three tails is 0.7; for two consecutive heads before four con-
sccutive tails the probability is £, for three consecutive heads before four consecutive
tails 33. In rolling dice there is probability 0.1753 that two consecutive aces will appear
before ﬁve consecutive non-aces, etc. >

In the present volume we are confined to the theory of discrete sample
spaces, and this means a considerable loss of mathematical elegance. The
general theory considers # Bernoulli trials only as the beginning of an
infinite sequence of trials. A sample point is then represented by an
infinite sequence of letters S and F, and the sample space is the aggregate
of all such sequences. A finite sequence, like SSFS, stands for the
aggregate of all points with this beginning, that is, for the compound event
that in an infinite sequence of trials the first four result in S, §, F, S,
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respectively. In the infinite sample space the game of our example can be
interpreted without a limiting process. Take any point, that is, a sequence
SSFSFF.... Initarunof « consecutive S’s may or may not occur.
If it does, it may or may not be preceded by a run of § consecutive F’s.
In this way we get a classification of all sample points into three classes,
representing the events “Peter wins,” “Peter loses,” ““no decision.” Their
probabilities are the numbers z, y, 2, computed above. The only trouble
with this sample space is that it is not discrete, and we have not yet defined
probabilities in general sample spaces.

Note that we are discussing a question of terminology rather than a
genuine difficulty. In our example there was no question about the proper
definition or interpretation of the number x. The trouble is only that for
consistency we must either decide to refer to the number z as “the limit
of the probability z, that Peter wins in » trials” or else talk of the event
“that Peter wins,” which means referring to a non-discrete sample space.
We propose to do both. For simplicity of language we shall refer to
events even when they are defined in the infinite sample space; for
precision, the theorems will also be formulated in terms of finite sample
spaces and passages to the limit. The events to be studied in this chapter
share the following salient feature of our example. The event “Peter wins,”
although defined in an infinite space, is the union of the events “Peter wins
at the nth trial” (n = 1, 2, .. .), each of which depends only on a finite
number of trials. The required probability z is the limit of a monotonic
sequence of probabilities z, which depend only on finitely many trials.
We require no theory going beyond the model of n Bernoulli trials; we
merely take the liberty of simplifying clumsy expressions? by calling certain

numbers probablhtles instead of using the term “limits of probabilities.””

2. SYSTEMS OF GAMBLING

The painful experience of many gamblers has taught us the lesson that
no system of bettine is successful in improvine the sambler’s chances. If

ey e a1 LY B e T T e A T 1= AT

the theory of probability is true to life, this experience must correspond
to a provable statement.

For orientation let us consider a potentially unlimited sequence of
Bernoulli trials and suppose that at each trial the bettor has the free choice

! For the reader familiar with pcncral measure theary the situation may he described
as follows. We consider only events which cither dcpcnd on a finite number of trials or
are limits of monotonic sequences of such events. We calculatc the obvious limits of
probabilitics and clearly require no measure theory for that purpose. But only general
measure theory shows that our limits are independent of the particular passage to the

limit and are completcly additive,
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of whether or not to bet. A “system” consists in fixed rules selecting those
trials on which the player is to bet. For example, the bettor may make up

his mind to bet at every seventh trial or to wait as long as necessary for
seven heads to occur between two bets. He may bet only following a head
run of length 13, or bet for the first time after the first head, for the second
time after the first run of two consecutive heads, and generally, for the kth

et after & hoade have ammanca ] el Toa dle Yoadd oo oa oo
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would bet less and less frequently. We need not consider the stakes at the
individual trials; we want to show that no “system’ changes the bettor’s
situation and that he can achieve the same result by betting every time.
It goes without saying that this statement can be proved only for systems in
the ordinary meaning where the bettor does not know the future (the
existence or non-existence of gen‘ume presmence 1s not our LUIIL(:I'II) It
must also be admitted that the rule “go home after losing three times’ does
change the situation, but we shall rule out such uninteresting systems.

We define a system as a set of fixed rules which for every trial uniquely
determine whether or not the bettor is to bet; at the kth irial the decision
may depend on the outcomes of the first k — 1 trials, but not on the outcome
of trials number k, k + 1, k + 2, ... ; finally the rules must be such as to
ensure an indefinite continuation of the game. Since the set of rules is
fixed, the event “in = trials the bettor bets more than r times” is well
defined and its probability calculable. The last condition requires that
for every r, as n— oo, this probability tends to 1.

We now formulate our fundamental theorem to the effect that under
any system the successive bets form a sequence of Bernoulli trials with
unchanged probability for success. With an appropriate change of phrasing
this theorem holds for all kinds of independent trials; the successive bets
form in each case an exact replica of the original trials, so that no system
can affect the bettor’s fortunes. The importance of this statement was
first recognized by von Mises, who introduced the impossibility of a
successful gambling system as a fundamental axiom. The present formu-
lation and proof follow Doob.2 For simplicity we assume that p = 4.

Let A4, be the event “first bet occurs at the kth trial.”” Our definition
of system requires that as n — oo the probability that the first bet has
occurred before the nth trial tends to 1. This means that

Pid} + P{dg} + - - + Pi4,} — L,
or

2.1) SP4) =1
Next, let B, be the event *‘head at kth trial”’ and B the event “‘the trial

2 J. L. Doob, Note on probability, Annals of Mathematics, vol. 37 (1936}, pp. 363-367.
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of the first bet results in heads.”” Then the event B 15 the union of the
events A,B,, A,B,, A;B;, ... which are mutualily exclusive. Now A,
depends only on the outcome of the first k — 1 trials, and B, only on
the trial number k. Hence A, and B; are independent and P{4,B,} =
= P(4,P{B} = iP{4,}. Thus P(B) = S P{4B) =i I P(4} =}
This shows that under this system the probability of heads at the first bet
is 1, and the same statement holds for all subsequent bets.

It remains to show that the bets are stochastically independent. This
means that the probability that the coin falls heads at both the first and the
second bet should be  (and similarly for all other combinations and for
the subsequent trials). To verify this statement let 4} be the event that
the second bet occurs at the kth trial. Let E represent the event “heads
at the first two bets™; it is the union of all events 4,B,A%*B, where j < k
(if j>k, then A4, and AF are mutually exclusive and A4} = 0).
Therefore
(2.2) P{E} =3 > P{4,B,A]B,}.

gzl k=341
As before, we see that for fixed j and k > j, the event B, (heads at

kth trial) is independent of the event A B,A* (which depends only on the

[ it it
outcomes of the first & — 1 trials). Hence
(23) PIE} =15 3 P{4BA) =

i=1 k—jit+1

= IZP{A B,} Z P{Ak ‘ A;B}
k=i+1
[cf. V, (1.8)]. Now, whenever the first bet occurs and whatever its outcome,
the game is sure to continue, that is, the second bet occurs sooner or later.
This means that for given A4,;B; with P{4,B;} > 0 the conditional
probabilities that the second bet occurs at the kth trial must add to unity.
The second series in (2.3) is therefore unity, and we have already seen that
S P{4,B,) = . Hence P{E} =} as contended. A similar argument
holds for any combination of trials. >

Note that the situation is different when the player is permitted to vary
his stakes. In this case there exist advantageous strategies, and the game
depends on the strategy. We shall return to this point in XIV, 2,

3. THE BOREL-CANTELLI LEMMAS

Two simple lemmas concerning infinite sequences of trials are used so
frequently that they deserve special attention, We formulate them for
Bernoulli trials, but they apply to more general cases.
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We refer again to an infinite sequence of Bernoulli trials. Let A4, 4,, . ..
be an infinite sequence of events each of which depends only on a finite
number of trials; in other words, we suppose that there exists an integer
n; such that A, is an event in the sample space of the first n, Bernouili
trials. Put b
3.1 a, = P4}, o
(For example, May _be the event that the 2kth trial ¢ concludes arunof
at least k consecutive successes. Then n, = 2k and a, = p*.)

For every infinite sequence of letters S and F it is possible to establish
whether it belongs to 0, 1,2,... or infinitely many among the {4,}.
This means that we can speak of the event U, that an unending sequence

~F triale mradiices mares than » amane the avante 741 and nlen AfF tha
Ul tllads proUulos JLUIL tlail 7 alliVily il LYRIils  (Agy, dilu QioU U1 b

event U,, that infinitely many among the {4,} occur. The event U,
is defined only in the infinite sample space, and its probability is the limit
of P{U,.,}, the probability that » trials produce more than r among the
events {A4;}. Finally, P{U_} = lim P{U,}; this limit exists since P{U,}
decreases as r increases.

Lemma 1. If 3 a, converges, then with probability one only finitely

many events A, occur. More precisely, it is claimed that for » sufficiently
large, P{U,} < € or: ro every ¢ > 0 it is possible to find an integer r

such that the probability that n trials produce one or more among the events

A1y Apygs - - . I8 less than € for all n.

Proof. Determine r so that a,., + a,. .+ -+ < ¢; this is possible
since Y a, converges. Without loss of generality we may suppose that
the A, are ordered in such a way that n, <n, <ng <.... Let N be
the last subscript for which ny < n. Then 4,, ..., Ay are defined in the
space of » trials, and the lemma asserts that the probability that one

or more among the events A,.,, 4,4 - - ., Ay occur is less than e. This -

s true, since by the fundamental inequality I, (7.6) we have

PJ Vo4 L) eesw )
L

A4
Fhptq = 1_1.,,,_:_2 L b ﬂh,'

L -
N o=~

L3

T« 1L o~ L L o
J = Hr1 1 Meop [

as contended. »

A satisfactory converse to the lemma is known only for the special case
of mutually independent A4,. This situation occurs when the trials are
divided into non- overlappmg blocks and A, depends only on the trials

in tha IFth hlacrk (fAar sy amnl A may ha tha avant that the I-th tha ncanr‘
UL Kl O1OLRK (10T \..Ar.uul_)u., A1y NGy o0 L Lyl nt tnat tng A toocus

of trials produces more than 600 successes).

Lemma 2. If the events A, are mutually independent, and if 2 a,
diverges, then with probability one infinitely many A, occur. In other

—

2
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Proof. Assume the contrary. There exists then an » such that with
positive probability u no event A, with k > n is realized. But

(33) u g (1 _an)(l _an+1) U (l_an+r)

because the product on the right is the probability that no A4, with
n<k<n+r occurs. Since 1 —zx < e™™ the product on the right is
Le~t@ "Fanid and the sum in the exponent can be made arbitrarily large
by choosing r sufficiently large. Thus # = 0 against the hypothesis. »

Examples. (a) What is the probability that in a sequence of Bernoulli
trials the pattern SFS appears infinitely often? Let A, be the event that
the trials number k, & + 1, and k 4+ 2 produce the sequence SFS.
The events A, are not mutually independent, but the sequence A;, A,,
A, Aig, ... contains only mutually independent events (since no two
depend on the outcome of the same trials). Since g, = p?%; is independent
of k, theseries a; + a, + a; + -+ - diverges, and hence with probability
one the pattern SFS occurs infinitely often. A similar argument obviously
applies for arbitrary patterns of any length.

(b) Books produced by coin tossing. Consider a message such as PROB-
ABILITY IS FUN written in the Morse code as a finite sequence of dots
and dashes. When we write /{ for dot and T for dash this message will
appear as a finite succession of heads and tails. It follows from the
preceding example that a prolonged tossing of a coin is certain sooner or
later to produce the given message and to repeat it infinitely often. By the
same token the record of a prolonged coin-tossing game is bound to
contain every conceivable book in the Morse code, from Hamlet to eight-
place logarithmic tables. It has been suggested that an army of monkeys
might be trained to pound typewriters at random in the hope that ultimately
great works of literature would be produced. Using a coin for the same
purpose may save feeding and training expenses and free the monkeys for

other monkey business. >

4. THE STRONG LAW OF LARGE NUMBERS

The intuitive notion of probability is based on the expectation that the
following is true: If S, is the number of successes in the first # trials of
a sequence of Bernoulli trials, then

Sa
(4-1) — — p.
b4
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In the abstract theory this cannot be true for every sequence of trials; in
fact, our sample space contains a point representing the conceptual
possibility of an infinite sequence of uninterrupted successes, and for it
S,/n = 1. However, it is demonstrable that (4.1) holds with probability
one, so that the cases where (4.1) does not hold form a negligible exception.

Note that we deal with a statement much stronger than the weak law of
large numbers [VI, (4.1)]. The latter says that for every sufficiently large
fixed n the average S, /n is likely to be near p, but it does not say that
S,./n 1s bound to stay near p if the number of trials is increased. It
leaves open the possibility that in »n additional trials there occurs at least
one among the events k1S, < p — ¢ with n < k < 2n. The probability
for this is the sum of a large number of probabilities of which we know
only that ﬂ'IPV are Individually small. We shall now prove that with

Wy Rlas UL Gie AARAIVAL Ll Wiighil nailin

probability one S, /n — p becomes and remains small.

Strong Law of Large Numbers. For every ¢ > 0 with probability one
there occur only finitely many of the events

(4.2) §—p‘>e;

| n !

This implies that (4.1) holds with probability one. In terms of finite
sample spaces, it is asserted that to every € > 0, 6 > 0 there corresponds
an r such that for all » the probability of the simultaneous realization

of the » inequalities

—~
N
L

p—
o
I
o

| Sree
lr + &

n‘ o e
p] < &
is greater than 1 — 4.

Proof. We shall prove a much stronger statement. Let A4, be the
event

S,Tc kp
JVkpq kpq

where a > 1. 1t is then obvious from VI, (6.7) that, at least for all &
sufficiently large,

(4.4) S: | =

| > /2a log &,

FA o ©oan . —ploglk ]-
-

(4.5) Pl <e =§.

Hence > P{A,} converges, and lemma 1 of the preceding section ensures
that with probability one only finitely many inequalities (4.4) hold. On the
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other hand, if (4.2) holds, then
S n -
(4.6) ‘ L=t > ="y
Vnpq Vg

and for large n the right side is larger than V2alogn. Hence, the
realization of infinitely many inequalities (4.2) implies the realization of
infinitely many A, and has therefore probability zero. >

The strong law of large numbers was first formulated by Cantelli (1917),
after Borel and Hausdorff had discussed certain special cases. Like the
weak law, it is only a very special case of a general theorem on random
variables. Taken in conjunction with our theorem on the impossibility
of gamuung systems, the law of iarge numbers lmpuES the existence of the
limit (4.1) not only for the coriginal sequence of trials but also for all subse-
quences obtained in accordance with the rules of section 2. Thus the two
theorems together describe the fundamental properties of randomness which
are inherent in the intuitive notion of probability and whose importance was

stressed with special emphasis by von Mises.

5. THE LAW OF THE ITERATED LOGARITHM

As in chapter VIl let us again introduce the reduced number of successes
in n trals

S —
(5.1) §F = 2P

\-’f”Pq
The Laplace limit theorem asserts that P{S* > z} ~ 1 — %(xz). Thus,
for every particular value of n it is improbable to have a large S*, but
it is intuitively clear that in a prolonged sequence of trials S* will socner
or later take on arbitrarily large values. Moderate values of S* are most
probable, but the maxima will slowly increase. How fast? In the course
of the proof of the strong law of large numbers we have concluded from

(4.5) that with probability one the inequality S* < +/2a log n holds for
each a > 1 and all sufficiently large n. This provides us with an upper
bound for the fluctuations of S*, but this bound is bad. To see this, let
us apply the same argument to the subsequence Sy, SF, S¥, 8%, ...
that is, let us define the event A4, by Sk > V2a log k. The inequality

.l’d 5) imnlies that Q* < J2a log &k holds for ¢ > 1 and all sufficiently

Pravs Liial N &l Ay nattius oy il Sullibieiily

large k. But for n = 2”c we have log k ~ loglogn, and we conclude
that for each @ > 1 and all n of the form n = 2* the inequality

(5.2) Sr < J2a loglog n




V1il1.5] THE LAW OF THE ITERATED LOGARITHM 205

will hold from some k onward. It is now a fair guess that in reality (5.2)
holds for all n sufficiently large and, in fact, this is one part of the law of
the iterated logarithm. This remarkable theorem?® asserts that V2 log log n
is the precise upper bound in the sense that for each a < 1 the reverse of
the inequality (5.2) will hold for infinitely many ».

Theorem. With probability one we have

S*
(5.3) lim sup ————= = 1.
noo /2 loglogn

This means: For A > 1 with probability one only finitely many of the events
(5.4) S, > np + A/2npq log log n

oceur; for } < 1 with probability one (5.4) holds for infinitely many n.
For reasons of symmetry (5.3) implies that

*
(5.3a) lim inf — S,

—r = —1.
oo« 2 loglog n

Proof. We start with two preliminary remarks.

(1) There exists a constant ¢ > 0 which depends on p, but noton =,
such that

(5.5) P{S, > np} > ¢

for all n. In fact, an inspection of the binomial distribution shows that
the left side in (5.5) is never zero, and the Laplace limit theorem shows that
it tends to 1 as n — cc. Accordingly, the left side is bounded away from
zero, as asserted.

(2) We require the following /emma: Let z be fixed, and let A be
the event that for at least one k& with & <n

(5.6) S, — kp > =
Then
(5.7) P{d} < ¢WP{S, — np > x}.

3 A. Khintchine, L/ber einen Satz der Wahkrscheinlichkeitsrechnung, Fundamenta
Mathematicae, vol. 6 (1924), pp. 9-20. The discovery was preceded by partial results
due to other authors. The present proof is arranged so as to permit straightforward
generalization to more general random variables.




206 UNLIMITED SEQUENCES OF BERNOULLI TRIALS [VIILS

For a preof of the lemma let 4, be the event that (5.6) holds for
k=9 butnotfor k=1,2,...,v—1 (here 1 <» < n). The events
Ay, Asy ..., A, are mutually exclusive, and A is their union. Hence
(5.8) P{d} =P{4,} + - + P{4 ).

Next, for » < n let U, be the event that the total number of successes in
the trials number » + 1, » +2,...,n exceeds (n—»)p. If both A4,
and U, occur, then S, > 8, + (n—#)p > np + «, and since the 4,U,
are mutually exclusive, this implies

(59) P{S,—np>a} >PAU}+ -+ P{4, U, } + P{4,).

Now A, depends only on the first » trialsand U, only on the following
n — v trials. Hence A4, and U, are independent, and P{4,U )} =
= P{4,}P{U,}. From the preliminary remark (5.5) we know that
P{U,} > ¢ > 0, and so we get from (5.9) and (5.8) '

(5.10) P{S, — np >z} > ¢ > P{d,} = cP{4).

This prnune .I’S ‘)

(3) We now prove the part of the theorem relating to (5.4) with 4 > 1.
Let y be a number such that

(5.11) 1<y <2

and let n, be the integer nearest to p7. Let B, be the event that the
inequality

(5.12) S, — np > W2npgloglogn,

holds for at least one n with n, <n < n,,,. Obviously (5.4) can hold
for infinitely many » only if infinitely many B, occur. Using the first
Borel-Cantelli lemma, we see therefore that it suffices to prove that

(5.13) > P{B} converges.

By the inequality (5.7)

P{B,} < ¢ 'P{S, ., — n.u1p > W2npgloglogn,) =

!

(5.14) = _]P{ S > 4 /2 " loglognf}-
\1'

Rri1

Now n,../n, ~ v < 4, and hence for sufficiently large

(5.15) P(B,} < c'P{S; > v2iloglogn,).
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From VII, (5.2) we pet, therefore, for large r,

1 1
clogn,)*  c(rlogy)*

(5.16) P{B,} < ¢l *loglogn, _

Since 4 > 1, the assertion (5.13) is proved.
(4) Finally, we prove the assertion concerning (5.4) with 4 < 1. This
time we choose for p an integer so large that '

—1
(5.17) Y s>

7
where 7% is a constant to be determined later, and put n, = 7. The
second Borel-Cantelli lemma applies only to independent events, and for
this reason we introduce
(5.18) ' D=8, —8§, ;

Pe 1
D, is the total number of successes following trial number r,_, and up to

and including trial »,; for it we have the binomial distribution b(k; n, p)
with n =n, — n,_;. Let A, be the event

(5.19) D, — (n,—n,_1)p > 7~/ 2pgn, log log n,.

We claim that with probability one infinitely many A, occur. Since the
various A4, depend on non-overlapping blocks of trials (namely,
n,_; < n < n), they are mutually independent, and, according to the
second Borel-Cantelli lemma, it suffices to prove that > P{4,} diverges.
Now

— [ (nr ?‘—l)p Ry .
(5.20) P{A,) P N p——— > 7?\/ 2 i ﬂHlog log nf}

Here n.f(n,—n._,) = v/(y—1) < n7, by (5.17). Hence

D (?’I._,. r—l)p
\/(H r—l)pq
Using again the estimate VII, (6.7) we find for large r

(5.21) PiA) > P{ > /29 log log n,,] .

. 1
log log n, (log log n,)(log n,)"

o

Since n, = y" and # < 1, we find that for large r we have P{4,} > 1/r,
which proves the divergence of > P{4,}.
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t step of the proof consists in showing that S, _, In(5.18) can
be neglected. From the first part of the theorem, which has already been
proved, we know that to every ¢ > 0 we can find an N so that, with
probability 1 — € or better, for all r > N,

(5.23) IS, | — n_1pl < 2v/2pgn,_ loglogn, ,.

Now suppose that # is chosen so close to 1 that

(5.24) 1 —y< (’?;’l).

Then from (5.17)

(5.25) dn,_y = dn,yt < nn—A)?

and hence (5.23) implies

(5.26) S, . —n_1p > —(n—in2pgn, log logn, .

Adding (5.26) to (5.19), we obtain (5.4) with n = n,. It follows that, with
probability I — e or better, this inequality holds for infinitely many r,
and this accomplishes the proof. >

The law of the iterated logarithm for Bernoulli trials is a special case of a
more general theorem first formulated by Kolmogorov.® At present it is
possible to formulate stronger theorems (cf. problems 7 and 8).

6. INTERPRETATION

LANGUAGE
Let x be a real number in the interval 0 < z < 1, and let
(6.1) T = .41y ° *

be its decimal expansion (so that each «; stands for one of the digits
0,1,...,9). This expansion is unique except for numbers of the form
af10™ (where a Is an Integer), which can be written either by means of
an expansion containing infinitely many zeros or by means of an expansion
containing infinitely many nines. To avoid ambiguities we now agree not
to use the latter form,

The decimal expansions are connected with Bernoulli trials with P =1
the digit 0 representing success and all other digits failure. If we replace in

* A. Kolmogoroff, Das Gesetz des iterierten Logarithmus, Mathematische Annalen,
vol. 101 (1929), pp. 126-135.
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(6.1 1) all zeros by the letter S and all oth

o
L A CLlilvd ALl il

hv I:' than {4
by the le by F, then (6.
sents a p0351ble outcome of an infinite sequence of Bernoulh trials with

= y5. Conversely, an arbitrary sequence of letters § and F can be
obtained in the described manner from the expansion of certain numbers
z. In this way every event in the sample space of Bernoulli trials is
represented by a certain aggregate of numbers z. For example, the event

Sonreace ot tha pth trial? ramEacamtad M thnogn i PRSP YRS T e |
DUVLLIY b bl FRLlL LLIG) 18 JL}JLLDUIILCU U} dall (nose T WwIGse fll.].l U lllledl

is zero. This is an aggregate of 107! intervals each of length 10", and
the total length of these intervals equals 5, which is the probability of our
event. Every particular finite sample sequence of length n corresponds to
an aggregate of certain intervals; for example, the sequence SFS is
represented by the nine intervals 0.01 < = < 0.011,0.02 <z < 0.021, .

0.09 < x < 0.091. The probability of each such sample sequence equam
the total length of the corresponding intervals on the z-axis. Probabilities
of more complicated events are always expressed in terms of probabilities
of finite sample sequences, and the calculation proceeds according to the
same addition rule that is valid for the familiar Lebesgue measure on the
x-axis. Accordingly, our probabilities will always coincide with the measure
of the corresponding aggregate of points on the z-axis. We have thus a
means of translating all limit theorems for Bernoulli trials with p = +
into theorems concerning decimal expansions. The phrase “with proba-
bility one” is equivalent to “for almost all 2 or “almost everywhere.”’

We have considered the random variable S, which gives the number of
successes in »n trials. Here it is more convenient to emphasize the fact
that S, is a function of the sample point, and we write S, () for the
number of zeros among the first n decimals of x. Obviously the graph of
S.(x) is a step polygon whose discontinuities are necessarily points of the
form a/l10”, where a is an integer. The ratio S,(x)/n is called the
frequency of zeros among the first n decimals of .

In the language of ordinary measure theory the weak law of large
numbers asserts that S, (z)/n — < in measure, whereas the strong law
states that S,(x)/n — % almost everywhere. Khintchine’s law of the
iterated logarithm shows that

o 8,(%) — 5

(6.2) lim sup fm =032

for almost all 2. It gives an answer to a problem treated in a series of
papers initiated by Hausdorff® (1913) and Hardy and Littlewood® (1914).
For a further improvement of this result see problems 7 and 8.

* F. Hausdorfl, Grundziige der Mengenlehre, Leipzig, 1913.
® Hardy and Littlewood, Some pmb!ems of Diophantine approximaltion, Acta Mathe-
matica. vol. 37 (1914), pp. 155-239.
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formulate the strong law of large numbers to the effect that the frequency
of each of the ten digits tends to 'y for almost all z. A similar theorem
holds if the base 10 of the decimal system 18 replaced by any other base.
This fact was discovered by Borel (1909) and is usually expressed by saying
that almost all numbers are “normal.”

7. PROBLEMS FOR SOLUTION

1. Find an integer 8 such that in rolling dice there are about even chances
that a run of three consecutive aces appears before a non-ace run of length 8.

2. Consider repeated independent trials with three possible outcomes A4, B,
C and corresponding probabilities p,q,r (p +¢g + r =1). Find the prob-
ability that a run of o consecutive A’s will occur before a B-run of length 8.

3. Continuation. Find the probability that an 4-run of length « will occur
before either a B-run of length # or a C-run of length ;.

4. In a sequence of Bernoulli trials let A4, be the event that a run of n
consecutive successes occurs between the 27h and the 271t teial, If P =%
there is probability one that infinitely many 4, occur; if p < 4, then with

Prnhahuhfu one only finitely many 4, occur

nnnnnnnnnnnnnnnnnnnn

5.7 Denote by N, the length of the success run beginning at the nth trial
(i.e., N, =0 if the nth trial results in F, etc.). Prove that with probability
one

<

. Nn
(7.1) lim sup Log =1

where Log denotes the logarithm to the basis 1/p.

IFlanps £ idac tha A that the wth trial g fallawad ~Af mara
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than a Logn successes. For a > 1 the calculation is straightforward. For
a < 1 consider the subsequence of trials number ay, a,, ... where g, is an
integer very close to # Log n.

6. From the law of the iterated logarlthm conclude: With probability one
it will happen for infinitely many » thatall S} with n < & < 17» are positive.
(Nore: Considerably stronger statements can be proved using the results of
chapter I1il.)

7. Let ¢(r) be a positive monotonically increasing function, and let s, be
the nearest integer to e7/1987 _ If

1

—18%n,)
(7.2) e~ 8%,
2 B(n;)
converees. then with nrobability one. the ineguality
LOLIVOLpls, Lsl L pRRals ¥ 3 “ J
(7.3) S, > np + Vapg (n)

? Suggested by a communication from D. J. Newman.
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takes place only for infinitely many ». Note that without loss of generality we

may suppose that ¢(n) < 10Vloglogn; the law of the iterated logarithm
takes care of the larger &(n).

8. Prove® that the series (7.2) converges if, and only if,

(7.4) 3 $lrm) e— 3%

n

converges. Hint: Collect the terms for which #,_; <» <n, and note that
n, —n,_; ~n{l—1flogr); furthermore, (7.4) can converge only if
#*(m) > 2loglogn.

9. From the preceding problem conclude that with probability one

e V72 1logl
(7.5) lim sup [S* — V7 loglog | —a 0B 108 7
- - - 10 1 g

gloglo

® Problems 7 and 8 together show that in case of convergence of (7.4) the inequality
(7.3) holds with prebability one only for finitely many ». Conversely, if (7.4) diverges,
the inequality (7.3) holds with probability one for infinitely many ». This convecse
is much more difficult to prove; cf. W. Feller, The general form of the so-called law of
the iterated logarithm, Trans. Amer. Math. Soc., vol. 54 (1943), pp. 373-402, where
more general theorems are proved for arbitrary random variables. For the special
case of Bernoulli trials with p = 4 ¢f. P. Erdds, On the law of the iterated logarithm,
Ann. of Math. (2), vol. 43 (1942), pp. 419-436. The law of the iterated logarithm follows

from the particular case () = V2 loglog ¢.




CHAPTER IX

Random Variables; Expectation

1. RANDOM VARIABLES

According to the definition given in calculus textbooks, the quantity
¥ iscalled a function of the real number x ifto every z there corresponds
a value y. This definition can be extended to cases where the independent
variable is not a real number. Thus the distance is a function of a pair of
points; the perimeter of a triangle is a function defined on the set of
triangles; a sequence {a,} is a function defined for all positive integers;

the binomial coefficient (i) is 2 function defined for pairs of numbers

(x, k) of which the second is a non-negative integer. In the same sense we
can say that the number S, of successes in » Bernoulli trials is a function
defined on the sample space; to each of the 2" points in this space there

rorrecnande a numher €
\-ULLUJYUAL“J el LALBLIELIA L L.)ﬂ.

A function defined on a sample space is called a random variable. Through-
out the preceding chapters we have been concerned with random variables
without using this term. Typical random variables are the number of
aces 1n a hand at bridge, of multiple birthdays in a company of » people,
of success runs in # Bernoulli trials. In each case there is a unique rule

Jhich ncenciatege o niimhbhoar X o with anv aamnls naint Tha clocgingl thanrs
\"\"lll\pll oIVl lvg O 11 Hlllu\,l A ¥YLLLL ull)‘ -}I’.I.lli})l\' PUIILL J il widaalv.al Lllh’Ul}

of probability was devoted mainly to a study of the gambler’s gain, which
is again a random variable; in fact, every random variable can be inter-
preted as the gain of a real or imaginary gambler in a suitable game. The
position of a particle under diffusion, the energy, temperature, etc., of
physical systems are random variables; but they are defined in non-

grtrets camamla oo o A thaies ot thorafrn Aafnues A omoee

dib\rl Ll ballll)lC Dle.\-CD, ana Lll\.«il OLUUJ l-) Lll\-l Litne UClCllCd Lll Lhc Ldab Uf
a discrete sample space we can theoretically tabulate any random variable
X by enumerating in some order all points of the space and associating
with each the corresponding value of X.

The term random variable 1s somewhat confusing; random function

212
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would be more appropriate (the indepandent variable being a point in
sample space, that is, the outcome of an experiment).

Let X be a random variable and let z,,2,,... be the values which
1t assumes;’ in most of what follows the z; will be integers. The
aggregate of all sample points on which X assumes the fixed value x;

forms the event that X = z,; its probability is denoted by P{X = z,}.
The function

(1.1} PX =2} = f(z) (j=1,2,..)
is called the (probability) distribution® of the random variable X, Clearly
(1.2) fiz;) >0, > fx)=1.

With this terminology we can say that in Bernoulli trials the number of
successes S, isa random variable with probability distribution {&(k; n, p)},
whereas the number of trials up to and including the first success is a
random variable with the distribution {g*1p}.

Consider now two random variables X and Y defined on the same
sample space, and denote the values which they assume, respectively, by
Ty, Ty, - - ., ANd Yp, ¥y, ... let the corresponding probability distri-
butions be {f(z;)} and {g(»,)}. The aggregate of points in which the two
conditions X ==, and Y =y, are satisfied forms an event whose
probability will be denoted by P{X = =, Y = y,}. The function

(1-3) P{X = SU_,A,Y =yk} =p(xjsyk) (jsk =12,.. )

is called the joint probability distribution of X and Y. It is best exhibited

in the form of a double-entry table as exemplified in tables 1 and 2.
Clearly

(1.4) Pz 9 20, 2 p(z; ) = L.
. ik
' In the standard mathematical terminology the set of values x,, x, ... should be

called #4e range of X. Unfortunately the statistical literature uses the term range for the
difference between the maximum and the minimum of X.

2 For a discrete variable X the probability distribution is the function f{z;) defined
on the aggregate of values z; assumed by X. This term must be distinguished from the
term “‘distribution function,” which applies to non-decreasing functions which tend to
Oas # - —oo andtol as # — <. The distribution function F(z) of X is defined by

F@)=PX <z} = 3 flz)),

IJ"EI

the last sum extending over all those =; which do not exceed z. Thus the distribution
function of a variable can be calculated from its probability distribution and vice versa.
In this volume we shall not be concerned with distribution functions in general.

”




TABLE 1
JoinT DisTRIBUTION OF (N, X;) IN EXAMPLE (a)

N S 0 1 2 3 Distribution of N
1 2127 0 0 1/27 1/9
2 6/27 6/27 6/27 0 2/3
3 0 6/27 0 0 2/9
Diistri-
bution 827 12{27 627 1/27
of X;
E(N) = 19/9,  E(N?) = 129727, Var (N) = 26/81
EX,)) = 1, E(X%) = 45/27, Var (X,) = 2/3
E(NX,) = 19/9, Cov (N, X,) =0.

TABLE 2
JomnT DISTRIBUTION OF (X;, X,) IN EXAMPLE (4)

W0 I 2 3 Distribution of X,
0 1727 3/27 327 127 8/27
1 327 6/27 3/27 0 12/27
2 3/27 327 0 0 6/27
3 1727 0 0 0 127
Distri-
bution 8/27 12/27 6/27 1/27
of X,
E(X) =1, FEX?» =45/27, Var (X,) = 2/3

X, is the number of balls in the ith cell when 3 balls are distributed randomly
in 3 cells.

214
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Moreover, for every fixed j

(1.5) P(xjs ¥ + P(xj: Yo) + P(x;rs )+ = P{X = x;‘} =f(xj)
and for every fixed &
(1.6) plzy, y) + 2@, ) + 2 Zy) + - =PY =y} = 8-

In other words, by adding the probabilities in individual rows and
columns, we obtain the probability distributions of X and Y. They may
be exhibited as shown in tables 1 and 2 and are then called marginal
distributions. The adjective “marginal” refers to the outer appearance in
the double-entry table and is also used for stylistic clarity when the joint
distribution of two variables as well as their individual (marginal) distri-
butions appear in the same context. Strictly speaking, the adjective
“marginal” is redundant.

The notion of joint distribution carries over to systems of more than
two random variables.

Examples. (a) Random placements of 3 balls into 3 cells. We refer to
the sample space of 27 points defined formally in table 1 accompanying
example I, (2.a); to each point we attach probability #%. Let N denote
the number of occupied cells, and for i = 1, 2, 3 let X, denote the number
of balls in the cell number 7. These are picturesque descriptions. Formally
N is the function assuming the value 1 on the sample points number 1-3;
the value 2 on the points number 4-21; and the value 3 on the points
number 22-27. Accordingly, the probability distribution of N is defined
by P{N=1} =3, P{N=2} =3} P{N=3}=% The joint distributions
of (N, X;) and of (X,, X;) are given in tables 1 and 2.

(b) Multinomial distribution. There are many situations in which the
joint distribution of three random variables is given by the multinomial
distribution (see VI, 9), that is,

(1.7)
PIX, — k., X n! prphnl(l—py—py—pg) MR
A LJ‘I l\ti, le

Ryl kool kgl (n—ky—ko—kg)!

. r—
Rg, iag —

Fou

= Y =
i

3

here ki, k,, and k; are non-negative integers such that k; + &, + 43 < 7.
For example if X;, X,, and X, represent the numbers of ones, twos, and
threes scored in n throws of an ideal die, then their joint distribution is
given by (1.7) with p;, = p, = p, = 4. Again, suppose a sample with
replacement is taken from a population consisting of several subpopulations
“or strata. If X, stands for the number of elements in the sample that
belong to the jth subpopulation, then the joint distribution of (X, X,, X3)

is of the form (1.7).
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To obtain the (marginal) distribution of (X, X;} we have to keep
k, and k, fixed and sum (1.7) over all possible values of k,, that is,
k3=0,...,n—k —k,. Using the binomial theorem we get the
trinomial distribution

LD Nud Dl
? kilko! (n—ky—k,)!

Summing over k, =0,...,n — k, we get the distribution of X, alone:
[t reduces to the binomial distribution with p = p,.

(c) Geometric distributions. Consider a sequence of Bernoulll trials
continued at least as long as necessary to obtain two successes. Let X,
be the number of failures preceding the first success, and X, the number
T o o T N P o L —pd ooy mocmmasoao L o PR PR [ R E R Iy
Ol 14dlIUres Uelw<eCll LIIC 11150 LWl bl.llbbcbbcb. 111C JUJJ.IL UlSLIIDULIONL

(X,, X,) is given by
(1.9) PX; =}, X, = k} = ¢7**p?

(1.8) PIX; = ky, X, = k

(see VI, 8). Summing over k£ we get the obvious geometric distribution
for X;. (This example shows incidentally how the use of random variable

avoids difficulties connected with non-denumerable sample spaces.)

(d) Randomized sampling. A somewhat surprising result is obtained
from a variant'of example (b). Suppose that the number of trials is not
fixed in advance but depends on the outcome of a chance experiment in

such a way that the probability of having exactly n trials equals e *A"/n!.

. In other words, the number of trials itself is now a random variable with

the Poisson distribution {e=%2"/n!}. Given the number » of tnals, the
event {X; =k, X; = k,, Xg = k3} has the (conditional) probability
given by the right side in (1.7). To obtain the absolute probability of this
event we must multiply the right side in (1.7) by e~*4*/n! and sum over
all possible n. For given k; it is, of course, necessary that

Introducing the difference r as a new summation index we get
(110) P{X; =k, Xy = ky, Xy = kg} =

_ 2 Ap)RUp)"(py)* Z Z(=pi—p2—ps)
Jey ! key! ey !

r=0
On the right we recognize the exponential series and we can write the final
result in the form

(111) PX, =k, X, =k, Xy =k3} =

— (Ap)™ . = Am (2p2) RS (Aps)
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Summation over k, and k%, eliminates the second and third factors, and

we see that X; itself has a Poisson distribution. The curious fact is that
thejoint distribution assumes the form of a multiplication table this will

(This example is essentially a reformulatlon ofproblem 27in VI 10.) >

‘With the notation (1.3) the conditional probability of the event Y = y,,
given that X = =, [with f(z;) > 0], becomes

(L12) P{Y=yk‘X=xJ-}=M.

f(z;)
[n this way a number is associated with every value of X, and so (1.12)
defines a function of X. It is called the conditional distribution of Y for
given X, and is denoted by P{Y = y, | X}. A glance at tables 1 and 2
shows that the conditional probability (1.12) is in general different from
g(y). This indicates that inference can be drawn from the values of X
to those of Y and vice versa; the two variables are (stochastically)
dependent. The strongest degree of dependence exists when Y is a
function of X, that is, when the value of X uniquely determines Y. For
example, if a coin is tossed » times and X and Y are the numbers of
heads and tails, then Y =# — X. Similarly, when Y = X2, we can
compute Y from X. In the joint distribution this means that in each row
all entries but one are zero. If, on the other hand, p(z,, y.,) = f(z;)g(y:)
for all combinations of z;, y,, then the events X = z; and Y = y, are
independent; the joint distribution assumes the form of a multiplication
table In this case we speak of mdependent random variables. They occur
i par rticular in connection with mucpcuuan Llldlb: for C‘X&mpu:, the -
numbers scored in two throws of a die are independent. An example of
a different nature is found in example (d).

Note that the joint distribution of X and Y determines the distributions
of X and Y, but that we cannot calculate the joint distribution of X
and Y from their marginal distributions. If two variables X and Y
have the same distribution, they may or may not be independent. For
example, the two variables X; and X, in table 2 have the same distri-
bution and are dependent.

All our notions apply also to the case of more than two variables. We
recapitulate in the formal

Definition. A random variable X is a function defined on a given
sample space, that is, an assignment of a real number to each sample point.
The probability distribution of X s the function defined in (1.1). If two
random variables X and Y are defined on the same sample space, their
Joint distribution is given by (1.3) and assigns probabilities to all combinations
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(z;, y) of values assumed by X and Y. This notion carries over, in an
obrious manner, to any finite set of variables X, Y, ..., W defined on the
same sample space. These variables are called muruan’v independent if,
for any combination of values (x,y,....w) assumed by them,

(1.13) PX=20,Y=y,... W=y} =
=P{X ==z} P{Y =y} - P{W = ul.
In V, 4 we have defined the sample space corresponding to » mutually
independent trials, Comparing this definition to (1.13), we see that if
X, depends only on the ourcome of the kih trial, then the variables Xy, ..., X,
are mutually independent. More generally, if a random variable U

depends only on the outcomes of the first & trials, and another variable
V denends only on the outcomes of the last »—% trials. then U and V

Lpaalia ALY RAL LU APRAALAINRS R AR Lass thAdand, uwaibell Le Ry

are lndependent (cf. problem 39).

We may conceive of a random variable as a labeling of the points of the
sample space. This procedure is familiar from dice, where the faces are
numbered, and we speak of numbers as the possible outcomes of individual
trials. In conventional mathematical terminology we could say that a

random ‘J’QY"IQ]’\]P X 152 mnﬁnino of the nrlrﬂ‘nnl samnle snace anto a new
I. I_J‘l.lb A bl L b l A IJIJLI.UU \J“LU el LiwW FT

space whose points are zy, 2, .. .. Therefore:

Whenever {f(x;)} satisfies the obvious conditions (1.2) it is legitimate to
talk of a random variable X, assuming the values x,, x,, ... with proba-
bifities f(xy), f(xs), . .. without further reference to the old sample space;
a new one is formed by the sample points z,, x,, . . . Specifying a probability
distribution is equivalent to specifying a sample space whose points are real
numbers. Speaking of two independent random variables X and Y with
distributions {f(x;,)} and {g(y,)} is equivalent to referring to a sample
space whose points are pairs of numbers (x,, y,) to which probabilities are
assigned by the rule P{(x;, y,)} = f(x;)g(y). Similarly, for the sample space
corresponding to a set of n random variables (X, Y, ..., W) we can take
an aggregate of points (2,y, ..., w) in the n-dimensional space to which
probabilities are assigned by the joint distribution. The variables are
mutually independent if their joint distribution is given by (1.13).

Example. (e) Bernoulli trials with variable probabilities. Consider n
independent trials, each of which has only two possible outcomes, S and
F. The probability of S at the kth trial is p,, thatof F is ¢, =1 — p,.

If p, = p, this scheme reduces to Bernoulli trials. The simplest way of
describing it is to attribute the values 1 and O to § and F. The maodel is

LROLLIUIME A Ll W ALl vl tah st Er e Ly PRI 58 LULLE L) Ay §

then completely described by saying that we have » mutually independent
random variables X, with distributions P{X, = 1} = p,, P{X, = 0} =¢,.
This scheme is known under the confusing name of “Poisson trials.”
[See examples (5.5) and XI, (6.5).] >
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Tt is clear that the s
different sample spaces. If we say that the random variable X assumes
the values 0 and 1 with probabilities £, then we refer tacitly to a sample
space consisting of the two points 0 and 1. But the variable X might have
been defined by stipulating that it equals O or | according as the tenth
tossing of a coin produces heads or tails; in this case X Is defined in a

Auenc (EFEFT Y. and this sample space has 210
sample space of s&iuen\,cs \Lifad ... j, Al LS Jaifipic Spacd ias
pomts.

In principle, it is possible to restrict the theory of probability to sample
spaces defined in terms of probability distributions of random variables.
This procedure avoids references to abstract sample spaces and also to
terms like *“trials” and “‘cutcomes of experiments.” The reduction of
probabuuy thurj to random variables is a short-cut to the use of ananybm
and simplifies the theory in many ways. However, it also has the drawback
of obscuring the probability background. The notion of random variable
easily remains vague as “‘something that takes on different values with
different probabilities.”” But random variables are ordinary functions, and

this notion is by no means peculiar to probability theory.

Example. (f) Let X be a random variable with possible values
Ty, &y, . .. and corresponding probabilities f(xy), f(zz), .. .. If it helps
the reader’s imagination, he may always construct a conceptual experiment
leading to X. For example, subdivide a roulette wheel into arcs /;, 4y, .. .
whose lengths are as f(xy):f(z,):.... Imagine a gambler receiving the
(positive or negative) amount =z, if the roulette comes to rest at a point of

/;. Then X is the gambler’s gain. In » trials, the gains are assumed to
be n 'ndppp“(‘p“t variables with the common dlatxlbUtAGu W, \EJ}} To

obtain two variables with a given joint distribution {p(z;, y;)} let an arc
correspond to each combination (z,, y,) and think of two gamblers
receiving the amounts z, and y,, respectively. >

If X,Y,Z,... arerandom variables defined on the same sample space,
then any function F(X,Y,Z,...) is again a random variable. Tts distri-
bution can be obtained from the joint distribution of X, Y, Z, ... simply
by collecting the terms which correspond to combinations of (X, Y, Z. .. )
giving the same value of F(X,Y,Z,...).

Example. (g) In the example illustrated by table 2 the sum X, + X,
is a random variable assuming the values 0, 1, 2, 3 with probabilities
3t 22 4% and S 7—. The product X,X, assumes the values 0, 1, and 2 with
probabilities 32, 5%, and &%

(h) We return to example (¢) and consider various functions of X, and
X,. Most interesting is the sum S =X; + X,. To obtain P{S = v}

we have to sum (1.9) over all values j, k¥ such that j + k& = ». Thereare
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v + 1 such pairs, and in this special case they all have the same proba-
bility p¥ Thus P{X =3} = (v+1)¢’»* which is a special case of
VI, (8.1).

Next let U be defined as the smaller of the two variables X,, X,; in
other words, U =X, If X, > X, and U =X, if X, < X,. To obtain
P{U = v} we have to sum (1.9) over all pairs (j, k) such that j = » and
k> v, orelse j>» and k = v. This leads to two geometric series and

Ly ,.2 Zv+1 2

1.14) Plu=» =22 1L P _ oo y4qp
1 —g 1—g
Here » =0, 1,
A similar calculation shows that
,lv]
(1.15) PX, — X, =} =22 4, =041,42,....
1+ 4

>

Note on pairwise independence. As a matter of curiosity we have shown in example
V,(3.¢) that three events can be pairwise independent without being mutually inde-
pendent. To formulate an analogous result for random variables we consider the
simplest case, namely a sample space consisting of nine points, each carrying probability
%. Six of these points we identify with the various permutations of the numbers I, 2, -
3 while the remaining three points stand for the triples (1,1, 1}, (2, 2, 2), and (3, 3, 3).
We now introduce three random variables X,, X,, X, such that X; equals the number
appearing at the &th place. The possible values of these variables are I, 2, 3 and it is
easily verified that their distributions and joint distributions are given by

(1.16) PX,=rt=3 PX,=rX=s5=3%

{This differs only notationally from the conclusions in example V, (3.¢).] It follows
that our three random variables are pairwise independent. On the other hand, the
knowledge of X, and X, uniquely determines Xa, and so the variables are not
mutually independent.

To go a step further, define a triple (X, X;, X¢} exactly as the triple (X, X,, X;)
but independent of it. Tn this way we cbtain six pairwise independent variables satisfying
(1.16). Continuing in like manner we obtain a sequence of variables X,, X,, ..., X,, ...
satisfying (1.16) and such that the X are pairwise independent without being mutually
independent.* We shall return to this example in XV, (13.1).

2. EXPECTATIONS

To achieve reasonable simplicity it is often necessary to describe proba-
bility distributions rather summarily by a few “typical values.”” An
example is provided by the median used in the waiting-time problems of

# The same construction leads to examples in which no three consecutive variables
are independent. Further modifications lead to various counterexamples in the theory
of stochastic processes. See W. Feller, Non-Markovian processes with the semi-group
property, Ann, Math. Statist., vol. 30 (1959), pp. 1252-1253.
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It, 7, and the central term of the binomial distribution. Among the
typical values the expectation, or mean, is by far the most important. It
lends itself best to analytical manipulations, and it is preferred by statis-
ticians becausef of a property known as sampling stability. Its definition
follows the customary notion of an average. If in a certain population
families have exactly & children, the total number of families is n =
=n, + n, + n, + - - - and the total number of children

m=mn + 2n,+ 3n; + -+ .

The average number of children per family is m/n. The analogy between
probabilities and frequencies suggests the following

Definition. Let X be a random variable assuming the values xy, x,, . . .

with corresponding probabilities [(x)), f(x,),.... The mean or expected
value of X s defined by
(2.1) EX) = 2 zf(z)

provz'ded that the series converges absolutely. In this case we say that X
has a finite expectation. [ x x,) diverges, then we say that X has
P x 2 4 'y

no finite expectation.

It is sometimes convenient to think of probabilities intuitively as limits
of observable frequencies in repeated experiments. This would lead to the
following intuitive interpretation of the expectation. Letan experiment be
repeated » times “under identical conditions,” and denote by X,,..., X,
the values of X that were actually observed. For large n the average
(X;+ - - - +X,)/n should be close to E(X). The laws of large numbers
give substance and precision to this vague intuitive description.

It goes without saying that the most common random variables have
finite expectations; otherwise the concept would be impractical. How-
ever, variables without finite expectations occur in connection with
important recurrence problems in physics. The terms mean, average, and
mathematical expectation are synonymous. We also speak of the mean of
a distribution Instead of referring to a corresponding random variable.
The notation E(X) is generally accepted in mathematics and statistics.
In physics X, (X), and {X},, are common substitutes for E(X).

We wish to calculate expectations of functions such as X% This function
isa new random variable assuming the values z;; ingeneral, the probability
of X2 = 22 isnot f(x;) but f(z,) + f(—=;) and E(X?) is defined as the
sum of z2{ f(z,)+f(—=)}. Obviously under all circumstances

(2.2) E(X?) = Y 2 f(z)

provided the series converges. The same procedure leads to the general
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Theorem 1. Any function ¢(x) defines a new random variable $(X).
If H(X) has finite expectation, then

(2.3) E(¢(X)) = 2 é() f(=,);

the series converges absolutely if, and only if, E(H(X)) exists. For any
constant a we have E(aX) = aE(X).

If several random variables X,,..., X, are defined on the same
sample space, then their sum X; + --- + X_ is a new random variable.
Its possible values and the corresponding probabilities can be readily
found from the joint distribution of the X, and thus E(X, + --- 4+ X))
can be calculated. A simpler procedure is furnished by the following
important

Theorem 2. If X,, X,,..., X, are random variables with expectations,
then the expectation of their sum exists and is the sum of their expectations:

(2.4) EX,+ - +X,) = EX) + - + EX,).

Proof. It suffices to prove (2.4) for two variables X and Y. Using
the notation (1.3), we can write

(2.5) CE(X) + E(Y) = 2 z,p(z, v) + Z;cykp(% Yi)s

ik
the summation extending over all possible values =;, y, (which need not be
all different). The two series converge absolutely; their sum can therefore
be rearranged to give 2 (z;+y,)p(z;, v), which is by definition the
ik
expectation of X + Y. This accomplishes the proof. >
Clearly, no corresponding general theorem holds for preducts; for
example, E(X?) is generally different from (E(X))*. Thus, if X is the
number scored with a balanced die,

EX) =4, but E(X?) = (1+4+9+16+25+36)/6 = 91/6.
However, the simple multiplication rule holds for mutually independent

variables.

Theorem 3. If X and X are mutually independent random variables
with finite expectations, then their product is a random variable with finite
expectation and

(2.6) EXY) = EX)EY).
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Proof. To calculate E(XY) we must multiply each possible value
x;y, with the corresponding probability. Hence

Q7 EXY) =3 2@t = |3 563 v

the rearrangement being justified since the series converge absolutely. »

By induction the same multiplication rule holds for any number of
mutually independent random variables.

It is convenient to have a notation also for the expectation of a con-
ditional probability distribution. If X and Y are two random variables
with the joint distribution (1.3), the conditional expectation E(Y | X) of

-r

Y for given X is the function which at the place x; assumes ihe value

> 4.5, Yi)

2.8 P Y=y | X=0)}=%2——/
(2.8) %J Y=y w} 5

this definition is meaningful only if the series converges absolutely and
f(x;) > 0 forall j.
The conditional expectation E(Y‘ X) is a new random variable. To

calculate its expectation we have to multiply (2.8) by f(z,;) and sum over

z;. The result is

29) TEEY|X) = E(Y). gL 7

(a) Binomial distribution. Let S, be the number of successes in »
Bernoulli trials with probability p for success. We know that S, has
the binomial distribution {b(k;n, p)}, whence E(S,) = > kb(k;n,p) =
= np ¥ blk—1;n—1, p). The last sum includes all terms of the binomial

distribution for n — 1 and hence equals 1. Therefore the mean of the
binomial distribution is
3.1) E(S,) = np.

The same result could have been obtained without calculation by a
method which is often expedient. Let X, be the number of successes
scored at the kth trial. This random variable assumes only the values 0
and 1 with corresponding probabilities ¢ and p. Hence

EX)=0-g+1-p=p,
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and since
(32) Sn=XI+X2++Xm

we get (3.1) directly from (2.4).
(b) Poisson distribution. If X has the Poisson distribution p(k; 2) =
= ¢ *A*fk! (where kK =0,1,...) then

E(X) = > kplk; )= 223 plk—1, 7).

The last sertes contains all terms of the distribution and therefore adds
to unity. Accordingly, the Poisson distribution {e=*}*/k!} has the mean 2.

(c) Negative binomial distribution. Let X be a variable with the
opmmetric divtribution PIX — 1 — gkf where b =012 Thean

&% Ladder sliidssldry A jam = Jig = U, Ay ey e LI 3L B

E(X) = gp(1 +29+34*+ - - -). On the right we have the derivative of a
geometric series so that E(X) = gp(l —g)~% = g/p. We have seen in VI,
8, that X may be interpreted as the number of failures preceding the first
success in a sequence of Bernoulli trials. More generally, we have studied

the sample space corresponding to Bernoulli trials which are continued
until the »nth success. For r < n let X =X andlet X he the number

nnnnnnnn AL 7 Fhy 121 <R] = &Ry LW 1\_,|. A LI LLLL Ml

of failures between the {r—1)st and the rth success. Then each X, has the
geometric distribution {g*p}, and E(X,) = g/p. The sum

Y‘}‘=X1+...+XT

is the number of failures preceding the rth success. In other words, Y,
is a random variable whose distribution is the negative binomial defined

"ﬂ\( .nuf"n:u- ~AF tha tuyn alant farmnlae VT /@ 1Y A \IT 29 1+ fallawe
ALAiLL U] I.J.ID L\"\'U \uLiul"ulb'l.ll IRV IR TR LS I, ) .l, \U L} vl ¥1 F \U (..} L AL YY

that the mean of this negative binomial is rg/p. This can be verified by
direct computation. From VI, (8.2) it is clear that

kf(k; r,p) = rp7lgf(k—1; r+1, p),

and the terms of the distribution {f(k—1;r+1, p)} add to unity. This
direct calculation has the advantage that it applies also to non-integral r.
On the other hand, the first argument leads to the result without requiring
knowledge of the explicit form of the distribution of X, + -+ + X..

(d) Waiting times in sampling. A population of N distinct elements is
sampled with replacement. Because of repetitions a random sample of
size r will in general contain fewer than r distinct elements. As the
sample size increases, new elements will enter the sample more and more
rarely. We are interested in the sample size S, necessary for the acqulsl--"
tion of r distinct elements. (As a special case, consider the population of
N = 365 possible birthdays; here S, represents the number of people
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sampled up to the moment where the sample contains r different birth-
days. A similar interpretation is possible with random placements of balls
into cells. Our problem is of particular interest to collectors of coupons
and other items where the acquisition can be compared to random
sampling.*)

To simplify language let us call a drawing successful if it results in
addmg a new element to the camnlp Then Q 1§ the number of dr"IWII"IOQ

up to and including the rth success. Put X, = 8,,; — S,. Then X, — 1
is the number of unsuccessful drawings between the kth and (k+1)st
success. During these drawings the population contains ¥ — & elements
that have not yet entered the sample, and so X, — 1 is the number of

failures preceding the first success in Bernoulli trials with p = (N—k)/N.
In accordance with Pxnmnlp (r'\ therefore E(X)Y =1 4+ gfp = Nf'(N—k\

Al QLU ZIILG Al CAANE BV LU AVERE i P VY Y i

Since 8§, =14+X,+---+ X,_, we get finally

N N-—-1 N—r+1

In particular, E(Sy) is the expected number of drawings necessary to
exhaust the entire nnm]]nfmn For N =10 we have F‘(q )}~ 6.5 and

E(S,,) =~ 29.3. Thls means that, on the average, seven drawmgs suffice
to cover the first half of a population of 10, but the second half will require
an average of some 23 drawings.

To obtain an approximation to (3.3) we interpret (N—k)~* as area of
a rectangle whose basis is a unit interval centered at N — k, and whose
height is the ordinate of x~! at that point. Replacing the area of this
rectangle by the area under the graph of x=* we get the approximation

.=’\-"+i' 1
(34) E(S,) ~ Nf z ' dxr = Nlog _N+s

A’\‘?—?"f'ﬁ' N — Fr + %

(3.3) E(S,)=Nl+ L +---+;}.

As an application choose « < 1 arbitrary and consider the expected
number of drawings to obtain a sample containing the fraction x of the
entire population. This equals E(S,) when r is the smallest integer
>aN. When N— oo the error committed in (3.4) tends to 0, and we find
for the desired expectation in the limit Nlog(1—=x)~1 Note that all
these results are obtained without use of the probability distribution itself.

[The latter can be derived easily from the occupancy probabilities found
in 1V, (2.3}.]

* G. Polya, Eine Wahrscheinlichkeitsaufgabe zur Kundenwerbung, Zeitschrift fur Ange-
wandte Mathematik und Mechanik, vol. 10 (1930), pp. 96-97. Polya treats a slightly
morc general problem with different methods. There exists a huge literature treating
variants of the coupon collector’s problem, (Cf. problems 24, 25; problems 12-14 in
XL7; and 12 in [[,11.)
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(¢) An estimation problem. An urn contains
Let X be the largest number drawn in n drawings when random sampling
with replacement is used. The event X < &k means that each of =
numbers drawn is less than or equal to k and therefore P{X < k} =
= (k/N)*. Hence the probability distribution of X 1is given by

¢ i herad 1 t4 N
o [IUIFIOCTCa & v [y,

(3.5) Hn=PX=k}=PX<k -PX<{k-1}=
= {k" — (k—1)"}N—"™
Tt follows that

(6) EX) =3kp = NS (k" — (k=1 — (k—1)") =

k=1

ANI‘
= NN = 3 (k—1)"),
k=1

For large N the last sum is approximately the area under the curve

y=z" from z =0 to z = N, thatis, N*/(n+1). It follows that for
large N

1

(3.7) E(X) N.

n+1

If a town has N = 1000 cars and a sample of » = 10 is observed, the
expected number of the highest observed license plate (assuming random-
ness) is about 910. The practical statistician uses the observed maximum
in a sample to estimate the unknown true number N. This method was
used during the last war to estimate enemy production (cf. problems 8-9.)

(f) Application to a statistical test. This example?® illustrates the practical
use of expectations to avoid cumbersome calculations of probability
distributions.

Spores of the fungus Sordaria are produced in chains of eight. The
chain may break into several parts, and ultimately the spores escape in
projectiles containing from 1 to 8 spores. There are reasons to suppose
that the breakages at the seven links are stochastically independent and
that the links have the same probability p to break. Under this hypoth-
esis it is theoretically possible to calculate the joint distribution of singlets,
doublets, etc., but this would involve tedious calculations. On the other
hand, for an empirical test of the hypothesis it suffices to know the
expected numbers of singlets, doublets, etc., and these are easily found.

® Taken from the Inaugural Address of D. R, Cox at Birbeck College (London)
1861, Cox refers to C. T. Ingold and S. A. Hadland, New Phytologist, vol. 58 (1939),
pp. 46-37.
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For examnle the spores located at the ends of the chain have nrnhthh‘rv

res localed atl tr -...u...,u 4itn P~ e ialn

p to become smg]ets whereas for all other spores this probability equals
p*. By the addition rule therefore the expected number of singlets arising
from one chain is given by ¢; = 2p + 6p2% A similar argument shows that
the expected number of doublets is ¢, = 2gp + 5gp* where ¢ =1 — p.
In like manner e = 2q2p + 4¢%p%, .. ., ¢ = g". The expected number of

prrﬂP(‘fIIPQ 15 e -+ € =1+ ?p {This is obvious without calcu-

L T [ R A e Friiaaio e wilaabe

lations because the expected number of breaks equals 7p, and each break
increases the number of projectiles by 1.)

TABLE 3
OBSERVED NUMBERS f; AND EXPECTED NUMBERS Ne
OF PROJECTILES OF SizE k& IN EXAMPLE (f)

k fk NG}C k fk J"\'r€k
1 490 458.3 ] 200 170.6
2 343 360.8 6 134 131.7
3 265 281.8 7 72 101.1
4 199 2197 8 272 250.3

In an actual field observation a total of 7251 spores were counted,
apparently coming from a total of N = 907 chains (with 5 spores
undetected). If our probabilistic model is applicable we should have
approximately (1+7p)N = ?S't, or p = 0.168. (This argument depends
on the intuitive meaning of expéctation, to be justified by the weak law of
large numbers.) The observed number f, of projectiles should be close
to the expected number Ne,. As table 3 shows, the discrepancies were not
startling and+there is no reason to reject the model. >

4. THE VARIANCE

Let X be a random variable with distribution {f(z;)}, and let »r > 0
be an integer. If the expectation of the random variable X7, that is,

(4.1) E(X) =3 2/f(x,),

exists, then it is called the rth moment of X about the origin. If the series
does not converge absolutely, we say that the rth moment does not exist.
Since IXF_1 < IX]” + 1 it follows that whenever the rth moment exists
SG does the ( \r —l}a! and hence all pi‘CCCuuig FROYHIENLS.

Moments play an important role in the general theory, but in the present
* volume we shall use only the second moment. If it exists, so does the mean

(4.2 u = E(X).
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the mean, X — p. Smce (:a:—,u)2 < 2(x + 42} the second moment of
X — p exists whenever E(X®) exists. It is given by

4.3) E(X—)) = 3 (23— 2z, +5) f(z).
i
Snlitting the h side into three individoal sums. we find it eanal to
pittng t! al sums, we nna 1t equal to

tir right side into th
E(X®) — 2#E(X) + p* = E(X?) — ut
Definition. ZLetr X be a random variable with second moment E(X?)
and let p = E(X) be its mean. We define a number called the variance of

by

>

i = S iy
var (A}

) AFFS ATANNEEE, nra 'd
E((X—p)®) = E{X

p—

A
B

~
La

Its positive square root (or zero) is called the standard deviation of X.

For simplicity we often speak of the variance of a distribution without
mentioning the random variable. “Dispersion” is a synonym for the now
generally accepted term “variance.”

Examples. (a) If X assumes the values + ¢, each with probability
1, then Var (X) = ¢&

(b) If X 1is the number of points scored with a symmetric die, then
Var (X) = (124224 - - - +6%) — () = $3.

(¢) For the Poisson distribution p(k; 2) the meanis A [cf. example (3.5)]
and hence the variance X k%(k;A)— 2= 23 kplk—1;2)— 12 =
=AY k—1pk—1; )+ 2D pk—1;)—2=R+2— 2=/ In
this case mean and variance are equal.

(d) For the binomial distribution [cf. example (3.a)] a similar computation
shows that the variance (s

S k*bk;n, p) — (np)t = np D kblk—1;n—1, p) — (np)® =
=np{(n—1)p + 1} — (np)* = npg. »

The usefulness of the notion of variance will appear only gradually,
in particular, in connection with limit theorems of chapter X. Here we
observe that the variance is a rough measure of spread. In fact, if Var(X) =
= Y (z;—p)¥(z;)} is small, then each term in the sum is small. A value
x; for which |z; — ul| is large must therefore have a small probability
f(x,). In other words, in case of small variance large deviations of X
from the mean u are improbable. Conversely, a large variance indicates
that not all values assumed by X lie near the mean.

Some readers may be helped by the following interpretation in mechanics. Suppose
that a unit mass is distributed on the x-axis so that the mass f{z,) is concentrated at
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the point ;. Then the mean u is the abscissa of the center of gravity, and the variance
is the moment of irerria. Clearly different mass distributions may have the same center
of gravity and the same moment of inertia, but it is well known that some important
mechanical properties can be described in terms of these two quantities.

If X represents a measurable quantity like length or temperature, then
its numerical values depend on the origin and the unit of measurement. A
change of the latter means passing from X to a new variable aX + b,
where ¢ and b are constants. Clearly Var (X+54) = Var (X), and hence

(4.5) Var (aX+b) = a® Var (X).

The choice of the origin and unit of measurement is to a large degree
arbitrary, and often it 1s most convenient to take the mean as origin and
the standard deviation as unit. We have done so in VII, 3 when we intro-
duced the normalized number of successes S* = (Sn—np),f@. In

general, if X has mean u and variance o2, then X — x has mean zero
and variance o2, and hence the variable

(4.6) X* = (X—p)/o (o > 0)

has mean O and variance 1. It is called the normalized variable corresponding
to X. In the physicist’s language, the passage from X to X* would be
interpreted as the introduction of dimensionless quantities.

5. COVARIANCE; VARIANCE OF A SUM

Let X and Y be two random variables on the same sample space.
Then X + Y and XY are again random variables, and their distributions
can be obtained by a simple rearrangement of the joint distribution of X
and Y. Our aim now is to calculate Var (X4Y). For that purpose we
introduce the notion of covariance, which will be analyzed in greater detail
in section 8. If the joint distribution of X and Y is {p(x;, )}, then the
expectation of XY is given by

(5.1) E(XY) = 3 z.p(%;, 1),

provided, of course, that the series converges absolutely. Now |z,1,] <
< (#5+yH/2 and therefore E(XY) certainly exists if E(X?) and E(Y?)
exist. In this case there exist also the expectations

(5.2) p, = E(X), u, = EY),

and the variables X — u, and Y — g, have means zero. For their
product we have from the addition rule of section 2

(53) E(X—p)XY—p)) = EXY) — 0 E(Y) — 1,EX) + g, =
= E(XY) — u.pt,
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Definition. The covariance of X and Y is defined by
(54)  Cov(X,Y) = E(X—p)(Y—u,)) = EXY) — pu,.
This definition is meaningful whenever X and Y have finite variances.

We know from section 2 that for independent variables E(XY) =
= E(X)E(Y). Hence from (5.4) we have

Theorem 1. Jf X and Y are independent, then Cov (X, Y) = 0.

Note that the converse is not true. Forexample, a glance at table 1 shows
that the two variables are dependent, but their covariance vanishes
nevertheless. We shall return to this peint in section 8. The next theorem

is important, and the addition rule (5.6) for independent variables is
constantly applied.

Theorem 2, Jf X,,..., X, are random variables with finite variances
2 2 — [
o, ...,0% and S, =X, + + X, then
n
FE Ty Va0 0y N2 T Y Wy
(2.2) VAL (D,) = 2 G, 1+ 2 2 LOV A, Ay)
k=1 1Lk

”

the last sum extending over each of the ( 2) pairs (X;, X,) with j < k.
In particular, if the X, are mutually ::ndependent,

(5.6) Var(S,) = oi + o3 + -+ + ol

Proof. Put u, = E(X,) and m, = pu, + -+ u, = E(S,). Then
Sn — My, = Z (Xk_Ju'k) and

(5.7) (S,—m, ) = Z (Xp—)* + 2 Z (X;— XX — )
Taking expectations, we get (5.5). >

Examples. (a) Binomial distribution {b(k;n, p)}. In example (3.a),
the variables X, are mutually independent. We have

EX)=0"-q+ 1*p=p,

=

and E(X;)=p. Hence o =p — p* = pg, and from (5.6) we see that
the variance of the binomial distribution is npg. The same result was derived
by direct computation in example (4.4).

(B) Bermoulli trials with variable probabilities. let X, ...,X, be
mutually independent random variables such that X, assumes the values
1 and 0 with probabilities p, and ¢, =1 —p, respectively. Then
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E(X,) = p, and Var (X)) =p, — .02 = p.4g

we have from (5.6)
(5.8) Var (S,) = > puds-
w=1

As in example (l.e) the variable S, may be interpreted as the total
number of successes in » independent trials, each of which results in
success or failure. Then p = (p;+ - - +p,)/n is the average probability
of success, and it seems natural to compare the present situation to

Bernoulli trials with the constant probability of success p. Such a com-
narl‘;on leads us to a Ql‘rlklno result, We mav rewrite fﬁ 8) in the form

Var (S,) =np — 3 p

Next, 1t is easily seen (by elementary calculus or induction) that among
all combinations {p,} such that >p, = np the sum 2 p? assumes its
minimum value when all p, are equal. It follows that, if the average
probability of success p is kept constant, Var (S,) assumes its maximum
value when p; = -+ - = p, = p. We have thus the surprising result that
the variubility of p,., or lack of uniformity, decreases the magnitude of chance
Jluctuations as measured by the variance.® For example, the number of
annual fires in a community may be treated as a random variable; for a
given average number, the variability is maximal if all households have the
same probability of fire. Given a certain average quality p of » machines,

the nu?puf w;h’ he least npgfnrm :faﬂ machines are eoual

to modern education is 0bv10us but hopeless.)

(¢) Card matching. A deck of » numbered cards is put into random
order so that all »! arrangements have equal probabilities. The number
of matches (cards in their natural place) is a random variable S, which

assumes the values 0, 1, . 1. Its probability distribution was derived
in I\f 4. From it the mea

™ an
Lil ¥ A% LLIWefdRl €L

ing way is simpler and more instructive.

Define a random variable X, which is either 1 or 0, according as card
number k& is or.is not at the kth place. Then S, =X, + - -+ X,.
Now each card has probability 1/ to appear at the Ath place. Hence

equal. (An application

d i ned. bu fhp Fn"n\u_

PX,=1}=1/n and P{X, =0} = (n—1)/n. Therefore E(X,) = l/n,
and it follows that E(S,) = 1: the ave

race 1s one match ner deck. To
Aub 43 WVilw b l.r Al el

¢ For stronger results in the same direction see W. Hoeffding, On the distribution of
the number of successes in independen:t trials, Ann. Math. Statist., vol, 27 (1956),
pp- 713-721. For an approximation by Poisson distributions sec cxample XI, (5.5).
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find Var (S,) we first calculate the variance o} of

(5.9) =1 (1)2= n—1

i n, n-

\

Next we calculate E(X,X,). The product X,X, is 0 or 1; the latter is

true if both card number Jr and card number k are at their proper piaces,
and the probability for that is 1/n(n—1). Hence

1
(5.10) E(X,X,) = o

1 |

n(n—l) Tt n¥n—1)

Cov (X,, X,) =

Thus finally

n—1 n 1
5.11 Var (S,) = (=1
(5.11) 8,)=mn e + (Z)M“(n—l)

We see that both mean and variance of the number of matches are
equal to one. This result may be applied to the problem of card guessing
discussed in TV, 4. There we considered three methods of guessing, one
of which corresponds to card matching. The second can be described as a
sequence of n Bernoulli trials with probability p = 1/n, in which case
the expected number of correct guesses (s np =1 and the variance
npg = (n—1){n. The expected numbers are the same in both cases, but
the larger variance with the first method indicates greater chance fluctu-
ations about the mean and thus promises a slightly more exciting game.
(With more complicated decks of cards the difference between the two
variances is somewhat larger but never really big.) With the last mode of
guessing the subject keeps calling the same card; the number of correct
guesses is necessarily one, and chance fluctuations are completely elimi-
nated (variance 0). We see that the strategy of calling cannot influence the
expected number of correct guesses but has some influence on the magni-
tude of chance fluctuations.

(d) Sampling without replacement. Suppose that a population consists of
b black and g green elements, and that a random sample of size r is
taken (without repetitions). The number S, of black elements in the

C']mﬂ]F' 18 a random variable with the h\)}r)prgﬂnmﬂrru distribution (Sgg 11, ﬁ\

19 a4 LaadiiiMing Ydnudar [N L 5]

from which the mean and the variance can be obtained by direct computa-
tion. However, the following method is preferable. Define the random
variable X, to assume the values 1 or 0 according as the kth element in
the sample is or is not black (k < r). For reasons of symmetry the
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(5.12) EX) = —, Var (X,) =
g

Next, if j # k, then XX, = [ if the jth and kth elements of the sample
are black, and otherwise XX, = 0. The probability of XX; =1 is
b(d—1)/(b+g)&+g—1), and therefore

b(b—1)

5.13) E(X,X,) = ,
( (XX (b-+g)b+g—1)

Cov(XX)=— &

(b+g)(b+g—1)
Thus
b rbg r— 1

514)  ES,) = —"—, Var(S,) = 1——“}.
G S =T )= gl Thre—1

In sampling with replacement we would have the same mean, but the
variance would be slightly larger, namely, rbg/(b+g)%. >

6. CHEBYSHEV’S INEQUALITY”

We saw that a small variance indicates that large deviations from the
mean are improbable. This statement is made more precisely by Cheby-
shev’s inequality, which is an exceedingly useful tool. It presupposes the
existence of a second moment.

Theorem. Forany t >0 -
e /1 i el g2
6.1) P{rX[ >t} < t 2E(X) ' - A
DIzl g =007 A8 T opx

In particular, if E(X) = p then - Pl

=7

2) P{|X —

’

pl =t <1 Var (X).

—
=)
[}

Proof. The second inequality is obtained by applying the first to the
variable X — u. Using the notations of section 4 we have

(6.3) P{X| >t} = 2 f(:c) <t Z| 2 f(x))

the sums extending over those z; that exceed f in absolute value. The
last sum is <E(X?), and so (6.1) is true. >

? P. L. Chebyshev (1821-1894).
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Chebyshev’s inequality must be regarded as a theoretical tool rather
than a practical method of estimation. Its importance is due to its
universality, but no statement of great generality can be expected to yield
sharp results in individual cases.

Examples. () If X is the number scored in a throw of a true die, then
[cf. example (4.5)], . = %, ¢® = }}. The maximum deviation of X from
g i 2.5 ~ 3a/2. The probability of greater deviations is zero, whereas
Chebyshev’s inequality only asserts that this probability is smaller than
0.47.

(b) For the binomial distribution {b(k;n, p); we have [cf. example
(5.@)) = np, o =npg. Forlarge n we know that

(6.4) P{|S, — np| > avnpgt ~ 1 — N(=) + N(—2).
Chebyshev's inequality states only that the left side is less than z2;
this is obviously a much poorer estimate than (6.4).

*7. KOLMOGOROV’S INEQUALITY

As an exampie of more refined methods we prove:
Let Xy, ..., X, be mutually independent variables with expectations
i = E(X;) and variances o. Put

(7.1) S,=X,+ -+ X,
(7.2) my =E(8) =+ -+
s2=Var(Sy) = o7 + ' + of.

For every t > 0 the probability of the simultaneous realization of the n
inequalities

(7.3) S, — m,| < 1s,, k=1,2,....n

is at least 1 — 72,

For n =1 this theorem reduces to Chebyshev’s inequality. For
n > 1 Chebyshev’s inequality gives the same bound for the probability
of the single relation |8, — m,| < 1s5,, so that Kolmogorov’s inequality
is considerably stronger.

Proof. We want to estimate the probability « that at least one of the
inequalities (7.3) does not hold. The theorem asserts that = < =2

* This section treats a special topic and should be omitted at first reading.
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Define n random variables Y, as follows: Y, =1 if

(7.4) 1S, —m,| > ts,
but
(7.5) IS, —m| <ts, for k=1,2,...,v—1;

Y, =0 for all other sample points. In words, Y, equals 1 at those
points in which the vth of the inequalities (7.3) is the firs? to be violated.
Then at any particular sample point at most one among the Y, is 1, and
the sum Y, + Y, + -+ 4+ Y, can assume only the values O or I; itis 1
if, and only if, at least one of the inequalities (7.3) is viclated, and therefore

(7.6) x=P{Y, 4 -+ Y, =1L

Since Yy + -+ + Y, is O or I, we have > Y, < 1. Multiplying by
(S,—m,)* and taking expectations, we get

(7.7) E(Y(S,—m,)") < s,..
1

M=

k

For an evaluation of the terms on the left we put

(7.8) Uy, = (S,—m) — (Sy—m) = 3 (X,—,).

v=f+1

Then
(7.9) E(Yk(sn_nln)g) = E(Y,(S; —m,)") + 2E(Y, U(S,— 1)) + E(Y, UD).

Now, U, depends only on X,.y,...,X, while Y, and S, depend
onlyon X, ..., X,. Hence U, isindependent of Y, (S;—n1) and there-
fore  E(Y,Ui(S—my)) = E(Y(S,—m))E(U) = 0, since E(U,) = 0.
Thus from (7.9)

(7.10) E(Y(S,~m,)") 2 E(Y(S,—m,)?).

But Y, # 0 only if |S,— m > r5,, so that Y (S,—m)? > r%2Y,.
Combining (7.7) and (7.10), we get therefore

(7.11) s2 > %KY, + - +Y,).

Since Y; + -+ + Y, equals either 0 or 1, the expectation to the right
equals the probability = defined in (7.6). Thus 272 < 1 as asserted. »
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*8. THE CORRELATION COEFFICIENT

Let X and Y be any two random variables with means g, and g,

it I 2, We Introduce the correspondin
and positive variances o> and s p g

normalized variables X* and Y* defined by (4.6). Their covariance is
called the correlation coefficient of X, Y and is denoted by p(X, Y). Thus,

B

s £8 AN
USIIE { J2.4),
Cov(X,Y)

Ty0,

(8.1) p(X,Y) = Cov (X*, Y*) =

Clearly this correlation coefficient is independent of the origins and
units of measurements, that is, for any constants a,, @, &, b, with
a, >0, a, > 0, we have p(a,X+4by, &, Y+5,) = p(X, Y).

The use of the correlation coefficient amounts to a fancy way of writing
the covariance.® Unfortunately, the term correlation is suggestive of
implications which are not inherent in it. We know from section 5 that
p(X,Y) =0 whenever X and Y are independent. It is important to
realize that the converse is not true. In fact, the correlation coefficient
o(X,Y) can vanish even if Y is a function of X.

Examples. (@) Let X assume the values 1, 42 each with probability
1. Let Y = X2 The joint distribution is given by p(—1, 1) = p(I, 1) =
= p(2,4) = p(—2,4) = ;. For reasons of symmetry p(X,Y)=0 even
" though we have a direct functional dependence of Y on X.

(p) Let U and. V have the same distribution, and let X =U + V,
Y = U — V. Then E(XY) = E(U?) — E(V*) =0 and E(Y) = 0. Hence
Cov (X, Y) = 0 and therefore also o(X,Y) = 0. For example, X and
Y may be the sum and difference of points on two dice. Then X and Y
are either both odd or both even and therefere dependent. >

It follows that the correlation coefficient is by no means a general
measure of dependence between X and Y. However, p(X,Y) is
connected with the /inear dependence of X and Y.

Theorem. We have always |p(X,Y)| < 1; furthermore, p(X,Y) =
= 41 only if therc exist constants a and b such that Y = aX + b,
excepl, perhaps, for values of X with zero probability.

Proof. Let X* and Y* be the normalized variables. Then
(8.2) Var (X*4Y*) = Var (X*) 4 2 Cov (X*, Y¥) + Var(Y*) =
= 2(1 + p(X, Y)).

* This section treats a special topic and may be omitted at first reading.
# The physicist would define the correlation coefficient as *‘dimensionless covariance.””
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The left side cannot be negative; hence |p(X, Y)| < 1. For p(X,Y) =1
it is necessary that Var (X* — Y*) =0 which means that with unit
probability the variable X* — Y* assumes only one value. In this case
X* — Y* = const.,, and hence Y = aX + const. with a=o0,/0,. A
similar argument applies to the case p(X,Y) = —1. _ >

9. PROBLEMS FOR SO
1. Seven balls are distributed randomly in seven cells. Let X, be the number
of cells containing exactly i balls. Using the probabilities tabulated in II,
5, write down the joint distribution of (X,, X;).
2. Two ideal dice are thrown. Let X be the score on the first die and Y
be the larger of two scores. (a) Write down the joint distribution of X and Y.

(;‘1\ Flﬂ(‘] the means, the Uarlnn(‘ac and the ravarianca
Fli LLAWiAL L UU\,, il Lldw WU Y OAL MO g,

3. In five tosses of a coin let X, Y, Z be, respectively, the number of heads,
the number of head runs, the length of the largest head run. Tabulate the 32
sample points together with the corresponding values of X, Y, and Z. By
simple counting derive the joint distributions of the pairs (X, Y), (X, Z), (Y, Z)
and the distributions of X + Y and XY. Find the means, variances, covariances
of the variables,

4. Let X,X, and Z be independent random variables with the same geo-
metric distribution {¢*p}. Find (@) P{X =Y}; () P{X > 2Y}, and (¢}
P{X +Y <Z}.

5. Continuation. Let U be the smaller of X and Y, and put V=X — Y.
Show that U and V are independent.®

6. Let X; and X, be independent random variables with Poisson distribu-
tions {p(k; A} and {p(k; 4,)}.

(a) Prove that X, + X, has the Poisson distribution {p(k; 4, + 4)}.

(b) Show that the conditional distribution of X, given X, + X, is binomial,
namely

A
(91) P{Xl =k|X1 +X2=n}=b(k’n’ll——:22)

7. Let X, and X, be independent and have the common geometric distri-
bution {g*p} (as in problem 4). Show without calculations that the conditional
distribution of Xy given X, + X, is uniform, that is,

1
n+1

©.2) P(X, =k|X, +X. =n} = k=0,...,n

8. Let X;,...,X, be mutually independent random variables, each having
the uniform distribution P{X; =k} = 1/N for k =1,2,...,N. Let U, be
the smallestamong the X, ..., X, and V,, the largest. Find the dlStI’lbUthl‘lS of

LT and WV \Lhaf lc the connec hnn unfh the sotimation nl‘nhfﬂl‘n {? .0]7
n D& V. 15 nneciion F

[ S e HLw WRLLAL il U ResiebabelsiE

* The geometric distribution is the only probability distribution on the integers for
which this is true. See T. S, Ferguson, A characterization of the geometric distribution,
Amer. Math. Monthly, vol. 72 (1965), pp. 256-260.
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Find the

g i

lize to = 2,

9. Continuation to the estimation problem in example (3.¢). (a oint
distribution of the largest and the smallest observation. Speci
(Hint: Calculate first P{X <r, Y > s}.)

(b) Find the conditional probability that the first two observations are J
and k&, given that X = r.

(c) Find E(X?® and hence an asymptotic expression for Var (X) as N —
(with n fixed).

10. Simulating a perfect coin. Given a biased coin such that the probability
of heads is «, we simulate a perfect coin as follows. Throw the biased coin
twice. Interpret H7T as success and 7H as failure; if neither event occurs
repeat the throws until a decision is reached. (a) Show that this model leads to
Bernoulli trials with p = 3. (&) Find the distribution and the expectation of the

number of throws required to reach a decision.

11. The problem of Banach’s match boxes, example V1(8.a). Show that the
expectation of the distribution {u,} is given by » = QN+1)y, — 1. Using
Stirling’s formula show that this is approximately 2V'N/= — 1. (For N = 50
the mean is about 7.04.)

Hint; Start from the relation

[

3
;
a

(N—ru, = %(ZJV_}'])“H—l - %(r+])”r-r1-

12. Sampling inspection. Suppose that items with a probability p of being
acceptable are subjected to inspection in such a way that the probability of an
item being inspected is p’. We have four classes, namely, “acceptable and
inspected,” “acceptable but not inspected,” etc. with corresponding probabilities
PP, pgs p'g, q¢° where ¢ =1 —p, g' =1 —p’. We are concerned with
double Bernoulli trials [see example VE{9.c)]. Let N be the number of items
passing the inspection desk (both inspected and uninspected) before the first
defective is found, and let K be the (undiscovered) number of defectives among
them. Find the joint distributions of N and K and the marginal distributions.

13. Continuation. Find E(l\_li_l) and Cov (K, N). [:In industrial practice
the discovered defective item is replaced by an acceptable one so that K/(N+1)
is the fraction of defectives and measures the quality of the lot., Note that

<) o o]
E(\ g is not E(K)/E(l‘\+l).J
14. In a sequence of Bernoulli trials let X be the length of the run (of either
successes or failures) started by the first trial. (@) Find the distribution of X,
E(X), Var(X). (6)Let Y be the length of the second run. Find the distribution
of Y, E(Y), Var(Y), and the joint distribution of X, Y.

15, Let X and Y have a common negative binomial distribution. Find
the conditional probability P{X =j[X + Y = &} and show that the identity
11, (12.16) now becomes obvious without any calculations.!!

1 This fact is not obvious analytically; it may be verified by induction on N,
1* This derivation permits generalizations to more than two factors. Tt is due to
T. K. M, Wisniewski, Amer, Statistician, vol. 20 (1966}, p. 25.
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16. If two random variables X and Y assume only two values each, and if
Cov(X,X) =0, then X and Y are independent.

17. Birthdays. For a group of n people find the expected number of days
of the year which are birthdays of exactly & people. (Assume 365 days and
that all arrangements are equally probable.)

18. Continuation. Find the expected number of multiple birthdays. How
large should » be to make this expectation exceed 17

19. A man with » keys wants to open his door and tries the keys independ-
ently and at random. Find the mean and variance of the number of trials (a)
if unsuccessful keys are not eliminated from further selections; . () if they are.
(Assume that only one key fits the door. The exact distributions are given in
11, 7, but are not required for the present problem.)

20. Let (X, Y) be random variables whose joint distribution is the trinomial
defined by (1.8). Find E(X), Var (X}, and Cov (X, Y) (a)} by direct computa-
tion, () by representing X and Y as sums of # variables each and using the
methods of section 5.

21. Find the covariance of the number of ones and sixes in » throws of a
die, '

22, In the animal trapping problem 24 of VI, 10, prove ttliat the expected
number of animals trapped at the »th trapping is ngp*~'. ' '

23. If X has the geometric distribution P{X = k} = ¢*p (where k =0, 1,
...), show that Var(X) =gp—2. Conclude that the ne¢gative binomial distri-
bution {f(k;r, p)} has variance rgp® provided r isa positive integer. Prove
by direct calculation that the statement remains true for all » > 0.

24, In the waiting time problem (3.d) prove that

1 2 r—1

Var(S,) = N + — + -

(S (N—1)?  (N=2)* (N—r+1)*

Conclude that N 2E(Sy) ~ > k72 (Incidentally, the value of this series is
#2/6.) Hint: Use the variance of the geometric distribution found in the pre-

ceding problem.

25. Continuation. Let Y, be the number of drawings required to include
r preassigned elements (instead of any r different elements as in the text),
Find E(Y, and Var(Y,). (Note: The exact distribution of Y, was found in
problem 12 of II, 11 but is not required for the present purpose.)

26. The biood-testing problem.!* A large number, N, of people are subjec
to a blood test. This can be administered in two ways. (i) Each person can be

-

2 This problem is based on a technique developed during World War 1I by R.
Dorfman. In army practice Dorfman achieved savings up to 80 per cent. When the
problem appeared in the first edition it caught widespread attention and led to various
generalizations as well as to new industrial and biological applications. The main
improvement consists in introducing more than two stages. See, for example, M. Sobel
and P. A. Groll, Group testing to eliminate efficiently all defectives in G binomial sample,
The Bell System Journal, vol. 38 (1959}, pp. 1179-1252; G. S. Watson, A4 study of the
group screening method, Technometrics, vol. 3 (1961}, pp. 371-388; H. M. Finucan,

The blood-testing problem, Applied Statistics, vol. 13 (1564}, pp. 43-50,
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tested separately. In this case N tests are required. (ii) The blood samples of
k people can be pooled and analyzed together. If the test is negative, this one
test suffices for the & people. If the test 1s positive, each of the &k persons must
be tested separately, and in all & + 1 tests are required for the & people.

Assume the probability p that the test is positive 1s the same for all people
and that people are stochastically independent.

(@) What is the probability that the test for a pooled sample of & people will
be positive?

(b) What is the expected value of the number, X, of tests necessary under
plan (ii}?

{(c) Find an equation for the value of & which will minimize the expected
number of tests under the second plan. (Do not try numerical solutions.)

(d) Show that this & is close to l/\/;, and hence that the minimum expected
number of tests is about ?.N\/p. (This remark is due to M. S. Raff.)

27. Sample structure. A population consists of r classes whose sizes are in
the proportion p,:ps: - - p,. A random sample of size n is taken with
replacement. Find the expected number of classes not represented in the sample.

28. Let X be the number of « runs in a random arrangement of r, alphas
and r, betas. The distribution of X is given in problem 23 of II, 11. Find
E(X) and Var (X).

29. In Polya’s urn scheme [V (2.c)] let X,, be one or zero according as the #th
trial results in black or red. Prove p(X,, X,,) = c/(b+r+c) for n = m, -. .

30. Continuation. Let S, be the total number of black balls extracted in
the first » drawings (thatis, S, =X, + -+ + X,)). Find E(S,) and Var (§,).
Verify the result by means of the recursion formula in problem 22 of V, 8.
Hint: Use problems 19, 20 of V, 8.

31. Stratified sampling. A city has n blocks of which n; have z; inhabit-
ants each (m, +n, + -+ =n). Let m = Zn;x;/n be the mean number of
inhabitants per block and put a® =»! Xna? — " In sampling without
replacement r blocks are selected at random, and in each the inhabitants are
counted. Let X,...., X, be the respective number of inhabitants. Show that

a’rin—r)

EX, + - +X)=mr VarX,+ - +X)= —

(In sampling with replacement the variance would be larger, namely, a®r.)

32. Length of random chains®® A chain in the x,y-plane comsists of # links,
each of unit length. The angle between two consecutive links is +a where «

18 a nositive constant; each nossihility has nrobability 1 and the succesgive

a pASIvIY O aheal VoSl taiie Addaes PAAAALIGANIILY T W e

angles are mutually mdependent The distance L, from the beginning to the
end of the chain is a random variable, and we wish to prove that

1 +cosz 1 — cos™ «
2y _ T
{9.3) E(LZ) =n . 2CO8 o T cos o)’

in the dlrcctlon
R D Fala 1...1- P
Sitive & d.)\lb

Without loss of gt::rucrzalllt)r the first link may be assumed to lie
of the posmve r-axis. The angie Deilween the kth link and t

fam
34
g e
Cr

11 This is the two-dimensional analogue to the problem of length of long polymer
molecules in chemistry. The problem illustrates applications to random variables which
- are not expressible as sums of simple variables.
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is a random variable S,_, where S, =0, S; =S, + Xzx andthe X, are
mutually independent variables, assuming the values +1 with probability 3.
The projections on the two axes of the kth link are cos S;_; and sin S .
Hence forn > 1

n-—1 2 n—=1 2
5.4 L2 = ( 2 cos Sk) + ( 2 sin Sk) .
k=0 k=0

Prove by induction successively for m < n

(9.5) E(cos 8,) = cos® =, E(sin S,) = 0;
(9.6) E((cos 8,,) - (cos S,,)) = cos® ™a - E(cos®S,,)
9.7 E((sin S,,) - (sin S,)) = cos™ ™ o - E(sin* 8,
9.8) E(L2) — B(LZ ) = 1 +2cos o - S05 =

1l —cos «

(with Ly = 0) and hence finally (9.3).

33. A sequence of Bernoulli trials is continued as long as necessary to obtain
r successes, where r is a fixed integer. Let X be the number of trials required.
Find" E{r{X). (The definition lcads to infinite series for which a finite expression
can be obtained.)

34. In a random placement of r balls into n cells the probability of finding
exactly m cells empty satisfies the recursion formula 11,(11.8). Let #, be the
expected number of empty cells. From the recursion formula prove that

] T
My =1 =n YHm,, and conclude m, =n (l — E) .

35. Let S, be the number of successes In » Bernoulli trials. Prove
E('S, — np!) = 2vgb(v; n, p)
where » is the integer such that np <» <np + 1.

v 1
Hinr: The left side = 2 {(np — k) (E) prgrk. Alternatively, use VI, (10.7).

36. Let {X;} be a sequence of mutually independent random variables with
a common distribution. Suppose that the X, assume only positive values and
that E(X;) = ¢ and E(X;!) = b exist. Let S, =X, + - + X,. Prove that
E(S;!) is finite and that E{X;S;1) =n! for k = 1,2,...,n

1 This example illustrates the effect of optional stepping. When the number n of
trials is fixed, the ratio of the number N of suceesses tquh,lq_ number 7 of trialsis a
random variable whose expectation is p. It is often errondously assumed that the same
is true in our example where the number r of successes is fixed and the number of
trials depends on chance. If p =4 and r =2, then E(2/X) = 0.614 instead of

0.5: for r =3 we find E(3/X) = 0.579.
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37. Continuation!® Prove that

S m
E{=21 == i
(Sn) . ifm <n
S .
E (S_) =1 4+ (m—n)aE(S;1), ifm > n.
38. Let X,,...,X, be mutually independent random variables with a

common distribution; let its mean be m, its variance o2 Let X =
= (X;+' - +X,)/n. Prove that'®

E( P S —3)2) =,
E 1l

39. Let X,,...,X, be mutually independent random variables. Let U be
a function of X;,...,X; and V a function of X; ,,...,X,. Prove that
U and V are mutually independent random variables,

1
n—1

40. Generalized Chebysheuv inequality. Let $(x) > 0 for = > 0 be mono-
tonically increasing and suppose that E(¢('X|)) = M exists. Prove that

M
0.4 < .
PIX >0 <

41. Schwarz inequality. For any two random variables with finite variances
one has EXXY) < E(X?)E(Y?). Prove this from the fact that the quadratic
polynomial E{((:X+Y)?% is non-negative.

** The observation that problem 37 can be derived from 36 is due to K. L. Chung.
15 This can be expressed by saying that D (X, —X)*/(n—1) is an unbiased estimator
of o _




CHAPTER X

Law of Large Numbers

1. IDENTICALLY DISTRIBUTED VARIABLES

The limit theorems for Bernoulli trials derived in chapters VII and VIII
are special cases of general limit theorems which cannot be treated in this
volume. However, we shall here discuss at least some cases of the law of
large numbers in order to reveal a new aspect of the expectation of a
Id.l.lUUl.ll. Yol ld.UlC

The connection between Bernoulli trials and the theory of random
variables becomes clearer when we consider the dependence of the
number S, of successes on the number r of trials. With each trial S,

increases by I or 0, and we can write

(11) Sn:’X1+.'.+Xfu7

111'11-1\"9 f']'n: r-’)r‘!{‘lf\m ‘1"11";']1'1]
Libed & Lllhe 1AL LA

¥rii 1 AWAislll ¥ OL) 1G4 al re cl—llfs ln SuCCeSS

and zero otherwise. Thus S, is a sum of » mutually independent
random variables, each of which assumes the values |1 and 0 with proba-
bilities p and g. From this it is only one step to consider sums of the
form (1.1) where the X, are mutually independent variables with an

arbitrary distribution. The (weak) law of large numbers of V1.4, states

that for large » the average proportion of successes S, /n is likely to lie

near p. This is a special case of the following

Law of Large Numbers. Let {X,} be a sequence of mutually independent
random variables with a common distribution. If the expectation p = E(X;)
exists, then for every € > 0 as n— =

(1.2) Pl1X1+"'+X“—#i>e}_.,o;

I

in words, the probability that the average S,/rn will differ from the
expectation by less than an arbitrarily prescribed e tends to one.

243




244 LAW OF LARGE NUMBERS iX.1

In this gengrallt}! the theorem was first nrnvpd h\! Khintchine.! Older

proofs had to introduce the unnecessary restrlctlon that the variance
Var (X,) should also be finite.? For this case, however, there exists a much
more precise result which generalizes the DeMoivre-Laplace limit theorem
for Bernoulli trials, namely the

Central Limit Theorem. Ler {X,} be a sequence of mutually independent
random variables with a common distribution. Suppose that p = E(X,)} and
ot = Var (X,) existandlet S, = X, + - -+ + X,. Then for every fixed {3

(1.3) p[Sa = nx
t O R

<ﬁam@

where 9(z) is the normal distribution introduced in VII,1. This theorem
is due to Lindeberg?®; Ljapunov and other authors had previously proved
it under more restrictive conditions. [t must be understood that this
theorem is only a special case of a much more general theorem whose
formulation and proof are deferred to the second volume. Here we note
that (1.3} is stronger than (1.2}, since it gives an estimate for the probability

that the dlscrepancy 1n 18, — ul islarger than ole'n On the other hand,
the law of large numbers (1.2) holds even when the random variables X,
have no finite variance so that it is more general than the central limit
theorem. For this reason we shall give an independent proof of the law of
large numbers, but first we illustrate the two limit theorems.

Examples. (a) In a sequence of independent throws of a symmetric
die let X, be the number scored at the Ath throw. Then

E(X,) = (14243 +4+5+6)/6 = 3.5,

and Var (X,) = (124224324424 524-6%)/6 — (3.5)> = £3. The law of
large numbers states that for large n the average score S, /r is likely to
be near 3.5. The central limit theorem states that

(1.4) P{|S, — 3.51] < a/357/12} ~ N(x) — R(—2).

For n = 1000 and « = | this reduces to P{3450 < S, < 3550} ~ 0.68.
For z = 0.6744 - - - the right side in (1.4) equals £, and so there are

1 . Khinichine, Comptes rendus de "Académie des Sciences, Paris, vol. 189 (1929),
pp. 477-479. Incidentally, the reader should cbserve the warning given in connection
with the law of large numbers for Bernoulli trials at the end of VL4,

* A. Markov showed that the cxistence of E(IX,]"=®) for some a > 0 suffices,

3 1. W. Lindeberg, Eine neue Herleitung des Exponentialgeseizes in der Wahrscheinlich=
keitsrechnung, Mathematische Zeitschrifl, vol, 15 {1922), PP 211-225,
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roughly equal chances that S, lies within or without the interval
3500 + 36.

(b} Sampling. Suppose that in a population of N families there are
N, families with exactly & children (k =0,1,...; > N, = N). Fora
family chosen at random, the number of children is a random variable
which assumes the value » with probability p, = ¥ /N. A sample of
. size n with ren]acement represents » 1ndenpndent rgndom variahles or

“observations” X,,..., X, each with the same distribution; S, /n i
the sample average. The law of large numbers tells us that for sufﬁciemly
large random samples the sample average is likely to be near u = > vp, =
= > »N,/N, namely the population average. The central limit theorem
permits us to estimate the probable magnitude of the discrepancy and to

determine the qnmn]p size necessary for reliable estimates. In nractice

il SiLh RWAAOSGL Y ALRA AL WO RIddRCRnN S, LR L VLR L W

both x and o? are unknown, but it is usually easy to obtain a preliminary
estimate of 0% and it is always possible to keep to the safe side. If it is
desired that there be probability 0.99 or better that the sample average
S_/n differ from the unknown population mean g by less than 4, then
the sample size should be such that

(1.5) P”ﬁlﬁﬁ

H

<-Ls 099,
10

Therootof N(zx) — M(—=x} = 0.99 is » = 2.57 ..., and hence n should

satisfy N-’;,“IOU > 2.57 or n > 66002 A cautious preliminary estimate of
o? gives us an idea of the required sample size. Similar situations occur
frequently Thus when the experimenter takes the mean of » measure-
ments IIC I.UU IUllUb OI1 LIIC ldW Ul ldl"-’li Tll.lm[)t:l'b d.I].U. uses a bdlllplb mearn
as an estimate for an unknown theoretical expectation. The reliability of
this estimate can be judged only in terms of ¢, and usually one is com-
pelled to use rather crude estimates for o2

(¢) The Poisson distribution. In VII,5, we found that for large A4 the
Poisson distribution {p(k' A} can be approximated by the normal dis-
tribution. This is really a direct consequence of the central limit theorem.
Suppose that the variables X, have a Poisson distribution {p(k; ¥}
Then 8, has a Poisson distribution {p(k; ny)} with mean and variance

equal to ny. Writing A for ny, we conclude that as » — o

(16) Z e—;‘_;{k}[}'k T — m(ﬁ)
R AL A
. ). i | .
the summation extending over all & upto 1+ ﬁ\f i It is now obvious

that (1.6) holds also when A approaches cc in an arbitrary manner. This
theorem is used in the theory of summability of divergent series and is of
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general interest; estimates of the difference of the two sides in (1.6} are
available from the general theory. >

Note on Variables without Expectation ( 5 i/? J "‘gfr\"\ /."’

Both the law of large numbers and the central lilgnit theorem become

meaningless if the expectation u does not exist, but they can be replaced
by more general theorems supplying the same sort of information. In
the modern theory variables without expectation play an important role
and many waiting and recurrence times in physics turn out to be of this
type. This is true even of the simple coin-tossing game.

Suppose that n coins are tossed one by one. For the kth coin let X,

be the waiting time up to the first equalization of the accumulated numbers
of heads and tails, The X. are mutuallv indenendent randam variables

and tails. The X, are mutually independent ran dom v
with a common distribution: each X, assumes only even positive values
and P{X, = 2r} = f;, with the probability distribution {f,,} defined in
I11,(3.7). Thesum S, =X, + -+ - + X, has the same distribution as the
waiting time fo the nth equalization of the accumulated numbers of heads
and talls or, what amounts to the same, the epoch of the nth return to the

r\rigin ina C}!mmpfrm random walk. The distributionof § w

theorem 4 of II1,7, and it was shown that
(1.7) P{S, < %z} - 2[1 =Nz )]

We have here a limit theorem of the same character as the central limit
theorem with the remarkable difference that this time the variable S, /n?
rather than S,[n_possesses a limit distribution. In the physicist’s language
the X, stand for independent measurements of the same physical quan-
tity, and the theorem asserts that, in probability, rie average

(X1+..-+Xn)/n

increases linearly with n. This paradoxical result cannot be shrugged off as
representing a pathological case because it turns out that our X, are
typical of the waiting times occurring in many physical and economical

Processes. The limit theorem \1 ;) is also Lypu,al of ma 1y modern limit
theorems for variables without expectation.*

*2. PROOF OF THE LAW OF LARGE NUMBERS

There is no loss of generality in assuming that x = E(X;) = 0, for
otherwise we would replace X, by X, — g, and this involves merely a

% Ior an analoguc to the law of large numbers for variables without expectation see
section 4 and problem 13. The surprising conscquences of (1.7) were discussed at length
in chapter 1.

* This section should be omitted at first reading.
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e of notation. In the mpemal case where o2 = Var (X)) exists the

law of large numbers is a trivial consequence of Chebyshev s inequality
I[X,(6.2) according to which

2

HO
(2.1) P{S,| >} < R
l:nr' ! = 1 f}'ln richt cida tande Fia] mAd cm £ DY .c' trino
l‘b“" sigde tends to v, and so a2y 15 NUC.

The case where the second mom does not exist is more difficult. The
proof depends on the versatile{method of truncation which is a standard
tool in deriving various limit theorems. Let § be a positive constant to be
determined later. For each » we define » pairs of random variables as
follows.

(2 2) U, = st Vk =0 ff |X:cf < (ﬁn,
U, =0, V. =X, i 1X > on.
Here &k =1,...,n and the dependence of the U, and V, on » must

be borne in mind. By this definition
Fie Bie B\ w T . T
\&2) A, = Uy + ¥V,

and to prove the law of large numbers it snffices to show that for given
e > 0 the constant ¢ can be chosen so that as n —» cc

(2.4) _ P{{U; + -+ U,| > Len} —> 0
S 4
and !_)j/‘i“’*ﬂ _..LfTE(J <
(2.5) PV, 4+ VIS L 0 VI é ) A‘.f-
(2.3} L S TA4 T Yal > oge U | g ops Sl [ Z Vs
For the proof denote the possible values of the X; by z,, %,, .. .Pﬁinﬁd _"’1“
their probabilities by f(z,). Put @ = E(|X,)), thatis, < DJ/ Fdol ik
26) a =3 |z fz). Fo iRk
The variable U, is bounded by 6n and hence clearly | ow
‘ /o IR E S S A
2.7) E(U}) <a don. L S ,‘_' )
Sl e )
The variables Uy, ..., U, have the same distribution and are mutually

independent. Therefore

(2.8) Var (U, 4+ ++VU,) = n Var (U,) < nE(U}} < a dn®.
On the other hand, by the very definition of the U, as n — o

2.9) E(Ul) - E(X,) = 0.
e ¥ b '2 s =4 ;—’/—\
SR ~é/,; ;;;i Z é;{

~t
G
'f’

5(-’|_J‘+_/ —em ;_ X )
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It follows that for » sufficiently large i ’EL_ =W =i j - g L—'-;"'l}r‘
fite; 4 {
(2.10) E((U+ - -+U,)%H < 2a dn?,

The relation (2.4) is now an immediate consequence of Chebyshev's
inequality 1X,(6.1) according to which

Ra &
[

(2.11) P{U, 4+ 4 Uy > deny >

By choosing -6 small enough we can make the right side as small as we’
please, and so (2.4) is true.
As for (2.5), note that

(2.12) P{V, + - + V_ 0} < nP{V, 0}

by the basic inequality [(7.6). For arbitrary 4 > 0 we have

P{V, 5 0} = P{IXy| > dn} = > f(x))

|-7.'-jl>§‘."1

Lad

—~
s
—

g

The last sum tends to 0 as n —» co. Therefore also the left side in (2.12)
tends to 0. This statement is stronger than (2.5} and completes the
proof. >

For a further analysis of the implications of the law of large numbers
we shall use the time-honored terminology of gamblers, but our discussion
bears equally on less frivolous applications, and our two basic assumptions
are more realistic in statistics and physics than in gambling halls. First,

we shall assume that our sambler nossesses an unlimited capital =o that no

L N L ST LEEL pPeeshaa Al elle LLpE S0 LilG

loss can force a termination of the game. (Dropping this assumption leads
to the problem of the gambler’s ruin, which from the very beginning has
intrigued students of probability. It is of importance in Wald's sequential
analysis and in the theory of stochastic processes, and will be taken up in
chapter XIV.} Second, we shall assume that the gambler does nor have

the nemiloos n-}"nnhnnn.’ ctoppine: the number n nf trialy must be f‘rﬂd’ n
EFLL P} lltl-“_a&\. VJ REA LF r_)t_) b LF ey Lo T I e e

advance 1ndependently of the development of the game. (Inreality a player
blessed with an unlimited capital can wait for a run of good luck and quit
at an opportune moment. He is not interested in the probable state at a
prescribed moment, but only in the maximal fluctuations likely to occur in
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..,
e
4

the long run. Light is shed on this problem by the law of the i
logarithm rather than by the la lar;:e numbers see VIII,5).)
The random variable X, w1ll be interpreted as the (positive or negative)
gain at the kth trial of a player who keeps playing the same type of game
of chance. The sum S, =X, + -+ 4 X is the accumulated gain in »

independent trials. If the player pays tor each trial an entrance fee u'
(not necessarily positive), then nu’ represents the accumulated entrance

oy el Liinein i LRPILOLIINS i ALLLLICELA LL I,

fees, and S, — nu' the accumu!ared nef gain. The law of large numbers
applies when u = E(X,) exists. [t says roughly that for sufﬁcwntly large
n the difference S, — nu is likely to be small in comparison to x.
Therefore, if the entrance fee x’ is smaller than @, then, for large n,
the player is likely to have a positive gain of the order of magnitude

¢ .
o~f 1
n(u—u’). For the same reason an entrance fee g’ > u is practically sure

to lead to a loss. In short, the case u' < w is favorable to the player,
while u' > u is unfavorable.

Note that nothing is said about the case " = u. The only possible
conclusion in this case is that, for » sufficiently large, the accumulated
gain or loss S, — ny will with overwhelming probablllty be.small in

comnarison \'i'f}t!'\ . It

\.ounnnr;un‘uunn LI i

positive or negative, that is, whether the game is favorable or unfavorable.
This was overlooked in the classical theory which called x' = p a “fair”

price and a game with u’ = & “fair.”” Much harm was done by the mis-
leading suggestive power of this name. It must be understood that a
“fair’ game may be distinctly unfavorable to the player. >

]

nnat gotofad whath

- 1 | ey
15 No1 stated wihelner u — Fpe 15 ul\u)f 10 o¢

T

In applications to gambling and in other simple situations where the
variables X, have a finite second moment the notion of “fairness” can be
justified, but when the variance is infinite, the term *“‘fair game” becomes
an absolute misnomer. There is no reason to believe that the accumulated
net gain S, — #u’ fluctuates around zero. In fact, there exist examples
of “fair’ games® where the probability tends to one that the player will have

sustained a net loss, The law of large numbers asserts that this net loss is

likely to be of smaller order of magnitude than ;

can be asserted. If @, is an arbitrary sequence such that a,/n—0, itis
possible to construct a ““fair’’ game where the probability tends to one that
at the nth trial the accumulated net loss exceeds a,. Problem 15 contains
an example where the player has a practical assurance that his loss will
exceed n/logn. This game is “fair,” and the entrance fee is mty It is

*
Faio? if L
difficult to imagine that a player will find it ““fair” if he is

=
C
)
:
G

=t
3

as
=

to sustain a steadily increasing loss

® W. Feller, Note on the law of large numbers and *'fair” games, Ann. Math. Statist,,
vol. 16 (1945), pp. 301-304.
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W c ke to dismiss such }Jl Cnoimena as pdll’lOlog]CZil or as
being without practical importance. The neg lect of random variables
without expectations has done much harm in applications because such
variables play an essential role even in the simplest stochastic processes.
For example, the simple random walk (or coin-tossing game) discussed in
chapter 111 serves as prototype for many stochastic processes in physics
and cconomics. As was shown in chapter 111, the waliing and first-passage
times in this randem walk de not have expectations, and they are therefore
subject to chance fluctuations that appear paradoxical and do not accord
with our intuition. This faulty intuition as well as many modern applica-
tions of probability theory are under the strong influence of traditional
misconceptions concerning the meaning of the law of large numbers and of
a popular mystique concerning a so-called law of averages. These are
inherited from the classical theory in which mathematical analysis was
inevitably interwoven with empirical and metaphysical considerations,
and in which something mystical adhered to the various limit theorems.®

Let us return to the “normal’” situations where not only E(X,) but also
Var(X,) exists. In this case the law oflarge numbers s supplemented by

R R, R .

the central limit theorem, and the latter tells us that, with a ““fair™ game,
the long-run net gain S, — nu is likely to be of the order of manmtude

V/n and that for large »n there are about equal odds for this net gain to be
positive or negative. Thus, when the central limit theorem applies, the
term “fair” appears justified, but even in this case we deal with a limit
theorem with emphasis on the words “long run.”

For illustration, consider a slot machine where the player has a prob-
ability of 10=° to win 10% — | dollars, and the alternative of losing the
entrance fee ' = 1. Here we have Bernoulli trials, and the game is
“fair.” In a million trials the player pays as many dollars in entrance fees.
He may hit the jackpot 0,1,2,... times. We know from the Poisson
approximation to the binomial distribution that, with an accuracy to
several decimal places, the probability of hitting the jackpot exactly k

times is e !/k!. Thus the player has probability 0.368 . . . to lose a million,
and the same probablhty of barely recovering his expenses; he has
probability 0.184 . . . to gain exactly one million, etc. Here 10¢ trials are

equivalent to one single trial in a game with the gain distributed according,
to a Poisson distribution. Such a game can be realized, for example, by
matching two large decks of cards as described in 1V,4. Nobody would

expect the law nf‘hrcrp numbers to become operative in practice after three

ol L 2ayy UL 2l gl VLU Lpelall plavust a

 The student of modern probability theory may be astonished to hear that as late as
1934 leading experts could question the possibility of formulating the basic limit
theorems of probability in purely analytic lerms.




X.4] THE PETERSBURG GAME 251

of four matchings. By the same token, when applied to our slot machine
the law of large numbers is operationally meamnﬁ]ess unless many millions
“of'trials are involved. Now all fire, automobile, and similar insurance is of
'if *’)qhe described type; the risk involves a huge sum, but the corresponding
probabﬂlty 1s very small, Moreover, the insured plays ordinarily only one
trial per year, so that the number » of trials never grows large. For him
the game is necessarllv ‘unfair,”” and vet it is usual]v ECOﬂDmICJMU advan-
tageous; the law of large numbers is of no relevance to him. As for the
company, it plays a large number of games, but because of the large
variance the chance fluctuations are pronounced. The premiums must be
fixed so as to preclude a huge loss in any specific year, and hence the
company is concerned with the ruin problem rather than the law of large
numbers,

*4. THE PETERSBURG GAME

In the classical theory the notion of expectation was not clearly dis-
associated from the definition of probability, and no mathematical
formalism existed to handle it. Random variables with infinite expecta-

1'1("1['19. fhf‘T’PFﬂl‘F‘ pl"ﬂf"l'l(‘?(’l lr‘lcll"/m(\llnf'ﬂ'\lp r‘ ﬁ;{‘YIlflﬂC nnd aven qulte rh\_‘_’ut

discussions appear strange to the student of modern probability. The
importance of variables without expectation has been stressed in the
preceding sections, and it seems appropriate here to give an example for
the analogue of the law of large numbers in the case of such variables.
For that purpose we use the time-honored so-called Petersburg paradox.?

- A-single trial in the Petersburg game consists in tossing a true coin until
it falls heads; if this occurs at the rth throw the player receives 27 dollars.
In other words, we are dealing with independent random variables assum-
ing the values 2%, 22, 23, . with corresponding probabilities 2-1, 272,
273, .. .. Theirexpectation is formally defined by Y=, f(z,} withz, = 27 and
f(x,) = 277, so that each term of the series equals 1. Thus the gain has no
finite expectation, and the law of large numbers is inapplicable. Now the
game becomes less favorable to the player when amended by the rule that
he receives nothing if no decision is reached in N tosses (that is, if the coin
falls tails N times in succession). The gain in this less favorable game has
the finite expectation &, and the law of large numbers applies. It follows
that the original game will be ““favorable’ to the player even if he pays the
entrance fee N for each trial. This is true for every N, but the larger
N the longer wili it take to render a positive gain probable, and so it is

* This section should be omitted at first reading,
7 This paradox was discussed by Daniel Bernoulli {1700-1782). Note that Bernoulli
trials arc named after James Bernoulli.




252 LAW OF LARGE NUMBERS [X.4

meaningless to speak of a “favorable” game. The classical theory con-
cluded that #4' = o0 is a “fair” entrance fee, but the modern student will

hardly understand the mysterious discussions of this “paradox.”

It is perfectly possible to determine entrance fees with which the Peters-
burg game will have all properties of a “fair’”’ game in the classical sense,
except that these entrance fees will depend on the number of trials instead

of remainine constant., Variable entrance fees are undesirable in rambline

Sallgiiliil B W Dea it e N Ll LV vy L, s ¥ 4 L T =R B W R S

halls, but there the Petersburg game is impossible anyway because of
limited resources. In the case of a finite expectation u = E(X,) > 0, a
game is called “fair’” if for large n the ratio of the accumulated gain S,
to the accumulated entrance fees e, is likely to be near 1 (that is, if the
difference S, — e, is likely to be of smaller order of magnitude than e,).

If IYX Y dres not PYIC'I' we cannot kean the entrance feec frmmetant hnt

R agy LULS ALV R (SR L w uuq) COTI1S LuLJL,

must determine e, in another way. We shall say that a game with accum-
ulated entrance fees e, wfazr in the classical sense szor every e > O

jmmp—

§f—1’>e}ﬁo.

€

T

(4.1) P{
This is the complete analogue of the law of large numbers where e, = nu’.
The latter is interpreted by the physicist to the effect that the average of =
independent measurements 1s bound to be near u. In the present instance
the average of n measurements is bound to be near e, /n. Qur limit
theorem (4.1), when it applies, has a mathematical and operational mean-
ing Wthh does not differ from the law of large numbers.

nnnnnn 7 comce it f oom T e 32 ) b
Ll“ddf.but SJEFLAT U }‘I'C f}ul &w YriiLd

thf: base 2, that is, 2%8 "= 7.
.. Proof. We use the method of truncation of section 2, this time defining
the variables U, and V, (k=1,2,...,n) by

Uk::Xk’ Vk-—-—“o {f‘ XRSHLOgH;
(4.2)

U, =0, = X, if X, >nLogn.
Then

4.3) P{e'S, — 1> e} <P{U 4+ -+ U, — e,] > ee,)

# This is a special case of a generalized law of large numbers from which necessary
and sufficient conditions for (4.1) can easily be derived; cf. W, Feller, Acta Scientiarum
Litterarum Univ. Szeged, vol. 8 (1937), pp. 191-201.
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on the right is realized. Now "

_ 4 . e
T

T
i

@44 P{Vi+- -4V, ;é/} < nP{X > nLogn} <
’ﬁog\f jalr 7 Logn s
To verity (4.3) it suffices therefore to prove that =n T/ 7 T g’

— 0.

(4.5) P{|U1+---+Uﬂ—nLogn|>enL0gn}—>~0.

Put p, =E(U,) and ¢ = Var(U,); these quantities depend on 7, but
are common to U, Uy, ..., U, If r is the largest integer such that
27 < nlogn, then x4, = r and hence for sufficiently large n

T {r'f “ﬁ& nod
(4.6) Logn < u, < Logn + Log Log n.
Similarly
(47 oi<EU)=24+224 - 427 <2 < 2nLog n.
Since the sum U, + - + U, has mean nu, and variance no?, we
have by Chebyshev’s inequality
nol 2
(4.8) P{|U1+"'+Un—n‘u,n|>enyﬂ}g 3 < — Q.
enu, € logn
Now by (4.6) u, ~ Logn, and hence (4.8) is equivalent to (4.5). »

5. YARIABLE DISTRIBUTIONS

Trp 1o now we hau.. uuﬂSldET&d umy variables AR lld.\-‘lll‘}: Lm: same

distribution. This situation corresponds to a repetition of the same game
of chance, but it is more interesting to see what happens if the type of game
changes at each step. It is not necessary to think of gambling places; the
statistician who applies statistical tests is engaged in a dignified sort of
gambling, and in his case the distribution of the random variables changes
from occasion to occasion.

To fix ideas we shall imagine that an infinite sequence of probability
distributions is given so that for each # we have » mutually independent
variables X,, ..., X, with the prescribed distributions. We assume that
the means and variances exist and put

g, = 5t = Var(X o
(5-1) Hr = E{Xk}, Uk - ‘v!ul (}Lk}. i . 1:1 ,
The sum S, = X, + --+ + X, has mean m, and variance s given by

(52) mﬂ=‘u1—|—---+#ﬂ, S§=G§++0’§
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[cf. 1X,(2.4) and 1X

had m, = np, §& = ngt
The (weak) law of large numbers is said to hold for the sequence {X.} if
Jor every € > 0

(53) Pj§ﬂ>%4o

The sequence {X,} is said 1o obey the central limit theorem if for every
fixed x <

S,—m

(5.4) P%< ﬂ<ﬂﬂmw—mn

T+ 12 ane nf tha
1L 15 OI1e Ol Lilg

1 ~
large numbers and the central limit theorem hold for a surprisingly large
class of sequences {X,}. In particular, the law of large numbers holds.
whenever the X, are uniformly bounded, that is, whenever there exists a
constant A such that |X,| < A for all k. More generally, a sufficient
condition for the law of large numbers to hold is that

I

5
(5.5) - —

I 4 SRR
This is a direct consequence of the Chebyshev inequality, and the proof
given in the opening passage of section 2 applies. Note, however, that the
condition (5.5) is not necessary (cf. problem 14).

Various sufficient conditions for the central limit theorem have been

RH ad kit all wara suimercaded hy the T indoheroy the
u.la\..uu.,u.u, uvuL CI.I.J. Whl\p Ol-ll.)\-l a\.ut..u U)‘ I.J.l\- J—rHGWCUCFé) “’-ECUJ’L.”'L U( ( (ff u‘fl‘g I,U'

which the central limit theorem holds whenever for every € > 0 the truncared
variables U, dqﬁned by

Uy =X, — i i 1K — el < sy
(5.6)
Uk =0 'Ef |Xk — > €5
satisfy the conditions §,— o0 arfd i i 1% oo > n
(5.7) - ZE{U‘) — 1.
E’J {/ " \-,.

If the X, are umtorm]y bounded, that is, if |X,] < 4, then U, =
= X, — p forall »n which are so large that 5, > 24¢'. The left side in
(5.7) then equals 1. Therefore the Lindeberg theorem implies that every
uniformly bounded sequence {X,} of mutually independent random variables

® J. W. Lindeberg, loc. cit. (footnote 3).




X.5] VARIABLE DISTRIBUTIONS 255

obeys the central limir theorem, provided, of course, that s, — oo, It was
found that the Lindeberg conditions are also necessary for (5.4) to hold.®
The proof is deferred to the second volume, where we shall also give esti-
mates for the difference between the two sides in (5.4).

When variables X, have a common distribution we found the central
limit theorem to be stronger than the law of large numbers. This is not so
in general, and we shall see that the central limit theorem may apply to
sequences which do not obey the law of large numbers.

Examples. (o) Let 12> 0 be fixed, and let X, = 4-k* each with
probability § (e.g., a coin is tossed, and at the kth throw the stakes are
+k*). Here g, =0, o} = k*, and

ey |

fi

22+ 1

(58) S: — 12). + 22;‘, + 32}. + e + HEJ.M

The condition (5.5) is satistied if 1 < 4. Therefore the law of large num-
bers holds if 4 < 3; we proceed to show that it deces not hold if A > .

For k=12, ..., n we have [X | =k <n* so that for
n > (2A41)e7? the truncated variables U, are identical with the X,.
Hence the Lindeberg condition holds, and so

/2’? +1g « p] — N(B) — N(x).

(59) P[OE < \l nz).—-'—l

It follows that S, is likely to be of the order of magnitude n**}, so that
the law of large numbers cannot apply for 4 > . We see that in this
example the central limit theorem applies for ali A > 0, but the law of large
numbers only if 1 < }.

(b) Consider two independent sequences of 1000 tossings of a coin (or
emptying two bags of 1000 coins each), and let us examine the difference
D of the number of heads. Let the tossings of the two sequences be
numbered from 1 to 1000 and from 1001 to 2000, respectively and define
2000 random variables X, as follows: If the kth coin falls tails, then
X, = 0. If it falls heads, we put X, =1 for k& < 1000 and X, = —1,
for & > 1000. Then D =X, + --- 4 X, The variables X, have
mean g, = 4% and variance o) =}, and hence E(D)=0 and

Var(D) = 500. Thus the probability that the difference D will lie within

W, Feller, Uber den zeniralen Grenzwerisaiz der Wahrscheinlichkeltsrechnung
Mathematische Zeitschrift, vol. 40 (1935), pp. 521-559. There also a generalized
central limit theorem is derived which may apply to variables without expectations.
Note that we are here considering only independent variables; for dependent variables

the Lindeberg condition is neither necessary nor sufficient.
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the limits i‘\fﬁSGU-I is thuu) —_ :n{—z), applualllldl.t:ly, and D is com-
parable to the deviation S,y, — 1000 of the number of heads in 2000
tossings from its expected number 1000.

(¢) An application to the theory of inkeritance will illustrate the great
variety of conclusions based on the central limit theorem. In V,5, we
studied traits which depend essentially onIy on one pair of genes (alleles).
We conceive of other characters (like height) as the cumulative effect of
many pairs of genes. For simplicity, suppose that for each particular pair
of genes there exist three genotypes 44, Aa, or aa. Let z,, x,, and z,
be the corresponding contributions. The genotype of an individual is a
random event, and the contribution of a particular pair of genes to the
height 1s a random variable X, assuming the three values z,, z,, z, with
certain probabilities. The height is the cumulative effect of many such
random variables X, X,, ..., X,, and since the contribution of each is
small, we may in first approximation assume that the height is the sum
X, + -+ X,. Itis true that not a/l the X, are mutually independent.
But the central limit theorem holds also for large classes of dependent
variables, and, besides, it is plausible that the great majority of the X, can
be treated as independent. These considerations can be rendered more
precise; here they serve only as indication of how the central limit theorem
explains why many biometric characters, like height, exhibit an empirical
distribution close to the normal distribution. This theory permits also the
prediction of properties of inheritance, e.g., the dependence of the mean
height of children on the height of their parents. Such biometric investiga-
tions were initiated by F. Galton and Karl Pearson.! >

*6. APPLICATIONS TO COMBINATORIAL
ANALYSIS

We shall give two examples of applications of the central limit theorem
to problems not directly connected with probability theory. Both relate
to the n! permutations of the n elements @, a,, ..., a,, to each of
which we attribute probability 1/n!.

(a) Inversions. In a given permutation the element «, is said to induce
r inversions if it precedes exactly r elements with smaller index (i.e.,
elements which precede g; in the natural order). For example, in
(aaqgaiasasa,) the elements @, and g, induce no inversion, a, induces
two, a, none, a@; two, and g, four. In (asa,a.a.,q,) the element a,
induces & — 1 inversions and there are fifteen inversions in all. The

1 Sir Francis Galton (1822-1911}; Karl Pearson (1857-1936),
* This section treats a special topic and may be omitted.
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number X, of inversions induced by a, is a random variable, and
S, =X;+ -+ X, is the total number of inversions. Here X, as-
sumes the values 0,1,...,%k — 1, each with probability 1/k, and
therefore

.
o
—

o

2
Tg

_ 14224 F (k=1 k= 1V K1
k ( 2 ) 12

The number of inversions produced by «, does not depend on the relative

order of a,, @y, . .., a,_;, and the X, are therefore mutually independent.
From (6.1) we get

2 4 4
and
n 3 2 3
6.3) gl ST I =5
12%=1 12 30

For large n we have 5, > n > U,, and hence the variables U, of the
Lindeberg condition are identical with X,. Therefore the central limit

theorem applies, and we conclude that the number N, of permurations
2

. ) . ) L L S
Jjor which the number of inversions lies between the limits ” + 6 VR s,

asymptotically, given by n'{J(«)—N(—=)}. In particular, for about one-
half of all permutations the number of inversions lies between the limits
1n? 4- 0.11nd.

(b) Cycles. Every permutation can be broken down into cycles, that is,
groups of elements permuted among themselves. Thus in (a,a.a,a5a,0,)
we find that @, and @3 are interchanged, and that the remaining four
elements are permuted among themselves; this permutation contains two
cycles. If an element is in its natural place, it forms a cycle so that the
identity permutation (a,, as, . . . , @,) contains as many cycles as elements.
On the other hand, the cyclical permutations (ay as, - - ., @,, @), (a3,
Qy, - . ., Ay, a1, Gy), €tc., contain a single cycle each. For the study of cycles
it is convenient to describe the pemutation by means of arrows indicating
the places occupied by the several elements. For example, 1—+3—4—1
indicates that @, is at the third place, a; at the fourth, and a, at the first,
the third step thus completing the cycle. This description continues with
a,, which is the next element in the natural order. In this notation the
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permutation (2, g, ay, 3, Gz, G5, G, Gg) 1s described by: 1-3—4-+1;
2—+>5-+6—>8—>2; 7—7. In other words, we construct a permutation
(a1, - .., a,) by a succession of n decisions. First we choose the place i
to be occupied by a,, next the place to be occupied by a,, and so forth.
At the l1st, 2nd, ..., nth step we have n,n—1,...,1 choices and
exactly one among them completes a cycle.

Let X, equal 1if a cycle is completed at the kth step in this build-up;
otherwise let X, =0. (In the last example X, =X, =X, =1 and
X, =X,=X,=X;=X;=0.) Clearly X, =1 if, and only if, a, is
at the first place. From our construction it follows that P{X, = 1} =

n—k
= d PIX,=0} = ——— i
P an {X, =0} TR and that the variables X,

are mutually independent.!* Their means and variances are

1 @ n—k
6.4 = —————— gt = —_—
(6.9) e Tk + 1 T i—k 1)
whence

1 1

(6.5) mn=1+;+;+ + —-~logn
and

< —k
6.6 S=ST"F  _logn.
(6.6) DI

S, =X; 4+ ---+ X, is the total number of cycles. Its average is m,;

and the number of permutations with cycles between logn + :x\fflog n and

logn + g?\,fflog n is given by nH{IYB)—N(2)}, approximately. The refined
forms of the central imit theorem give more precise estimates.3

*7. THE STRONG LAW OF LARGE NUMBERS

The (weak) law of large numbers (5.3) asserts that for every particular
sufficiently large » the deviation |S, — m,| islikely to be small in com-
pariscn to n. It has been pointed out in connection with Bernoulli trials

'* Formally, the disiribution of X, depends not only on & but also on n, It suffices
to reorder the X,, starting from & =»n down to £ =1, to have the distribution
depend only on the subscript. [See also example XI, (2.¢).] '

3 A great variety of asymptotic estimates in ¢combinatorial analysis were derived by
other metheds by V. Gontarov, Du domaine d’analyse combinatoire, Bulletin de
I’Académie Sciences URSS, Sér. Math. (in Russian, French summary}, vol. 8 (1944),
pp. 3—48. The present methed is simpler but more restricted in scope; cf. W. Feller,
The fundamental limit theorems in probabifity, Bull. Amer. Math. Soc., vol. 51 (1945),
pp- 800-832.

* This section treats a special topic and may be omitted.
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e 1) that this does not imply that |S, — m,|/» remains small
foralllarge »; it can happen that the [aw of large numbers applies but that
|8, — m,|/n continues to fluctuate between finite or infinite limits. The
law of large numbers permits only the conclusion that large values of

[S, — m,|/rn occur at infrequent moments.

We say that the sequence X, obeys the strong law of large numbers if to
every pair € > 0, 0 > 0, there corresponds an N such that there is prob-
ability 1 — & or better that for every r > 0 all r + 1 inequalities

IS, — m

(7.1) "‘<e, n=N,N+IL...,N+r

n
will be sarisfied.
We can interpret (7.1) roughly by saying that with an overwhelming

probability |S, — m,|/n remains small*® for all n > N.

The Kolmogorov Criterion. The convergence of the series

(7.2) Y ok

is a sufficient condition for the strong law of large numbers to apply 1o the

sequence of mutually independent random variables X, with variances o,

Proof. Let A, bethe event that for at least one n with 2*! < n < 27
the inequality (7.1) does nof hold. Obviously it suffices to prove that for
all » sufficiently large and all r

P{A} + P{d ) + -+ Pld, .} <9,

that is, that the series > P{4,} converges. Now the event A, implies
that for some » with 21 < n < 2°

(7.3) S, — m,| > e 27
and by Kolmogorov’s inequality of 1X,7
(7.4) P{A,)} < d4e? 500 27"
Hence
(7.5) SP{4) <423 25T ol =430t S 270 <8ty D
v=1 v=1  x=1 =1 22k k=1 k*
which accomplishes the proof. >

4 The general theory introduces a sample space corresponding to the infinite
sequence {X,j. The strong law then states that with probability one [S, — mialfn
tends to zero, In real variable terminology the strong law asserts convergence almost
everywhere, and the weak law is equivalent to convergence in measure.
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Theorem. If the mutually independent random variables X, have a
common distribution {f(x;)} and if u = E(X,) exists, then the strong law
of large numbers applies to the sequence {X,}.

This thecrem is, of course, stronger than the weak law of section 1.

T U ST Y | P RN P A P A, A~ gica

The two theorems are treated 111\.15}1::11\.1C11L1‘>|r because of the I[lt:LuUUULUg cal
interest of the proofs. For a converse cf. problems 17 and 18.

Proof. We again use the method of truncation. Two new sequeﬁces
of random variables are introduced by

U, =X, V.=0 ‘f IXel < K,
U, =0, V=X, if X > k.

o~
=1
L)
R

The U, are mutually independent, and we proceed to show that they
satisfy Kolmogorov’s criterion. For of = Var(U,) we get

(1.7) or < EUD = 2 2f(z,).
ol <k
Put for abbreviation
(7.8) a, = 2 |zl f(z,).
v—1Z [l <y

Then the series D a, converges since E(X;) exists. Moreover, from (7.7),

(7.9) or < ay + 2a. + 3a; + -+ - + ka,
and
o g 0 LA o oy o
(7.10) Z f Z k]— Zvav = Zv Zkl ZZa < 0,
=1 k=1 v=\1 v=1 = w=1

Thus the criterion (7.2) holds for {U,}. Now
(?II) E(Uk) == Z x:l'f('r:')

le;] <k
so that w, — w« and hence (34 p,+---+u,)/n — u. From the strong
law of large numbers for {U.} we conclude therefore that with probability

1 — & or better
|

n |
(7.12) 7S U, — p . <e
k=1

for all n> N provided N is chosen sufficiently large. It remains to
prove that the same assertion holds true when the U, are replaced by
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a probability arbltranly close to unity the event U, = X occurs for all
k > N. This amounts to saying that with probability one only finitely
many among the variables V, are different from zero. By the first Borel-
Cantelli lemma of VIIL3 this is the case whenever the series > P{V, 3 0}
converges, and we now complete the proof by establishing the convergence

nf fblc carie Oyhvinnelsy

2
LAl LAAL . L) By L TN LSLRLLILISLY

It suffices obviou I to show that & can be chosen so Iarge that with

(7.13) P{V, # 0} = z flx) < Qrt1 4 Qyio n Qp i3

EHES b n+1 n+2
and hence
(7.14) SPV, %00 <y Yhu_vhus|_ v, <o,
n=1v=n 1V v=1 1V n=1 v

as asserted,

8. PROBLEMS FOR SOLUTION

1. Prove that the law of large numbers applies in example (5.a4) also when
A < 0. The central limit theorem holds if 1 > —&

2. Decide whether the law of large numbers and the central limit theorem
hold for the sequences of mutually independent variables X; with distributions
defined as follows (4 > 1)

(a) P{Xk = iZ""} = —%—;
() P{Xy = 225 =200, P(X, =0} = 1 - 2%

(©) P{X; = +k} = 1/2Vkh), P{X,=0=1—1Vk
3. Ljapunov’s condition (1301). Show that Lindeberg’s condition is satisfied
if for some 4 > 0

n

I - o
=75 2 El(X[*) —0.

4. Let the X, be mutually independent random variables such that X,
assumes the 24 + 1 values 0 +L,, 2L, ..., £ki, each with probability
1/(2k +1). Find conditions on the constants LR wh:ch will ensure that the law
of large numbers and/or the central limit theorem holds for {X,}.

5. Do the same problem if X, assumes the valucs a,, —az and 0 with
probabilities py, px and 1 — 2p,.

Note: The following seven problems treat the weak law of large numbers for
dependent variables.

6. In problem 13 of V, 8 let X, = 1 if the ith throw results in red, and
X, = 0 otherwise. Show that the law of large numbers does not apply.

7. Let the {X,} be mutually independent and have a common distribution
with mean # and finite variance. If S, = X, + - - + X,, prove that the law
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of large numbers does not hold for the sequence {S,} but holds for a,S, if
na, — 0. Hint: Calculate Var (S;, . .., S§;)/n.

8. Let {X;} be a sequence of random variables such that X, may depend on
X; 1 and X, butis independent of all other X,. Show that the law of large
numbers holds, provided the X, have bounded variances.

9, If the joint distribution of (X, ..., X,) is defined for every n so that the
variances are bounded and all covariances are negative, the law of large numbers
applies.

10. Continuation. Replace the condition Cov (X;, X,) < 0 by the assumption
that Cov (X, X;) — 0 uniformly as |j — k| — o, Prove that the law of large
numbers holds,

11. If [S,| < en and Var(8,) > an?, then the law of large numbers does not
apply to {X;}.

12. In the Polya urn scheme [example V, (2.¢)] let X, equal 1 or 0 according

to whether the Ath ball drawn is black or red, Then 8,, is the number of black
balls in n drawings. Prove that the law of large numbers does not apply to
{Xy}. Hint: Use the preceding problem and problem 30 of IX, 9.

13. The mutually independent random variables X, assume the values
r=23,4,... with probability p, = c¢/(+*logr) where ¢ is a constant such
that zp, = 1. Show that the generalized law of large numbers (4.1) holds if we
put e, = ¢ n loglogn.

14. Let {X,} be a sequence of mutually independent random variables
such that X, = +1 with probability (1—-27"")/2 and X, = £27 with prob-
abitity 27771 Prove that both the weak and the strong law of large numbers
apply to {X;}. [Nore: This shows that the condition (5.5) is not necessary. }

15. Example of an unfavorable “‘fair” pame. Let the possible values of the
gain at each trial be 0, 2, 2% 23, ..., the probability of the gain being 2% .is

1

(81) pi’c =m,

and the probability of 0 is py = 1 — (py+py+- ). The expected gain is
(8.2) p=22p=>0-D+E-H+E-DH+- =1

Assume that at each trial the player pays a unit amount as entrance fee, s0
that after » trials his net gain (or loss) is 8, — n. Show that for every ¢ > 0
the probability approaches unity that in n trials the player will have sustained a
loss greater than (1 —e)nfLog, n, where Log,n denotes the logarithm to the
base 2. In symbols, prove that

z

(8.3) P{Sn—n<— 1

iy

(1= o)
Log, # |

Hint: Use the truncation method of section 4, but replace the bound » Log #
of (4.2) by n/Log,n. Show that the probability that U, = X, for all £ <»
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tends to 1 and prove that

4 pl — nE(U S
(8.4) U+ e+ Uy = B (U] <
1 I+ e
(8.5) L= g 2EU 21—

For details see the paper cited in footnote 5.

16. Let {X,} be a sequence of mutually independent random variables with
a common distribution. Suppose that the X,, do not have a finite expectation
and let 4 be a positive constant. The probability is one that infinitely many
among the events |X,| > An occur.
17. Converse to the strong law of large numbers. Under the assumption of

laws 15 thara 1e mrahahility ana that 1€ | ~ 4.5 for infinitely manv »
i€ 40 WNCIC 15 Prooadliily o0 liat (5, o~ AR L0 NGy Hiadly 2.

18. A converse to Kolmogorov’s criterion. If Y o3/k? diverges, then there exists
a sequence {X;} of mutually independent random variables with Var {X;} = o}
for which the strong law of large numbers does not apply. Hint: Prove first
that the convergence of > P{X,| > en} is a necessary condition for the strong
law to apply.

b
prou




CHAPTER XI

Integral-Valued Variables.

Generating Functions

1. GENERALITIES

Among discrete random variables those assuming only the integral
values £k = 0, 1, 2, ... are of special importance. Their study is facilitated
by the powerful method of generating functions which will later be recog-
mized as a special case of the method of characteristic functions on which
the theory of probability depends to a large extent. More generally, the
subject of generating functions belongs to the domain of operational
methods which are widely used in the theory of differential and integral
equations. In the theory of probability generating functions have been
used since DeMoivre and Laplace, but the power and the possibilities of
the method are rarely fully utilized.

Definition. Let a, ay, a3, ... be a sequence of real numbers. If

converges in some interval —s, < 5 < sy, then A(s) is called the generating
Jfunction of the sequence {a;}.

The variable s itself has no significance. If the sequence {g;} is
bounded, then a comparison with the geometric series shows that (1.1)
converges at least for {s| < 1.

Examples. If a; =1 forall j, then A(s) = 1/(1—s). The generating
function of the sequence (0,0,1,1,1,...) is s%(1—s). The sequence

a; = 1/j! has the generating function ¢°. For fixed n the sequence

a, = (n) has the generating function (14s)*. If X is the number
J

scored in a throw of a perfect die, the probability distribution of X has
the generating function {5+ 52+ 53+ 5%+5°45%)/6. >

264
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Let X be a random variable assuming the values 0,1,2,.... It wil
be convenient to have a notation both for the distribution of X and forits
tails, and we shall write

(1.2) PX=ji=p, PX>j}=g,
Then
(1.3) G = Prat + Pron + 70 k > 0.

The generating functions of the sequences {p,} and {g,} are
(1.4) P(s) = po + prs + pus® + pus® -

(1.5) Q) =gy + q15 + qo5% + q8° + - -+

As P(l) =1, the series for P(s) converges absolutely at least for
—1 < s < 1. The coeflicients of Q(s) are less than unity, and so the
series for Q(s) converges at least in the open interval —1 < s < 1.

Theorem 1. For —1 <5< 1

o . 1= P(s)
(1.6) ofs) = ——— .
[ —s

Proof. The coeflicient of s* in (1—s)- Q(s) equals g, — g, 1 = —p,
when n > 1, and equals gy=p, +p,+--=1—p, when n =0,
Therefore (1—s)- O(s) = 1 — P(s) as asserted. »

Next we examine the derivative
(1.7) P(s) =3 kps™ .

k=1

The series converges at least for —1 < s < 1. For s =1 the right side
reduces formally to D kp, = E(X). Whenever this expectation exists, the
derivative P’(s) will be continuous in the closed interval —1 <g§ < 1.
If >kp, diverges, then P’(s)— oo as s— 1. In this case we say that X
has an infinite expectation and write P'(1) = E(X} = oc. (All quantities
being positive, there is no danger in the use of the symbol oc.} Applying
the mean value theorem to the numerator in (1.6), we see that Q(s) = P'(o)
where ¢ is a point lying between s and [. Since both functions are
monotoene this implies that P’(s) and Q(s) have the same finite or infinite
limit which we denote by P’(1) or Q(!). This proves

Theorem 2. The expectation E(X} satisfies the relations

(18) B =3 jn, = X a,
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or in fermy of the o
Ul s USR5

(1.9) | E(X) = P'(1) = ().

By differentiation of (1.7) and of the relation P'(s) = Q(s) — (1—5)Q'(s)
we find in the same way

(1.10) E(X(X—1)) = Dk(k—1)p, = P"(1) = 20'(1).

To obtain the variance of X we have to add E(X) — EXX) which leads
us to

enerating functions,

Theorem 3. We have
(1.11) Var (X) = P/(1} + P'(1) — P'¥1) =
=20'(1) + Q1) — Q¥1).
In the case of an infinite variance P'(s) -~ o0 as s — 1.

The realtions (1.9) and (1.11) frequently provide the simplest means to
calculate E(X) and Var(X).

2. CONYOLUTIONS

If a random variable X assumes only non-negative integral values, then
s* is a well-defined new random variable, and the generating function of
the distribution of X can be written in the compact form E(sX). If X

and Y are independent, so are s¥ and s¥, and hence
E(s*7Y) = E(s)E(sY).

We proceed to give a different proof for this important result because it will
lead us to a useful generalization,

Let X and Y be non-negative independent integral-valued random
variables with probability distributions P{X =} = 4, and P{Y =} =
= b;. The event (X =/, Y = k) has probability a,b,. The sum S =
= X 4+ Y 1sa new random variable, and the event S = r is the union of
the mutually exclusive events

X=0Y=r, X=1,Y=r—1),....,X=rY=0).

Therefore the distribution ¢, = P{8 = r} is given by

(2.1) CT — aub‘.r + al&,._l -Jl' agbf__g + et + a,‘,.__lf_l:"l + a'.,.!f-o.

The operation (2.1}, leading from the two sequences {4} and {b,} toa
new sequence {c,}, occurs so frequently that it is convenient to introduce
a special name and notation for it.
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Definition. Let {a,} and {b,} be any two numerical sequences (not
necessarily probability distributions). The new sequence {c,} defined by
(2.1} is called the convolution' of {a,} and {b.} and will be denoted by

(2.2) {cet = {a) * {Be)-

Examples. (a) If g, =5,=1 forall k>0, then ¢, =k + 1. If
@y =4k, by=1, then ¢, =1+ 2+ -+ + k = k(k+1)/2. Finally, if

The sequences {a,} and {b,} have generating functions A(s) = Da.s*
and B(s) = D bs®. The product A(s)B(s) can be obtained by termwise
multiplication of the power series for A(s} and B(s). Collecting terms

with eaual nowers af ¢ we find that the roafficiant ¢ af ¢ 1n the exnan-
owers ol ¢ of ¢ inihe exran

rrrrrrr Muol p L L y Yo Lo uiad b Lvdabeaoans Lo I

sion of A(s)B(s) is given by (2.1). We have thus the

Theorem. If {a,} and {b,} are sequences with generating functions
A(s) and B(s), and {c,} is their convolution, then the generating function
C(s) = dcs™ is the product

(2.3) C(s) = A(s)B(5).

If X and Y are non-negative integral-valued mutually independent random
variables with generating functions A(s) and B(s), then their sum X + Y
has the generating function A(s)B(s).

Let now {a.}, {b.}, {ci}, {&}, ... be any sequences. We can form the
convolution {a,} « {6;}, and then the convolution of this new sequence
with {c;}, etc. The generating function of {a} * {b;} « {c} » {d} 1Iis
A()B(s)C(s)D(s), and this fact shows that the order in which the convolu-
tions are performed is immaterial. For example, {a;} * {6} * {¢;} =
= {c.} = {b,} * {a,}, etc. Thus the convolution is an associative and com-
mutative operation (exactly as the summation of random variables).

In the study of sums of independent random variables X, the special
case where the X, have a common distnibution 18 of particular interest.
If {a;} is the common probability distribution of the X, then the distri-
bution of S, = X, + - -+ + X, will be denoted by {a;}"*. Thus

(2.4) {a;}** = {a;} » {a;},  {a}™ = {a}™* + {g;}, ...
and generally

(2.5) {ap™ = {a,}" " « {q;}.

! Some writers prefer the German word faltung. The French equivalent is composition.
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In words, {a,}"* is the sequence of numbers whose generating function is
A™(s). In particular, {a,}'* is the same as {a;}, and {a,}°* is defined as
the sequence whose generating function is A%s) = 1, that is, the sequence
(1,0,0,0,...).

Examples. (b) Binomial distribution. The generating function of the

binomial distribution with terms d{k; n pFg% s

np) = k)71 i3

b =

2.6) (”)(ps)*q“-* — (G+ps)"

k

k=0

The fact that this generating function is the nth power of g + ps shows
that {h(k; n, p)} is the distribution of asum S, = X, + -+« + X_ of »n
independent random variables with the common generating function
g + ps; each variable X, assumes the value O with probability ¢ and the
value 1 with probability p. Thus

2.7) 00k; m, p)} = {b(k; 1, p)i™*.

The representation S, =X, + --- + X, has already been used [e.g.,
in examples IX,(3.q) and 1X, (5.4)]. The preceding argument may be
reversed to obtain a new derivation of the binomial distribution. The

mutliplicative property (¢-+ps)™(g+ps)” = (g+ps)™*" shows also that

(2.8) {b(k; m, p)} * {b(k; n, p)} = {blk; m+n, p)}

which is the same as VI,(10.4). Differentiation of (g4 ps)* leads also to a
simple proof that E(S,) = ap and Var(8,) = npq.

(c) Poisson distribution. The generating function of the distribution
plic; A) = e 225k is

SNY L)
(2.9) kgoe —-—k! =€ .
It follows that

(2.10) {plics D} {plk; )} = {p(k; A+w)},

which is the same as VI,(10.5). By differentiation we find again that both
mean and variance of the Poisson distribution equal 2 [cf. example
1X,(4.c)].

(d)} Geometric and negative binomial distributions. Let X be a random
variable with the geometric distribution

(2.11) P{X = k} = ¢*p, k=0,1,2,.

where p and g are positive constants with p + q = 1. The corresponding
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generating function is

(2.12) pZ(QS)"

_qs.

Using the results of section I wefind easily E(X) = g/p and Var(X) = ¢/p?,
in agreement with the findings in example 1X,(3.c).
In a sequence of Bernoulli trials the probability that the first success

AT AITRALL ARALS UL pRVUGULLILY vide b firde

occurs after exactly k failures [i.e., at the (k+1)st tr;al] 1s g*p, and so X
may be interpreted as the waiting rzmefor the first success. Strictly speak-
ing, such an interpretation refers to an infinite sample space, and the
advantage of the formal definition (2.11) and the terminology of random
variables is that we need not worry about the structure of the original

sample space. The same is true of the waiting time for the rth success. -

If X, denctes the number of failures following the (k—1)st and preceding
the kth success, then S, = X, + X,, + - -+ 4+ X_ is the total number of
failures preceding the rth success (and S, + r is the number of trials up to
and including the rth success). The notion of Bernoulli trials requires that
the X, should be mutually independent with the same distribution (2.11),

and we can define the X, by this property. Then S, has the generating
function

; T
(2.13) P\,

I —gs

and the binomial expansion I1,(8.7) shows at once that the coefficient of
s equals

(2.14)  f(k;r, p) = (_k’")pf(—q)k, k=012, ...

[t follows that P{S, = k} = f(k;r, p), in agreement with the distribution
for the number of failures preceding the rth success derived in VI,8, We
can restate this result by saying that the distribution {f(k;r,p)} is the

r—fnf{), rnn.’ m’ufmn nf fhp gﬁnmatwr n’g:‘frghufrnn ‘mrrh ffmm'{ ln g}!mbolg

(2.15) ks r, p)} = {g'pi™.

So far we have considered r as an integer, but it will be recalled from
VI8, that {f(k;r, p)} defines the negative binomial distribution also when
r > 0 is not an mteger. The generating function is still defined by (2.13)
and we see that for arbitrary r > 0 the mean and variance of the negative
binomial distribution are rqlp and rq/p® and that

2.16) ks r, o)t {flkc; rg, p)} = {f (ks rira, P}
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(e) Cycles. In X,(6.6) we studied the number S, of cycles in a random permutation of
n elements. It was shown that it is possible to represent this random variable as the
sum 8, =X+ ---+ X, of # independent variables such that X, assumes the
two values 1 and O with probabilities (r—4&+1)"' and (h—k)n—k+1)-, respectively.
It follows immediately that the generating function of S, is given by the product

2.17
( ) H n—1 2

n—14+s n—2+43s 14+s5s s — 5

The coeflicients of this polynomial determine the probability distribution of S, but
an explicit representation requires knowledge of the Stirling numbers, We have here an
example of a very usual situation, namely that the generating function is simpler than
the probability distribution itself. 1t is therefore fortunate that much information can
be extracted from the generating function. >

3. EQUALIZATIONS AND WAITING TIMES IN
BERNOULLI TRIALS

We pause here to illustrate the power and the flexibility of the method
of generating functions by a discussion of a few important problems of
methodological interest. The resuits play a prominent role in the theory of
random walks and may be considered the prototypes of related results in
diffusion theory. They will be derived by different methods in chapter
XIV (see, in particular, sections 4 and 9). In the special case p = } the
results were derived in a different form by combinatorial methods in
chapter TII. A comparison of the methods should prove illuminating.®

In the following we consider Bernoulli trials with probability p for
success. Weput X, = +1 if the kth trial results in success, and X, = —1
otherwise. In other words, the object of our investigation is a sequence of
mutually independent random variables assuming the values +1 and —1,
with probabilities p and ¢, respectively. This description is simplest
and most natural, but since it refers to an unending sequence of trials it
leads formally to nondenumerable sample spaces. Actually we shall only
calculate certain probabilities involving a specified finite number of trials,
and so there arise no problems of principle. We could speak of a fixed
number N of trials and let N— <, but this would be unnecessary
pedantry and harmful to probabilistic intuition.

As usual we put

——
Lad
—_

e

S =X. 44X S =10
=1 1 =

=~n 4 T S

% It should be clear from this account that the present section is inserted for purposes
of illustration as well as for its intrinsic interest, but that it is not a prerequisite for the
remainder of this book,
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In the time-honored gambling terminology Peter and Paul are playing for
unit stakes and S, represents Peter’s accumulated gain at the conclusion
of the nth trial. In random walk terminology S, is the position of a
“particle” which at regular time intervals takes a unit step to the right or to
the left. The random walk is unsymmetric if p 5 &.

(a) Waiting Time for a Gain. The event
(32) Slgoassn—lgos Sn=1

signifies in gambling terminology that the nth trial is the first to render
Peter’s accumulated gain positive. In random walk terminology the first
visit to +1 takes place at the nth step; a more usual description employs
the language of physical diffusion theory and calls (3.2) a first passage
through 1. We seek the probability ¢, of this event. More precisely,
we seek their generating function

(e ]
(3.3) D) = 2 5"

n=0
where we put ¢, = 0 for convenience.® By definition ¢, = p. If (3.2)
holds for some » > 1 then S, = —1 and there exists a smallest subscript

v < n such that §, = 0. The outcome of the first # trials may now be
described in gambling terminology as follows. (1) At the first trial Peter
loses a unit amount. (2) It takes exactly » — I further trials for Peter to
reestablish the initial situation. (3) It takes exactly n — » further trials
for Peter to attain a positive net gain. These three events depend on non-
overlapping blocks of trials and are therefore mutually independent.
From the definition it is clear that the events (2) and (3) have probabilities
¢,_1 and ¢, ,, respectively, and so the probability of the simultaneous
realization of all three events is given by the product gé,_;¢,_,. Now the
event (3.2) occurs if, and only if, the events (1)-(3) occur for some » < n,
Summing over all possible » we get

(3.4) bn = q(Prpnr2tPabnst * Fbuaby).
It must be remembered that this relation is valid only for # > 1 and that
¢ =p and ¢, = 0. Multiplying (3.4) by s* and summing over n =

=2,3,... we get therefore on the left ®(s) — ps. The quantity within
the parenthesis is the (n—1)st term of the convolution {¢,} * {¢,}, and

* As will be seen later on, the generating function @ can be obtained directly by a
simple probabilistic argument. The following less elegant derivation is given because it
provides a good exercise in handling convolution equations, which also appear in
various contexts outside probability theory. (See, for example, problem 6.)




272 INTEGRAL-VALUED VARIABLES. GENERATING FUNCTIONS [X1.3

so the right side leads to gs* ®%*(s) by the theorem of section 2. We see
thus that the generating function ® satisfies the quadratic equation

(3.5) D(s) — ps = gsD*s).

Of the two roots one is unbounded near s = 0, and our generating
function is given by the unique bounded solution
4 _flli _ A .}
(3.6) DO(s) = ——¥ -~ = P45
2gs

where ./ denotes the positive root. The binomial expansion I1,(8.7)
enables us to write down the coefficients in the form

Popr = (___”1):1’{%\ (4pg)*, Pax
2 \kJ

—
LS
~]

S’

= Q.

We are thus in the possession of explicit expressions for the required

probabilities ¢,, butthey are of secondary interest; it is more instructive

to extract the relevant information directly from the generating function.
First we note that the sum 3¢, is given by

(3.8) O(1) = 1—ip—g4 ;
2q

and so

plg if p<gq
(3.9) Sh=1 i p>a

In other words: If p < g the probability that the sums S, remain negative

forever equals (q—p)lq. 1f p > g this probability is zero so that with
probability one S, will sooner or later become positive. How long will
it take? An easy calculation shows that @'(1) = (p—¢)! if p > ¢ and
O'(1) = o if p =g =% We conclude that when p = % the number of
trials preceding the first positive sum S, has infinite expectation.

It is worthwhile to restate this noteworthy result in gambling termin-
ology. Itimpliesthatinanideal coin-tossing game Peter is theoretically sure
sooner or later to attain a positive net gain, but the expected number of
trials required to achieve this goal is infinite. A player with finite capital
is therefore by no means certain of ever reaching a positive net gain. We
shall return to this question in connection with the ruin problem in chapter
XIV.

-. The derivation of the quadratic equation (3.5) for ® may be described more
“contisely in probabilistic terms as follows. Denote by N the first subscript for which
Sn > 0. Then N is a random variable in the slightly generalized sense that it is not
defined in the event that S, < 0 for @/ n. (In the terminology of chapter XIII we
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should call N a defective variable.) The generating function @ can now be written in
the form @fs} = E(sM), If X, = —! wehave N=1 4+ N; + N;, where N, is the
number of trials required to increase the partial sums S, from —1 te 0, and N, is the
number of subsequent trials required for the increase from 0 to 1, These variables
are independent and have the same distribution as N. For the conditional expectation
of sV we get therefore

EGY | X, =—1) = Bt +Ni+N | X, = —1) = sO%s),
EGN|X, =1) =5
But
(3.10) E(sN) = pEGN | X, = 1) + gEGN | X, = =1),
which reduces to the quadratic equation (3.5) for D(s) = E{sN).

(b) Returns to Equilibrium. An equalization of the accumulated
numbers of successes and failures occurs at the kth trial if S, = 0. Bor-
rowing a term from diffusion theory, we describe this event as a return to
equilibrium. The number of trials is necessarily even, and the probability
of a return at the 2nth trial is given by

o) —1
(3.1 uon = () pa" = (=" ¥)(4pa)".
\n/ \n/
From the binomial expansion I1,(8.7) we get for the generating function
(3.12) U(s) = D ty,s™" = ~,—~—1~——_ .
n=0 V 1 — 4pgs®

Note that {u,} is not a probability distribution because returns to
equilibrium can occur repeatedly.

(¢} The First Return to Equilibrium occurs at the 2xth trial if S,, = 0
but S, # 0 for k = 1,...,2n — 1. Denote the probability of this event
by fzn. (Of course, f,, , = 0.} We consider separately the two subevents
with X; =1 and X, = —1 and denote their probabilities by f,” and
fon- From what was said under (a) it is clear that f,, = g¢,, , because the
first 2n — 2 partial sums X, + X, + - -+ + X, are <0, but the next is
positive. Using (3.6) we get therefore

_ < { — ~'1—4pgs®
(3.13) Fis) =3 fis™= gsd(s) = —— 5 Pa7
n=1
For reasons of symmetry the generating function of {f} 1s obtained by
interchanging p and g. It follows that F+ = £~ and so finally'
(3.14) F(S) — z fnsﬂ == I — \,-'JJI — 4pq52.
n=1

* An alternative derivation will be found in example X111,(4.5).
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Tivtoppot:
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geon iclusions can be drawn from this without ublllb dan {::xpuul
form for the coefficients f,. Clearly F(1) equals the probability that a
return to equilibrium occurs sooner or later. Now F(1)=1— |p — g|
and so |p — q| is the probability that no return to equilibrium ever occurs.
that is, §, % 0 for all & > 0. Only in the symmetric case p =% is a
return to equilibrium certain. In this case {f,} represents the probability
distribution for the waiting time for the first return. This waiting time has
infinite expectation.
In the symmetric case p = ¢ we have

1 — F(s) |

(3.15) UGs) =

Since both U and F are power series in §® this relation differs only
notationally from (1.6), and by theorem 1.1

(316) u?n:.f%'ﬁ-‘z +f2ﬂ+4+'."

In words, when p = % the probability that S,, = O equals the probability
that the 2n sums Sy, ...,8,, are different from zero. This result was
derived by different methods in I11,3 and played a basic role in the analysis
of the paradoxical nature of the fluctuations in coin-tossing games.

(d) First Passages and Later Returns. We say that a first passage
through r > O occurs at thenth trial if S, = r but S, < r forall k < n.
The probability for this will be denoted by ¢7". The trials following the
first passage through » > 0 form a probabilistic replica of the whole
sequence and hence the number of trials following the first passage through
v up to and including the first passage through » + 1 has the same dis-
tribution {¢,} as the number of trials up to the first passage through 1.
When p < g the ¢, do not add to unity, but it still makes sense to say
that the waiting time for the first passage (s a random variable with the
(possibly defective) distribution {¢,}. The waiting times between the
successive first passages are mutually independent, and so the total waiting
time for the first passage through r is the sum of # independent variables
with the common distribution {¢,}. The generating function of the first-
passage probabilities $'7 is therefore given by the rth power of ®. [Begin-
ners should verify this statement directly by deriving for ¢{* a convolution
equation similar to (2.4) and proceeding by induction.]

A similar argument holds for the probability f{7 that the rth return to
equilibrium occurs at the nth trial. The generating function of {f7} is
given by the rth power FT. Comparing(3.6}and(3.14) one sees immediately
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that

(3.17) 0= @y,
In the special case p = g = } this resultis contained in theorem 4 of IIL,7.

From the generating functions it is easy to derive approximations and limit theorems,
but this depends on the use of Laplace transforms which will be treated only in
chapter X1l of volume 2. There is no systematic way to derive an explicit expression
for f,” from the generating function Fr, but a good guess is easily verified from the

form of the generating function. From theorem 4 of [11, 7 one can guess that

(3.18) o " (2n;r)2’(pq)”.

Fr(s) = 2F7~Ys5) — 4pgsiFr—s)
implies the recursion relation
(3.19) =2 U —Apg il

which is also satisfied by the right side in (3.18). The truth of (3.18) therefore follows
by induction. For an equivalent expression of a different outer appearance see problem
13 of X1V, 9.

4. PARTIAL FRACTION EXPANSIONS

Given a generating function P(s) = X p.s* the coefficients p, can be
found by differentiations from the obvious formula p, = P*O)/k!.
In practice it may be impossible to obtain explicit expressions and, anyhow,
such expressions are frequently so complicated that reasonable approxi-
mations are preferable. The most common method for obtaining such
approximations is based on partial fraction expansions. It is known from
the theory of complex variables that a large class of functions admits of
such expansions, but we shall limit our exposition to the simple case of

rational functions.
Suppose then that the generating function is of the form
(4.1) P(s) = uts)
V(s)

where U and ¥ are polynomials without common roots. For simplicity
let us first assume that the degree of U is lower than the degree of V, say

=L a1 U VAL CLRIRL U U a ALY LIl

m. Moreover, suppose that the equation F{(s) = 0 has m distinct (real
Or 1Maginary) roots §y, S, . . ., §,,. 1hen

(4.2) H(s) = (s—s1)(s—s3) "+ - (5—5.,
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and it
L5

aaivr L

Jractions

(4.3) Psy=-Prm g L2y P i

where py, ps, ..., pp are constants. To find p; multiply (4.3) by

- - o - " laa amamm ] a ~ Ak Ty b men e 4 FaY
¥ — ¥, d3y S —F 3y LU p[ LAUGL A )05 )y LELIAS LY Pl' L}

._
—*
p
=
[43
(]
—*
L
=
144
-

—U(s)
(s—s2)(5—53) * - - (s—35,,) .

As s— 5, the numerator tends to —U(s,) and the denominator to
(s,—82)(51—53) - * - (5;—S5,,), which is the same as ¥'(sy). Thus p, =
= —U(s,}/V'(sy). The same argument applies to all roots, so that for
k<m

(4.4) (s:—$)P(s) =

_ —UGs)
(4.5) Pr V(s,) .

Given the p,, we can easily derive an exact expression for the coefficient
of ¢* in P(s). Write

1 I 1

(4.6)

S, —s s, 1 —sfs,
For |s] < |s;| we expand the last fraction into a geometric series

4T 1 =1+£+/i\2+ fi\3+.
w0 1 — s/s; 5% ksk) (SJJ

Introducing these expressions into (4.3), we find for the coefficient p,

of "

fad P2 Pm
(48) Pn = -nil + n+l +-+ ondl
3 Mg .Sm'
Thus, to get p, we have first to find the roots s, ...,s,, of the de-
nominator and then to determine the coefficients py, ..., p,, from (4.5).

In (4.8) we have an exact expression for the probability p,. The labor
invelved in calculating all m roots is usually prohibitive, and therefore
formula (4.8} is primarily of theoretical interest. Fortunately a single
term in (4.8) almost always provides a satisfactory approximation. In
fact, suppose that s, is a root which is smaller in absolute value than all
other roots. Then the first denominator in (4.8} is smallest. Clearly, as
n increases, the proportionate contributions of the other terms decrease




X1.4] PARTIAL FRACTION EXPANSIONS 277

and the first term preponderates. In other words, if syisarootof V(s) =0
which is smaller in absolute value than all other roots, then, as n— o0,

P
(49). P~ L
5

(the sign ~ indicating that the ratio of the two sides tends to 1). Usually
this formula provides surprisingly good approximations even for relatively
small values of ». The main advantage of (4.9) lies in the fact that it
requires the computation of only one root of an algebraic equation.

It is easy to remove the restrictions under which we have derived the
asymptotic formula (4.9). To begin with, the degree of the numerator in
(4.1) may exceed the degree m of the denominator. Let U(s) be of
degree m + r (r > 0); adivision reduces P(s) to a polynomial of degree
r plus a fraction U\(s)/¥(s) in which U,(s) is a polyncmial of a degree
lower than m. The polynomial affects only the first » 4+ 1 terms of the
distribution {p,}, and U,(s)/¥(s) can be expanded into partial fractions as
explained above. Thus (4.9) remains true. Secondly, the restriction that
V(s) should have only simple roots is unnecessary. It is known from
algebra that every rational function admits of an expansion into partial
fractions. If s, is a double root of F{(s), then the partial fraction expan-
sion (4.3) will contain an additional term of the form a/(s—s,)?, and this
will contribute a term of the form a(n+1)s,¢**? to the exact expression
(4.8) for p,. However, this does not affect the asymptotic expansion (4.9),
provided only that s, is a simple root. We note this result for future
reference as a

Theorem. If P(s) is a rational function with a simple root s, of the
denominator which is smaller in absolute value than all other roots, then
the coefficient p, of s" is given asympiotically by p, ~ pis7"tV, where
p1 is defined in (4.5).

A similar asymptotic expansion exists also in the case where s, is a

multiple root. (See problem 25.)

Examples.® (a) Let 4, be the probability that » Bernoulli trials result
in an even number of successes. This event occurs if an initial failure at
the first trial is followed by an even number of successes or if an initial
success is followed by an odd number. Therefore for n > 1

(4.10) a, =qa, , + p(l—a,_,), a, = 1.

* A good illustration for the use of partial fractions for numerical approximations is
provided by the theory of success runs in XIII, 7. The explicit expressions for the ruin
probabilities in XIV, 5 and for the transition probabilities in XVI, 1 also depend on the
method of partial fractions.
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Multinlvine by ¢* and
| gy o~

function the relation

A(s) — 1 = gsA(s) + ps(1—5)™ — psA(s)

ar
24(s) = [1—=s]* + [1—(g—p)s]

Tlersamsm sl i on v camt i com rmmm ki g e azra et dm e a1l . PRI (g | ol

LAPd.llLli ].b JLILLY BCU TICLL L. STLTIES WO bCL Il le un UAJ:)“.L-“J}{ 1I1 LILE LIl

(4.11) 2a, =1 4+ (g—p)",

which is in every way preferable to the obvious answer
a, =b0;n, py+b2,n,p)+---.

() Let g, be the probability that in # tosses of an ideal coin no run
of three consecutive heads appears. (Note that {g,} is not a probability
distribution; if p, is the probability that the first run of three consecutive
heads ends at the nth trial, then {p,} is a probability distribution, and
g, represents its “‘tails,”” g, = P14 Priat ")

We can easily show that g, satisfies the recurrence formula

(412) qﬁ = Jéq‘n—l + -J}LQR—2 + Jﬁ'?n-m H 2 3-

In fact, the event that » trials produce no sequence HHH can occur only
when the trials begin with 7, HT, or HHT. The probabilities that the
following trials lead to nc run HHH are g, 1,4, », and g, , respec-
tively, and the right side of (4.12) therefore contains the probabilities of the
three mutually exclusive ways in which the event “no run HHH"” can

Evidently ¢, =¢, = ¢, =1, and hence the ¢, can be calculated
recursively from (4.12). To obtain the generating function Q(s) = Dgq,s"
we multiply both sides by s* and add over # > 3. The result is

() — 1 — s — 8 = $5{0Q(s)—1—s} + £ Q()—1} + §s°0(s)

or
25 + 45 + 8
4.13 5) = .
( ) 2e) B—4s — 252 — §°
The denominator has the root 5, = 1.0873778 . .. and two complex roots.
For [s| <s, we have |45 4 25% + 5*| < 45, + 252 + 55 = 8, and the
Cran o St matia Tide; b alde alom wpbhan lal — o ninlacg o — 2 arnras tha athar
BalllC lllCLjUdllLy LHOIUS dldd wWIICIHL (X == 51 LWLELDY ¥y — 5. TIULHILL LU Wil
two roots exceed &, in absolute value. Thus, from (4.9)
1.236840
(4.14) g

T (1.0873778)*
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where the numerator equals (257445, +8)/(4+4s,+3s%). This is a
remarkably good approximation even for small values of n. It approxi-
mates g, = 0.875 by 0.8847and g, = 0.8125 by 0.81360. The percentage
error decreases steadily, and g, = 0.41626. .. is given correct to five
decimal places. >

N
random variables X, Y with a joint dis-

e,

For a pair of integral-value
tribution of the form

(5.1) PX=;Y=k=p, Sk=01,...

we define a generating function depending on two variables
(5.2) P(sy, 59) = 2 pjksiisjzc-
ik

Such generating functions will be called bivariate for short.

The considerations of the first two sections apply without essential
modifications, and it will suffice to point out three properties evident from
(5.2):

(a) The generating function of the marginal distributions P{X = j} and
P{Y =k} are A(s) = P(s, 1) and B(s) = P(1, s).

(b) The generating function of X +Y is P(s, $).

(¢} The variables X and Y are independent if, and only if, P(s, s;) =
= A(sy)B(sy) for all s, s,.

Examples. (@) Bivariate Poisson distribution. 1t is obvious that
(5_3) P(Sls 52) = g_ﬂi_az_b-i-als1+0283+03152, a; > 0, b > 0

has a power-series expansion with positive coefficients adding up to unity.
Accordingly P(s,,s;) represents the generating function of a bivariate
probability distribution. The marginal distributions are Poisson dis-
tributions with mean «, + # and a, + b, respectively, but the sum
X + Y has the generating function e~®i—2:—dHarten=tds* and s pot a
Poisson variable. (It is a compound Poisson distribution; see XII, 2.)

(b) Multinomial distributions. Consider a sequence of » independent
trials, each of which resultsin E,, E,, or E, with respective probabilities
Pos P1. p2. If X, is the number of occurrences of E,, then (X, X,) has
a trinomial distribution with generating function (py+p.s;+ ps5s)™ >
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*z. T't
We know from chapter VI that the Poisson distribution {e—*1%/k!} is

the limiting form of the binomial distribution with the probability p

depending on » in such a way that np—~ 1 as n— o0. Then

blk; n, p) — e *2%/k).

The generating function of {h(k;n, p}} is (g+ps)" = {I — A(1—s)/n}"
Taking logarithms, we see directly that this generating function tends to
e~ #1175 which is the generating function of the Poisson distribution. We
shall show that this situation prevails in general; a sequence of probability
distributions converges te a limiting distribution if and only if the cor-
responding generating functions converge. Unfortunately, this theorem
is of limited applicability, since the most interesting limiting forms of dis-
crete distributions are continuous distributions (for example, the normal
distribution appears as a limiting form of the binomial distribution).

Continuity Theorem. Suppose that for every fixed n the sequence

Qoon> Qg Dams o - - 1S @ probahility distribution, that is,

(6.1) | @Gn2 0, Yap, =1
=0
In order that a limir

(6.2) a, = lima, ,

exists for ecery k > 0 it is necessary and sufficient that the Iimit
(6.3) A(s) =1lim 3 a, 5"
n—ow k=0

exists for each s in the open interval 0 < s < 1. In this case automatically

(6.4) A(s) = 3 as.

It is obvious that a, > 0 and that >a, < 1. Note, however, that the

sum may be strictly less than 1. For example, if 4, , = f,,, then g, =0

for all k.

* The continuity theorem will be used only in the derivation of the general form for
infinitely divisible distributions in X11, 2 and for the total progeny in branching processes
in X1I, 5.
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Proof.® Let A,(s) stand for the series on the right side in (6.3).
(1} Assume (6.2) and define A(s) by (6.4). Since |a,, —a] <1 we
have for 0 < s < 1

T

(65) An(s) = A < Tla, — af + —— .
k=0 1 —s
If we choose 7 so large that 57 < €(1—s), the right side will be less than
2¢ forall n sufficiently large. Thus the left side can be made as small as
we please, and so (6.3) is true.
(1) Assume (6.3). Clearly A(s) depends monotomcal]y on s, and so
A(0) exists as the limit of A(s) as s— 0. Now

(6.6) Qg < AL(5) < ap,, + 5/(1—5).

[t follows that as » — oo all limit values of a, , lie between 4(0) and
A(s) — s/(1—s). Letting s — 0 we see that a, , — A(0), and so (6.2)
holds when &£ = 0.

This argument extends successively to all k. Indeed, for 0 < 5 < 1

A (5 — a. Al — Ai
(6?) nAS 0, . A A
5 M

On the left we have a power series with nonnegative coefficients, and (6.7)
is in every way analogous to (6.3). Arguing as before we find first that
the derivative A'(0) exists, and then that a, , — 4’(0). By induction we
get (6.2) for all k. >

Examples. (a) The negative binomial distribution. We saw in example
(2.d) that the generating function of the distribution {f(k;r, p)} is
P(1—gs)™. Nowlet A be fixed, andlet p-—>1, g—0, and r— o so
that g ~ Afr. Then

(6.8) ( p = (_I_.___:’l,"_)
1 —gs 1 — Asfr
Passing to logarithms, we see that the right side tends to e*+*, which

is the generating function of the Poisson distribution {e—*A¥/k!}. Hence
if r— o0 and rq— A, then

(6.9) flk;r, py— e—lg .

® The theorem is a special case of the continuity theorem for Laplace-Stieltjes
transforms, and the proof follows the general pattern. In the literature the continuity
theorem for generating functions is usually stated and proved under unnecessary
restrictions.
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(b) Bernoulli trials with variable probabilities.” Consider n independent
trials such that the kth trial results in success with probability p, and in
failure with probability g, =1 — p,. The number S, of successes can
be written as thesum S, =X, + -+ X, of n mutually independent
random variables X, with the distributions P{X, = 0} = Gres

P{X,. =1} = p,.
The generating function of X, is ¢, + p,s, and hence the generating
function of 8,

(6.10) P(s) = (q14+Pp15)(Ga+-paS) - -+ (G +Pos).

As an application of this scheme let us assume that each house in a
city has a small probability p, of burning on a given day. The sum
P+ + p, istheexpected number of firesin the city, n being the num-
ber of houses. We have seen in chapter VI thatifall p, are equal and if the
houses are stochastically independent, then the number of fires is a random
variable whose distribution 18 near the Poisson distribution. We show now
that this conclusion remains valid also under the more realistic assump-
tion that the probabilities p, are not equal. This result should increase
our confidence in the Poisson distribution as an adequate description of
phenomena which are the cumulative effect of many improbable events
(“successes™). Accidents and telephone calls are typical examples.

We use the now familiar model of an increasing number »n of variables
where the probabilities p, depend on » in such a way that the largest

ins

Pr tends to zero, but the sum p; + py + -+ - + p, = A remains constant
Then from (6.10)
(6.11) log P(s) = X log {l — p(1—s)}.

k=1
Since p, — 0, we can use the fact that log(l—z) = —x — 6z, where
§—0 as = — 0. It follows that
(6.12) log P(s) = —(1—5)[z(pk+0kpk)} — —A(1—s),

k=1

so that P(s) tends to the generating function of the Poisson distribution.
Hence, S, has in the limit a Poisson distribution. We conclude that for

LA AL, A UAEAab

large » and moderate values of A = p, 4+ p; + - - + p, the distribution
of 8, can be approximated by a Poisson distribution. >

? See also examples 1X, (1.e) and IX, (5.4).
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1. Let X be a random variable with generating function P(s). Find the
generating functions of X + 1 and 2X.

2. Find the generating functions of (@) P{X < a}, (5) P{X < n}, (©) P{X > n},
(d) P{IX > n + 1}, (&) P{X =2n}.

3. Io a sequence of Bernoull trials let «, be the probability that the com-
bination SF occurs for the first time at trials number # — 1 and #. Find the
generating function, mean, and variance.

4. Discuss which of the formulas of II, 12, represent convolutions and where
generating functions have been used.

5. Let a, be the number of ways in which the score # can be obtained by
throwing a dic any number of times. Show that the gencrating function of
{a,} 15 {1—s—s5"—5t -t - 5571 — 1,

6. Let a, be the number of ways in which a convex polygon PyP,--- P,
with # + 1 sides can be partitioned into triangles by drawing # — 2 (non-
intersecting) diagonals.® Put @; = 1. Show that for » > 2

dy = Qn_y + Goliy_o + *°° + dy_0y.

Find the generating function and an explicit expression for a,.
Hint: Assume that onc of the diagonals passes through P, and let £ be the
smallest subscript such that Py P, appears amoong the diagonals.

Note: Problems 7-11 refer to section 3. The generating functions ®, U, and
F refer respectively to first passages through 1, returns to equilibrium, and first
returns, see (3.6), (3.12), and (3.14). No calculations are necessary.

7. (@) The probability that a return to equilibrium occurs at or before the #th
trial is given by (1 —sy1F(s).

{6) Conclude: The gcncratmg function for the probability that 8; 7 0

for j =1,...,n Is given by 'i+s (1+5)U(s).

IF —

{c¢) Show that this is equivalent to the proposition following (3.16).

8. The gencrating function for the probabilities that no return to equilibrium
occurs after the nth trial (exclusive) is given by (1 —s)71U(s) [p — g -

9. (@) The generating function for P{S, = r} (with r > 0 fixed) 1s given by
DT(s) U (s).

(b) When p =} this is also the generating function for the probability that
8, = r for exactly one subscript &£ < n.

10. (a) Find the generating function for the probabilities that the cvent
S, = r will occur exactly k times (» > 0 and k& > 0 fixed).

(b) Do the same problem with “exactly”” replaced by “at most.”

11 (@) Find the generating function for the probability that the first return to

anilihrinm fallavine 9 Arct nacenoa thraniah » > 0O gronrg at fv‘l)] number ».
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() Do the same problem with the words “the first™ omitted.

® The problem appears in G. Polya, Mathematics of plausible reasoning, Princeton
{Princeton University Press}, 1954, p. 102,
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12. In the waiting time example TX, (3.4) find the generating function of S,
{for r fixed). Verify formula IX, (3.3) for the mean and calculate the variance,

13. Continuation. The following is an alternative method for deriving the
same result. Let p,(r) = P{S, = n}. Prove the recursion formula

(7.1) Pria®) = o pul0) + LT )

Derive the generating function directly from {7.1).

14. Solve the two preceding problems for r preassigned elements (instead
of r arbitrary oncs).

15.% Let the sequence of Bernoulli trials up to the first failure be called a
turn. Find the generating function and the probabiity distribution of the
accumulated numbers S, of successes in r turns.

16. Comtinuation. {a) Let R be the number of successive turas up to the
vth success (that is, the »th success occurs during the Rth turn). Find E(R)
and Var (R). Prove that

-2
P{R =r} =p'g! (r-i—v )

r—1

(6)-Counsider two scquences of Bernoulli trials with probabilities py, gy,
and p,, g, respectively. Find the probability that the same number of turns will
lead to the Nth success.

17. Let X assume the values 0, 1, ..., * — | each with the same probability
1/r. When r is a composite number, say r = ab, It is possible to represent
X as the sum of two independent integral-valued random variables.

18. Let S, = X; + -+ + X, be the sum of mutually independent variables

gach assuming the values 1,2,...,a with probability 1/e. Show that the
generating function s given by
1=
P(s) = I a S)}

whence for j > n

S (_1),-+;_ﬂ_a.-(:)(l —n )

=) J_'n_ai-"

-

—a (
2CETU0 )

{Only finitely many terms in the sum are different from zero.)

® Problems 15-16 have a direct bearing on the game of billiards. The probability p
of success is a measure of the player’s skill. The player continues to play until he fails.
Hence the number of successes he accumulates is the length of his “turn.” The game
continues until one playcr has scored N successes. Problem 15 thercfore gives the
probability distribution of the number of turns one player nceds to score & successes,
problem 16 the average duration and the probability of a tic between two players. For
further details cf. O. Bottema and S. C. Van Veen, Kansberekningen bif het biljartspel,
Nieuw Archief voor Wiskunde (in Dutch), vol. 22 (1943), pp. 16-33 and 123-158,
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Note: For a = 6 we get the probability of scoring the sum j + 2 in a throw
with n dice. The solution goes back to De Moivre. '

19. Continuation. The probability P{S, </} has the generating function
P(s)/(1 —s) and hence

PIS, <j} = 72 3 (-1 (”) (’:‘1)

20. Continuation: the limiting form. If & — o and j — o, so that
jla — x, then

1 ,
P{S. <j} 73 (=1 () (=",

the summation extending over all » with ¢ <» <=z,
Note: This result 1s due to Lagrange. In the theory of gcometric probabilities
the right-hand side represents the distribution function of the sum of » in-

denendent random variables with “uniform™ distrihution in the interval (0 1)
fo! 1dent ran Var 1 with un qistr m the I al
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21. Let u, be the probability that the number of successes in #n Bernoulii
trials is divisible by 3. Find a recursive relation for «, and hence the generating
function.

22, Continuation: alternative method. Let v, and w,, be the probabilities that
S, 1softheform 3v + 1 and 3v + 2, respectively (sothat u, + v, + w, = 1),
Fiod three simultancous recursive relations and hence three equations for the
generating functions.

23, Let X and Y be independent variables with gencrating functions U(s)
and V(s). Show that P{X — Y =/} is the cocficient of 57 in U(s) ¥(1/s),
where j =0, 1, £2,.... '

24. Moment generating functions. Let X be arandom variable with generating
function P(s), aod suppose that z;)nsﬂ converges for some s; > 1. Then all
moments m, = E(X") exist, and the generating function F(s) of the sequence
m.[r! converges at [east for |s| < logs, Moreover

Fis) = Y =Fs" = P(e).

r=0 "

Note: F(s) is usually called the moment generating function, although in
reality it generates . frl.

25. Suppose that A(s) = Ya,s" is a rational function U(s)/¥(s) and that
s, is a root of V(s), which is smaller in absolutc value than all other roots.
If s, is of multiplicity r, show that

oy {n+r—1
a,, ”“S{;+r ( r—1 )
where p; = (—1)r! Uls)/V"i(s,).

26. Bivariate negative binomial distributions. Show that for positive values
of the parameters p3{l —p,s; —pass}™ is the generating function of the dis-
tribution, of a pair (X, Y) such that the marginal distributions of X, Y, and

S In

X + Y arc ncgative binomial distributions.™

10 Distributions of this type were used by G. E. Bates and J. Neyman in investigations
of accident proncness. Sce University of California Publications in Statistics, vol. I,
1952,




CHAPTER XII*

Compound Distributions.

Branching Processes

A substantial part of probability theory is connected with sums of inde-
pendent random variables, and in many situations the number of terms in
- such sums is itself a random variable. We consider here this situation for
the special case of integral-valued random variables, partly to illustrate
the use of generating functions, partly as a preparation for the study of
infinitely divisible distributions and of processes with independent incre-
ments in volume 2.
As a particularly enticing application we describe the elements of the
beautiful theory of branching processes.

1. SUMS OF A RANDOM NUMBER OF VARIABLES

Let {X.} be a sequence of mutually independent random variables with
the common distribution P{X, =/} =f, and generating function
f(s) = Xfs*. We are often interested in sums

SN=X1+X2+"'+XN:

where the number N of terms is a random variable independent of the
X,. Let P{N = n} = g, be the distribution of N and g(s) = Zg,s"
its generating function. For the distribution {4} of Sy we get from the

fundamental formula for conditional probabilities
(L) hy=P{Sy=j} =2 P{N=nP{X, + -+ X, =}
n=0

If N assumes only finitely many values, the random variable Sy 1s
defined on the sample space of finitely many X,. Otherwise the probabilis-
tic definition of Sy as a sum involves the sample space of an infinite

* The contents of this chapter will net be used in the sequel,

286
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sequence {X,}, but we shall be dealing only with the distribution function
of Sy: for our purposes we take the distribution (1.1) as definition of the
‘variable Sy on the sample space with points 0,1, 2, . ...
For a fixed n the distribution of X; + X, + -+ + X,, 1s given by the
n-fold convolution of {f;} with itself, and therefore (1.1) can be written
in the compact form

(12) (h} =3 ea{fd.

This formula can be simplified by the use of generating functions. The
generating function of {f;}"* is f™(s) and it is obvious from (1.2} that
the generating function of the sum Sy is given by

(£.3) h(s) =2 hys’ = Z"gnf”(S)-

=0 n=
The right side is the power series for g(s) with s replaced by f(s);
hence it equals g(f(s)). This proves the

Theorem. The generating function of the sum Sy =X, + ' + Xy
is the compound function g(f(s)).

The proof can be reformulated in terms of conditional expectations. By definition
(1.4) E(sS8 | N =n) = f7(s),

and to obtain A(s) = E(sSN) wc have to multiply this quantity by P{N = #} and sum
over # [sece [X,(2.9].

Two special cases are of interest.

{a) If the X, are Bernoulli variables with P{X, =1} =p and
P{X;, =0} =g, then f(s) =¢ + ps and therefore h(s) = g(g+ps).

(b} If N has a Poisson distribution with mean ¢ then A(s) = e7'7#),
The distribution with this generating function will be called the compound
Poisson distribution. In particular, if the X, are Bernoulli variables and
N has a Poisson distribution, then A(s) = e~ ?+; the sum Sy has a
Poisson distribution with mean tp.

Examples. (a) We saw in example VI, {7.c) that X-rays produce
chromosome breakages in cells; for a given dosage and time of exposure
the number N of breakages in individual cells has a Poisson distribution.
Each breakage has a fixed probability g of healing whereas with prob-
ability p =1 — g the cell dies. Here S5 is the number of observable
breakages! and has a Poisson distribution with mean #p.

! See D. G. Catcheside, Genetic effects of radiations, Advances in Genetics, edited by
M. Demerec, vol. 2, Academic Press, New York, 1948, pp. 271-358, in particular p. 339.
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(&) In animal-trapping experiments? g, represents the probability that
a species is of size n. If all animals have the same probability p of being
trapped, then (assuming stochastic independence) the number of trapped
representatives of one species in the sample is a variable Sy with generating
function g(g+ps). This description can be varied in many ways. For
example, let g, be the probability of an insect laying n eggs, and p
the probability of survival of an egg. Then Sy is the number of surviving
eggs. Again, let g, be the prebability of a family having n children
and let the sex ratio of boys to girls be p:g. Then Sy represents the
number of boys in a family.

{(c) Each plant has a large number of seeds, but each seed has only a
small probability of survival, and it (s therefore reasonable to assume that
the number of survivors of an individual plant has a Poisson distribution.
If {g,} represents the distribution of the number of parent plants,
g(e7*7*%) is the generating function of the number of surviving seeds.

(d) Required service time. Consider a telephone trunkline, a counter,
or any other server with the property that the service times required by
the successive customers may be regarded as independent random variables
X, X,, ... with a common distribution. The number of customers (or
calls) arriving during a day 15 itself a random variable N, and the total
service time required by them is therefore a random sum X, + - - - + Xj.

2. THE COMPOUND POISSON DISTRIBUTION

Among the random sums Sy =X, + -+ Xy by far the most
important are those for which N has a Poisson distribution. For reasons
that will presently become apparent we denote the expectation of N by Az.
If the X, have the common distribution {f,} then Sy has the compound
Poisson distribution

(A"

(2.1) = Y (A
a=0 M.

with the generating function

(2.2) hs) = e "7,

Examples (a) Acmmu!ared damage. Suppose that the number of hits

o nterval of duration ¢ iz 3 Paisenn variable
u_y uéuuuug uuuug ainy time interval of duration ¢ is a Poisson variabl

with expectation Ar. If {f,} is the probability distribution of the damage

2 D. G. Kendall, On some modes of population growth leading to R. A. Fisher's
logarithmic series distribution, Biometrika, vol. 35 (1948), pp. 6-15.
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caused by an individual hit by lightning, then (assuming stochastic inde-
pendence) the total damage during time ¢ has the compound Poisson
distribution (2.1).

(b) Cosmic ray showers. It is generally supposed that the number N
of cosmic ray showers during a time interval of length ¢ has a Poisson
distribution with expectation Ar. For any given counter, the number of
registrations caused by a shower is a random variable with a distribution
{f.}. The total number of registrations during a time ¢ is again a random
sum Sy with the compound Poisson distribution (2.1).

(c) In ecology 1t is assumed that the number of animal litters in a plot
has a Poisson distribution with expectation proportional to the area ¢

of the plot. Let {f.} be the distribution of the number of animals in a

litter and assume that the litters are lnd(—'npr}dppr Under these conditions

L9 R § lanilll LIl L LI LIRS FRL VLl GER S BLwh, L WL § L ¥

the number of animals in the plot is subject to the compound Poisson dis-
tribution (2.1). This model is widely used in practice. »

It will be noticed that all three examples are closely related to the phe-
nomena discussed in VI,6 in connection with the Poisson distribution. In
the first two examples a variable Sy is associated with every time interval.
[The same is true of example (c) if we agree to treat the area as operational
time.] It is implicit in the model that when an interval is partitioned into
two non-overlapping intervals their contributions are stochastically inde-
pendent and add to Sy. In terms of the generating function (2.2} this
means that

(2.3} hy, (5) = hy(s)h (5).

Every compound Poisson generating function (2.2) satisfies (2.3). We
shall now show that also the converse is true: A family of probability
generating functions h, satisfying (2.3) is necessarily of the form (2.2).
[Tt must be understood that this statement is true only for integral-valued
random variables. The notion of a compound Poisson distribution remains
meaningful even when the X, have an arbitrary distribution while an
analogue to (2.3) plays an important role in the general theory of stochastic
processes with independent increments. Such processes, however, are not
necessarily subject to compound Poisson distributions. ]

The following definition and theorem really refer to probability distribu-
tions on the integers 0, 1, ..., but for simplicity they are formulated in

terms of the corresnnndln g neratin f nctions.

Definition. A probability generating function h is called infinitely
divisible if for each positive integer n the nthroot V'h is again a probability
gencrating function.
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It follows from the next theorem that the statement remains true even

if 7 > 0 is not an integer. If a family of probability generating functions

satisfy (2.3) then Vh, = h,,,, and so h, is infinitely divisible. The
converse to this statement is contained in

Theorem.? The only infinitely divisible probability generating functions
are those of the form (2.2) with {f,} a probability distribution on 0,1, .. ..

Proof. Put h(s) = Dh.s* and suppose that Vh is a probability
generating function for each n > 1. Then Ay, > 0, for otherwise the

absolute term in the power series for V4 would vanish, and this in turn
would imply that A, = k; = -+ - = h,_, = 0. It follows that VA (s) — 1
forevery 0 < s <1 andso

(2.4)  log Vh(s)/hy = log [1 + (VA(s){hy—1)] ~ YV h(s)/hy — 1,

where the sign ~ indicates that the ratio of the two sides tends to unity.
Combining this relation with its special case for s =1 we get [since

A1) = 1]

log h(s) — log hy  log Vh(s)/hy  Vh(s) — Vh
(2.5) = - ~ Y
—log hy log V'1/n, I — vy,

The right side is a power series with positive coefficients and for s = 1 it
is seen that these coeflicients add to unity. Thus for each n the right side
represents a probability generating function and so the left side is the limit
of a sequence of probability generating functions. Bv the continuity

= r 4 o .D i . S ‘ . o
theorem of X1,6 this implies that the left side itself is the generating function
of a non-negative sequence {f;}. Letting s = 1 we see that > f; = 1.

This means that 4 is of the form (2.2) with Az = —log A,. >
The theorem may be restated in the form of the
Criterion. A funﬂn'nn h iv an infinitelv divicible nrobahilitv ceneratine
A lb\-llulll J /' ELF b - I i Lo T LE j bv o
Sunction if, and om’v if, (1) =1 and
h(s 2
(2.6) tog 2 = Sq s where a, >0, Sa, =A< .

h(O) k=1

Indeed, in(2.6) it suffices to put f, = a,/4 to reduce £ to the canonical
form (2.2) (with t = 1), and this in turn is the generating function of the
compound Poisson distribution defined in (2.1).

2 This is a simple special case of an important theorem of P. Lévy.
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Examples. (d) Comparing (2.2) with the theorem of the preceding
section we see that if the distribution of N is infinitely divisible, the same
is true of the distribution of the random sum Sy.

(e) The negative binamial distribution with generating function

@7 (o = (2=, ptag=1,

1 — gs

A

has the property (2.3) and is therefore infinitely divisible. Passing to
logarithms one sees immediately that it is indeed of the form (2.2) with

(2.8) [ = q*{An, A=logp

{f.} 1s known as the logarithmic distribution and is used by statisticians in
various contexts.

(f) From the expansions II,(8.9) and (8.10) it is obvious that when
g =1 — p > p the functions

— fatp . _ Na—p
2.9) JO=Va—p [T 8= o=

satisfy the condition (2.6), and so both f and g are infinitely divisible
probability generating functions. It is interesting to note that

(2.10) S(s) = g(s)Xg+ps).

We have here a factorization of the infinitely divisible [ into two generating
Sfunctions, of which only one is infinitely divisible. The possibility of such
factorizations came originally as a great surprise and for a while the topic
attracted much attention. >

A remarkable property of the compound Poisson distribution has been
the object of some curious speculations. If we put for abbreviation
A, = Af; the generating function 4, of {2.2) can be factored in the form

o Agts—1) | A e(sP-1) | _acttst-1) L,
(2.1H h(s) = e™ g’ e .

The product can be infinite, but this has no bearing on our discussion and
we may suppose that only finitely many A, are positive. The first factor is
the generating function of an ordinary Poisson distribution with expecta-
tion A;¢. The second factor is the generating function for two times a
Poisson variable, that is, the familiar probability e~%!(4x¢)"/n! is carried
by the point 2» rather than »n. Inlike manner the kth factor corresponds
to a Poisson distribution attributing probabilities to the multiples of k.
Thus (2.11) gives a new representation of Sy as the sum of independent
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=+

variables Y,, Y, ... such

hat Yic takes on only the values 0.k

rahbee ML L2Y Yalucs iy

2
g iy

but has otherw1se a Poisson distribution. The content of (2.11) may be
described as follows. Let N, stand for the number of those variables
among X,,..., Xy thatareequalto j. Then N= N, + N, + --- and
(2.11) states that the variables N, are mutually independent and subject to
Poisson distributions.

Example. (g) Automobile accidents. Interpret X, as the number of
automobiles involved in the nth accident. Under the standard assumption
that the X, are independent and that the number N of accidents has a
Poisson distribution, the total number of cars involved in the accidents is
given by X, + -+ + Xy and has the compound Poisson distribution
(2.1). We may now consider separately the number N, of accidents in-
volving exactly k cars. According to (2.11) the variables N, are mutually
independent and have Poisson distributions. The practical implications
of this result require no comment. >

[For a generalization of the compound Poisson distribution see example
XVIL(9.a).]

2a. Processes with independent increments

The preceding results gain in interest through their intimate conncctions with an
important class of stochastic processes. These will now be indicated informally even
though the theory lies beyond the scope of the present book.

To begin with the simplest example consider the number of incoming calls at a
telephone exchange as a function of time. The development at an individual exchange
is described by recordlng for cach 7 the number Z(z) of calls that arrived between 0
and ¢ 1f the successive calls arrived at #; 75, ..., then Z{f) =0 for 0 < ¢ < ¢,
and generally Z{1) = & for t, <1t < 1;_;. Conversely, every non-decreasing function
assuming onl} the values 0, 1, 2, ... represents a possible development at a telephone
cxchange. A probabilistic model must thercfore be based on a sample spacc whose
individual points represent functions "Z(t) (rather than sequences as in the case of
discrete trials). Probabilities must be assigned in a manner enabling us to deal with
intricate cvents such as the event that Z{(r+1) — Z{r) will ever cxceed 17 or that
Z(z) will at some time exceed af + b (the latter event is the main object of the ruin
problem in the collective theory of risk). In the following we shall take it for granted that
such an assignment is indeed possible; our aim is to show that simple and natural
assumptions concerning the nature of the process imply that for every fixed ¢ the
random variable Z(r) must have a compeund Poisson distribution.

Similar considerations apply to a great varicty of empirical phenomena. Instead of
the number of telephone calls the variable Z(r) may represent the accumulated length
(or cost) of the ensuing conversations, or the number of cars involved in accidents, the
accumulated damage due to lightning, the total consumption of clectricity, the
accumulated rainfall, ctc. Within the framework of the present chapter we must
assume that the variables Z(r) assumec only non-negative integral values, but the
theory can be generalized to arbitrary random variables. We focus our attention on
processes satisfying the following two basic assumptions, which seem natural in many
applications,
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(a) The process is time-homogeneous, that is, the distributions of increments
Z{r+h} — Z(1) depend only on the length of the time interval, but not on its position,?

(b} The increments Z(f,} — Z(#;) and Z(¢,) — Z{r,) over contiguous time intervals
are mutually independent. The results of the preceding section may now be restated as
follows: Ifthere exists a process satisfying the postulates (2} and (#), then its increments
Z(t+h} — Z(r) have compound Poisson distributions. [n particular, when Z(r)changes
only by unit amounts the variables have simple Poisson distributions. [Cf. (2.11}.]

We have thus found a characterization of the simple and compound Poisson distri-
butions by intrinsic properties; by contrast to the derivation in chapter VI the Poisson
distribution no longer appears as an approximation, but stands on its own rights (one
might say: as an expression of a natural law}. Of course, we are now faced with the
converse problem to see whether any family of compound Poisson distributions really
corresponds to a stochastic process. The answer is affirmative, but it turns out (some-
what surprisingly) that our two postulates do not suffice to describe a unigue process.
For a unique description of an interesting class of processes it is necessary to strengthen
the postulate (£} by requiring that for any » the n increments corresponding to a
finite partition 7, <# < -- < ¢, be mutually independent. This is the defining
property of processes with independent increments, Any family of compound Poisson
distributions determines uniquely a process with independent increments, and so no
theoretical difficulties arise. But we have assumed the independence property only for
two intervals. This restricted postulate suffices to determine the form of the distri-
butions of the increments, but it is possible to construct rather patholegical processes

e sl B
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of a complete model of a stochastic process.

3. EXAMPLES FOR BRANCHING PROCESSES

We shall describe a chance process which serves as a simplified model of
many empirical processes and also illustrates the usefulness of generating
functions. In words the process may be described as follows.

We consider particles which are able to produce new particles of like kind.
A single particle forms the original, or zero, generation. Every particle has
probability p, (k =0,1,2,...) of creating exactly k new particles; the
direct descendants of the nth generation form the (n+-1)st generation.
The particles of each generation act independently of each other. We are
interested in the size of the successive generations.

* This condition is less restrictive than might appear at first sight. For example, in
a telephone exchange incoming calls are more frequent during the busiest hour of the
day than, say, between midnight and 1 A.m.; the process is therefore not homogeneous
in time. However, for obvious reasons telephone engineers are concerned mainly
with the “busy hour” of the day, and for that period the process can be considered
homogeneous. Experience shows also that during the busy hour the incoming traffic
follows the Poisson distribution with surpnising accuracy.

S In such a process the increment Z{t;) — Z(#;} is independent of Z(r;) — Z(r,} as
well as of Z(#,) — Z(#,), and yet may be completely determined by the latter pair. See
W. Feller, Non-Markovian processes with the semi-group property, Ann. Math, Statist.,
vol. 30 (1959), pp. 1252-1253.
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A few illustrations may precede a rigorous formulation in terms of
random variables.

(@) Nuclear chain reactions. This application became familiar in connec-
tion with the atomic bomb.® The particles are neutrons, which are subject
to chance hits by other particles. Let p be the probability that the particle
sooner or later scores a hit, thus creating m particles; then g =1 — p is
the probability that the particle has no descendants; that is, it remains
inactive (is removed or absorbed in a different way). In this scheme the
only possible numbers of descendants are 0 and m, and the correspond-
ing probabilities are ¢ and p (ie., pp=¢g, p,.=p, p;, =0 for all
other j). At worst, the first particle remains inactive and the process
never starts. At best, there will be m particles of the first generation, m?
of the second, and so on. If p is near one, the number of particles is
likely to increase very rapidly. Mathematically, this number may increase
indefinitely. Physically speaking, for very large numbers of particles the
probabilities of fission cannot remain constant, and also stochastic inde-
pendence is impossible. However, for ordinary chain reactions, the mathe-
matical description “indefinitely increasing number of particles” may be
transiated by “explosion.”

(b) Survival of family names. Here (as often in life), only male descend-
ants count; they play the role of particles, and p, is the probability for
a newborn boy to become the progenitor of exactly k& boys. Our scheme
introduces two artificial simplifications. Fertility is subject to secular
trends, and therefore the distribution {p,} in reality changes from genera-
tion to generation. Moreover, common inheritance and common environ-
ment are bound to produce similarities among brothers which is contrary
to our assumption of stochastic independence. , Our model can be refined
to take care of these objections, but the essential features remain unaffected.
We shall derive the probability of finding & carriers of the family name in
the nth generation and, in particular, the probability of an extinction of
the line. Survival of family names appears to have been the first chain
reaction studied by probability methods. The problem was first treated
by F. Galton (1889); for a detailed account the reader is referred to A.
Lotka’s book.” Lotka shows that American experience is reasonably well
described by the distribution p, = 0.4825, p, = (0.2126)(0.5893)**
(k > 1), which, except for the first term, is a geometric distribution.

¢ The following description follows E. Schroedinger, Probability problems in nuclear
chemistry, Proceedings of the Royal Irish Academy, vol. §1, sect. A, No. 1 (December
1945). There the assumption of spatial homogeneity is removed.

? Théorie analytique des associations biologiques, vol. 2, Actualités scientifigues et
industrielles, No. 780 (1939}, pp. 123-136, Hermann et Cie, Paris.
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(¢} Genes and mutations. Every gene of a given organism (V,5) has a
chance to reappear in 1,2,3, ... direct descendants, and our scheme
describes the process, neglecting, of course, variations within the popula-
tion and with time. This scheme is of particular use in the study of muta-
tions, or changes of form in a gene. A spontaneous mutation produces a
single gene of the new kind, which plays the role of a zero-generation
particle. The theory leads to estimates of the chances of survival and of
the spread of the mutant gene. To fix ideas, consider (following R. A.
Fisher) a corn plant which is father to some 100 seeds and mother to an
equal number. If the population size remains constant, an average of two
among these 200 seeds will develop to a plant. Each seed has probability 4
to receive a particular gene. The probability of a mutant gene being
represented in exactly & new plants is therefore comparable to the prob-
ability of exactly &k successes in 200 Bernoulli trials with probability
P = 349, and it appears reasonable to assume that {p.} is, approximately,
a Poisson distribution with mean 1. If the gene carries a biological
advantage, we get a Poisson distribution with mean 4 > 1.

(d) Waiting lines.® Interesting applications of branching processes occur
in gueuing theory. Roughly speaking, a customer arriving at an empty
server and receiving immediate service is termed ancestor; his direct
descendants are the customers arriving during his service time and forming
a waiting line. This process continues as long as the queue lasts. We shail
return to it in greater detail in example (5.5), and to an even more interest-
ing variant in example (5.c). (4

PROCESSES

Denote by Z, the size of the ath generation, and by P, the generating
function of its probability distribution. By assumption Z, =1 and

71 R‘k,
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The nth generation can be divided into Z, clans according to the ancestor
in the first generation. This means that Z, is the sum of Z;, random
variables Z!®, each representing the size of the offspring of one member of
the first generation. By assumption each Z%*' has the same probability

PR T N o . - PR SR N I (k) cem saritiialle
distribution as Z,_, and (for fixed n) the variables Z, are mutually

8 3. G.Kendall, Some_pmbfems in the theory of queues, J. Roy. Statist. Soc. (Series B),
vol. 13 (1931}, pp. 151-173, and discussion 173-183.
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independent. The generating function P, 1s therefore given by the com-
pound function

(4.2) P,(s) = P(P,_1(s).

This result enables us to calculate recursively all the generating functions.
In view of (4.2) we have Py(s) = P(P(s)), then Pa(s) P(Pz(s*))

Tha caleulatinneg are strajohtfarward thanoh evnlicit avmraceimsmo T
1€ caicuialions arce Allalplitisl VY el L L,uuueu \-Al.)ll.bll, CA}J[ CbblUllb 101 1 n

are usually hard to come by. We shall see presently that it is nevertheless
possible to draw important conclusions from (4.2).

Example. (a) Suppose that the number of direct descendants is subject
to the geometric distribution {gp*} where p # g. Then P(s) = ¢/(1 —ps)
and an explicit calculation of P, P,, etc., leads us (with some patience)
to the general formula

no__ n __ n—l_ n—1 s
(4.3) P =q D =P s,
Pt —q" — (p"—q™)ps

It is easy to verify that (4;3) indeed satisfies (4.2).
If p =gq, we get, letting p— 3,
— (n—l)s
n+1—ns
Note that P,(0) —>g/jp if p>gq, but P(0)—1 if p <g. Weshall now
interpret this result and find its analogue for arbitrary distributions

P} . >
The first question concerning our branching process is whether it will

continue forever or whether the progeny will die out after finitely many
generations. Put

(4.4) P.(s) =

‘\\
(4.5) z, = P{Z, = 0} = P,(0). |
This is the probability that the process terminates at or before the ath
generation. By definition z; = p, and from (4.2) it is clear that
(4.6) z, = Pz, ).

The extreme cases p, = 0 and p, = 1 being trivial, we now suppose that
0 < py < 1. From the monotone character of P we conclude then that
z, = P(p,) > P(0) = z;, and hence by induction thatz;, < z, < z; < - -
Té £ll

+ maxre that thare avicte o {1t / 1 and framm 74 &Y it e ~laar I“Iﬂf
il 101LH0OWS Uial tnere CXiIisis a4 1imit & 4y, QAU LIV 1L ) L 1 dbenl Lith e

@.7 x = P(x).
For 0 < s <1 the graph of P(s) is a convex curve starting at the
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oint (0, p,) above the bisector and ending at the p
bisector. Accordingly only two situations are possible:

Case (i). The graph is entirely above the bisector. In this case z = 1
is the unique root of the equation (4.7), and so z, — 1. Furthermore, in
this case 1 — P(s) < 1 — s forall 5, and letting s — 1 we see that the

derivative P’(l) satisfies the inequality P'(1) < L.

11 Tha oranh AF Fal nr-ni-n'- Ga tha hicantar ot
J All\.- 51“})11 Ul Fi Lil sl DA D Lils. UIDL\JLUL aL

T

some point
o < L. Since a convex curve intersects a straight line In at most two
points, in this case P(s) > s for s < o but P(s) <s for ¢ < s < L
Then z, = P(0) < P{¢) = o, and by induction z,, = P(x,,) < P(c) = o.
It follows that z, — ¢ and so z = ¢. On the other hand, by the mean
value theorem there exists a point between o and 1 at which the deriva-

PRETN DY opmianle ens Tl i .JA_... | P YTy Crllmzrn
live i1 cqudis Onc. 111is QeEri vative UClllb JuuulJLUlu:, it 1O1OWS Llld.l.

Py > 1.
We see thus that the two cases are characterized by P'(1) <1 and
P’(1) > 1, respectively. But

(4.8)  u=PM=Skp <

1S the expected number of direct descendants, and we have proved the
interesting

Theorem. If u <l the process dies out with probability one. If,
however, u > 1 the probability x, that the process terminates al or
before the nth generation tends to the unique root x < 1 of the equation
(4.7).

Tor tnsramdina ¢ e P armAd o wath

11l pracuce the convergence xE, — T is unua.u.y Laplu ana sowiln a great
probability the process either stops rather soon, or else it continues forever.
The expected size of the nth generation is given by E(Z,) = P.(1). From
(4.2) we get by the chain rule P)(1) = P ()P, (1) = uE(X,_;), and"
hence®

(4.9) E(X,) = u".

" Itis not surprising that the process is bound for extinction when u < 1,
but it was not clear a prioxi that a stable situation is impossible even when
g = L. When u > 1 oneshould expect a geometric growth in accordance
with (4.9). This is true in some average sense, but no matter how large u
there is a finite probability of extinction. It is easily seen that P,(s) — =

P o all e Ad

for all 5 <« 1 and this means that the coefificients of s, 52, 5%, etc,, all tend
to 0. After a sufficient number of generations it is therefore likely that there

® For further details see the comprehensive treatise by T. E. Harris, The theory of
branching processes, Berlin (Springer), 1963.
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5. THE TOTAL PROGENY IN BRANCHING

PROCESSES
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(5.1) Y,=14Z,+ - +2Z,

which equals the total number of descendants up to and including the nth
generation and also including the ancestor (zero generation). Letting
n— oo we get the size of the total progeny which may be finite or infinite.
Clearly, for each n therandom variable Y, is well defined and we denote
by R, the generating function of its probability distribution. Since
Y, =1+ Z, we have Ry (s) = sP(s). A recursion formula for R, can
be derived by the argument of the preceding section, the only difference
being that to obtain Y, we must add the progenitor to the sum of the
progenies of the Z; members of the first generation. Accordingly

(5.2) R,(s) = sP(R,_4(s)).

From this recursion formula it is theoretically possible to calculate suc-
cessively Ry, Ry, ..., but the labor is prohibitive. Fortunately it is
possible to discuss the asymptotic behavior of R, by the geometric
argument used in the preceding section to derive the extinction proba-

or each o < 1
LI calil & =<, 1

(5.3) Ry(s) = .rP(Rz(s)) < 5P(s) = Ry(s) _
R
and by induction it follows tl%t R,(5) < R, 4(s). Accordingly R,(s)

decreases monotonically to a limit p(s), and the latter satisfies
(5.4) o(s) = sP{p(s)) 0<s5 < 1.

From the continuity theorem of XI,6 we know that as limit of probability
generating functions p is the generating function of a sequence of non-
negative numbers p, such that Y p, < 1.

It follows from (5.4) that for fixed s < 1 the value p(s) 1s a root of the
equation

(5.5) r = sP(r).

10 This section was inspired by L. J. Good, The number of individuals in a cascade
process, Proc, Cambridge Philos. Soc., vol. 45 (1949}, pp. 360-363.
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We show that this root is unique. For that purpose we denote again by
x the smallest positive root of 2 = P(x) (so that = < 1). We observe
that ¥ = sP(¢) (with s fixed) is a convex function of ¢ and so its graph
intersects the line ¥ = 1 in at most two points. But for r = 0 the right
side in (5.5) is greater than the left, whereas the inequality is reversed when
t =z, and also when = 1; thus (5.5) has exactly one root between 0
and z, and no root between x and 1. Accordingly, p(s) is uniquely
characterized as this root, and we see furthermore that p(s) < 2. But
p(1) is obviously a root of ¢ = P(¢), and since z is the smallest root of
this equation it is clear that[,c?(l_)_;_:z?.'_j In other words, p is an honest
probability generating function if, and only if, = 1. We can summarize
these findings as follows.

Let p, be the probability that the total progeny consists of k elements.

(@) 3 px equals the extinction probability x (and | — = equals the
probability of an infinite progeny).

(b) The generating function p(s) = D ps* is given by the unique positive
root of (5.5), and p(s) < x.

We know already that with probability one the total progeny is finite
whenever u < 1. By differentiation of (5.4) it is now seen that its
expectation equals 1/(1 — p) when u <1 and is infinite when u = 1.

Examples. (@) In example (4.¢) we had P(s) = ¢/(1 —ps), and (5.5)
reduces to the quadratic equation ps? —t 4+ gs = 0 from which we con-

clude that //;fc/ ﬁ
T I-t. 7 !l o
1—J1—4 T Gl
(5.6) p(s) = ——Y P45 o
Zp ’;"’(:’/ =X

(This generating function occurred also in connection with the first-
passage times in XI,3.)

(£) Busy periods. We turn to a more detailed analysis of the queuing
problem mentioned in example (3.4). Suppose for simplicity that customers

can arrive r“m]v one at a time and onlv at intecral-valued Ppnrhc 1 We

WAk &L & Al GRAAE IR Y iRith R il (LU R R Y

assume that the arrivals are regulated by Bernoulli trials in such a way that
atepoch n a customer arrives with probability p, while with probability
g = 1 — p no arrival takes place. A customer arriving when the server is
free is served immediately, and otherwise he joins the queue (waiting line).
The server continues service without interruption as long as there are

customers in the queue reqaulrine service, We sunnose ﬁn.aﬂv that the

WL IR Wl s Sl Y WP SR SRl Y AdL L

! Following a practice introduced by J. Riordan we use the term epoch for points on
the time axis because the alternative terms such as time, moment, etc., are overburdened
with other meanings.
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Suppose then that a customer arrives at epoch 0 and finds the server free.
His service time starts immediately. If it has duration », the counter
becomes free at epoch # provided that no new customer arrives at epochs
1,2,...,n Otherwise the service continues without m[errupnon By
busy period is meant the duration of uninterrupted service commencing at
epoch 0. We show how the theory of branching process may be used to
analyze the duration of the busy period.

The customer arriving at epoch 0 initiates the busy period and will be
called ancestor. The first generation consists of the customers arriving
prior to or at the epoch of the termination of the ancestor’s service time.
If there are no such direct descendants the process stops. Otherwise the
direct descendants are served successively, and during their service times
their direct descendants join the queue. We have here a branching process
such that the probability x of extinction equals the probability of a termina-
tion of the busy period, and the fotal progeny consists of all customers
(including the ancesior) arriving during the busy period. Needless to say,
only queues with z = 1 are feasible in practice.

To apply our results we require the generating function P(s) for the
number of direct descendants. By definition this number is determined
by the random sum X, + - -+ + Xy where the X; are mutually inde-
peadent and assume the values 1 and O with probabilities p and ¢, while
N is the length of the ancestor’s service time. Thus in the present situation
P(s) = B(ps+q), and hence u = po where o = (1) is the expected
duration of the service time. It follows that the busy period is certain to
terminate only if pa < 1. The expected number of customers during a busy
period is finite only if po < 1. In other words, congestion is guaranteed
when po = 1, and long queues must be the order of the day unless po
is substantially less than 1.

(¢) Duration of the busy period. The preceding exammle treats the num-
ber of customers during a busy period, but the actual _durdtlon of the busy
period is of greater practical interest. It can be obtained by the elegant
devicel? of considering time units as elements of a branching process. We
say that the epoch n has no descendants if no customer arrives at epoch #.
If such a customer arrives and his service time lasts 7 time units, then the
epochs n 4+ 1, ..., # + r are counted as direct descendants of the epoch.
Suppose that at epoch O the server 1s free. A little reflection now shows that

121t is due 10 L. J. Good. See the discussion following Kendall's paper quoted in
example (3.4).
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the branching process or

A
all or else lasts exactly for the duration of the uninterrupted service time
initiated by a new customer. The generating function for the number of
direct descendants is given by

5.7 P(s) = g + pB(s).

The root = gives the probability of a termination of the busy period.
The total progeny equals 1 with probability ¢ while with probability p
it equals the duration of the busy period commencing at epoch 0. The
duration of the busy period itself has obviously the generating function

given by S(p(s)). >

6. PROBLEMS FOR SOLUTION

1. The distribution (1.1} of the random sum Sy has mean E(MNE(X) and
variance E{N} Var (X} + Var (N)EXX). Verify this (a) using the generating
function, (&) directly from the definition and the notion of conditional expec-
tations.

2. Animal trapping [cxample (1.5)]. If {g,} is a geometric distribution, so
is the resulting distribution. If {g,} is a logarithmic distribution [cf. (2.8)],
there results a logarithmic distribution with an added term.

3. In N Bernoull: trials, where N is a random variable with a Poisson
distribution, the numbers of successes and failures are stochastically independent
variables. Generalize this to the multinomial distribution {(a) directly, (&)
using multivariate generating functions. [CF, example IX,(1.4).]

4. Randomization. Let N have a Poisson distribution with mean 2, and
let N balls be placed randomly into » cells, Show without calculation that

the probability of finding exactly m cells empty is ( n) eTAmin[] —g—Ain] nom
m

5. Continuation.'® Show that when a fixed number r of balls is placed ran-
domly into # cells the probability of finding exactly m cells empty equals the
coefficient of e * A"/r! in the ¢xpression above, {g) Discuss the connection
with moment generating functions (problem 24 of XI, 7). () Use the result for

oo

an effortiess derivation of IL{i1.7).

6. Mixtures of probability distributions. Let {f;} and {g,} be two prob-
ability distributions, x >0, f >0, « + 8 = 1. Then {af; + fg,} isagaina
probability distribution. Discuss its meaning and the connection with the urn
models of V,2. Generalize to more than two distributions. Show that such a
mixture ¢can be a compound Poisson distribution.

7. Using generating functions show thatin the branching process Var (X, ) =
= u Var (X,) + u?"¢?, Using conditional expectations prove the cquivalent

1 This elegant derivation of various combinatorial formulas by randomizing a
parameter is due to C. Domb, On the use of a random parameter in combinatorial
problems, Proceedings Physical Society, Sec. A., vol. 65 (1952), pp. 305-309.
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relation Var (X, ) = #° Var (X} + p"o”. O f ther f

Var (Xn) = (}2(#2“_2 + Han—a + -+ ﬂ-n_l)-
R. Continuation. If n > m show that E(xnxm) — Mn—mE(xi)

9. Continuation. Show that the bivariate generating function of (X, X,,) is
P (51 P, ,(s5)). Use this to verify the assertion in problem 8.

10. Branching processes with two types of individuals. Assume that cach
individual can have descendants of either kind; the numbers of descendants
of the two types are regulated by two bivariate generating functions P,(s;, s;)
and Pa(s;, s). We have now two extinction probabilities z, ¥ depending on the
type of the ancestor, Show that the pair (z,¥) satisfics the equations

(6.1) v =Pz, y), ¥ = Pyz, y)
Prove that these equations have at most one solution 0 <z <1, 0 <y <1
different from (i, 1}. The solution (i, 1) is unique if, and only if, #); <1,

1
2P, 1
s

1

oy <1 and (1 — py)(; — Hen) 2= miptn Where u;; =




CHAPTER XIII

Recurrent Events.

Renewal Theory

1. INFORMAL PREPARATIONS AND EXAMPLES

We shall be concerned with certain repetitive, or recurrent, patterns
connected with repeated trials. Roughly speaking, a pattern & qualifies
for the following theory if after each occurrence of & the trials start from
_scratch in the sense that the trials following an occurrence of & form a
replica of the whole experiment. The waiting times between successive
occurrences of & are mutually independent random variables having the
same distribution.

The simplest special case arises when & stands as abbreviation for “a
success occurs” in a sequence of Bernoulli trials. The walting time up to
the first success has a geometric distribution; when the first success occurs,
the trials start anew, and the number of trials between the rth and the
(r+1)st success has the same geometric distribution. The waiting time up
to the rth success is the sum of r independent variables [example IX,(3.c)].
This situation prevails also when & stands for ““a success followed by
failure”: The occurrence of the pattern SF reestablishes the initial
situation, and the waiting time for the next occurrence of SF is independ-
ent of the preceding trials. By contrast, suppose that people are sampled
one by one and let & stand for *““two people in the sample have the same
birthday.” This & is not repetitive because after its first realization &
persists forever. If we change the definition to “*& occurs whenever the
birthday of the newly added person is already present in the sample,” then
& can occur any number of times, but after an occurrence of & the process
does nor start from scratch. This is so because the increasing sample size
makes duplications of birthdays more likely; a long waiting time for the
first double birthday promises therefore a shorter waiting time for the
second duplication, and so the consecutive waiting times are neither inde-
pendent nor subject to a common distribution.

303
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The importance of the theory of recurrent patterns is due to the fact that
such patterns occur frequently in connection with various sequences of
variables (stochastic processes). The law§ governing a sequence of random
variables may be so intricate as to pféclude a complete analysis but the
existence of a repetitive pattern makes it always possible to discuss essen-
tial features of the sequence, to prove the existence of certain limits, etc.
This approach contributes greatly to the simplification and unification of
many theories.

We proceed to review a few typical examples, some of which are of
intrinsic interest. The first examples refer to the familiar Bernoulli trials,
but the last three involve more complicated schemes. In their description
we use terms such as “server’” and “customer,” but in each case we give a
mathematical definition of a sequence of random variables which is com-
plete in the sense that it uniquely determines the probabilities of all possible
events. In practice, not even the basic probabilities can be calculated
explicitly, but it will turn out that the theory of repetitive patterns neverthe-
less leads to significant results.

PRURDE | PO
p‘“’m“!e“ (a} Return to €g”u“f;b; ium. Ina ou.j uence of Bernoulli trials

let & stand as abbreviation for *‘the accumulated numbers of successes and
failures are equal.”” As we have done before, we describe the trials in terms
of mutually independent random variables X,, X, ... assuming the
values 1 and —1 with probabilities p and g, respectively. As usual, we
put

(1.1) So=0 S, =X+ - +X,

Then S, is the accumulated excess of heads over tails, and & occurs if,
and only if, S, = 0. It goes without saying that the occurrence of this
event reestablishes the initial situation in the sense that the subsequent
partial sums S,.;,5,.,, ... form a probabilistic replica of the whole
sequence S,, S,, .. [Continued in example {4.5).]

() Return to eau:hbnum through negative values. We modify the last

example by st1puldt1ng that & occurs at the nth trial if
(1.2) S,=0, but S,<0,...,8,;,<0

Again, it is clear that the occurrence of & implies that we start from
scratch. {Continued in example (4 c) ]

{c) Another variant of example (a) is the event & that the accumulated
number of successes equals A times the accumulated number of failures
(where A > 0 is an arbitrary, but fixed, number), If & occurs at the nth
trial, it occurs again at the (n+4m)th trial only if among the trials number

n++1,...,n+ m there occur exactly A4 times as many successes as
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therefore independent and identically distributed. As a special case consider
the event that 6n throws of a perfect die yield exactly # aces. (Continued
in problems 4-5.)

(d) Ladder variables. Adhering to the notations of example (a) we

define a new repetitive pattern & by stipulating that & occurs ar the nth

trietl iF S oveoode all nrospding cisme that i
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(1.3) S, >0, S,>S,....8,>8S,_ ..

If & occurs at the nth trial the process starts from scratch in the follow-
ing sense. Assuming (1.3) to hold, & occurs at the (n+#m)th trial if, and
only if|

(14) S?H—m > Sn: L ] Sn{—m > Sn+m—l‘

But the differences S,., — S, are simply the partial sums of the residual
sequence X, ., X, . ... and so the reoccurrence of & is defined in terms
of this residual sequence exactly as & is defined for the whole sequence.
” In other words, for the study of & the whole pdSt becomes irrelevant every
time & occurs. [L ontinued in example L4.ﬂ).] /-

(e} Success runs in Bernoulli trials. 1n the preceding examples the defini-
tion of & was straightforward, but we turn now to a situation in which a
judicious definition is necessary to make the theory of recurrent patterns
applicable. In the classical literature a “success run of length »”” meant an
uninterrupted sequence of either exactly r, or of at least r, successes.
Neither convention leads to a recurrent pattern. Indeed, if exactly r suc-
cesses are required, then a success at the (n+1)st trial may undo the run
completed at the ath trial. On the other hand, if at least r successes are
required, then every run may be prolonged indefinitely and it is clear that
the occurrence of a run does not reestablish the initial situation. The
classical theory of runs was rather messy, and a more systematic approach is
possible by defining a run of length r in such a way that it becomes a
recurrent pattern. A first run of length r is uniquely defined, and we now
agree to start counting from scratch every time a run occurs. With this
convention the sequence SSS|SFSSS|SSS|F contains three success
runs of length three {occurring at trials number 3, 8, and 11). It contains
five runs of length two (trials number 2, 4, 7, 9, 11). The formal definition
is as follows: A sequence of n letters S and F contains as many S-runs
of length r as there are non-overlapping uninterrupted blocks containing
exactly r letters § each. With this convention we say that & occurs at
the nth trial if a new run of length r is added to the sequence. This defines
a recurrent pattern and greatly simplifies the theory without affecting its
basic features. (Continued in section 7.)
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(f) Continuation: Related patrerns. It is obvious that the considera-
tions of the preceding example apply to more general patterns, such as the
occurrence of the succession SFSF. More interesting is that no limitation
to a fixed pattern 1s necessary. Thus the occurrence of *“two successes and
three failures” defines a repetitive pattern, and the same is true of “either a
success run of length r or a failure run of length p.” (Continued in
section 8.)

) {(g) Geiger counters. Counters of the type used for cosmic rays and x«-
particles may be described by the following simplified model.! Bernoulli
trials are performed at a uniform rate.{"A counter is meant to register
successes, but the mechanism is locked for exactly r—1 trials following
each registration. In other words, a success at the nth trial is registered if,
and only if, no registration has occurred in the preceding r—1 trials. The
counteris then locked at the conclusion of trials number »n, .., 0+ r — 1,
and is freed at the conclusion of the (n+4r)th trial provided this trial results
in failure. The output of the counter represents dependent trials. Each
registration has an aftereffect, but, whenever the counter is free {not locked)
the situation is exactly the same, and the trials start from scratch. Letting
& stand for “at the conclusion of the trial the counter is free,” we have a
typical recurrent pattern. [Continued in example (4.¢).]

(h) The simplest quening process 18 defined in terms of a sequence of
Bernoulli trials and a sequence of random variables X, X,, ... assuming
only positive integral values. The X, have a common distribution
{8} and arc independent of each other and of the Bernoulli trials. We
interpret success at the nth trial as the arrival at epoch® # of a customer at
a server {or a call at a telephone trunk line). The variable X,, represents
the service time of the nth customer arriving at the server. At any epoch
the server is either “free’” or “busy’” and the process proceeds according
to the following rules. Initially (at epoch 0} the server is free. A customer
arriving when the counter is free is served immediately, but following his
arrival the server is busy for the duration of the service time. Customers
arriving when the server is busy form a waiting line {queue). The server
serves customers without interruption as long as there is a demand.

These rules determine the process uniquely, for given a sample sequence
(S, F, 8, 8,8 F, F,...) for the arrival process and a sample sequence
(3,1,17,2,...) for the successive service times, it is not difficult to find

! This is the discrete analogue of the so-called cou
in problem 8.

2 We use the term epoch to denote points on the time axis. Terms such as waiting
time will refer to durations. This practice was introduced by J. Riordan because in
queuing theory the several meanings of words like time, moment, etc., are apt to cause
confusion.
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the queue at an mer.
In principle, therefore, we should be able t calculate all pertinent prob-
abilities, but it is not easy to find practicable methods. Now it is clear that
every time the server is free the situation is exactly the same as it is at
epoch 0. In our terminology therefore the contingency “the server is

free” constitutes a recurrent pattern. We shall see that the very existence

of cuch na recurre mattare 1—.-—. nortant consegu - Far avamnl
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it implies that the probability distributions for the size of the queue at
epoch », for the waiting time of the nth customer, and for similar random
variables tend to definite limits when # — o (theorem 5.2). In other
words, the existence of a recurrent pattern enables us to prove the existence
of a steady state and to analyze its dominant features.

(i} Servicing of machines. The scope of the method of recurrent patterns
may be illustrated by a variant of the preceding example in which the
arrivals are no longer regulated by Bernoulli trials. To fix ideas, let us
interpret the “customers” as identical machines subject to occasional
breakdowns, and the “server” as a repairman. We adhere to the same
conventions concerning servicing and the formation of queucs but intro-

_______ - o Taemaal-

duce a new chance mechanism for the “arrivals, ” that is, for the break-
downs. Supposethereare N machinesinall, and consider two extreme cases.

(@) Suppose first that as long as a machine is in working condition it
has a fixed probability p to break down at the next epoch; when it
breaks down it is replaced by an identical new machine, and the serving
time is interpreted as the time required for the installation of a new
machine. We treat the machines as independent, and the breakdowns

arg reou latad ‘hw A oinda ndant canniancag r'\'F nprr\nllﬁl ff'ICITC Naote
L= SLV g I.IALI-I.ULI- oL 11Lubt}\.¢11ubllb .'.‘l\..\.iu\..ll\rl..oo ORI

that the more machmcs are in the queue, the fewer machines are in
working condition, and hence the length of the queue at any epoch
influences the probability of new arrivals (or service calls). This is in
marked contrast to the preceding example, but the contingency “‘server
is idle” constitutes nevertheless a recurrent pattern because we are

Aanfrantad w mraciealy tha carma citniintinn whansvar 1t accnrg
conlronted with Praiatdy v adiiiv SILua Uil Wil vl 1o vbula,

(b) Suppose now that every repair has an aftereffect in that it increases
the probabilities of further breakdowns. This implies that the machines
deteriorate steadily and so once a machine breaks down it is impossible
that the favorable initial situation should be repeated. In this case there
is no recurrent pattern to help the analysis. >

1+
L

2. DEFINITIONS

We consider a sequence of repeated trials with possible outcomes
E; {(j=1,2,...). They need not be independent (applications to Markoy
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chains being of special interest). As usual, we suppose that it is in principle
possible to continue the trials indefinitely, the probabilities P{E;, E;,

, £; } being defined consistently for all finite sequences. Let § be an
attribute of finite sequences; that is, we suppose that it is uniquely deter-
mined whether a sequence (E;, ..., E;) has, or has not, the character-
istic' 6. We agree that the expression “& occurs at the nth place in the
(finite or infinite) sequence E;, E;, .. .7 is an abbreviation for *The
subsequence E;, E;,..., £; has the attribute &” This convention
implies that the occurrence of & at the nth trial depends soley on the out-
come of the first » trials. It is also understood that when speaking of a
“recurrent event 8, we are really referring to a class of events defined by
the property that & occurs. Clearly & itselfis a label rather than an event.
We are here abusing the language in the same way as is generally accepted
in terms such as “a two-dimensional problem™; the problem itself is
dimensionless,

Definition 1. The artribute & defines a recurrent event if:
(@) In order that & occurs at the nth and the (n+mth place of the

sequence (F’ N R ) it is necessary and sufficient that & occurs
z 4

ar the lasr pface in each of the two subseguences (&5 B, oo, B, ) and
(E5u+1’ intg? * 070 5u+m)'
(h) ]fJE occurs at the nth place then x'dentfca;’!y
PE, ...E }1=P£E,....EPE_,. .. E  }

It has now an obvious meaning to say that & occurs in the sequence

E.,E ,..) for the first time at the nth place, etc. It is also clear that
ARGy g 7 ¥ F *

with each recurrent event & there are associated the two sequences of
numbers defined for n =1, 2, ... as follows
u, = P{& occurs at the nth trial},
2.1
[ = P{& occurs for the first time at the ath trial}.
It will be convenient to define
-. (22) fU = 0, uD = I,

and to introduce the generating functions
(2.3) Fis) =2 fis’,  UG) =D ums".
k=1 k=0

Observe that {u,} is not a probability distribution; in fact, in represen-
tative cases we shall have Z u, = 0. However, the events ““‘& occurs for
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the first time at the nth trial” are mutually exclusive, and therefore

(2.4) f=FW=3/<1

It is clear that 1 — f should be interpreted as the probaiblity that & does
not occur in an indeﬁm're!y pro!onged sequence of trials. 1f f=1 we may

H—y

introduce a random variable T with distribution

(2.5) P(T = n} = f,.

We shall use the same notation (2.5) evenif f < 1. Then T isanimproper,

or defective, random variable, which with probability 1 — f does not assume
a numerical value. (Fnr our purposes we could gsglgn to T the vahnl
oo, and it should be clear that no new rules are required.)

The waiting time for €, that is, the number of trials up to and mcludmg
the first occurrence of &, is a random variable with the distribution (2.5);
however, this random variable is really defined only in the space of infinite

sequences (£, cel)

By the r*f'ﬁmfmn of recurrent events the probability.that & occurs for
the ﬁrst time at trial number & and for the second time at the nth trial
equals f,f, . Therefore the probability f!# that & occurs for the second

time at the nth trial equals

(2.6) 1{12} =ffo t Sofoe + -+ foifs

The right side is the convolution of {f,} with itself and therefore {/f{¥}
represents the probability distribution of the sum of two independent
random variables each having the distribution (2.5). More generally, if
[ is the probability that the rth occurrence of & takes place at the nth
trial we have -

@7 SU =R R+ T
This simple fact is expressed in the

Theorem. Let f!"' be the probability that the rth occurrence of & takes
place at the nth trial. Then {f\"} is the probability distribution of the sum
2.8 TO =T, + T, 4+ + T,

of r independent random variables Ty, . .., T, each having the distribution
(2.5). In other words: For fixed r the sequence { FIY has the generating
Sfunction F'(s).
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1t follows in particular that
(2.9) ST =F()=f"
n=1

In words: the probability that & occurs at least r times equals [ (a fact
which could have been anticipated). We now introduce

Definition 2. A recurrent event & will be called persistent® if f=1
and transient if f < 1.

For a transient & the probability f7 that it occurs at least r times tends
to zero, whereas for a persistent & this probability remains unity. This
can be described by saying with probability one a persistent & is bound
to occur infinitely often whereas a transient & occurs only a finite number
of times. (This statement not only is a description but i1s formally correct
if interpreted in the sample space of infinite sequences E;, E; , ... .}

We require one more definition. In Bernoulli trials a return to equilib-
rium [example (1.@)] can occur only at an even-numbered trial. In this
case fo,41 = Uz, = 0, and the generating functions F(s) and U(s)
are power series in s* rather than s. Similarly, in example (1.c) if 4 is
an integer, & can occur at the sth trial only if » is a multiple of 1 + 1. We
express this by saying that & is periodic. In essence periodic recurrent
events differ only notationally from non-periodic ones, but every theorem
requires a special mention of the excepilonal periodic case. In other words,
periodic recurrent events are a great nuisance without redeeming features
of interest.

1101

™ i 3 Lot U S ap O S O e R L LY (P AL I
el e g recurrernts eocnt o Ly Odii ayertuutt' U [HEFE X151y U
integer 1 > 1 such that & can occur only at trials number 2,272,372, ...
(ie., u, =0 whenever n is not divisible by 2). The greatest A with this

property is called the period of &.

In conclusion let us remark that in the sample space of infinite sequences
Ei Ei,. .. the number of trials between the (r—1)st and the rth occur-
rence of & is a well-defined random variable (possibly a defective one),
having the probability distribution of our T,. In other words, our
variables T, really stand for the waiting times between the Successive
occurrences of & {(the recurrence times). We have defined the T, analyti-
cally in order not to refer to sample spaces beyond the scope of this
volume, but it is hoped that the probabilistic background appears in all
its intuitive simplicity. The notion of recurrent events is designed to

3 In the first edition the terms certain and uncertain were used, but the preseﬁt
terminology is preferable in applications to Markov chains.
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reduce a fairly general situation to sums of independent random variables.
Conversely, an arbitrary probability distribution {f,}, n=1,2,... may
be used to define a recurrent event. We prove this assertion by the

Example. Self-renewing aggregates. Consider an electric bulb, fuse,
or other piece of equipment with a finite life span. As soon as the piece
fails, 1t 1s replaced by a new piece of like kind, which in due time is
replaced by a third piece, and so on. We assume that the life span is a
random variable which ranges only over multiples of a unit time interval
(year, day, or second). Each time unit then represents a trial with possible
outcomes “‘replacement” and “no replacement.” The successive replace-
ments may be treated as recurrent events. If f, is the probability that a
new piece will serve for exactly » time units, then {f,} is the distribution
of the recurrence times. 'When it is certain that the life span is finite, then
> f» =1 and the recurrent event is persistent. Usually it is known that
the life span cannot exceed a fixed number m, in which case the generating
function F(s) is a polynomial of a degree not exceeding m. In appli-
cations we desire the probability », that a replacement takes place at
time n. This u, may be calculated from (3.1). Here we have a class of
recurrent events defined solely in terms of an arbitrary distribution {f,}.
The case f < 1 is notexcluded, 1 — f being the probability of an eternal
life of our piece of equipment. >

3. THE BASIC RELATIONS

We adhere to the notations (2.1)-(2.4) and propose to investigate the
croannactinn hatwasn thae [T £1 and tha Ja 1 The nrahahility that £
LALLM LLYV LS LA LYY ALll Ll lJnJ’ il [ ¥ anJ- ALl t}l\:‘uuuxlll._} LLICAL ) ¥
occurs for the first time at trial number » and then again at a later trial
n > v is, by definition, f,u,_,. The probability that & occurs at the nth
trial for the first time is f, = f,u, Since these cases are mutually ex-

clusive we have

211 15 = £ s A ., e 7
.l F 4y = f1¥p 1 T fouy 2 T LI A Al E

3
\Y

{
A

At the right we recognize the convolution {f} = {#,} with the generating
function F(s} U(s). At the left we find the sequence {u,} with the term
u, missing, so that its generating functionis U{s) — 1. Thus U(s) — 1 =
= F(s) U(s), and we have proved

Theorem 1. The generating functions of {u,} and {f,} are related by

1

(3.2) U(S) = I—_‘F‘——"-(:) .




312 RECURRENT EVENTS. RENEWAL. THEQRY [XIII.3

Note. The right side in (3.2) can be expanded into a geometric series
2. F7(s) converging for |s| < 1. The coefficient £ of s™ in F7(s) being
the probability that the rth occurrence of & takes place at the ath trial,
(3.2) is equivalent to

(3.3) w,=f + P+

this expresses the obvious fact that if & occurs at the sth trial, it has
previously occurred 0,1,2,...,n—1 times. (Clearly f™ =0 for
r>n)

Theorem 2. For & 1o be transient, it is necessary and sufficient that

(3.4) ¥ = Zu,—
is finite. In this case the probability f that & ever occurs is given by
u — 1
(3.5) f= :
u

Note. We can interpret u; as the expectation of a random variable
which equals 1 or 0 according to whether & does or does not occur at
the jth trial. Hence wuy + uy + -+ u, is the expected number of
occurrences of & in n trials,and u — 1 can be interpreted as the expected
number of occurrences of & in infinitely many trials.

Proof. The coefficients u, being non-negative, it is clear that Ufs)
increases monotonically as s — 1 and that for each N

N o
> u, < lim U(s) <Du,=u.
n=0 n="

§—1

Since U{s)— (1 — f)' when f<1 and U(s)— © when f=1, the
theorem follows. >

The next theorem is of particular i'mportance.“ The proof is of an

* Special cases are easily proved (see problem 1) and were known for a long time, A
huge literature tried to improve on the conditions, but it was generally believed that
some restrictions were necessary. In full generality theorem 3 was proved by P. Frdds,
W. Feller, and H. Pollard, A theorem on power series, Bull. Amer. Math. Soc. vol. 55
(1949}, pp. 201-204. After the appearance of the first edition it was observed by
K. L. Chung that the theorem could be derived from Kolmogorov's results about the
asymptotic behavior of Markov chains. Many prominent mathematicians proved
various extensions of the theorem to different classes of probability distributions.
These investigations contributed to the methodology of modern probability theory.
Eventually it turned out that an analogue to theorem 3 holds for arbitrary probability
distributions, For an elementary (if not simple) proof see X1,9 of volume 2.
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elementary nature, but since it does not contribute to a probabilistic
understanding we defer it to the end of the chapter.

Theorem 3. Let § be persistent and not periodic and denote by u the

mean of the recurrence times T, that is,
(3.6) u=2jf;=F()
(possibly u = w). Then

(3.7) u, — u!

as n— o {(u, — 0 if the mean recurrence time is infinite).

The restriction to non-periodic & is easily removed. In fact, when &
has period /4 the series Y f,s™ contains only powers of s* Let us call
a power series honest if this is not the case for any integer 4 > 1. Theorem
3 may then be restated to the effect, that if F is an honest probability
generating function and U is defined by (3.2), then u, — 1/F'(1). Now if
& has period 2 then F(s'/*) is an honest probability generating function,
and hence the coefficients of U(s'*} converge te A/F(1). We have thus

Theorem 4. If & is persistent and has period A then
(3.8) Uy, — Mt

while w, = 0 for every k not divisible by A.

4. EXAMPLES

(a) Successes in Bernoulli trials, For a trite example let & stand for
“success” in a sequence of Bernoulli trials. Then u, =p for n > 1,
whence

(@) UGs) = £

i

Ps

1 — g
|-I~J

i

and therefore F(s) =

_—
]

by virtue of (3.2). In this special case theorem 2 merely confirms the
obvious fact that the waiting times between consecutive successes have a
geometric distribution with expectation 1/p.

(b) Returns to equilibrium [example (1.a)]. At the kth trial the accumu-
lated numbers of heads and tails can be equalonly if & = 2# is even, and
in this case the probability of an equalization equals

(4.2) ey = (2:)p*q“ - ( f’)(—@q)“.
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(4.3) Ul(s) = {____il—'——':‘——'___“
v1— 4pqs2

and hence from (3.2)

(4.4) Fis)=1—+1— 4pgss.

A second application of the binomial expansion leads to an explicit
expression for f,,. (Explicit expressions for u,, and f;, when p =4 were
derived by combinatorial methods in III,2-3; the generating functions U/
and F were found by other methods in XI,3. It will be noticed that only
the present method requires nofartiﬁcc.)

For s = 1 the square root in (4.4) equals |p — ¢} and so

(4.5) f=1—1lp—gl

Thus returns to equilibrium represent a recurrent event with period 2
which is transient when p 5 g, and persistent in the Symmetric case p = q.
The probability of at least r returns to equilibrium equals f.

When p =¢ =4 the waiting time for the first return to equilibrium
is a proper random variable, but F'(1) = oo and so the mean recurrence
time u is infinite. (This follows also from theorem 4 and the fact that
u,, — 0.) The fact that the mean recurrence time is infinite implies that the
chance fluctuations in an individual prolonged coin-tossing game are far
removed from the familiar pattern governed by the normal distribution.
The rather paradoxical true nature of these fluctuations was discussed in
chapter III.

{c) Return to equilibrium through negative values. 1n example (1.5) the
return to equilibrium was subject to the restriction that no preceding
partial sum S; was positive. The distribution of the recurrence times for
this recurrent event is defined by
(4.6) fin= 0.8, < 0., Spuy < 0}
and, of course, f,._, = 0. 1t does not seem possible to find these proba-
bilities by a direct argument, but they follow easily from the preceding ex-
ample. Indeed, a sample sequence (X, ..., X,,) satisfying the condition
in (4.6} contains » plus ones and » minus ones, and hence it has the same
probability as (—Xj, ..., —X,,)- Now a firstreturn toequilibrium occurs
either thrc'}ugh positive or through negative values, and we conclude that
these two contingencies have the same probability. Thus f; = ifs,
where {f,} Is the distribution for the returns to equilibrium found in the
preceding example. The generating function for our recurrence times is
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therefore given by

(4.7) F(s)=1— %.\/1 — 4pgs?,
and hence
_ 2 1 — — 2
(4.8) U(s) = 2z J1 —d4pgs®
1+ 1 — 4pgs? 2pgs®

The event & 1is transient, the probability that it ever occurs being
t—2lp—ql.
(d) Ladder variables. The first positive partial sum can occur at the kth

trial only if & =2n + 1 is odd. For the corresponding probabilities we
write

(4.9) (7{)273-‘.—1 =P{5, <0,....8,,=0,8,,., = 1}.

Thus {¢,} is the distribution of the recurrent event of example (1.4). Now
the condition 1n (4.9) requires that X,,,; = +1, and that the recurrent
event of the preceding example occurs at the 2nth trial. It follows that
= p - u,,. With obvious notations therefore

o L
T afirTlL

(4.10) O(s) = psU~(s) = L— Y L= 4pgs
' 2gs

This is the generating function for the first-passage times found in XI,(3.6).
An explicit expression for ¢,, ., follows from (4.10) using the binomial
expansion IL(8.7). This expression for ¢,,,, agrees with that found by

mhinatnrial mathade thamnrarm 3 ~F TTT 7
compingaiorial Axud\,uuua 1 Lll.\-Ull.;ul PAR Lily i

(€) Geiger counters. In example (l.g) the counter remains free if no
registration takes place at epoch 1. Otherwise it becomes locked and is
freed again at epoch r + 1 if no particle arrives at that epoch; the
counter is freed at epoch 2r + 1 if a particle appears at epoch r + 1,

but none at epoch 2r + 1, and so on. The generating function of the
recurrence times is theref0r° given by
; gs
(411) gs + qpsfkl+ qus2r}-l+ C e — l f .
— psr

{See also problems 7-9.)

(f) The simplest queuing problem [example (1.4)]. Herethe server remains
free if no customer arrives at epoch 1. If a customer arrives there follows
a so-called “busy period”” which terminates at the epoch when the counter
first becomes free. The generating function p(s) for the busy period was
derived in example X11,(5.¢) using the methods of branching processes.
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It follows that in thf_- resent ¢ e the

times is given by gs + pSp(S) eement wblth XIT,(5. ?)

(g) Ties in multiple coin games. We conclude with a simple example
showing the possibility of certain conclusions without explicit knowledge
of the generating functions. Let r > 2 be an arbitrary integer and
consider a sequence of simultaneous independent tosses of r coins. Let

& stand for the recurrent event that a/i r coins are in the same phase (that
- bl i - - LR IJ"“\,U kl.llu\r

is, the accumulated numbers of heads are the same for all r coins). The
probability that this occurs at the »th trial is

e (o )

On the right we recognize the terms of the binomial distribution with
p =4, and from the normal approximation to the latter we conclude
easily that for each fixed r as n— oo

UQ

(4.13) e (i) S eeritn
§

TH

(the summation extending over all integers j between —in and ina).

But by the very definition of the integral
(4.14) 2\/ Iy guitin f et g = V2n
L —wc

and hence we conclude that

-1
(4.15) unw—lz(i) |
.\/r mH

This implies that > u, diverges when r < 3, but converges when r > 4.
It follows that & is persistent when r < 3 but transient if r > 4. Since
u, — 0 the mean recurrence time is infinite when r < 3. (Compare
problems 2 and 3.) >

5. DELAYED RECURRENT EVENTS.
A GENERAL LIMIT THEOREM

We shall now introduce a slight extension of the notion of recurrent
events which is so obvious that it could pass without special mention,
except that it is convenient to have a term for it and to have the basic

equations on record.
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PCI‘h&DS the best informal descrmtmn of dehved recurrent events is
to say that they refer to trials where we have * IIllSSCd the beginning and
start in the middle.” The waiting time up to the first occurrence of &
has a distribution {b,} different from the distribution {f.} of the
recurrence times between the following occurrences of & The theory
applies without change except that the trials followmg each occurrence
of & are exact replicas of a fixed sample space which is not identical with
the original one.

The situation being so simple, we shall forego formalities and agree
to speak of a delayed recurrent & when the definition of recurrent events
applies only if the trials leading up to the first occurrence of & are disre-

garded; it is understood that the waiting time up to the first appearance of
8 IT [#1 rﬂndﬂn’l F;qf}ﬂh;’.ﬂ IP.H]TP}‘.'DP‘]/JDJ’!? nf fbo fnffnynmg Focurroence E”ﬁbs

Aty .

although its distribution {b,} may be dgﬁerenrfrom the common distribution
{f»} of the recurrence times.

We denote by v, the probability of the occurrence of & at the nth trial.
To derive an expression for v, we argue as follows. Suppose that §
occurs at trial number k& < n. Relative to the subsequent trials &

becomes an nrdlnﬂr}; recurrent event and so the "condmunal‘ pfubabuu}

of a renewed occurrence at the nth trial equals u,_,. Now if & occurs at
the nth trial this is either its first occurrence, or else the first occurrence
took place at the kth trial for some &k < #. Summing over all possibilities
we get

(5.1) Un = bﬂ. + bn—lul + bn_zuz —|— v —+— bluﬂ_l + bnun.
We are thus in possession of an explicit expression for v,. [For an alter-
native proof see example (10.4).] The relations (5.1) may be rewritten in

the compact form of a convolution equation:

(5.2) Wat = (b} * {4}

This implies that the corresponding generating functions satisfy the
identity

B(s)
1 — F(s)

Example. () In the Bernoulli trials considered in examples (4.4)-(4.d)
the event 5, = 1 is a delayed recurrent event. The waiting time for its
first occurrence has the generating function @ of (4.10); the recurrence
times between successive occurreances of {S, = 1} have the generating
function F of the returns to equilibrium [see {(4.4)]. Thus in the present
case ¥V = OJ(1—F). >

(5.3) Vis) = B(s)U(s) =
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It is easy to show that the asymptotic behavior of the probabilities o,
is essentially the same as that of u,. To avoid trivialities we assume that
& 1s not periodic.® We know from section 3 thatinthiscase u, approaches
a finite limit, and that ¥ w, < oo if, and only if, & is transient.

Theorem 1. If u, — w then
(5.4) v, = bw where b = 3 b, = B(1).
If u,=u< 0 then

(5.5) > v, = bu.
In particular, v, — u=1 i & is persistent
Fol H 13 ~ Fol
Proof. Let r, =5, , 4+ b..o+ . Since u, <1 itisobviousfrom

(5.1) that for n > k

(5.6)  bgu, + 1+ b, < v, K bguy + 0+ bt + 1y

e that r <« ¢ For »n cufhiciently laras the laftmact
aaaaaa L S L N AN fe SuadivatIiLa Y iRl gue LD GCILIOS

member in (5.6) is then greater than bw — 2e¢, whereas the rightmost
member is less than bw 4 2e¢. Thus (5.4) is true. The assertion (5.5)
follows either by summing (5.1) over n, or else from (5.3) on letting s = 1.

>
We turn to a general limit theorem of wide applicability. Suppose that
there are denumerably many possible states E,, Fy,... for a certain

system, and that the transitions from one state to another depend on a
chance mechanism of some sort. For example, in the simple queuing
process (1.%) we say that the system is in state £, if there are £ customers
in the queue, including the customer being served. A problem involving
seventeen servers may require eighteen numbers to specify the state of the
system, but all imaginable states can still be ordered in a sequence
E, E|,.... We need not consider how this 1s best done, because the
following theorem does not lead to practical methods for evaluating
probabilities. It is a pure existence theorem showing that a steady state
exists under most circumstances encountered in practice. This is of
conceptual interest, but also of practical value because, as a rule, mathe-
matical analysis of a steady state is much simpler than the study of the
time-dependent process.

i We suppose that for » = 1,2, ... and every n-tuple (ry, ..., r,) there
exists a well-defined probability that the states of the system at epochs

5 Periodic recurrent events arc covered by theorem 10.2, For a different proof of
theorem 1 sec example (10.a).
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0,1,...,n—1 are represented by (£,,...,E, ). We shall not
duce any particular assumptions concerning the ‘mutual dependence of
these events or the probabilities for the transitions from one state to
another. For simplicity we consider only the probabilities p{’ that at
epoch n the system is in state E,. (It will be obvious how the theorem

generalizes to pairs, triples, etc.) The crucial assumption is that there

avicte ecame recurrant avent £ cannactad with
t\lJI.-J R A T R P VR A=y N U\Jllll\.r\-’bb\.l YriL

in the queuing process (1.4) the state E;, represents such a recurrent event.
In this case, if & were transient there would exist a positive probability
that the queue does not terminate. This would imply that sooner or later
we would encounter an unending queue, that is, a queue of indefinitely
increasing size. This is a limit theorem of some sort showing that such

servers are ™ ﬂnccul—n]a in mroantina Thic avarmimla chanld avmlaim tha rala ~F
Al Yiwld ol e lllllJUDalUl 11 lJl [= LN W LWL L lll.) LAQ.J].].PI\J blluulu bAlJlalll Llll—' ALV LW W |

Far evamnla
A L \-J\I.I.llkl./l\.r,

the condition that & be persistent. (The non-periodicity is introduced
only to avoid trivialities}).

Theorem 2. Assume that there exists a non-periodic persistent { possibly
delayed) recurrent event & associated with our process. Then as n— w0

(57) Py -
where
(5.8) Z pm =

if the mean recurrence time u s finite, and p™™ = 0 otherwise.

Proof. Every time when & occurs the § scrat
There exists therefore a well-defined cond1t10nd1 probability gi™ that if
& occurs at some epoch, the state £, occurs n time units later and before
the next occurrence of & (here n =0,1,...). For delayed recurrent
events we require also the probability p!" that E_ occurs at epoch n

before the first occurrence of & (Clearly 77 = g if & is not delayed.)

ILet us now classify the wavs in which £ can occur at epoch » accord-

b by BEY MGSSAL Y Ll YO F S D WV Ll Ly il DRl SRl eprasNell AL VLILP ) §

ing to the last occurrence of & before epoch n. First, it is possible that
& did not yet occur. The probability for thisis . Or ¢lse there exists
a k < n such that § occurred at epoch & but not between & and n.
The probability for this is v,g%).. Summing over all mutually exclusive
cases we find

nrocess starts from scratch
Process slarts 1ol C

L

(5.9) P =2 e+ g+ + g,

(Here we adhere to the notations of theorem 1. For delayed events
v, = 0; for non-delayed events v, =, and {7’ =g")
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The relation (5.9) is analogous to (5.1) except for the appearance of the
term (" on the right. This quantity is obviously smaller than the proba-

bility that & did not occur before epoch n, and & being persistent it
follows that ™ — 0 as n— co. For the remaining terms we can apply
theorem 1 with the notational change that u, is replaced by v, and b,
by gi”. Since & is persistent v, — x~* and it follows that

(5.10) P —u lzg‘f’.

This proves the existence of the limits (5.7). To prove that they add to
unity note that at any epoch the system is in some state and hence

(Sll) Zg(r)
is the probability that a recurrence time is >n, that is,
=fn +fn+1 + *
Thus
(5.12) Spr=13g, =1
=0 Y n=0
by XL, (1.8). >

[The limit theorem in example (10.5) may be treated as a special case
of the present theorem.]

6. THE NUMBER OF OCCURRENCES OF §

Up to now we have studied a recurrent event & in terms of the waiting
times between its successive occurrences. Often it is preferable to consider
the number n of trials as given and to take the number N, of occurrences
of & in the first »n trials as basic variable. We shall now investigate the
asymptotic behavior of the distribution of N,, for large n. For simplicity
we assume that & is not delayed. ’

As in (2.8) let T? stand for the number of trials up to and including
the rth occurrence of § The probability distributions of T and N,
are related by the obvious identity

{61
S

3y PIN ™ ¢t = PIT) & g
Uedy £ rp= I3V 5 A5

We begin with the simple case where & is persistent and the distribution
{f.} of its recurrence times has finite mean g and variance ¢*. Since
T is the sum of r independent variables, the central limit theorem of
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(6.2)

where N(z) is the normal distribution function. Now let » — oo and
r — o0 in such a way that

(6.3) R, .

& b
/
a/r

then (6.1) and (6.2) together lead to

(6.4) P{N, > r} — R@).

To write this relation in a more familiar form we introduce the reduced
variabie
"
(6.5) N* = (uN, — n) |5
N ofn

The inequality N, > r is identical with

— —
(6.6) N;:Zr,u——n' {Jfr‘u_ /r,u‘

a\fr ' n Nn

On dividing (6.3) by » it is seen that n/r — u, and hence the right side in
(6.6) tends to —=z. Since N(—z) =1 — R(z) it follows that

(6.7) PINT > —z} - R(z) or P{N)< —2)—1— Na),
and we have proved the

Theorem. Normal approximation. If the recurrent event & is persistent
and its recurrence times have finite mean p and variance ¢*, then both the
number T7 of trials up to the rih occurrence of & and the number N,
of occurrences of & in the first n irials are asymptotically normally
distributed as indicated in (6.2} and (6.7).

Note that in (6.7) we have the central limit theorem applied to a
sequence of dependent variables N,. Its usefulness will be illustrated in
the next section by an application to the theory of runs.

The relations (6.7) make it plausible that

(6.8) E(N,) ~ n/u, Var (N,) ~ no®/u?

where the sign ~ indicates that the ratio of the two sides tends to unity.
To prove (6.8) we note that N, is the sum of » {dependent) variables Y,
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(6.9) END = +u + " + u,

Since u,— ! this implies the first relation in (6.8). The second follows by

a eimilar arenment fcee nrabhlam 20
h JLALLLLLLL LL1 bu“l ll. \ e r}l LALIIN 1AL ‘—U}I

Unfortunately surprisingly many recurrence times occurring in various
stochastic processes and in applications have infinite expectations. In such
cases the normal approximation is replaced by more general limit theorems
of an entirely different character,® and the chance fluctuations exhibit
unexpected features. For example, one expects intuitively that E(N,)

chanld inorance INnasrly with 5 fh
SOWG HICTCASC ilany Wit

twice as often in twice as many trials.” Yet this is not so. An infinite mean
recurrence time implies that «, — 0, and then E(N,)/n — 0 by virtue of
(6.9). This means that in the loag run the occurrences of & become rarer
and rarer, and this is possible only if some recurrence times are fantasti-
cally large Two examples may show how pronounced this phenomenon

1o nnf +~ ha
13 t} LLF Ui,

1ot L gt mecnTr

SOTITICE v Fog abe Wy 2=
L i el dduae U1 Yl (45\.: O IIUSL OCCUl

Examples. (2) When & stands for a return to equlllbrlum in a coin-
tossing game [example (4.6) with p = {] we have u,, ~ I/\; 7h, and (6.9)
approximates an integral for ('rr:t)_ ; this implies E(N,, )}~ 2\fn,fw.
Thus the average recurrence time up to epoch n is likely to increase as
1. The curious consequences of this were discussed at length in chapter I11.

() Returning to example {4.g) consider repeated tosses of » = 3 dice

and let & stand for the event that all three coins are in the same phase.

2
We saw that & is a persistent recurrent event, and that unMT——-
t TR

Thus E(N,) increases roughly as log n and so the qverage of the recurrence
times up to epoch n is likely to be of the fantastic magnitude n/logn. »

*7. APPLICATION TO THE THEORY OF
SUCCESS RUNS

In the sequel r will denote a fixed positive integer and & will stand
for the occurrence of a success run of‘length rina sequence of Bernoulli

NS |

trials, It is 1mp0r[dm that the 1e11gu1 of a run be defined as stated in

* Sections 7 and 8 treat a special topic and may bc omitted.
® W, Feller, Fluctuation theory of recurrent events, Trans, Amer, Math, Soc., vol. 67
(1949), pp. 98-119,
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example (1.e), for otherwise runs are not recurrent events, and the calcu-
lations become more involved. Asin (2.1)and (2.2), u, is the probability
of & at the nthtrial, and f, is the probability that the first run of length r
occurs at the nth trial.

The probability that the r trials number n,n — I,n — 2,...,n —r +1
result in success is obviously p". In this case & occurs at one among these
r trials; the probability that & occurs at the trial number n — k
(k=0,1,...,r—1) and the following k trials result in kX successes
equals u, p* Since these r possibilities are mutually exclusive, we get
the recurrence relation?

(7.1) Uy + UpaP + 00 A U =P
valid for n > r. Clearly

(7.2) Uy = Uy = """ =1U =0, ul:l=1-

7—1

On multiplying (7.1) by s* and summing over n=r, r+l1, r+2,...,
we get on the left side

(7.3) {U(s) — I}(1+Ps+pzsz+ . +pr—1sr—1)

and on the right side p7(s"4-s"14- - - ). The two series are geometric, and
we find that

(7.4) (U(s) — 13- L= @ _ P
— ps 1—5

or

(7‘5) U(S) _ I —s5+4 qP"'ST-i-l

S d=s(1—pT)
From (3.2), we get now the generating function of the recurrence times:

p's"(1—ps) p's”

(7.6) F(s) = — _

T l—s4gpst 1 — gs(14ps+ - -+ +p ™Y

The fact that F(1) = 1 shows that in a prolonged sequence of trials
the number of runs of any length is certain to increase over all bounds.
The mean recurrence time u could be obtained directly from (7.1) since
we know that u, — x~'. Since we require also the variance, it is preferable

? The classical approach consists in deriving a recurrence relation for f,. This
method is more complicated and does not apply to, say, runs of either kind or patterns
like SSFFSS, to which our method applies without change [cf. example (8.0)].
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o N o) Thieg hact A~ by tevandlinid AifFar
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entiation after clearmg (7.6) of the denominator. An easy calculation then

shows that the mean and variance of the recurrence times of runs of length
r are

1—p 1 2r+1
(7.7) #= rp ? o = mne r __}12’
qp (gp") qp q
respectively. By the theorem of the last section for large n the number
N, of runs of length r produced in n trials is approximately normaily

TaBLE 2

MEAN RECURRENCE TIMES FOR SUCCESS RUNS IF TRIALS
ARE PERFORMED AT THFE RATE OF ONE PER SECOND

Length of Run p =06 p = 0.5 (Coins) = ¢ (Dice)
r= 35 30.7 seconds 1 minute 2.6 hours
10 6.9 minutes 34.1 minutes 28.0 months
15 1.5 hours 18.2 hours 18,098 years
20 19 hours 24.3 days 140.7 million years

distributed, that is, for fixed « < f§ the probability that

R n n n
(7.8) —+aa\/-—3<Nn<-+ﬁ0/—5
I 2 4 N\
tends to N(F) — M«). This fact was first proved by von Mises, by rather

t (P ct
lengthy ca lculanons Table 2 gives a few typlcal means of recurrence
times.

The method of partial fractions of XI, 4, permits us to derive excellent
approximations. The second representation in (7.6) shows clearly that
the denominator has a unique positive root s = z. For every real or

rarmmlay nimhar e wit

lel « 2 we haya
LrullllJle LIl AALLAG L o FYiiLil [ e, wdr

YA ALCL Y o

(7.9) lgs(l4ps+ - +p "I < gz(I4pz4 -+ - +p™ ™) = 1

where the equality sign is possible only if all terms on the left have the
same argument, that js, if s = 2. Hence z is smaller in absolute value

than any other root of the denominator in (7.6). We can, therefore, apply

f gy daa FA &Y anmd (A DY AFf Arhanter ¥ T with [ lattinmer TI{D\_—T{-
lUl.J.llL.LlCI.D \'T .J} il \Tr.7 ) WL \allurll.\-rj. SRl ¥YALLLA Lol I Y 1\.;{,114& LIS

= p's"(1—ps) and V(s) =1 — s +¢p"s™. Wefind, using that V(z) = 0,

(z=1)(1—=px) _1

7.10 o~ .
( ) f (r+1__rx)q xﬂ-}-l
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The probability of no run in »n trials is g, = fo1y + fase 4 fass +
and summing the geometric series in (7.10) we get

(7.11) g ——P% . 1
(r4+l1—rz)qg x"*

We have thus found that the probability of no success run of length r
in n trigls satisfies (7.11). Table 3 shows that the right side gives sur-
prisingly good approximations even for very small n, and the approxi-
mation improves rapidly with »n. This jllustrates the power of the method
of generating function and partial fractions.

TABLE 3

ProBasILITY 0F Having No Success Run oF LENGTH
r =2 IN n TRIALS WITH p = }

n g, Exact From (7.11) Error
2 0.75 0.76631 0.0163
3. 0.625 0.61996 0.0080
4 0.500 0.50156 0.0016
5 0.40625 0.40577 0.0005

Numerical Calculations. For the benefit of the practical-minded reader we use this
occasion to show that the numerical calculations involved in partial fraction expansions
are often less formidable than they appear at first sight, and that excellent estimates of
the error can be obtained.

The asymptotic expansion (7.11) raises two questions: First, the contribution. of
the r — 1 neglected rocts must be estimated, and second, the dominant root = must
be evaluated,

The first representation in (7.6) shows that all roots of the denominator of F{(s)
satisfy the equation

(7.12) s =14 gps,

but (7.12) has the additional extraneous root s = p~'. For positive s the graph of
f(s) =1 + gp7s™" is convex; it intersects the bisector ¥ = s at x and g and in
the interva] between z and p~! the graph lies éelow the bisector. Furthermore,
f(p ) = (r+1)g. If this quantity exceeds unity, the graph of f{(s) crosses the bisector
at s = p from below, and hence p* > x. To fix ideas we shall assume that

(7.13) (r+1)g > 1;
in this case = < p71, and f(s) < s for # < s < p~*. It follows that for all complex

numbers s such that @ < |s| < p~! we have | fAs)| < f{|s]) <|s] so that no root s,
can lie in the annulus « < [s] < p~'. Since = was chosen as the root smallest in
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absolute value, this implies that

(7.14) [se] > pt when 5, # x.

By differentiation of (7.12) it is now seen that all roots are simple.

The contribution of each root te g, is of the same form as the contribution (7.11)
of the dominant root #, and therefore the r — 1 terms neglected in (7.11) are of the
form

psy — 1 i

A Ap = . .
(7 5) k rsy — (?’ + 1) qs;:_{_l

We require an upper bound for the first fraction on the right. For that purpose note that
for fixed s > p~' > (r + 1)y !

| pse?? —1 < ps +1

!rw‘m—(r+1) T tr+1

(7.16)

in fact, the quantity on the left obviously assumes its maximum and minimum for
6 =0 and 0 = 7, and a direct substitution shows that ¢ corresponds to a minimum,
o to a maximum. In view of {7.13) and (7.14) we have then

2pﬂ+l 2}0!’3*2
7.17 Al < —F e
17 4] r+1+rmpg rgl +p)

We ceonclude that in (7.11) the error committed by neg!ecring the v — 1 roots different
from x is fess in absolute value than

2€r — Dp

The root = is easily calculated from (7.12) by successive approximations putting

xo =1 and =z, = f(z,). The sequence will converge monotonically to z, and each
term provides a lower bound for », whereas any value s such that s > f{s} provides

an upper bound. I is easily seen that

(7.19) g=14+gp" + ¢+ DigpNt+ .

*8. MORE GENERAL PATTERNS

Our method is applicable to more general problems which have been
considered as considerably more difficult than simple runs.

Examples. (a) Runs of either kind. Let & stand for “either a success
run of length r or a failure run of length o [see example (1.f)]. We are
dealing with two recurrentevents &; and &,, where &, stands for “success
run of length r” and &, for **failure run of length p” and & means
“either &; or &,.” To & there corresponds the generating function (7.5)
which will now be denoted by U(s). Thecorresponding generating function

* This section treats a special topic and may be omitted,
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Uy(s) for &, is obtained from (7.5) by interchanging p and ¢ and re-
placing r by p. The probability #, that & occurs at the nth trial is the
sum of the corresponding probabilities for §, and &,, except that uy = 1.
It follows that

@8.1) U(s) = Ur(s) + Uys) — L.

The generating function F(s) of the recurrence times of & is again
F(s) =1 — U-Ys) or
82  F = Lm0 —’) + (1 —g5)g’s"(1—p'¥)

1 — 5 + qprsr+1 + pqpsp+l _ prqpsr+p

The mean recurrence time follows by differentiation

(83) u = (lﬁpr)(l_qu .

ap" + pq" — p'q”
As p— o0, this expression tends to the mean recurrence time of success
runs as given in (7.7).

(6) In VIIL1, we calculated the probability = that a suecess run of
length r occurs before a failure run of length p. Define two recurrent
events & and &, asinexample (¢). Let x, = probability that & occurs
for the first time at the nth trial and no &, precedes it; f, = probability
that &; occurs for the first time at the nth trial (with no condition on &,).
Define y, and g, as z, and Jw» rTespectively, but with & and &,
interchanged.

The generating function for f, is given in (7.6), and G(s) is obtained
by interchanging p and ¢ and replacing r by p. For z, and y, we
have the obvious recurrence relations

(8-4) _ Ly =f11 - (ylfn—1+y2fn-—2+ T +yn—1f1)

Y, = gn - (xlgﬂ—1+x2gﬁ-_2+ ce +$'n—1g1)'

They are of the convolution type, and for the corresponding generating
functions we have, therefore, .

(8.5 X(s) = F(s) — Y(s5)F(s)
Y(s) = G(s) — X(s)G(s).
From these two linear equations we get

_ F{1 — G(s)]
1 — F()G(s)

_ G){t — F(s)}

8.6)  X(s) 1 — F(s)G(s)

Y(s)
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partial fractions. For s =1 we get X(I) = > z, = z, the probablllty
of & occurring before &, Both numerator and denominator vanish,
and X(1) is obtained from L’Hospital’s rule differentiating numerator
and denominator: X{(1) = G'(1)/{F'(1) + G'{1)}. Using the values
F’(l) = (l—p")/qp’ and G'(1) = (1—¢*)/pg* from (7.7), we find X(1)

nnnnnnnnnn TIATT 71 2
ad ‘}:wcu J.u ¥Yill,ll.2).

(¢) Consider the recurrent event defined by the pattern SSFFSS.
Repeating the argument of section 7, we easily find that

(8?) P4?2 = U, +P2q2uﬂ—l +P3?2un—5'

Since we know that u, —u ! we get for the mean recurrence time
pu=pHgt4pt4pt. For p=g=14§ we find u=70, whereas
the mean recurrence time for a success run of length 6 is 126. This shows
that, contrary to expectation, there is an essential difference in coin tossing
between head runs and other patterns of the same length. >

9, LACK OF MEMORY OF GEOMETRIC
WAITING TIMES '

The geometric distribution for waiting times has an interesting and
important property not shared by any other distribution. Consider a
sequence of Bernoulli trials and let T be the number of trials up to and
including the first success. Then P{T > k} = g¢*. Suppose we know that
no success has occurred during the first m trials; the waiting time T
from this mth failure to the first success has exactly the same distribution
{¢*} and is independent of the number of preceding failures. In other
words, the probability that the waiting time will be prolonged by & always
equals the initial probability of the total length exceeding k. If the life
span of an atom or a piece of equipment has a geometric distribution, then
no aging takes place; as long as it lives, the atom has the same probability
of decaying at the next trial. Radioactive atoms actually have this property
(except that in the case of a continuous time the exponential dIStrIbuHOI‘l
plays the role of the geometric distribution). Conversely, if it is known that
a phenomenon is characterized by a complete lack of memory or aging,
then the probability distribution of the duration must be geometric or

exponential. Typical is a well-known type of telephone conversation often
cited as the model of incoherence and dPnPnde ent;re]v on momentary

arwha G5 LD ALIRARARD B ARSI 20 AL pviikaills

impulses; a possible termination is an instantaneous chance effect with-
out relation to the past chatter. By contrast, the knowledge that no
streetcar has passed for five minutes increases our expectation that it will
come soon. In coin tossing, the probability that the cumulative numbers of
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heads and tails will equalize at the second trial is . However, given that
they did not, the probability that they equalize after two additional trials
1s only ;. These are examples for aftereffect.

For a rigorous formulation of the assertion, suppose that a waiting
time T assumes the values 0, 1, 2, ... with probabilities pg, p1, P -
Let the distribution of T have the following property: The conditional
probability that the waiting time terminates at the kth wial, assuming that
it has not terminated before, equals py (the probability at the first wrial).
We claim that p, = (1—po)po, so that T has a geomerric distribution.

For a proof we introduce again the “tails”

Gp = Pra1 + Pryz + Prga + 000 = P{T > &},

Our hypothesis is T > k — 1, and its probability is ¢,_,. The con-
ditional probability of T = & is therefore p./g, ;, and the assumption is
that for all & > 1

9.1) Pe_ — p.
Tr—1

Now py = 1 — ¢, and hence (9.1) reduces to

(9:2) e =1 — p

91
Since gy = py 4 py + -+ = 1 — py, it follows that g, = (1 —pg)**, and
hence p, = g1 — ¢, = (1 — po)*pe, as asserted. >

In the theory of stochastic processes the described lack of memory
is connected with the Markovian property; we shall return to it in XV,13,

10. RENEWAL THEORY

The convolution equations which served as a basis for the theory of
recurrent events are of much wider applicability than appears in the
foregoing sections. We shall therefore restate their analytic content in
somewhat greater generality and describe the typical probabilistic renewal
argument as well as applications to the study of populations of various
sorts,

We start from two arbitrary sequences® f, /s, ... and by, by, ... of
real numbers. A new sequence v, vy, ... may then be defined by the

* We put f, = 0. It is clear from (10.1) that the case 0 < f, < | involves only the
change of notations, replacing f, by fi| (1 — f) and &, by b, | (1 — fo.
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memnaliatiae amiatiang

(101) U'n - bn +f‘lvn—l +f2vn-2 + e +f?‘lvl]'

These define recursively g, 1, vy, - . . and so the v, are uniquely defined
under any circumstances. We shall, however, consider only sequences
sattsfying the conditions®

(102) f,>0, f=3fu<o;  b,>0, b=Y3b,<
n—=1 n—={

In this case the v, are non-negative and the corresponding generating

functions must satisfy the identity

(10.3) Vis) = ——2—

The generating functions F and B converge at least for 0 < s < 1, and
so (10.3) defines a power series converging as long as F(s) < 1. Relations
(10.1) and (10.3) are fully equivalent. In section 3 we considered the
special case B(s) =1 (with v, = u, for all n). Section 5 covered the
general situation under the restriction f < 1. In view of applications to
population theory we shall now permit that f>> 1; fortunately this case
1s easily reduced to the standard case f= 1.

We shall say that the sequence {f.} has period 2 > 1 if f, = 0 except
when n = k2 15 a multiple of 2, and 1 is the greatest integer with this
property. This amounts to saying that F(s) = Fy(s%) is a power series in
5%, but not in s for any r > 1. We put again

(104) p=3nf, < oo
and adhere to the convention that 4! is to be interpreted as 0 if p = co.

Theorem 1. (Renewal theorem.) Suppose (10.2) and that {f,} is not

periodic.
() If f< 1 then v,—0 and
- b
10.5 v, = ——.
(10.5) =t
(i) If f=1
(10.6) v, —> but.

* The positivity a:)ff,1 is essential, but the convergence of the two series is imposed only
for convenience. No general conclusion can be drawn if § = o agnd [ = w. The
assertion (10.7) remains true when f = <o except that in this case F(§) is not neces-
sarily finite, and (10.7) is meaningless if & = « and F{(§) = .
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(i) If f > 1 there exists a unique positive root of the equation F(&) = 1,
and
(10.7) g, —
f }-F! E
L)

Obwousl & <1 and hence the derivative F'(£) is finite; (10.7) shows
hat the lence {v,} behaves ultimately like a geometric sequence with

Proof. The assertions (i) and (ii) were proved in section 5. To prove
(iii) it suffices to apply the result (ii) to the sequences {f,&%}, {b,&"), and
{v,6"} with generating functions given by F(&s), B(&s), and V(&s),
respectively. >

We have excluded periodic sequences {f,} because they are of secondary interest.
Actually they present nothing new. Indeed, if {,} and {f,} have the same period 4
then both B(s) and F(s) are power series in s*, and hence the same is true of ¥(s).
Theorem 1 then applies to the sequences {f,;}, {b,;}, and {v,;} with generating
functions F(s'/), B(s'4), and V(s4). When F(1) =1 it follows that v, ; — bAju.
Now the most general power series B can be written as a linear combination

(10.8) B(s) = By(s) + sBy(s) + - -+ + s""‘Bi__l(s)

of A power series B, each of which involves only powers of st Introducing this into
(10.3) and applying the resuit just stated shows the validity of

Theorem 2. Let (10.2) hold and suppose that {f,} has period A > 1.

(D) If <1 rhen (10.5) holds.
@) If f=1 thenfor j=0,1,...,A—1 as n—>co

(109) “n)_.H' - ABJ(I)“{#
(i) If f>1 thenfor j=0,1,...,i—1as n—+m
{10.10) EMu s — ABLEEw).

In a great variety of stochastic processes it is possible to adapt the
argument used for recurrent events to show that certain probabilities
satisfy an equation of the convolution type like (10.1). Many important
limit theorems appear in this way as simple corollaries of theorem I.
This approach has now generally supplanted clumsier older methods and
has become known as renewal argument. Its full power appears only when
used for processes with a continuous time parameter, but the first two
examples may serve as an illustration. For further examples see problems
8-9. An application of theorem 1 to a non-probabilistic limit theorem is
contained in example (¢). The last two examples are devoted to practical
applications.
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1.

F‘vnmnlpn fn\ np,’n'lmr? recurrent events. We oive a new deriva 1 of
llllllllll LI =R 8y - 1) LA ) &A"U “ llb"" ub’ll‘utlu i

the result in section 5 for a delayed recurrent event & with the dlSt]‘lbthlOIl
{f;} for the recurrence times, and the distribution {b;,} for the first
occurrence of & Let », stand for the probability that & occurs at the
nth trial. We show that (10.1) holds. There are two ways in which §
can occur at the nth trial. The occurrence may be the first, and the proba-

hilityv far thicig A nfhprmlcﬂ there wag a lact acenrrance of £ hefoare the
Ullll-] LAFL Lidligd Awy U . Aok by TTLALF 4 Jhddh WP L L dd e UL L% LIgiully Lil.

nth trial, and so there exists a number 1 < j < n such that § did occur
at the jth trial and the next time at the nth trial. The probability for this is
v;fn_;. The cases are mutually exclusive, and so

(10.11) Po = b, + 01 1 0o fpa 0 1

ot ac f10 1Y ™ Y. N

WIllLIl J.b LIlt: same as {(1u.l). llle bC lelallngy I.UIILLIUI] V lb IHCTCIOTC gl\"en
by (10.3) in agreement with the result in section 5. (Though the results
agree even formally, the arguments are different: in section 5 the enumer-
ation proceeded according to the first appearance of & whereas the
present argument uses the last appearance. Both procedures are used in
other circumstances and sometimes lead to formally different equations.)

(b) Hitting probabilities. Conusider a sequence of trials with a proper (not
delayed) persistent recurrent event & let » > 0 be an integer. Suppose
that we start to observe the process only after the #th trial and that
we are interested in the waiting time for the next occurrence of & More
formally, for r =1, 2, ... denote by w (r) the probability that the first
occurrence of & after the vth trial takes place at the (v+4-r)th trial. Thus
wo(r)=f, and w(0) =0. [The w(r) are called hitting probabilities
because of their meaning in random walks. In other contexts it is more
natural to speak of the distribution of the residual waiting time com-
mencing at the »th trial. Cf. example XV,(2.k).]

To determine these probabilities we use the standard renewal argument
as follows. It is possible that & occurs for the very first time at the
(v+4r)th trial. The probability for this is f,,,. Otherwise there exists an
integer k < » such that & occurred for the first time at the kth trial. The
continuation of the process after the kth trial is a probabilistic replica of
the whole process, except that the original sth tria] now becomes the
(v—k)th trial. The probability of our event is therefore fw, ,(r), and
hence for each r > 0

(10.12) wi(r) = fopy +k§1 Fowr_ilr).

This equation is of the standard type (10.1) with &, = f,,,.” We are not
interested in the generating function but wish to describe the asymptotic
behavior of the hitting probabilities for very large ». This is achieved by
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theorem 1. Put

(10.13) Pe = frrr + forz +
and recall from XI,(1.8) that the mean recurrence time satisfies

(10.14) p=p+ps+--

If & is not periodic we conclude from theorem 1 that as » —

Pt - if p<oo
(10.15) wlr) >

0 if = .

This result is of great interest. In the case of a finite mean recurrence
time 1t implies that {p /u} is a probability distribution, and hence
we have a limit theorem of a standard type. If, however, u = oo the
probability tends to 1 that the waiting time will exceed any given integer r.
In other words, our waiting times behave much worse than the recurrence
times themselves. This unexpected phenomenon has significant conse-
quences discussed in detail in volume 2. (See also problem 10.)

(¢) Repeated averaging. The following problem is of an analytic
character and was treated in various contexts by much more intricate
methods. Suppose that fi 4+ --- + f, =1 with f; > 0. Given any r
numbers vy, . .., v, wedefine fio, + - -+ + f,v; as their weighted average.
We now define an infinite sequence uy, v,, ... starting with the given
r-tuple and defining v, as the weighted average of the preceding r terms.

T - .-.A..,l- -
In other words, for # > » we define

(10.16) vy = fitn1+  F fr

Since the sequence fj, f3, . . . terminates with the rth term these equations
are of the form (10.1). We now define the &, so that (10.1) will be true
for all n. This means that we put b, = vy =0 and

(10.17) be =t — fite 1 — " — feiln k<r.

(For k > r, by definition &, = 0.) Without any calculations it follows
from theorem 1 that with this repeated averaging the v, tend to a ﬁnfte
limit. To calculate the limit we have to evaluate b=56, 4 -+ + b,.

TXITPRLL oal L b RN SN, R TEMma =

With the notation (10.13) for the remainders of > f; it is obvious from
(10.17) and (10.6) that
biprs 0 F topo

10.18 U, — ]
( ) i+24+--+1f,
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A+ ayatnmle 1f » — 2 and Aana talias arisharptin o thime £ £
UL vaalllpie, 1 7 = o alll VLG waieo dricirneinnC fiedis, LIcn 1 = fa =
=f; =3 and

(10.19) Uﬂ — é(b‘1+21}2+31}3).

The ease with which we derived this result should not obscure the fact
that the problem is difficult when taken out of the present context. (For
an alternative treatment see problem 15 of XV,14.)

TaABLE 1

ILLUSTRATING THE DEVELOPMENT OF THE AGE DISTRIBUTION
IN A PoPULATION DESCRIBED IN EXaMPLE (10.d)

n: 0 1 2 3 4 5 & 7 v e
k=20 500 397 411.4 412 4238 4143 4170 4160 416.7
1 320 400 317.6 3201 3296  339.0  331.5 333.6 3333
2 74 148 185 146.9 152.2 152.4 156.8 153.3 154.2
3 100 40 80 100 75.4 823 824 84.8 833
4 ] 15 6 12 15 119 12.3 12.4 12.5

The columns give the age distribution of a population of ¥ = 1000
d 5

n a1 7 tnoethar with the limitine distributio
together with the limiting distnibution,

1= Uy 15 .00,

£i=020; fi=043; f,=017; f,=017; f, = 0.03,

so that no piece effectively attains age 5.

(d) Self-renewing aggregates. We return to the example of section 2
where a piece of equipment installed at epoch » has a lifetime with
probability distribution {f,}. When it expires it is immediately replaced
by a new piece of the same character, and so the successive replacements
constitute a persistent recurrent event in a sequence of dependent trials
(whose outcomes decide whether or not a replacement takes place).

Suppose now that the piece of equipment installed at epoch 0 has an
age k rather than being new. This affects only the first waiting time, and
so & becomes a delayed recurrent event. To obtain the distribution {5}
of the first waiting time note that b, is the (conditional) expectation that
a piece will expire at age n + k given that it has attained age k. Thus for
k>1

(10.20) by = foiulti where 1y =fo1 F+ fora +

In practice one is not interested in a single piece of equipment but in a

troat lamne 11 a fAawn) Crimmmoa than +bhnt sheo
L1l J.allltJ ALl b LAFYYLLY, UUPIJUDL LIl 11 LMl efic

(at epoch 0) consists of N pieces, among which f, have

=

initial populatio

1* The roots of the equation 1 — F(s) =0 are 1, —§, —35, and +27. The mean
recurrence time is 2.40.
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age k (where z B. = N). Each piece originates a line of descendants
which may require a replacement at epoch n. The expected number v,

of all replacements at epoch n obviously satisfies the basic equations
(10.1) with

(10.21) bn =2 Bifnil e

We have here the first example where v, is an expecrarion rather than
a probability; we know only that o, < N,

An easy calculationshows that & = 3 b, = N, and so theorem 1 shows
that v, — Nfu provided that the replacements are not periodic. This
result implies the existence of a stable limit for the age distribution. In fact,
for a piece to be of age k at epoch » it is necessary and sufficient that it
was 1nstalled at epoch n — k and that it survived age k. The expected
number of such pieces is therefore v,_,r, and tendsto Nrfu as n — .
In other words, as time goes on the fraction of the population of age k
tends to rifu. Thus the limiting age distribution is independent of the initial
age distribution and depends only on the mortalities f,. A similar result
holds under much wider conditions. For a numerical illustration see
table I. It reveals the noteworthy fact that the approach to the limit is not
monotone. (See also problems 16-18.)

(¢) Human populations. For an example where f= > f, > | we use
the simplest model of a human population. It is analogous to the model
in the preceding example except that the population size is now variable
and female births take over the role of replacements. The novel feature
is that a mother may have any number of daughters, and hence her line
may become extinct, but it may also increase in numbers. We now define
J» the probability, at birth, that a mother will (survive and) at age n give
birth to a female child. (The dependence on the number and the ages of
previous children is neglected.) Then f= 3 f, isthe expected number of
daughters and so in a healthy population /> 1. Theorem [ then promises
a population size that increases roughly at the constant rate £, and the
age distribution of the population tends to a limit as described in the
preceding example. The model is admittedly crude but presents never-
theless some practical interest. The curious dependence of the limiting
behavior & was certainly not predictable without a proper mathematical
analysis. >

*11. PROOF OF THE BASIC LIMIT THEOREM

In section 3 we omitted the proof of theorem 3 which we now restate as
follows: Let fi,fs ... be a sequence of numbers f, > 0 such that

* This section is not used in the sequel.
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N L N amd 1 i tho agrogtoch somteetoan P L 'Y S T S
A’-Jﬂ — 1 ridd 1 LYy HAD 5 ELHiEy LUPFIFRILDYE Widiianr o LAaE 43 J‘Uf WrHICH
o> 0. Let uy=1 and
(III) un=,f1un—1 +f2un—2+.”_+_fnu[]= - -’IZ 1
Then

1 @]
(11.2) : Uy, u = where u = ) nf,

n=1

{(u=t being interpreted as 0 when u = oo),

In order not to interrupt the argument we preface the proof by two
well-known lemmas that are widely used outside probability.

Let A be the set of all integers n for which f, > 0, and denote by
A* the set of all positive linear combinations

(113) p1a1+-.'+Prar

of numbers a,,...,a, in A (the p,; are positive integers).

Lemma 1. There exists an integer N such that A* contains ail
integers n > N.
Proof. Asisknown from Euclid, the fact that 1 is the greatest common

divisor of the numbers in 4 means that it is possible to choose integers
a,...,a, in A and (not necessarily positive) integers ¢; such that

(11.4) ady + -+ ca, =1

Put s =g, + - - + a,. Every integer n admits of a unique representa-
tion n = x5 + y where z and y are integersand 0 < y < s. Then

r

(1L.5) n =2 (z+cyda;

e 1

| -
I >

Lemma 2. (Selection principle.) Suppose that for every integer v > 0
we are given a sequence of numbers 2", z{", ... such that 0 < z{"" < 1.
Then there exists a sequence vV, v'2 | — oo suchthatas v runs through
it, 2" tends to a limit for every fixed k.

11 Mhnmgs o iTiATARQ o gannancs (L) o1 crnirh thaot aag
LIN00se an Inereéasmg séquence ¥, ¥y, . .. sucCn tnai as

11 The proof is based on the so-called diagonal method due to G. Cantor (1845 1918).
It has become a standard tool but was shockingly new in Cantor’s time.
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a S‘HFJS‘.QGHEH(‘P vr?.) 1)(2) ... suclh

Contmumg in thlS way we get for each n a sequence of integers #\* — co
such that as v runs through it 2" — z,, and each »™ is an element of
the preceding sequence {»""U}. Finally, put »" =", Let r > n
Except for the first » terms every element »” appears in the sequence

W, M, ..., and hence 2! -»2, as v runs through the sequence
p0 g - .

-

hat a¢ ¥ 11
1 that as » 1

ine throueh it 20 v =
uns through iz, g

Lemma3. Ler {w,} (n=0, +1, £2,...) be adoubly infinite sequence
of numbers such that 0 < w, <1 and

(11.6) Wo =2, fiW, s
k=1

foreach n. If wo=1 then w, =1 forall n.

Proof. Since

) x o0
(1L.7) wo =2 [ <2 fr =1
=1 k=1
;1.,. .-\,.....A.; P . 1 mmiitmne dlend ale o oo ooslon e ¢A....... P . S
L COMAILION Wy = 1 réquires 1nal 1ne 1wo SEries 4gréc Lermwise, and s
for each & either f, =0 orelse w_, =1. This means that w_, =1

for every integer @ of 4. But then the argument used for n = 0 applies
alsowith » = —g, and weconcludethat w_,_, = 1 whenever theintegers
a and b are in 4. Proceeding by induction we conclude that w__ =1
for every integer in A%, and hence w_,, = 1 for every m > N. But this
implies that for n = —N therightsidein(11.6) equalsl andso w_y = 1.
Letting n = —N + 1 we find inlike manner w_y; = [, and proceeding
in this way we find by induction that w, = I forall n. >

Proof of the theorem. ILet

(11.8) n = lim sup u,,.

It 1s obvious from (11.1) that 0 < % < 1, and there exists a sequence
i, g, . - . tending to inunity such that as v — oo

(11.9) y, =7

For each positive integer » we define a doubly infinite sequence {#'}’} by
. e y ur,.+n fO?‘ n 2 —F,
(11.10) u, =

0 for n < —r,.

For simplicity of expression lemma 2 was formulated for simple sequences,
but it obviously applies to double sequences also. Accordingly, it is
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ose an i sing sequence of integer
when » runs through it «!" tends to ahmlt w, for each n. From the
construction 0 < w, <% and w, =+%. Furthermore, for each » and
n > —v the definition (11.1) reads

(LL.LL) uy = Efui"’k,

und in the limit we find the relation (I1.6). Bylemma 3 therefore w, = 7
for all n.
We are now ready for the final argument. As before we put

(11.12) P = frrt + frpz + -
so that ro, =1 and X p, = p [see XI, (1.8)]. Summing the defining
relations (11.1) over n =1,2,..., N and collecting terms we get the
identity

(11.13) Poliy + pitiy_1 + 0+ patiy = 1

We use this relation successively for ¥ = v, %, .... As N runsthrough

this sequence uy_,— w., = foreach k. If 3 p, = oo it follows that
7 =0 and so u, — 0 asasserted. When u = > p, < o it follows that
n = x~%, and it remains to show that this implies uy-—#% for any
approach N — oo. By the definition of the upper limit we have uy_, <
< 5 + € foreach fixed & and N sufficientlylarge. Furthermore u, <1
for all ». Suppose then that N approaches infinity in such a manner that
uy — 7. From (11.13) it is clear that ultimately

(11.14)  pono + (p2+ - +p)+e) + (Pr+1+Pr+2+ ) 2>

and hence

(11.15) pono—") + p(n+e) 2 1.

But wn =1 and #, < % by the definition of ». Since (11.15) is true for
arbitrary € > 0 it follows that #n, =% and so wuy— u™' for any
approach N — o, >

12. PROBLEMS FOR SOLUTION

1. Suppose that F(s) is a polynomial. Prove for this case all theorems of
Sectlon 3, using the partlal fraction method of XI, 4.
2. Let r coins be tossed repeatedly and let & be the recurrent event that for
each of the r coins the accumulated number of heads and tails are equal. Is
& persistent or transient? For the smallest r for which & is transient, estimate

the probability that & ever occurs.
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3. In a sequence of independent throws of a perfect die let & stand for the
event that the accumulated numbers of ones, twos, . . . , sixes are equal. Show

that & is a transient (periodic) recurrent event and est1mate the probability f
that & will ever occur.

4. In a sequence of Bernoulli trials let & occur when the accumulated number
of successes equals 4 times the accumulated number of failures; here 4 is a
positive mteger [See example (1.c).] Show that & is perSJStent if, and only if,

f 1 that 1g =
pf"f' = 4, Nat Is, P - ']‘-.rf{" +l\ Hint: Use the normal approximatmu.

5. In a sequence of Bernoulli trials we say that & occurs when the accumulated
number of successes i3 twice the accumulated number of failures and the ratio
has never exceeded 2. Show that & is transient and periodic. The generating
function is determined by the cubic equation F(s) = gs(U(s)ps)?. (Hint: U(s)ps
is the generating function for the waiting time for the number of successes to
exceed twice the number of failures.)

6. Letthe X; beindependent integral-valued random variables with a common
distribution. Assume that these variables assume both positive and negative
values. Prove that the event defined by 8§, =0,8;, <0,...,5,_, <0 is
recurrent and transjent.

7. Geiger counters. [See examples {1.g) and (4.€).] Denote by N, and Z,,
respectively, the number of occurrences of & and the number of registrations
up to and including epoch n. Discuss the relationship between these variables
and find asymptotic expressions for E(Z,) and Var (Z,).

8. In Geiger counters of type 11 every arriving particle (whether registered or
not) locks the counter for exactly r time units (that is, at the r — 1 ftrials
followmg the arrival). The duration of the locked time following a reg15tratlon
is therefore a random variable. Find its generating function G. If & 1s again
the recurrent event that the counter is free, express the generating function £
of the recurrence times in terms of G. Finally, find the mean recurrence time,

9. A more generaf type of Ge;ger counters. As n problcm 8 we assume that
every arriving particie completely obliterates the effect of the preceding ones, but
we assume now that the time for which a particle locks the counter is a random
variable with a given generating function B(s). [In the preceding problem
B(s) = s".] Do problem 8 under these more general conditions.

10. For a delayed recurrent event & the probabilities v, are constant only
when the generating function of the first occurrence of & is given by B(s) =
= [l —F(s)]ju(1 —s), that is, when b, = fuy + fare + . Discuss the
relation with the limit theorem for hitting probabilities in example (10.5).

11. Find an approximation to the probability that in 10,000 tossings of a
coin the number of head runs of length 3 will lie between 700 and 730.

12. In a sequence of tossings of a coin let & stand for the pattern HTH.
Let r, be the probability that & does not occurin # trials. Find the generating
function and use the partial fraction method to obtain an asymptotlc expansion,

ptipf(py + o),

where u, and u, are the mean recurrence times for success runs of length r and
failure runs of length p, respectively.
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14. The possible outcomes of each trial are 4, B, and C; the correspondi

ir
probabilities are «, f, ¥ (&« + 8 + p =1). Find the generating function of
the probability that in # trials there is no run of length r: (@) of A’s, (b) of
A’s or B’s, (¢) of any kind.

15. Continuation. Find the probability that the first A-run of length r
precedes the first B-run of length p and terminates at the ath trial. (Hinz. The
generating function is of the form X(s) in (8.6) except that p is replaced by z in
the expression for F, and by § in 9.)

CApIession i

16. Self-renewing aggregates. In example (10.d) find the limiting age dis-
tribution assuming that the lifetime distribution is geometric: f, = ¢*1p.

17. Continuation. The initial age distribution {f} is called stationary if it
perpetuates itself for all times. Show (without computation) that this is the case
only when £ = rifu.

18. Continuation. Denote by wy(n) the expected number of elements at
epoch » that are of age k. Find the determining equations and verify from
them that the population size remains constant. Furthermore, show that the
expected number wy(n) satisfies

woln) = won =D fifrg + wiln—1)folry + - - -

19. Let & be a persistent dperiodic recurrent event. Assume that the re-
currence time has finite mean u and variance 2. Put g, =fo,; + frpg + -
and r, =gnyy + gnip + -+ . Show that the generating functions @(s) and
R(s) converge for s = 1. Prove that

X 1\ - R(s)
(12.1) uy + E (un —;)S = 200)

n=—=]

and hence that
x 2 _ 2
(12.2) #y + 2 {an A el :
S0 i 2u?
20. Let & be a persistent recurrent event and N, the number of occurrences
of & in r trials. Prove that

r—1
(12.3) ENY =uy + - +u, +23 a6+ - +u,_,)

A1
and hence that E(N?) is the coefficient of 57 in

F2(s) + F(s)
(1 —){1 =F(s)}*

(Note that this may be reformulated more elegantly using bivariate generating

R, S ——

fUuL;LlUuS.)
21. Let g, = P{N; = n}. Show that g; , is the coefficient of s* in
{1 —F(s)}

(129 PO

(12.4)
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Deduce that E(N,) and E(N2) are the coefficients of s in

F(s)
o =01 70

and (12.4), respectively.
22. Using the notations of problem 19, show that

F(s) RN SR R(s)
A—-9{1—-F)} 1 =5 a(l—5%  p{l-F(@)}"

Hence, using the last problem, conclude that

(12.7)

' T N
(128) E(N,.) = g—t. + —-———2—“2——-—- + €,

with ¢ — 0.
23. Continuation. Using a similar argument, show that

r2 20-2_'_#__‘“2

(]29) E(NE) = ;’;—2 + ‘ua r+ oo,
where a.fr — 0. Hence

2

a
(12.10) Var (N,) ~ 5.

(Hint: Decompose the difference of (12.4) and (12.7) into three fractions with
denominators containing the factor (1 — s)%, &k =1, 2, 3.)

24, In a sequence of Bernoulli trials let g, be the probability that exactly
n success runs of length r occur in % trials, Using problem 21, show that the
generating function Qu(x) = Y g; ,2" is the coefficient of s* in

1 __p'l"sf
1 — s +gp’s™ — (1 —ps)p’sx "

Show, furthermore, that the root of the denominator which is smallest in
absolute value is 5, &~ 1 + gp"(1 —x).

25. Continuation. The Poisson distribution of long runs!* If the number
k of trials and the length » of runs both tend to infinity, so that kgp” — 4,
then the probability of having exactly # runs of length » tends to e42%/n'.

Hint: Using the preceding problem, show that the generating function is
asymptotically {1 + gp"(1 —2)} % ~ e 41" Use the continuity theorem of
XI, 6.

12 The theorem was proved by von Mises, but the present method is considerably
simpler.




CHAPTER XIV

Random Walk and Ruin Problems

1. GENERAL ORIENTATION

The first part of this chapter is devoted to Bernoulli trials, and once
more the picturesque language of betting and random walks is used to
simplify and enliven the formulations.

Consider the familiar gambler who wins or loses a dollar with proba-
bilities p and g, respectively. Let his initial capital be z and let him
play against an adversary with initial capital @ — 2, so that the combined
capital is ¢. The game continues until the gambler’s capital either is
reduced to zero or has increased to a, that is, until one of the two players
isruined. We are interested in the probability of the gambler’s ruin and the
probability distribution of the duration of the game. This is the classical
ruin problem.

Phveical annlicatinns and analooies su
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tation in terms of the notion of a variable point or “particle” on the z-axis.
This particle starts from the initial position z, and moves at regular time
intervals a unit step in the positive or negative direction, depending on
whether the corresponding trial resulted in success or failure. The position
of the particle after » steps represents the gambler’s capital at the con-
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time reaches either 0 or a, and we describe this by saying that the
particle performs a random walk with absorbing barriers at 0 and a. This
random walk is restricted to the possible positions 1,2,...,a — 1; in
the absence of absorbing barriers the random walk is called unrestricred.
Physicists use the random-walk model as a crude approximation to one-
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exposed to a great number of molecular collisions which impart to 1t a
random motion. The case p > g corresponds to a drift to the right when
shocks from the left are more probable; when p =4 = 1, the random
walk is called symmetric.

342
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In the limiting case « — oo we get a random walk on a semi-infinite
line: A particle starting at z > 0 performs a random walk up to the
moment when it for the first time reaches the origin. In this formulation
we recognize the first-passage time problem; it was solved by elementary
methods in chapter IIT (at least for the symmetric case) and by the use of
generating functions in XI,3. We shall encounter formulas previously
obtained, but the present derivation is self-contained.

In this chapter we shall use the method of difference equations which
serves as an introduction to the differential equations of diffusion theory.
This analogy leads in a natural way to various modifications and generali-
zations of the classical ruin problem, a typical and instructive example
being the replacing of absorbing barriers by reflecting and efastic barriers.
To describe a reflecting barrier, consider a random walk in a finite inter-
val as defined before except that whenever the particle is at point 1 it has
probability p of moving to position 2 and probability ¢ to stay at 1. In
gambling terminology this corresponds to a convention that whenever the
gambler loses his last dollar it is generously replaced by his adversary so
that the game can continue. The physicist imagines a wall placed at the
point § of the z-axis with the property that a particle moving from 1
toward O is reflected at the wall and returns to 1 instead of reaching 0.
Both the absorbing and the reflecting barriers are special cases of the so-
called elastic barrier. We define an elastic barrier at the origin by the rule
that from position 1 the particle moves with probability p to position 2;
with probability dq it stays at 1; and with probability (1 —0d)g it moves to 0
and is absorbed (i.e., the process terminates). For ¢ = 0 we have the
classical ruin problem or absorbing barriers, for 6 = 1 reflecting barriers.
As ¢ runs from 0 to 1 we have a family of intermediate cases. The greater
¢ is, the more likely is the process to continue, and with two reflecting
barriers the process can never terminate.

Sections 2 and 3 are devoted to an elementary discussion of the classical
ruin problem and its implications, The next three sections are more
technical (and may be omitted); in4and 5wederive the relevant generating
functions and from them explicit expressions for the distribution of the
duration of the game, etc. Section 6 contains an outline of the passage to
the limit to the diffusion equation (the formal solutions of the latter being
the limiting distributions for the random walk).

In section 7 the discussion again turns elementary and is devoted to
random walks in two or more dimensions where new phenomena are
encountered. Section 8 treats a generalization of an entirely different type,
namely a random walk in one dimension where the particle is no longer
restricted to move in unit steps but is permitted to change its position in
jumps which are arbitrary multiples of unity. Such generalized random
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sequential sampling.

The problem section contains essential complements to the text and
outlines of alternative approaches. It is hoped that a comparison of the
methods used will prove highly instructive.

In conclusion it must be emphasized that each random walk represents
a spcc1al Markov \,halu, and so the presem wapter SEIVES pfu‘uy ds an
introduction to the next where several random-walk problems (e.g., elastic

barriers) will be reformulated.

2. THE CLASSICAL RUIN PROBLEM

We shall consider the problem stated at the opening of the present
chapter. Let g, be the probability of the gambler’s ultimate! ruin and
p. the probability of his winning. In random-walk terminology ¢, and
p. are the probabilities that a particle starting at z will be absorbed at 0
and a, respectively. We shall show that p, 4 g, = I, so that we need
not consider the possibility of an unending game.

After the first trial the gambler’s fortune is either z — 1 or z 4+ 1, and
therefore we must have

(2.1) g: = PGe1 + 99, 1

provided 1 <z < a — 1. For z=1 the first trial may lead to ruin, and
(2.1) is to be replaced by g, = pgs -+ ¢. Similarly, for 2z =g — 1 the
first trial may result in victory, and therefore g,_, = g4,_,. To unify our
equations we define

(2.2) go=1, g, = 0.

With this convention the probability ¢, of ruin satisfies (2.1) for z =
=1,2,...,a—1.

Systems of the form (2.1) are known as difference equations, and (2.2)
represents the boundary conditions on g, We shall derive an explicit
expression for g, by the method of particular solutions, which will also be
used in more general cases. :

Suppose first that p 3 g. It is easily verified that the difference

1 Strictly speaking, the probability of ruin is defined in a sample space of infinitely
prolonged games, but we can work with the sample space of » trials. The probability
of ruin in less than » trials increases with »# and has therefore a limit. We call this
limit “the probability of ruin.”” All probabilities in this chapter may be interpreted in
this way without reference to infinite spaces (cf. VIIIL,1}.
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equations (2.1} admit of the two particular solutions g, =1 and ¢, =
= (g/p)*. It follows that for arbitrary constants 4 and B the sequence

(2.3) g.= A+ 3(9)”
P

represents a formal solution of (2.1). The boundary conditions (2.2) will
hoid if, and only if, 4 and B satisfy the two linear equations 4 + B = 1
and 4 4+ B(g/p)* = 0. Thus

_(g/p* — (4/p)*
(g/py* —1

is a formal solution of the difference equation (2.1), satisfying the boundary
conditions (2.2). In order to prove that (2.4) is the required probability
of ruin it remains to show that the solution is unique, that is, that a//
solutions of (2.1) are of the form (2.3). Now, given an arbitrary solution
of (2.1}, the two constants 4 and B can be chosen so that (2.3) will agree
with it for 2 =0 and z = [. From these two values all other values can
be found by substituting in (2.1) successively z =1, 2, 3, . ... Therefore
two solutions which agree for 2z = 0 and z = 1 are identical, and hence
every solution is of the form (2.3).

Our argument breaks down if p = ¢ = §, for then (2.4) is meaningless
because in this case the two formal particular solutions g, =1 and
g. = (g/p)* are identical. However, when p =g = } we have a formal
solution in ¢, =2, and therefore g, = 4 4 Bz Is a solution of (2.1}
depending on two constants. In order to satisfy the boundary conditions
(2.2) wemust put 4 =1 and 4 + Ba = 0. Hence

(2.4) 4,

(2.5) g.=1-"%.

a

(The same numerical value can be obtained formally from (2.4} by finding
the limit as p - §, using L’Hospital’s rule.)

We have thus proved that the required probability of the gambler’s ruin
is given by (2.4) if p # g, and by (2.5) if p =q = 4. The probability
p. of the gambler’s winning the game equals the probability of his
adversary’s ruin and is therefore obtained from our formulas on replacing
p, g, and z by g, p, and a — z, respectively. It is readily seen that
p. + g, =1, as stated previously.

We can reformulate our result as follows: Let a gambler with an initial
capital = play against an infinitely rich adversary who is always willing 10
play, although the gambler has the privilege of stopping at his pleasure. The
gambler adopts the strategy of playing until he either loses his capital or
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losing and 1 — q, the probability of his winning.

Under this system the gambler’s ultimate gain or loss is a random
variable G which assumes the values @ — 2z and —z with probabilities

[ — g, and g¢,, respectively. The expected gain is
(2.6) E(G) = a(l—gq,) — =.

Clearly E(G) =0 if, and only if, p =4. This means that, with the
system described, a “'fair” game remains fair, and no “unfair’” game can be
changed into a *'fair” one.

From (2.5) we see that in the case p =g a player with initial capital
z = 999 has a probability 0.999 to win a dollar before losing his capital.
With 4 = 0.6, p = 0.4 the game is unfavorable indeed, but still the
probability (2.4) of winning a dollar before losing the capital is about 2.
In general, a gambler with a relatively large tnitial capital z has a reason-
able chance to win a small amount @ — z before being ruined.?

[For a surprising consequence of our result see problem 4.]

Let us now investigate the effect of changing srakes. Changing the unit
from a dollar to a halt-dollar ts equivalent to doubling the initial capitals.
The corresponding probability of ruin ¢} is obtained from (2.4) on
replacing z by 2z and e by 2a:

2.7 R Ul - (a/m)* _ lafpr + (/py
(g/p)™ —1 (¢/p)* + 1

For g > p the last fraction is greater than unity and g* > ¢, We restate
this conclusion as follows: If the stakes are doubled while the initial
capitals remain unchanged, the probability of ruin decreases for the player
whose probability of success is p < } and increases for the adversary (for
whom the game is advantageous).® Suppose, for example, that Peter owns
90 dollars and Paul 10, and lét p = 0.45, the game being unfavorable to
Peter. If at each trial the stake is one dollar, table 1 shows the probability

! A certain man used to visit Monte Carlo year after year and was always successful
in recovering the cost of his vacations. He firmly believed in a magic power over chance.
Actually his experience is not surprising. Assuming that he started with ten times the
ultimate gain, the chances of success in any year are nearly 0.9. The probability of an
unbroken sequence of ten successes is about (1— )" &~ ¢~1 = 0.37. Thus continued
success is by no means improbable. Moreaver, oxe failure would, of course, be blamed
on an oversight or momentary indisposition.”

3 A detailed analysis of other possible strategies will be found in the (not elementary)
book by L. E. Dubbins and L. J. Savage, How te gamble if you must (which has a more
informative subtitle: fnequalities for stochastic processes), New York (McGraw-Hill},

1965.
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of Peter’s ruin to be 0.866, approximately. If the same game is played for
a stake of 10 dollars, the probability of Peter’s ruin drops to less than one
fourth, namely about 0.210. Thus the effect of increasing stakes is more
pronounced than might be expected. In general, if & dollars are staked
at each trial, we find the probability of ruin from (2.4), replacing z by

zfk and a by afk; the probability of ruin decreases as k increases. In a

oame with constant stakesthe unfavared cambler minimizes the nrnhnhl]rr}!
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of ruin by selectlng the stake as large as consistent with his goal of gaining
an amount fixed in advance. The empirical validity of this conclusion has

TABLE 1

ILLUSTRATING THE CLASSICAL RUIN PROBLEM

Probability of Expected

P g z a Ruin Success Gain Duration
Q.5 Q.5 9 10 0.1 0.9 0 g
0.5 0.5 90 100 0.1 0.9 0 900
0.5 0.5 900 1,000 0.1 0.9 0 90,000
0.5 0.5 950 1,000 0.05 0.95 0 47,500
0.5 0.5 §,000 10,000 0.2 0.3 0 16,000,000
0.45 0.55 3 10 0.2i0 0.750 — 1.1 it
0.45 0.55 90 100 0.8366 0.134 —76.6 765.6
0.45 0.55 99 100 0.182 0.818 —17.2 171.8
0.4 0.6 80 100 0.983 0.017 —88.3 441.3
0.4 0.6 39 100 0.333 0.667 —323 161,7

The initial capital is z. The game terminates with ruin (loss z) or capital 4 (gain a — z).

been challenged, usually by people who contended that every “unfair” bet
is unreasonable. If this were to be taken seriously, it would mean the end
of all insurance business, for the careful driver who insures against
liability obviously plays a game that is technically *unfair.” Actually,
there exists no theorem in probability to discourage such a driver from
taking insurance.

The limiting case ¢ = oo corresponds to a game against an infinitely
rich adversary. Letting a — co in (2.4) and (2.5) we get

I ¥ p=yg
(2.8) g, = _
(glpy if p>q.
We interpret g, as the probability of ultimate ruin of a gambler with initial

capital z playing against an infinitely rich adversary* 1n random walk

It is easily seen that the g, represent a solution of the difference equations (2.1)
satisfying the (now unique) boundary condition g, = 1. When p > g the solution
is not unique. Actually our result is contained in XI,(3.9) and will be derived inde-
pendently {in a strengthened form) in section 4.
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ting at z > 0 will
ever reach the origin. It is more natural to rephrase this result as follows:
In a random walk starting at the origin the probability of ever reaching the
position z > 0 equals 1 if p > q and equals (plg)* when p < gq.

3. EXPECTED DURATION OF THE GAME

The probability distribution of the duration of the game will be deduced
in the following sections. However, its expected value can be derived by a
much simpler method which is of such wide applicability that it will now
be explained at the cost of a slight duplication.

We are still concerned with the classical ruin problem formulated at the
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duration of the game has a finite expectation D,. A rigorous proof will be
given in the next section.

If the first trial results in success the game continues as if the initial
position had been z + 1. The conditional expectation of the duration
assuming success at the first trial is therefore D,., + 1. This argument

shows that the expected duration D, satisfies the dmcreuCc equation
(3.1) D,=pD,,+qD,, + 1, O<z<a
with the boundary conditions

(3.2) Dy=0, D, =0.

The appearance of the term 1 makes the difference equation (3.1)
non-homogencous. If p # g, then D, =z/{(g—p) is a formal solution
of (3.1). The difference A, of any two solutions of (3.1) satisfies the
homogeneous equations A= pA,., + g4, ,, and we know already that
all solutions of this equation are of the form 4 + B(g/p)*. It follows that
when p # ¢ all solutions of (3.1) are of the form

z +A+BGT
qg—p P

The boundary conditions (3.2) require that

(3.3) D, =

A+B8=0, A4+ Byglp)=—allg—p)
Solving for 4 and B, we find

= _a_ 1—-(fpy
gq—p q—p 1—1{a/p)’

(34) D, =
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Again the method breaks down if g =p = }. In this case we replace
zf(g—p) by —=z% which is now a solution of (3.1). It follows that when
p =g =} all solutions of (3.1) are of the form D, = —22 + 4 + Bz
The required solution D, satisfying the boundary conditions (3.2) is

(3.5) D, = z{a—=z).

The expected duration of the game in the classical ruin problem is given
by (3.4) or (3.5), according as p#q or p=g =1}

It should be noted that this duration is considerably longer than we
would naively expect. If two players with 500 dollars each toss a coin
until one is ruined, the average duration of the game is 250,000 trials. If a
gambler has only one dollar and his adversary 1000, the average duration
is 1000 trials. Further examples are found in table 1.

As indicated at the end of the preceding section, we may pass to the
limit @ — o and consider a game against an infinitely rich adversary.
When p > ¢ the game may go on forever, and in this case it makes no
sense to talk about its expected duration. When p < g we get for the
expected duration z(g—p)~', but when p =4 the expected duration is
infinite. (The same result was established in XI,3 and will be proved
independently in the next section.)

*4, GENERATING FUNCTIONS FOR THE DURATION OF
THE GAME AND FOR THE FIRST-PASSAGE TIMES

We shall use the method of generating functions to study the duration
of the game in the classical ruin problem, that is, the restricted random
walk with absorbing barriers at 0 and «. The initial position is z (with
0 < z < a). Let u,, denote the probability that the process ends with
the nth step at the barrier 0 (gambler’s ruin at the nth trial). After the first
step the position is z-+ 1 or z—1, and we conclude that for

I<z<a—1and n2>1
(41) Myl = PUzi g + 12 PRR

This is a difference equation analogous to (2.1), but depending on the
two variables z and n. In analogy with the procedure of section 2 we

wish to define boundary values u, ,, u, ,, and u,, so that (4.1) becomes
valid also for 2 =1, z=a — 1, and n = 0. For this purpose we put

(4.2) Ugpn =g, =0 when n > 1

* This section together with the related section 5 may be omitted at first reading.
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4.3) Uy o = 1, U, 0="0 when 0 <2< a.

—

Then (4.1) holds for all z with 0 < z < a and all » > 0.
We now introduce the generating functions

4.4) U,s) = guz,ns“.

Multiplying (4.1) by s**! and adding for n =0,1,2,..., we find
(4.5) U ls) = psU,(s) + gsU,_4(s), 0<z<a;

a1 Tt A ™ T A 2y 1
the boundary conditions (4.2) and {4.3) lea

(4.6) Ufsy=1, Ufgs)=0.

4

L

j

The system (4.5) represents difference equations analogous to (2.1), and
the boundary conditions (4.6) correspond to (2.2). The novelty lies in the
circumstance that the coefficients and the unknown U,(s) now depend
on the variable s, but as far as the difference equation is concerned, s
is merely an arbitrary constant. We can again apply the method of
section 2 provided we succeed in finding two particular solutions of (4.5).
It is natural to inquire whether there exist two solutions U,(s) of the form
U,s) = 2*(s). Substituting this expression into (4.5), we find that A(s)
must satisfy the quadratic equation

{4.7) A(s) = ps?2¥(s) + gs,
which has the two roots

/ 2 ! 2

-+ —4pg: . —+1—4
(4.8) A(s) = 1 vl EAl . Ay(s) = =1 pgs
2ps 2ps

e Sy

(we take 0 < s < 1 and the positive square root).
We are now in possession of two particular solutions of (4.5) and con-
clude as in section 2 that every solution 1s of the form

(4.9) Us) = A($)2(s) + B(s)A3(s)

with A{s) and B(s) arbitrary. To satisfy the boundary conditions (4.6),
we must have A(s) + B(s) = 1 and A(s)A%(s) + B(s)A%(s) = 0, whence

25(s)A%(s) — 2i(s)2(s)
2s) — s

(4.10) Uls) =
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;,.qmn the obvious relation 4,(s)4,(s) = g/p, this simplifies to
: ..J‘ & JRCF AL IO Hif r L
) ;:"f"; z 24—z — ja—
5 \(ﬁ-‘ll) UZ(S) — (Q) 1 a(S) .2 (5) .
S/ pl 2s) — As)

This is the required generating function of the probabz‘!f!y of ruin (absorp-
tion at 0) at the nth trial. The same method shows that the generating
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Ai(s) — 2K(s)
i) — 7%s)

The generating function for the duration of the game is, of course, the sum
of the generating functions (4.11) and (4.12).

(4.12)

Infinite Intervals and First Passages

The preceding considerations apply equally to random walks on the
interval (0, co) with an absorbing barrier at 0. A particle starting from
the position 2z > 0 is eventually absorbed at the origin or else the random
walk continues forever. Absorption corresponds to the ruin of a gambler
with tnitial capital z playing against an infinitely rich adversary. The
generating function U,(s) of the probabilities u, ,, that absorption takes
place exactly at the nth trial satisfies again the difference equations (4.5)
and is therefore of the form (4.9), but this solution is unbounded at infinity
unless A(s) = 0. The other boundary condition is now Uys) =1, and
hence B(s) =1 or

(4.13) U (s) = AXs).

[The same result can be obtained by letting a — co in (4.11), and
remembering that 2,(s)2,(s) = ¢/p.]

It follows from {4.13) for s = 1 that an ultimate absorption is certain
if p € ¢, and has probability (g/p)® otherwise. The same conclusion was
reached in section 2.

Our absorption at the origin admits of an important alternative inter-
pretation as a first passage in an unrestricted random walk. Indeed, on
moving the origin to the position z it is seen that in a random walk on the
entire line and starting from the origin u, , is the probability that the first
visit to the point —z < 0 takes place at the nth trial. That the corre-
sponding generating function (4.13) is the zth power of 2, reflects the
obvious fact that the waiting time for the first passage through —z is the
sum of z independent waiting times between the successive first passages
through —1, —=2,..., —z. :

An explicit formula for u_, in the special case p = § was derived by
elementary methods in TIL(7.5). Considering that (n+2z)/2 steps must
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lead to the left, and (n—=2)/2 to the right, one concludes easi y that
general the same formula holds except that the individual paths have now
probability pfn—21/Ygin+2)/2 rather than 277, Thus
z n .
(414) U, ., = __( )pf?z—-z),mqfn-.-—zlﬁ,
' n\(n+z)/2

where the binomial coeflicient is to be interpreted as zero if » and z are
not of the same parity. (Concerning the derivation of this formula from
the generating function see the end of XI,3. Analternative explicit formula
of an entirely different appearance is contained in problem 13.)

*5. EXPLICIT EXPRESSIONS
The generating function U, of (4.11) depends formally on a square root
but is actually a rational function. In fact, an application of the binomial
theorem reduces the denominator to the form
(5.1) 34(s) — 2%(s) = s~ 1—dpgs® P
AL AT SIS ¥ e R

()
s g

where P, is an even polynomial of degree @ — 1 when « is odd, and of
degree a — 2 when a is even. The numerator is of the same form except
that « is replaced by @ — z. Thus U, is the ratio of two polynomials
whose degrees differ at most by 1. Consequently it is possible to derive an
explicit expression for the ruin probabilities u, , by the method of partial
fractions described in XI,4. The result is interesting because of its
connection with diffusion Lucul_y, and the derivation as such pfOViUES ail
excellent illustration for the techniques involved in the practical use of
partial fractions.

The calculations simplify greatly by the use of an auxiliary variable ¢

defined by
1
.2\,frp_q s

8y cOs P A
V. s @ —

(To 0 < 5 < 1 there correspond complex values of ¢, but this has no
effect on the formal calculations.) From (4.8)

(5.3 A(s) = \f% [cos ¢ + isin $] = \q—/; e

while 4,(s) equals the right side with i replaced by —i. Accordingly

5.4) Us) = (Valp) SRla=2)¢
sin a(j)
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The roots

£, 5. o)
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exists a partial fraction expansion of the form

65.5) (ajp) SN2 o gy oy By P

a¢ 5, — S Sgey — S

In principle we should consider only the roots s, which are not roots of
the numerator aiso, but if s, is such a root then U, (s) is continuous at
s =y, and hence p, = 0. Such canceling roots therefore do not contribute
to the right side and hence it is not necessary to treat them separately.

The roots sy,...,s,; correspond obviously to ¢, = =v/a with
y=1,...,a— 1, and so
RN 1
(2.0} 5, = — ’

2y pg cos mvfa

This expression makes no sense when v = @f2 and a is even, but then
@, Is a root of the numerator also and this root should be discarded. The
corresponding term in the final result vanishes, as is proper.

To calculate p, we multiply both sides in (5.5) by s, — s and let
s —5,. Remembering that sina¢, = 0 and cos ad, = 1 we get

— 5

¥

= q/p) sin zd, * lim 2
55y sin a(ﬁ
The last limit is determined by L'Hospital’s rule using implicit differ-
entiation in {5.2). The result is

o TN e
po=a ' 2Vpg\Nqlp) sinzg, -sin g, - 5.
From the expansion of the right side in (5.5) into geometric series we
get for n > 1

a--1 —— ¥

Uen = Zrovsv =a 12\ rgq (V Q'/P) z S - sin 9’3'\‘, ’ Sin Z(’f)v

and hence finally

n—l1
, _ - k7 e i ey
(5.7) u, ,, = a ‘2"plrlgintei2 N cggn—t —— Ysin T sin 222
y=1 a a a

This, then, is an explicit formula for the probability of ruin at the nth trial,
It goes back to Lagrange and has been derived by classical authors in

various ways,” but it contlnueq to be red1scovcred in thc modem literature.
* For an elementary derivation based on trigonometric interpo]ation see R. E. Ellis,
Cambridge Math. J., vol. 4 (1844), or his Collected works, Cambridge and London 1863.
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Itis llll.CleLlllE that the method of uuages ( pCdleu renectlonc;) leads
to another explicit expression for u, , in terms of binomial coefficients
(problem 21). An alternative method for deriving (5.7) is described in
XVI,3.

Passing to the limit as a — @« we get the probability that in a game
against an inﬁnitely rich adversary a player with initial capital z will be
ruined at the »th trial. (See problem 13.)

A glance at the sum in (5.7) shows that the terms corresponding to the
summation indices » = k& and v = ¢ — &k are of the same absolute value;
they are of the same sign when » and z are of the same parity and cancel
otherwise. Accordingly u, , =0 when n — z isodd wht!efor even n — 2
and n > 1

— ™V . TRV
(58) u,, =a 12m~1pln z])2q(m~z)}2 E cos™ 1___“11 — sin
vSal a a a
the summation extending over the positive integers < «f2. This form is
more natural than (5.7) because now the coefficients cos mvfa form a

decreasing sequence and so for large n it is essentially only the first term

*6. CONNECTION WITH DIFFUSION PROCESSES

This section is devoted to an informal discussion of random walks in
which the length & of the individual steps is small but the steps are spaced
so close in time that the resultant change appears practically as a con-
tinuous motion. A passage to the limit leads to the Wiener process
(Brownian motion) and other diffuston processes. The intimate connection
between such processes and random walks greatly contributes to the
understanding of both.® The problem may be formulated in mathematical
as well as in physical terms.

It is best to begin with an unrestricted random walk starting at the origin.
The nth step takes the particle to the position S, where S, =X, + -+ - + X,
is the sum of » independent random variables each assuming the values
+1 and —1 with probabilities p and g, respectively. Thus

6.1) E(S,) = (p—aqn, Var (S,) = 4pqn.
Figure 4 of 111, 6 presents the first 10,000 steps of such a random walk with
p =g =1%; to fit the graph to a printed page it was necessary to choose

¢ This approach was also fruitful historically. It was fully exploited (though in a
heuristic manner) by L. Bachelicr, whose work has inspired A. Kolmogorov to develop
the formal foundations of Markov processes. See, in particular, L. Bachelier, Caleul
des probabilités, Paris (Gauthier-Villars), 1912,
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appropriate scales for the two axes. Let us now go a step further and
contemplate a motion picture of the random walk. Suppose that it is to
take 1000 seconds (between 16 and 17 minutes). To present one million
steps it is necessary that the random walk proceeds at the rate of one step
per millisecond, and this fixes the time scale. What units are we to choose
to be reasonably sure that the record will fit a screen of a given height?
For this question we use a fixed unit of measurement, say inches or feet,
both for the screen and the length of the individual steps. We are then no
longer concerned with the variables S,, but with 4S,, where 4 stands
for the length of the individual steps. Now

(6.2) E(S,) = (p—q) on, Var (85,) = 4pg *n,

and it is clear from the central limit theorem that the contemplated film is
possible only if for » = 1,000,000 both quantities in (6.2) are smaller than
the width of the screen. Butif p 5 ¢ and dn is comparable to the width
of the screen, 621 will be indistinguishable from 0 and the film will show
linear motion without visible chance fluctuations. The character of the
random walk can be discerned only when &% is of a moderate positive
magnitude, and this is possible only when p —¢ is of a magnitude
comparable to d.

If the question were purely mathematical we should conclude that the
desired graphical presentation s impossible unless p = ¢, but the situ-
ation is entirely different when viewed from a physical point of view. In
Brownian motion we see particles suspended in a liquid moving in random
fashion, and the question arises naturally whether the motion can be
interpreted as the result of a tremendous number of collisions with smaller
particles in the liquid. It is, of course, an over-simplificatton to assume
that the collisions are spaced uniformly in time and that each collision
causes a displacement precisely equal to 4. Anyhow, for a first orienta-
tion we treat the impacts as governed by Bernoulli trials and ask whether
the observed motion of the particles is compatible with this picture. From
actual observations we find the average displacement ¢ and the variance
D for a unit time interval. Denote by r the {(unknown) number of
collisions per time unit. Then we must have, approximately,

(6.3} (p—gq)dr = c, dpg &*r = D

In a simulated experiment no chance fluctuations would be observable
unless the two conditions (6.3) are satisfied with D > 0. An experiment
with p = 0.6 and dr = 1 is imaginable, but in it the variance would be
so small that the motion would appear deterministic: A clump of particles
initially close together would remain together as if it were a rigid body.
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Essentially the same consideration applies to many other phenomena
in physics, economics, learning theory, evolution theory, etc., when slow
fluctuations of the state of a system are interpreted as the result of a huge
number of successive small changes due to random impacts. The simple
random-walk model does not appear realistic in any particular case, but
fortunately the situation is similar to that in the central limit theorem.
Under surpri qm;ﬂ\r mild conditions the nature of the individual chanses is

AL SRl PR iedlipa ¥ SRadake -v..-..--u. LAl LIAN LM LRAl N AL Liakal igwd g

not important, because the observable effect depends only on their
expectation and variance. In such circumstances it is natural to take the
simple random-walk model as universal prototype.

To summarize, as a preparation for a more profound study of various
stochastic processes it is natural to consider random walks in which the

length & of the individual steps is small, the number r of steps ner time

AL Arahad Eal=Lony S ERELS S SO S P I RV S 000 v WL oS pra P AALi

unit is large, and p — ¢ is small, the balance being such that (6.3) holds
(where ¢ and D > 0 are given constants). The words large and small
are vague and must remain flexible for practical applications.’

The analytical formulation of the problem is as follows. To every
choice of &, r, and p there corresponds a random walk. We ask what

hrannene in the fiwmir when A 2 D - o0 and »n s 1 fm cunh o mmanpor
S PFEILN AL LA LR Bneh o R X, dad 4 gt auiln Fleldiiriicy
that

(6.4) (p—g)dr —c,  4pgd*r — D.

Two procedures are available. Whenever we are in possession of an
explicit expression for relevant probabilities we can pass to the limit
directly. We shall illustrate this method because it sheds new light on the
normal approximation and the limit theorems derived in chapter HI. This
method is of limited scope, however, because it does not lend itself to
generalizations. More fruttful is the start from the difference equations
governing the random walks and the derivation of the limiting differential
equations. It turns out that these differential equations govern well
defined stochastic processes depending on a continuous time parameter.
The same is true of various obvious generalizations of these differential
equations, and so the second method leads to the important general class
of diffusion processes.

7 The number of molecular shocks per time unit is beyond imagination. At the ather
extreme, in evolution theory one considers small changes from one generation to the
next, and the time separating two generations is not small by everyday standards, The
number of gencrations considered is not fantastic cither, but may go into many
thousands. The point is that the process proceeds on a scale where the changes appear
in practice continuous and a diffusion medel with continuous time is preferable to the
random-walk model.
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To describe the direct method in the simplest case we continue to denote
by {S,} the standard random walk with unit steps and put

(6.5) b, = P{S, = k).

In our accelerated random walk the nth step takes place at epoch n/r,
and the position is S,0 = k4. We are interested in the probability of

ﬁndlnn the n'!rh(‘lf- ata givenepoch ¢ inthe pplcrh horhood of a eiven point
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T, and s0 we must Investigate the asymptotic behavior of v, , when
k-> oo and n— co in such a manner that nfr — ¢ and ké —z. The
event {S, = k} requires that » and k be of the same parity and takes
place when exactly (n+k){2 among the first »n steps lead to the right.
From the de Moivre-Laplace approximation we conclude therefore that

|n our naszace to the limit
I.l UJMCU LT Ahy LALILRIL

(66) Ugeon ™~ = 1 e-[&(n+k}—np12f(2nm) — ! e—[k-n[p*q)]z,«'(ﬂnm)

v 2mnpqg \«"x2 Tnpq
28

P ¥ 4 lf—
N 2Dt

where the sign ~ indicates that the ratio of the two sides tends to unity.
Now v, , is the probability of finding S, between kJ and (k+2)d,
and since this interval has length 26 we can say that the ratio v ,/(26)
measures locally the probability per unit length, that is the probability
density. The last relation in (6.6) implies that the ratio v ,/(20) tends
to

e—(x—ot)*/(2D1)

(6.7} it o) — L —He—et /D
\U. J} V\l, -D} _— )‘] [ .

N 2o Dt
It follows that sums of the probabilities v, can be approximated by
integrals over u(t, x), and our result may be restated to the effect that with
our passage to the limit

(6.8) Pla < S,8 < B} — _1__ fﬁ ¢ He=et"Dt iy

“ 2u Dt Je=
The integral on the right can be expressed in terms of the normal distri-
bution function M and (6.8) is in fact only a notational variant of the
de Moivre-Laplace limit theorem for the binomial distribution.

The approach based on the appropriate difference equations is more
interesting. Considering the position of the particle at the #th and the
(n+ 1)st trial it is obvious that the probabilities v, ,, satisfy the difference
equations

(69) Uk.?l—rl =Pi’}c—1,n + qvk-kl.n'
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On multiplying by 26 it follows from our preceding result that the limit
v(z, ¥} should be an approximate solution of the difference equation

(6.10) v(t+rt x) = polt, x—90) + qu{t, z+9).

Since v has continuous derivatives we can expand the terms according
to Taylor’s theorem. Using the first-order approximation on the left and
second-order approximation on the right we get (after canceling the leading
terms)

du(t, x) _ _ouft, )

I . 3%t @)
—por-————+ - dr——=— 4 -
(a—p) o 5 Fara
In our passage to the [imit the omitted terms tend to zero and (6.11)
becomes in the limit

(6.11)

. 2,
du(t, ) _ _Ca;,.(:_, ) . 1 D o’v(t, x) .
ot ox 2 gzt

This is a special diffusion equation also known as the Fokker-Planck
equation for diffusion. Our calculations were purely formal and heuristic,
but it will not come as a surprise that the function v of (6.7) indeed
satisfies the differential equation (6.12). Furthermore, it can be shown that
(6.7) represents the only solution of the diffusion equation having the
obvious properties required by the probabilistic interpretation.

The diffusion equation (6.12) can be generalized by permitting the
coefficients ¢ and D to depend on x and ¢ Furthermore, it possesses
obvious analogues in higher dimensions, and all these generalizations can
be derived directly from general probabilistic postulates. This topic will
be taken up in chapter X of volume 2; here we must be satisfied by these
brief and heuristic indications of the connections between random walks
and general diffusion theory.

As a second example we take the ruin probabilities u, , discussed in
the preceding two sections. The underlying difference equations (4.1)
differ from {6.9) in that the coefiicients p and ¢ are interchanged.® The
formal calculations indicated in {6.11) now lead to a diffusion equation
obtained from (6.12) on replacing —c by c. Our limiting procedure
leads from the probabilities u, , to a function wu(¢, £) which satisfies this
modified diffusion equation and which has probabilistic significance

(6.12)

® The reason is that in w,,, the variable z stands for the initiaf position whereas the
probablllty v, relers to the position at the running time. In the terminology to be
introduced in volume 2, probabilities depending on the initial position satisfy backward
(retrospective) equations, the others forward (or Fokker-Planck) equations. In physics
the latter are sometimes called continuity equations. The same situation will be en-
countered in chapter XVII.
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similar to , ,: In a diffusion process starting at the point & > 0 the
probability that the particle reaches the origin before reaching the point
a > & and that this event occurs in the time interval ¢, < 1 < 1, i3 given
by the integral of u(z, £) over this interval.

The formal calculations are as follows. For u, , we have the explicit
expression (5.8). Since z and » must be of the same parity, u, , corre-
sponds to the interval between n/r and (n4-2)/r, and we have to calculate
the limit of the ratio u, .r/2 when r — o© and 3 — 0 in accordance with
(6.4). The length « of the interval and the initial position z must be
adjusted so as to obtain the limits « and £. Thus z~ £/d and @~ «/d.
It is now easy to find the limits for the individual factors in (5.8).

From (6.4) we get 2p~ 1 + /D, and

Zg~1 — cd/D;
from the second relation in (6.4) we see that 82 — D. Therefore

(4pq)*(alpyF* ~ (1—¢%8% DHO(1 —2¢d] DY
(613) —~ e—%‘czf,}D . e—agfl)

Similarly for fixed »

n / 2 2% ¢r .
(614) (COS 1:{7—[5-) —~— (]_ — v ) —~ e—%vanzﬂt‘-fc )

x 2x?

Finally sin vmdfa ~ »md/«. Substitution into (5.8) leads formally to

(6.15) u(t, &) = ';r:"Doc“ge_%“”'*25"’”)21»*&.7_%“2”25'”"‘2 sin 1&1’
y=1 ox

(Since the series converges uniformly it is not difficult to justify the formal
calculations.) In physical diffusion theory (6.15) is known as Firth's
Jormula for first passages. [For the limiting case « = o see problem 14.
For an alternative form of (6.15) see problem 22.]

*7. RANDOM WALKS IN THE PLANE
AND SPACE

In a two-dimensional random walk the particle moves in unit steps in
one of the four directions parallel to the z- and y-axes. For a particle
starting at the origin the possible positions are all points of the plane with
integral-valued coordinates. Each position has four neighbors. Similarly,
in three dimensions each position has six neighbors. The random walk is
defined by specifying the corresponding four or six probabilities. For

* This section treats a special topic and may be omitted at first reading.




360 RANDOM WALK AND RUIN PROBLEMS [XIV.7

simplicity we shall consider only the symmerric case where all directions
have the same probability. The complexity of problems is considerably
greater than in one dimension, for now the domains to which the particle
Is restricted may have arbitrary shapes and complicated boundaries take
the place of the single-point barriers in the one-dimensional case.

We begin with an interesting theorem due to Polya.?

Theorem. [n the symmetric random walks in one and two dimensions
there is probability one that the particle will sooner or later (and therefore
infinitely often) return to its initial pesition. In three dimensions, however,
this probability is < 1. (It is about 0.35. The expected number of returns
is then 0.65 X k(0.35)% = 0.35/0.65 ~ 0.53.)

Before proving the theorem let us give two alternative formulations,
both due to Polya. First, it is almost obvious that the theorem implies
that in one and two dimensions there is probability 1 that the particle will
pass infinitely often through every possible point; in three dimensions this
Is not true, however. Thus the statement “all roads lead to Rome” is,
in a way, justified in two dimensions.

Alternatively, consider two particles performing independent symmetric
random walks, the steps occurring simultaneously. Will they ever meet?
To simplify language let us define the distance of two possible positions
as the smallest number of steps leading from one position to the other.
(This distance equals the sum of absolute differences of the coordinates.)
If the two particles move one step each, their mutual distance either
remains the same or changes by two units, and so their distance either is
even at all times or else s f\lwq}!c odd. In the second case the two pnrtlgleg
can never occupy the same position. In the first case it is readily seen that
the probability of their meeting at the nth step equals the probability that
the first particle reaches in 2n steps the initial position of the second
particle. Hence our theorem states that in two, but not in three, dimensions
the two particles are sure infinitely often to occupy the same position. If

the initial dictance of the twn narticles is n({r‘ acsimilararoument shows that
il 11BLLL4A L RAL LA d b WFl LSRR, L WY LS y A bdwrlbsgd 40 VIR LI AL L ulbl.-l- AA%W bl b vPlANS "\, LiiveL

they will infinitely often occupy nelghbormg positions. If this is called
meeting, then our theorem asserts that in one and two dimensions the two
particles are certain to meet infinitely often, but in three dimensions there is
a positive probability that they never mee!.

® G. Polya, Uber eine Aufpabe der Wahrscheindichkeitsrechnung betreffend die Irrfahrt
im Strassennetz, Mathematische Annalen, vol. 84 (1921), pp. 149-160. The numerical
value 0.35 was calculated by W. H. McCrea and F. J. W, Whipple, Random paths in two
and three dimensions, Proceedings of the Royal Society of Edinburgh, vol. 60 (1940,
pp. 281-298.
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Proof. For one dimension the theorem has been proved in example
XIIL(4.5) by the method of recurrent events. The proof for two and three
dimensions proceeds along the same lines. Let u, be the probability that
the nth trial takes the particle to the initial position. According to theorem
2 of XIII,3, we have to prove that in the case of two dimensions > u,
diverges, whereas in the case of three dimensions  u, =~ 0.53. In two
dimensions a return to the initial position is possible Only if the numbers
of steps in the positive z- and y-directions equal those in the negative -
and y-directions, respectively. Hence u, = 0 if n is odd and {using the
multinomial distribution VI,(9.2)]

e 1

A2n [ . R A
4 =0 KL KL (B—K)L(n—K): 4

D oy, =

2 2
By II (12.11) the right side equals 4—2”( n) . Stirling’s formula now
N

shows that u,, is of the order of magnitude 1/n, sothat > u,, diverges
as asserted.

(2n)!
JUVR K (n—j—R)! (n—f— k)

~—
-
[
e
||

62712
Fade

the summation extending over all j, & with j + & < n. Itiseasily verified
that
2

(7.3) T LY ) pa—1
=il A R Rl

Within the braces we have the terms of a trinomial distrubution, and we
know that they add to unity. Hence the sum of the squares is smaller
than the maximum term within braces, and the latter is attained when both
j and k are about /3. Stirling’s formula shows that this maximum is
of the order of magnitude n%, and therefore u,, is of the magnitude
llf\f;zs so that > u,, converges as asserted. >

We conclude this section with another problem which generalizes the
concept of absorbing barriers. Consider the case of two dimensions where

instead of the interval 0 < = < g we have a plane domain D, that 15, a
collection of rmqu with mrpcrrnl valued coordinates. Each poi_nt has four

neighbors, but for some points of D one or more of the neighbors lie
outside D. Such points form the boundary of 2, and all other points
are called interior points. In the one-dimensional case the two barriers

form the boundary, and our problem consisted in finding the probability
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that, starting from z, the particle will reach the boundary point 0 before
reaching «. By analogy, we now ask for the probability that the particle
will reach a certain section of the boundary before reaching any boundary
point that is not in this section. This means that we divide all boundary
points into two sets B and B". If (z,y) is an interfor point, we seek
the probability «{x, y) that, starting from (z, y), the particle will reach
a point of B’ before reaching a point of B”. In particular, if B’ consists
of a single point, then u(x, y) is the probability that the particle will,
sooner or later, be absorbed at the particular point.

Let (x, y) be an interior point. The first step takes the particle from
(x, ) to one of the four neighbors (z+1,y), (x, y+1), and if all four of
them are interior points, we have obviously

(7.4) wlx,y) = $lu(z+1,9) + w(x—1, y) + u(z, y+1) + w(z, y—1)].

This is a partial difference equation which takes the place of (2.1) (with
p=qg=4%). If (z+1,y) is a boundary point, then its contribution
u(x+1, y) must be replaced by 1 or 0, according to whether (x+1, ¥)
belongs to B" or B". Hence (7.4) will be valid for all interior points if
we agree that for a boundary point (£, n) in B we put u(&, n) = | whereas
w(E, ) =0 if (&, n) is in B". This convention takes the place of the
boundary conditions (2.2).

In (7.4) we have a system of linear equations for the unknowns u{z, );
to each interior point there correspond one unknown and one equation.
The system is non-homogeneous, since in it there appears at least one
boundary point (£, ) of B and it gives rise to a contribution } on the
right side. If the domain D is finite, there are as many equations as
unknowns, and it is well known that the system has a unique solution if,
and only if, the corresponding homogeneous system (with u(§, 7)) =0
for all boundary points) has no non-vanishing solution. Now u{x, y) 1s
the mean of the four neighboring values w(x+1,y), u(x,y+1) and
cannot exceed all four., In other words, in the interior z(x, ¥) has neither

T T Ty P | tha ctrict camnca nd tha arantoect anmd the
4 maximum noer 4 minimum in tne stnct sense, ana g greatest dnd e

smallest value occur at boundary points. Hence, if all boundary values
vanish, so does u{z, ) at all mterior points, which proves the existence
and uniqueness of the solution of (7.4). Since the boundary values are 0
and 1, all values u(x, y) lie between 0 and 1, as is required for probabilities.
These statements are true also for the case of infinite domains, as can be

gamitn Frmoe o gatiano I o Marl-~y Aloies 10
auLll 11U 4 56!.1\.;1(11 LllLUlblll Ol uuuuLu W1dITRKOY Cn4ailis.

10 Explicit solutions are known in only a few cases and are always very complicated.
Solutions for the case of rectangular domains, infinite strips, etc., will be found in the
paper by McCrea and Whipple cited in the preceding footnote,
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THE GENERALIZED ONE-DIMENSIONAL
RANDOM WALK (SEQUENTIAL SAMPLING)

We now return to one dimension but abandon the restriction that the
particle moves in unit steps. Instead, at each step the particle shall have
probability p, to move from any point = to x + k, where the integer &
may be zero, positive, or negative. We shall investigate the following ruin
problem: The particle starts from a position = such that 0 < z < a; we
seek the probability u, that the particle will arrive at some position <0
before reaching any position >a. In other words, the position of the
particle following the ath trial is the point z + X, + X, + -+ + X, of
the z-axis, where the {X } are mutually independent random variables

O A e DIOCEsSS ot szl Fove tha £
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time either X; + - X, < —z or X; +---X,, > a—

This problem has attracted widespread interest in connection with
sequential sampling. There the X, represent certain characteristics of
samples or observations. Measurements are taken until a sum X; +

ot
Lal

+ + X, fdlls outside two prea551gned limits {(our —z and a — z).
[n the first case the procedure leads to what is technically known as
rejection, in the s cond case to acceptance. !

Example. (@) As an illustration, take Bartky’s double-sampling inspec-
tion scheme. To test a consignment of items, samples of size N are taken
and subjected to complete inspection. It is assumed that the samples are
stochastically independent and that the number of defectives in each has
the same binomial distribution. Allowance is made for one defective item
ample, and so we let X, + 1 equal the number of defectives in the

per sa
kth sample. Then for £ > 0

_ N B+l N—k—1
Py (k+l)p q

and p_, =¢", p, =0 for = < —I. The procedural rule is as follows:
A preliminary sample is drawn and, if it contains no defective, the whole
consignment is accepted; if the number of defectives exceeds a, the
whole lot is rejected. In either of these cases the process stops. If, how-
ever, the number 2 of defectives liesin therange 1 < z < a, the sampling

* This section is not used later on.

' The general theory of sequential statistical procedures was developed by Abraham
Wald during the Second World War in connection with important practical problems.
Modern treatments can be found in many textbooks on mathematical statistics.
Bartky’s scheme described in the example dates from 1943 and seems to have been the
very first sequential sampling procedure proposed in the literature.
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continues in the described way as long as the sum is contained between 1
and a. Sooner or later it will become either O, in which case the consign-
ment is accepted, or >a, in which case the consignment is rejected. »

Without loss of generality we shall suppose that steps are possible in
both the positive and negative directions. Otherwise we would have either
u, =0 or u, =1 forall z. The probability of ruin at the first step is
obviously

(81) rz = p—z + p—z—l + p—z—2 + tt

(a quantity which may be zero). The random walk continues only if the
particle moved to a position x with 0 < z < ¢; the probability of a
jump from z to z is p, ,, and the probability of subsequent ruin is then
u,. Therefore

a—1

(82) u, = z UpDz—s + F,.

1

Once more we have here ¢ — | linear equations for ¢ — 1 unknowns
u,. The system is non-homogeneous, since at least for 2 = 1 the proba-
bility r, is different from zero (because steps in the negative direction are
possible). To show that the linear system (8.2) possesses a unique solution

we must show that the associated homogeneous system

a—1
(8.3) U, =3 4Dz,
r=1

has no solution except zero. To reduce the number of subscripts appearing
in the proof we assume that p_;, # 0 (but the argument applies equally
to other positive terms with negative index). Suppose, then, that u,
satisfies (8.3) and denote by M the maximum of the values u, Let
u, = M. Since the coefficients p, , in (8.3) add to < 1 this equation is
possible for z = r only if those #, that actually appear on the right side
(with positive coefficients) equal M and if their coefficients add to unity.
Hence u,_; = M and, arguing in the same way, u, , =%, 3= -'' =
= u, = M. However, for z = 1 the coefficients p,_, in (8.3) add to less
than unity, so that A must be zero.

It follows that (8.2) has a unique solution, and thus our problem is
determined. Again we simplify the writing by introducing the boundary
conditions
=1 zf z <0

(8.4)
u, =0 if z>a.
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Then (8.2) can be written i

1
e FREY

n the form

(8.5) U, = 2 Uppa s

the summation now extending over all = [for = > @ we have no contribu-
tion owing to the second condition (8.4); the contributions for z < 0

add to r, ““"Qg to the first CO“dulOul

Forlarge a it is-Cumbersome to solve @ — | linear equations directly,
and it is preferable to use the method of particular solutions analogous to
the procedure of section 2. It works whenever the probability distribution
{px} has relatively few positive terms. Suppose that only the p, with
—v < k < p are different from zero, so that the largest possible jumps in
the positive and negative directions are g and », respectively. The

characteristic equation

(8.6) 3 peot =

1s equivalent to an algebraic equation of degree v+ u. If o 1sarootof
{8 5), then U, = o* is 4 formal solution of Lo J} ) for all Z, but this solution
does not satisty the boundary conditions (8.4). If(8.6) has 4 + » distinct
roots oy, 0,, ..., then the linear combination

(8.7) u, = A

is again a formal solution of (8.5) for all 2z, and we must adjust the con-
stants A, to satisty the boundary conditions. Now for 0 < z < @ only
values = with —v + 1 <z < a4 pu — 1 appear in (8.5). It suffices
therefore to satisfy the boundary conditions (8.4) for z =0, —1, —2,

L,—v+ I, and z=aq,a+1,...,a4+ u— 1, so0 that we have
i + v conditions in all. If o, is a double root of (8.6), we lose one con-
stant, but in this case it is easily seen that #, = z¢? is another formal solu-
tion. In every case the # + v boundary conditions determine the u + »
arbitrary constants.

Example. (%) Suppose that each individual step takes the particle to
one of the four nearest positions, and we let p_, =p_, =p;, = p, = L.
The characteristic equation (8.6) is o2 + ¢! + o + o* = 4. To solve
it we put f= o+ o': with this substitution our equation becomes
t* + ¢ = 6, which has the roots ¢+ = 2, —3. Solving 1 = ¢ + o7 for «
we find the four roots

88) oy=o0y=1, ogy="""2=0gY g =""—""=0q;"
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Since o, is a double root, the general solution of {8.5) in our case is
(8.9) u, = Ay + Az + Azo; + Ao}

The boundary conditions #y = u_, = [ and u, = u,,, = 0 lead to four
linear equations for the coefficients 4, and to the final solution

s (2e—a)(oi—o) — alo¥ o —oi )

a  al(a+2oi—0f) — ale}"*=o}")

(8.10) u,=1-—

Numerical Approximations. Usually it is cumbersome to find all the roots, but
rather satisfactory approximations can be obtained in a surprisingly simple way.
Caonsider first the case where the probability distribution {pe} has mean zero. Then
the characteristic equation (8.6) has a double root at o =1, and 4 + Rz is 3 formal
solution of (8.5). Of course, the two constants 4 and B do not suffice to satisfy the
i + » boundary conditions (8.4). However, if we determine 4 and B8 so that
A + Bz wvanishes for : =g+ u — 1 and equals 1 for z =0, then 4 + Br > 1
for =<0 and A4+ Bxr >0 for a<r<a+p so that A4 + Bz satisfies the
boundary conditions (8.4) with the equality sign replaced by >. Hence the difference
A + Bz — u, is a formal solution of (8.5) with non-negative boundary values, and
therefore 4 + Bz — 4, > 0. In like manner we can get a lower bound for wu, by
determining 4 and B so that A4 + Rz vanishes for z =4 and equals 1 for 2 =

= —» + 1. Hence
g —z a4+ pu—z—1
(8.11) a—}-v—]_az_ a+pu—1

This estimate is excellent when a is large as compared to u + ». [Of course,
~ (1 —zfa) is a better approximation but does not give precise bounds.]

Next, consider the general case where the mean of the distribution {p.} is not zera.
The characteristic equation (8.6) has then a simple rootat 6 = 1. The left side of (8.6)
approaches 2¢ as ¢ —0 and as ¢ — oo, For positive ¢ the curve y = Ip.oF is
continuous and convex, and since it intersects the line ¥ = 1 at ¢ = 1, there exists
exactly one more intersection. Therefore, the characteristic equation (8.6) has exactly
twe positive roats, 1 and &,. As before, we see that A -+ Bo] 1s a formal solution of
(8.5), and we can apply our previous argument to this solution instead of A + Bz, We
find in this case

oy — oy Lottt — g
8.12 —_—— L U &
(8.12) g — gV T! gévE=l 1 ¢

and have the

Theorem. The solution of our ruin problem satisfies the inequalities (8.11) if {ps} has
zero mean, and (8.12) otherwise. Here o, is the unique positive root different from 1 of
(8.6), and u and —v are defined, respectively, as the largest and smallest subseript for
which p. # 0. '

Let m = Zkp, be the expecred gain in a single trial (or expected length of a single
step). Itis easily seen from (8.6) that 6, > 1 or g, <1 according to whether m < 0
or m > 0. Letting @ -+ o0, we conclude from our theorem that in a game againsi an
infinitely rich adversary the probability of an ultimate ruin is one if and only if m <o

The duration of game can be discussed by similar methods (ef. problem 9).
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R e W a ] - T

5. PROBLEMS FOR SOLUTION
Note: Problems 14 refer only to section 2 and require no calculations.

1. In a random walk starting at the origin find the probability that the point
a > 0 will be reached before the point —5 < 0.

2. Prove that with the notations of section 2:
(a) In a random walk starting at the origin the probability to reach the point

a > 0 before returning to the origin equals gl —gy).

(&) In a random walk starting at a > 0 the probability to reach the origin
before returning to the starting point equals gg,_;.

3. If g 2p, conclude from the preceding problem: In a random walk
starting at the origin the number of visits to the point a > 0 that take place
before the first return to the origin has a geometric distribution with ratio
1 —gq, ;. (Why 1s the condition ¢ > p necessary?)

4. Using the preceding two problems prove the theorem®®: The number of
visits to the point a > O that take place prior to the first return o the origin
has expectation (plg)* when p < g and | when p =gq.

5. Consider the ruin problem of sections 2 and 3 for the case of a modified
random walk in which the particle moves a unit step to the right or left, or stays
at its present position with probabilities x, f, -, respectively (= + § + 7 = 1).
{In gambling terminology, the bet may result in a tie.)

6. Consider the ruin problem of sections 2 and 3 for the case where the origin
is an elastic barrier (as defined in section 1). The difference equations for the
probability of ruin (absorption at the origin) and for the expected duration
are the same, but with new boundary conditions.

7. A particle moves at each step two units to the right or one unit to the left,
with corresponding probabilities p and ¢ {p + ¢ = 1). If the starting position
is 2 > 0, find the probability ¢, that the particle will ever reach the origin,
(This is a ruin problem against an infinitely rich adversary.)

Hint. The analogue to (2.1) leads to a cubic equation with the particular
solution ¢, = 1 and two particular solutions of the form 47, where / satisfies a
quadratic equation.

8. Continuation.®® Show that ¢, equals the probability that in a sequence of
Bernoull trials the accumulated number of failures will ever exceed twice the
accumulated number of successes.

[When p =g this probability equals (V5 -1)/2.]

* The truly amazing implications of this result appear best in the language of fair
games. A perfect coin is tossed until the first equalization of the accumulated numbers
of heads and tails. The gambler receives one penny for every time that the accumulated
number of heads exceeds the accumulated number of tails by m. The “fuir entrance
Jee” equals | independently of m.

For a different (elementary) proof see problems -2 of X11,10 in volume 2.

13 This problem was formulated by D. J. Newman. That its solution is a simple
corollary to the preceding problem (in the second edition) was observed by W. A.
O’'N. Waugh. The reader may try the same approach for the more general problem when
the factor 2 is replaced by some other rational. A solution along different lines was
devised by J. S. Frame. See Sofution 1o problem 4864, Amer. Math, Monthly, vol. 67
(1960), pp. 700-702.
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t
l,

> : s of section 8 put [in analogy with
(8. 1)] Ps = Pa—s + Par1-2 -f-p,H w_, + -, and let be the probability
that the game lasts for exactly # steps. Show that for A > 1

vl

a—1
dz,n+] = de,npx—z

r=1

with d,, = r, + p.. Hence prove that the generating function d,(¢c) = %d, ,o"
is the solution of the system of lincar equaticns

*ld (U) - z dx(c)Pa: z = + Pz

=1
By differentiation it follows that the expected duration e, is the solution of

a—1
e, — Y epr =1

r=1

10. In the random walk with absorbing barriers at the points 0 and ¢ and
with initial position z, let w, ,(z) be the probability that the ath step takes
the particle to the position z. Find the difference equations and boundary
conditions which determine w, ,(z).

11. Continuation. Modify the boundary conditions for the case of two
reflecting barriers (i.c., elastic barriers with § = 1).

12. A symmetric randem walk (p =g¢) has possible positions 1,2,...,
a — 1. There is an absorbing barrier at the erigin and a reflecting barrier at
the other end. Find the generating function for the waiting time for absorption.

13. An alternative form for the first-passage probabilities. In the explicit
formula (5.7) for the ruin probabilities let @ — o0. Show that the result is

1
Uy m = 2”,-’7(”_:”2‘5'(”'2”2[ cos™ 1 7z - sin wx - sin waz - de.
a

Consequently, this formula must be equivalent to (4.14). Verify this by showing
that the appropriate difference equations and boundary conditions are satisfied.

14, Continuation: First passages in diffusion. Show that the passage to the
limit described in section 6 leads from the last formula to the expression

F4

e g—tztet)¥(2De)
V2aDe3

for the probability density for the waiting time for absorption at the crigin in a
diffusion starting at the point z > 0. When p =g this result is equivalent to
the limit theorem 3 of 1I1,7.

Note: In the following problems v:, is the probability (6.1} that in an un-
restricted random walk starting af the origin the nth step takes the particle to the
position x. The reflection principle of 11, | leads to an alternative treatment.
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o
.

15. AMethod nf}mﬂcra\ 14 Teat p = o = 1 Tev a randam wal

............ p =g = 3. Inarandom walk in (0, =} with
an absorbing bdl’l’ler at the origin and initial position at z > 0, let u, . (x) be
the probability that the ath step takes the particle to the position = > 0. Show
that u, n(¥) =V, , — Uz, . [Hint: Show that a difference equation corre-
sponding to (4.1) and the appropriate boundary conditions are satisfied. ]

16. Continuation. If the origin is a reflecting barrier, then

N Y with
r

s
-

{
s
t

Ly =v_ o dp_ .
RS L—E, 1 L-d—1,T

17. Continuation. If the random walk is restricted to (0, @) and both barriers
are absorbing, then

(91) uz,n(:‘c) = .i’cz {Ur_z—gka,n - "-"a:+z—2ka_.ﬂ},

the summation extending over all &, positive or negative {only finitely many
terms are different from zero). If both barriers are reﬂecrmg, f:quatlon (9. 1)
holds with minus replaced by plus and z= + 2 replaced by = +z — 1.

18, Distribution of maxima. In a symmetric unrestricted random walk
starting at the origin let M, be the maximum abscissa of the particle in # steps.
Using problem 15, show that

(9.2) P{M, =2} =v,, + U1

19. Let V(s) = > v, ,s" (cf. the note preceding problem 15). Prove that
Vs) = Vi(8)25%(s) when « < G and Vs) = Vy(s)i7%(s) when x > 0, where
24{s) and A,(s) are defined in (4.8). Moreover, Vy(s) = (i —4pyg 524,

Note: These relations follow dzre('r!y from the fact that 2,(s) and Z,(s) are
generating functions of first-passage times as explained at the conclusion of
section 4.

20. In a random walk in (0, «c) with an absorbing barrier at the origin and
initial position at z, let u,,(x) be the probability that the ath step takes the
particle to the position z, and let

(93) Ufs;z) = i uz,n(x)sﬂ-
n=0

Using problem 19, show that U,(s: x) = V,_(s) — 23{s)¥V{s). Conclude
9.4) u,

Compare with the result of problem 15 and derive (9.4) from the latter by
combinatorial methods.

14 Problems 15-17 are examples of the merhod of images. The term v,_,, corre-
sponds to a particle in an unrestricted random walk, and v,.,., to an “image point.”
In (9.1} we find image points starting from various positions, obtained by repcated
reflections at both boundaries. In problems 20-21 we get the general result for the
unsymmetric random walk using generating functions. In the theory of differential
equations the method of images is always ascribed to Lord Kelvin. In the probabilistic
literature the equivalent reflection principle is usually attributed to D. André. See
footnote 5 of TH1,1.
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21. Ahliernative formula for the probability of ruin (5.7). Expanding (4.11)
Into a geometric series, prove that

4 “Ea £ pikin—z .
_ ? <Py T
He g = z (” Weopgn — Z - Wora—z,n
1

=0 Y/ k- q,

where w, , denotes the first-passage probability of (4.14).
22. 1f the passage to the limit of section 6 is applied to the expression for

.y given in the preceding problem, show that the probability density of
the absorption time equals!®

1 .
e let+2dyej{eny) 2 (£ + ke lireenfiznn

A ZTTDI'E k—
(Hinr: Apply the normal approximation to the binomial distribution.)

23. Renewal method for the ruin problem!® In the random walk with two

absorbing barriers let u., and u%, be, respectively, the probabilities of
absorption at the left and the right barriers. By a proper interpretation prove
the truth of the following two equations:

V_i(s) = U(s)Vls) = UF )V (s),

PN T

Vieis) = UV (5} + Uz (s)Vils).
Derive (4.11) by solving this system for U,(s).

24, lLet u.,(x) be the probability that the particle, starting from z, will at
the nth step be at = without having previously touched the absorbing barriers.
Using the notations of problem 23, show that for the corresponding generating
function U.(s;x) = Zu, ,(x)s" we have

Uds; 2) =V, 2(5) — ULVls) — UFs) Vo i(5).

{No calculations are required.)

25. Continuation. The generating function U,(s; x) of the preceding problem
can be obtained by putting Uls;#) = V,_.(s) — A2¥(s) — B2%(s) and
determining the constants so that the boundary conditions U,s;z) =0 for
z =0 and z = a aresatisfied. With reflecting barriers the boundary conditions
are Uy(s;») = U(s; =) and U,ls;x) = Uy_(s; 2).

26, Prove the formula

Uy = 2my 12nptntal2gli—a)/2 f Cos™ [ ' cos i@+ dt

by showing that the appropriate difference equation is satisfied. Conclude that

vl T
V(s) = myt ("’ ) f cos 1 a.

g/ J,1 —=2Vpg-s-cost

> The agreement of the new formula with the limiting form (6.15) is a well-known
fact of the theory of theta functions. See XIX, (5.8) of volume 2.

18 Problems 23-25 contain a new and independent derivation of the main results
concerning random walks in one dimension.
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27. In a three-dimensional symmetric random walk the particle has prob-
ability one to pass infinitely often through any particular line © = m, y = n.
(Hinit: Cf. problem 5.)

28. In a two-dimensional symmetric random walk starting at the origin
the probability that the nth step takes the particle to {(x, %) is

(2my22-7 J‘ (cos 2 + cos 8)" - cos xx - cos ¥ - dx dp.

—7 J—r

Verify this formula and find the analogue for three dimensions. (Hint; Check
that the expression satisfies the proper difference equation.)
2

29. In a two-dimensional symmetric random walk let D) =22 4+ y* be
the square of the distance of the particle from the origin at time n. Prove
E(D%) = n. [Hint: Calculate E(D2 | —D2).]

30. In a symmetric random walk in & dimensions the particle has probability
1 to return infinitely often to a position already previously occupied. Hint:

At each step the probability of moving to a new position is at most (24 —1)/(2d).

31. Show that the method described in section 8 works also for the generating
function U.(s) of the waiting time for ruin.




CHAPTER XV

Markov Chains

Up to now we have been concerned mostly with independent trials which
can be described as follows. A set of possible outcomes £, E,, ...,
(finite or infinite in number) is given, and with each there is associated a
probability p,; the probabilities of sample sequences are defined by the
multiplicative property P{E;, E;, ..., E; )} = p;p; - p;. In the
theory of Markov chains we consider the simplest generalization which
consists in permitting the outcome of any trial to depend on the outcome
of the directly preceding trial (and only on it). The outcome £, is no
longer associated with a fixed probability p,, but to every pair (Ej, E;)
there corresponds a conditional probability p,.; given that E; has occurred
at some trial, the probability of E, at the next trial is p;,. In addition to
the p,;, we must be given the probability g, of the outcome E, at the
initial trial. For p; to have the meaning attributed to them, the prob-
abilities of sample sequences corresponding to two, three, or four trials
must be defined by

P{(E,-, Ex)} = ajpj‘ks P{(Ef’ Ek* Er)} = ai'pﬂqpkr’

P{(EJ" Eka Ef‘! Es)} = aipikpkrprw
and generally

(L.1) PUE s Esps - o B} = @5.0503, P50, 7 Pry_gin_ Pin i

Here the initial trial is numbered zero, so that trial number one is the
second trial. (This convention is convenient and has been introduced
tacitly in the preceding chapter.)

Qavearal nrocecees treatad in the nrecedine chanters are Marlav chaing
AP ¥ Wl A HIUUUJJMJ Ld wrdd bl LTL Ll l.}l\.\dvul.llb \-’llu]_}b\.ln_‘l Bl % UTECAL WS T AT IR AL ARy

but in special cases it is often preferable to use different notations and
modes of description. The principal results of the present chapter concern
the existence of certain limits and equilibrium distributions; they are, of
course, independent of notations and apply to all Markov chains.

372
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Examples. (@) Random walks. A random walk on the line is 2 Markov
chain, but it is natural to order the possible positions in a doubly infinite
sequence ..., —2, —1, 0, 1, 0,~ ... With this order transitions are
possibly only between neighboring positions, that is, p; =0 unless
k =j £ 1. With our present notations we would be compelled to order
the integers in a simple sequence, say 0, [, —1[, 2, —2, ... and this would
lead to clumsy formulas for the probabilities p;,. The same remark applies
to random walks in higher dimensions: For actual calculations it is pref-
erable to specify the points by their coordinates, but the symbolism of the
present chapter can be used for theoretical purposes.

(b) Branching processes. Instead of saying that the nth trial results in
E, we said in XIL3 that the nth generation is of size k. Otherwise, we
were concerned with a standard Markov chain whose transition prob-
ability p;. 18 the coefficient of a s* in the jth power p(s) of the given
generating function.

{c} Urn models. 1t is obvious that several urn models of V.2 represent
Markov chains. Conversely, every Markov chain is equivalent to an urn
model as follows. Each occurring subscript is represented by an urn, and
each urn contains balls marked £, £, . ... The composition of the urns
remains fixed, but varies from urn to urn; in the jth urn the probability to
draw a ball marked £, is p,. At the initial, or zero-th, trial an urn is
chosen in accordance with the probability distribution {a,}. From that
urn a ball is drawn at random, and if it ijs marked £, the next drawing is
made from the jth urn, etc. Obviously with this procedure the probability
of 4 sequence (E,-u, ..., E; ) is given by (1.1). We see that the notion of a
Markov chain is not more general than urn models, but the new symbolism
will prove more practical and more intuitive. >

If a, is the probability of E, at the initial (or zero-th) trial, we must
have a, > 0 and > a, = 1. Moreover, whenever £; occurs it must be
followed by some E,, and it is therefore necessary that for all j and %

(1.2) Pantpetpst =1 P = 0.

We now show that for any numbers a, and pj, satisfying these conditions,
the assignment (1.1) is a permissible definition of probabilities in the sample
space corresponding to » + | trials. The numbers defined in (1.1) being
non-negative, we need only prove that they add to unity. Fix first jo, /i,

.+ Jn1 and add the numbers (1.1) for all possible j,. Using (1.2) with
Jj = jn_1.» we see immediately that the sum equals a; p;; - p; . -
Thus the sum over all numbers (1.1) does not depend on »n, and since
2. a; = 1, the sum equals unity for all ».

The definition (1.1) depends formally on the number of trials, but our
argument proves the mutual consistency of the definitions (1.1) for all .
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For example, to obtain the probability of the event “‘the first two trials
result in (£}, E}),” we have to fix j, = j and j, = k, and add the prob-
abilities (1.1) for all possible jy, js, ..., j,. We have just shown that the
sum is a,p,; and is thus independent of n. This means that it is usually
not necessary explicitly to refer to the number of trials; the event (£;,
..., E;) has the same probability in all sample spaces of more than r
trials. In connection with independent trials it has been pointed out re-
peatedly that. from a mathematical point of view, it is most satisfactory to
introduce only the unique sample space of unending sequences of trials
and to consider the result of finitely many trials as the beginning of an
infinite sequence. This statement holds true also for Markov chains. Un-
fortunately, sample spaces of infinitely many trials lead beyond the theory
of discrete probabilities to which we are restricted in the present volume.
To summarize, our starting point is the following

Definition. A sequence of irials with possible outcomes E, E,, ... is
called a Markov chain® if the probabilities of sample sequences are defined
by (1.1) in terms of a probability distribution {a;} for E, at the initial
{or zero-th) trial and fixed conditional probabilities p, of L, given that
E; has occurred at the preceding trial.

A slightly modified terminoclogy is better adapted for applications of
Markov chains. The possible outcomes £, are usually referred to as
possible szazes of the system; instead of saying that the #th trial results in
E, one says that the nth step leads to E, or that E; is entered at the
nth step. Finally, p,,. is called the probability of a transition from E; to
E.. As usual we imagine the trials performed at a uniform rate so that the

t‘tnﬂ caryac

i bhar ag
ILURLLILY Ol ¥ied oS

of thea
Wl W1 Ll Ol
The transition probabilities p;, will be arranged in a matrix of transition
probabilities - —
Pu Pz Pz 777
P Paa Pos

(1.3) P=|pa Pa Paa

time parameter.

! This is not the standard terminology. We are here considering only a special class
of Markov chains, and, strictly speaking, here and in the following sections the term
Markov chain should aiways be qualified by adding the clause “with stationary transition
probabilities.” Actually, the general type of Markov chain is rarely studied. 1t will be
defined in section 13, where the Markov property will be discussed in relation to general
stochastic processcs. There the reader will also find examples of dependent trials that

do not form Markov chains,
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where the first subscript stands for row, the second for column. Clearly
P is a square matrix with non-negative elements and unit row sums. Such
a matrix (finite or infinite) is called a stochastic matrix. Any stochastic
matrix can serve as a matrix of transition probabilities; together with our
initial distribution {a,} it completely defines a Markov chain with states
ELEe . ...

In some special cases it is convenient to number the states starting with
O rather thar with 1. A zero row and zero column are then to be added
to P.

Historical Note. Various problems treated in the classical literature by urn models
now appear as special Markov chains, but the original methods were entirely differcnt.
Furthermore, many urn models arc of a different character because they involve
aftereffects, and this essential difference was not properly understood. In fact, the
confusion persisted long after Markov's pioneer work. A. A, Markov (1856-1922)
laid the foundations of the theory of finite Markov chains, but concrete applications
remained confined largely to card-shuffling and linguistic problems. The theoretical
treatment was usually by algebraic methods related to those described in the next
chapter. This approach is outlined in M. Fréchet’s monograph.?

The theory of chains with infinitely many states was introduced by A. Kolmogoroy.3
The new approach in the first edition of this book made the theory accessible to a
wider public and drew attention to the variety of possible applications. Since then
Markov chains have become a standard topic in probability and a familiar tool in

~many applications. For more recent theorctical developments see the notes to sections
11 and 12.

2. ILLUSTRATIVE EXAMPLES

(For applications to the classical problem of card-shuffling see section
10.)

{a) When there are only two possibie states £, and £, the matrix of
transition probabilities is necessarily of the form

p:[l—p P }
o 1 — =«

Such a chain could be realized by the following conceptual experiment. A
particle moves along the z-axis in such a way that its absolute speed re-
mains constant but the direction of the motion can be reversed. The
system 1s said to be in state E; if the particle moves in the positive direc-
tion, and in state K, if the motion is to the left. Then p is the probability

2 Recherches théoriques modernes sur le calcul des probabijlités, vol. 2 (Thécerie des
¢véncments en chaine dans le cas d'un nombre fini d'états possibles), Paris, 1938.

8 Anfangseriinde der Theorie der Markoffschen Ketten mit unendlich vielen mdglichen
Zusténden, Matematifeskii Sbornik, N.S., vol. 1 (1936), pp. 607-610. This paper
contains no proofs. A completc exposition was given only in Russian, in Bulletin de

I’Université d'Etat 4 Moscou, Sect. A_, vol. 1 (1837}, pp. 1-15.
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of a reversal when the particle moves to the right, and « the probability
of a reversal when it moves to the left. [For a complete analysis of this
chain see example XVI,(2.a).]

(b) Random walk with absorbing barriers. Let the possible states be

Ey, E\, ..., E, and consider the matrix of transition probabilities
1 00 0 --- 0 0 0]
O p 0 - 00 0
0¢g 0 p <+ 000
P =
'R s 'a A - i -
0000 - 00 1
From each of the “interior” states E), ..., E, _; transitions are possible

to the right and the left neighbors (with p,, ,=p and p;,; =¢q).
However, no transition is possible from either E, or E, to any other
state; the system may move from one state to another, but once E, or
E, is reached, the system stays there fixed forever. Clearly this Markov
chain differs only terminologically from the model of a random walk with
absorbing barriers at 0 and p discussed in the last chapter. There the
random walk started from a fixed point z of the interval. In Markov chain
terminology this amounts to choosing the initial distribution so that
a, =1 (and hence a, =0 for x # z). To a randomly chosen initial
state there corresponds the initial distribution a, = 1/(p+1).

(¢) Reflecting barriers. An interesting variant of the preceding example

is represented by the chain with possible states E, ..., E, and transition
probabilities
(g p 0 0 --- 0 0 07
g 0 p 0 -~ 000
0 g 0p--00 0{
P: . . . . . \
0000 -~ g 0 p
0000 - 04 p|

This chain may be interpreted in gambling language by considering two
players playing for unit stakes with the agreement that every time a player
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loses his last dollar his adversay returns it so that the game can continue
forever. We suppose that the players own between them p + 1 dollars
and say that the system is in state E, if the two capitals are k& and
p — Kk -+ 1, respectively. The transition probabilities are then given by
ourmatrix P. Intheterminology introduced in XIV,] our chain represents
arandom walk with reflecting barriers at the points 2 and p + 4. Random
walks with elastic barriers can be treated in the same way. A complete
analysis of the reflecting barrier chain will be found in XVL3. [See also
example (7.¢).]

(d) Cyclical random walks. Again let the possible states be Ej, £,
..., E, but order them cyclically so that E, has the neighbors £, ,
and Ej. If, as before, the system always passes either to the right or to the
left neighbor, the rows of the matrix P are as in example (), except that
the first row 1s (0,p,0,0,...,0,¢) and the last (p,0,0,0,...,0,4,0).

More generally, we may permit transitions between any two states.
Let gy, 41, ....4q, 1 be, respectively, the probability of staying fixed or
moving 1,2,..., p — 1 units to the right (where % units to the right is
the same as p — &k units to the left). Then P is the cyclical matrix

e @1 G2 Gy qp_q
9o-1 9o g1 " Gpz Yuo
P=\Y9—-2 91 o """ Gpa Ypa
L & 92 gz """ dpa Go

For an analysis of this chain see example XVI,(2.d).
(e} The Ehrenfest model of diffusion. Once more we consider a chain
with the p + 1 states £, £, .., £, and transitions possible only to

the right and to the left neighbor; this time we put p;;., =1 — j/p and
Di.s—1 = j{p, so that

0 1 0 0 0 00
et 01— pt 0 e+ 00
0 2p7 0 =2 -+ 0 0

P = : ce
0 0 0 0 0 p
0 0 0 0 1 0 |
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:l
‘:a‘
—
!’D
l"D
4
L d
=,
h:

This chain has tw hvclPAl internretations. For
Fhis chain hast S1Cad pretations. Cor

of various recurrence problems ins tatlstlcal mechanics, P. and T. Ehren-
fest® described a conceptual urn experiment where p molecules are dis-
tributed in two containers 4 and B. At each trial a molecule is chosen at
random and moved from its container to the other. The state of the system
is determined by the number of molecules in 4. Suppose that at a certain

moment there are avactly l'{ maolecules 1n fhn container A At tha mavt
AAAAAAAAAAAAAAAAAAAAAAAAAAAA J [V FLENLVLURY 5 LW I B Y AR VRNl Ly LA Lxk LI L

trial the system passes into £,_, or £, according to whether a molecule
iIn 4 or B is chosen; the corresponding probabilities are %/p and
(o—k)/p, and therefore our chain describes Ehrenfest’s experiment.
However, our chain can also be interpreted as diffusion with a central force,
that is, a random walk in which the probability of a step to the right varies

with fhn ﬂ(\c1f1nn FCram + — § the narticla 1c mara lHbalu +4 mmave +0 the
TAILLL I—IU\J raAwrla - BoLrrly basd J bllbs l--'u‘ FPASWALWy 13 LIV &y 11‘\\(1) LU LMY W LY L

right or to the left according as j < p/2 or j > p/2; this means that the
particle has a tendency to move toward z = p/2, which corresponds to an
attractive elastic force increasing in direct proportion to the distance.
[The Ehrenfest model has been described in example V(2.c); see also
example (7.d) and problem 12.]

(Jf\ The Rnyunuﬁf, anla adel af diffuci

17 FSEsat] -+ tha
fil LG u&u’l_.-u} face moede! L Hifpuoeiri., L% LILUUSL BLILILLAL LW LI

Ehrenfest model was proposed by D. Bernoulli as a probabilistic analogue
for the flow of two incompressible liquids between two containers. This
time we have a total of 2p particles among which s are black and p
white. Since these particles are supposed to represent incompressible
liguids the densities must not change, and so the number p of particles in
each urn remains constant. We say that the system is in state F, (k = 0,
‘I, ..., p) if the first urn contains & white particles. (This implies that it
contains p — & black particles while the second urn contains p — %
white and &k black particles). At each trial one particle is chosen from each
urn, and these two particles are interchanged. The transition probabilities
are then given by

¢ s d 2 . _‘)
ey pa= (2 paa= () =227

fa) o] o)
¥l L & ~

*P. and T. Ehrenfest, Uber zwei bekannte Einwinde gegen das Boltzmannsche
H-Theorem, Physikalische Zeitschrift, vol. 8 (1907), pp. 311-314. Ming Chen Wang
and G. E. Uhlenbeck, On the theory of the Brownian motion II, Reviews of Modern
Physics, vol. 17 (19435), pp- 323-342. For a morc complete discussion see M. Kac,
Random walk and the theory of Brownian motion, Amer. Math. Monthly, vol. 54 (1947),
pp. 369-391. These authors do not mention Markov chains, but Kac uscs methods
closely related to those described in the next chapter. Sec also B. Friedman, A simple
urn piodel, Cornmunications on Pure and Applied Mathematics, vol. 2 (1949}, pp. 59-70.

" In the form of an urn model this problem was treated by Daniel Bernoulli in 1769,
criticized by Malfatti in 1782, and analyzed by Laplace 1n 1812. See 1. Todhunter,
A history of the mathematical theory of probabilit y, Cambridge, 1865,
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and p,, = 0 whenever |j — k| > [ (here j =0, ..., p). [For the steady
state distribution see example (7.¢); for a generalization of the model see
problem 10.] '
(g) Random placements of balls. Consider a sequence of independent
trials each consisting in placing a ball at random in one of p given cells
(or urns). We say that the system is in state £, if exactly k cells are
occupied. This determines a Markov chain with states £, ..., £, and

Qs v ¢ 52 Sop LS
transition probabilities such that

(2.2) Py = 4 . Pyt = £

and, of course, p; =0 for all other combinations of j and k. If
initially all cells are empty, the distribution {a,} is determined by a, = 1
and @, =0 for k> 0. [This chain is further analyzed in example
XVI,(2.¢). Random placements of balls were treated from different points
of view 1n 11,5 and 1V,2.] .

(h) An example from cell genetics.® A Markov chain with states E,
..., Ey and transition probabilities

o e (R

occurs in a biological problem which may be described roughly as follows.
Each cell of a certain organism contains N particles, some of which are
of type A, the others of type B. The cell is said to be in state E, if it
contains exactly j particles of type 4. Daughter cells are formed by cell
division, but prior to the division each particle replicates itself; the
daughter cell inherits N particles chosen at random from the 2j particles
of type A and 2N — 2j particles of type B present in the parental cell.
The probability that a daughter cell is in state E, is then given by the
hypergeometric distribution (2.3).

It will be shown in example (8.5) that after sufficiently many generations
the entire population will be (and remain) in one of the pure states E; or
E,; the probabilities of these two contingencies are 1 — j{N and j/N,
respectively, where E, stands for the initial state.

1. V. Schensted, Model of subnuclear segregation in the macronucleus of ciliates,
The Amer. Naturalist, vol, 92 (1958), pp. 161-170. This author uses essentially the
methods of chapter XVI, but does not mention Markov chains. Our formulation of the
problem is mathematically equivalent, but oversimplified biologically,
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(i) Framm’ec ﬁnm Donufatmn genetics. ? Consider the successive s:g-_n_g_L
tions of a populatlon (such as thc plants in a corn field) Wthh 1s kept
constant in size by the selection of N individuals in each generation. A
particular gene assuming the forms A4 and ¢ has 2N representatives;
if in the nth generation 4 occurs ;j times, then a occurs 2N — j times.
In this case we say that the population is in state E; (0 <j < 2N).
Assuming random mating, the composition of the following generation

is determined by 2N Bernoulh tI‘ld]S in which the 4-gene has probability
Jj[2N. We have therefore a Markov chain with

2N zj WX _)' 2N~k
2.4 = _) 1 —_) .
24) D ( k )(2N, ( 2N,

In the states E, and E,y all genes are of the same type, and no exit from
these states is possible. (They are called homozygous.) It will be shown in
example (8.b) that ultimately the population will be fixed at one of the
homozygous states E, or E,y. If the population starts from the initial
state E, the corresponding probabilities are | — j/(2N) and j/(2N).
This model can be modified so as to take into acco
tions and selective advantages of the genes. _
(j) A breeding problem. 1n the so-called brother-sister mating two indi-
viduals are mated, and among their direct descendants two individuals of
opposite sex are selected at random. These are again mated, and the
process continues indefinitely. With three genotypes 44, Aa, aa for
each parent, we have to distinguish six combinations of parents which we
label as follows: E, = A4 X AA, E, = AA X Aa, E,= Aa X Aa,
Ey= Ada x aa, Ey = aa X aa, E; = AA X aa. Using the rules of V,5
it is easily seen that the matrix of transition probabilities is in this case

nt possible muta-

uni possiple multa

1 0 0 0 0 O
1 1 1 0 0 0O
st 1 & fe &
O 0 ¢+ % %+ 0
0 0 0 0 1 0
0 0 L 0 0 0l

? This problem was discussed by different methods by R. A. Fisher and S. Wright.
The formulation in terms of Markov chains is duc to G. Malécot, Sur un probiéme de
probabilités en chaine que pose lfa génétique, Comptes rendus de ['Académic des Sciences,
vol. 219 (1944}, pp. 379-381.
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[The discussion is continued in problem 4; a complete treatment is given
in example XVI,(4.5).]

(k) Recurrent events and residual waiting times. Thechain with states £,
E;, ... and transition probabilities

Lo fe fo fs ]

L 00 0
01 0 0
P=10 01 0
0 0 0 1

will be used repeatedly for purposes of illustration; the probabilities f;
suppose that it starts from the initial state E:. If the first step leads to
E,_, the system is bound to pass successively through E, ,, E 3, ...,
and at the kth step the system returns to E,, whence the process starts
from scratch. The successive returns to E, thus represent a persistent
recurrent event & with the distribution {f,} for the recurrence times. The
state of the system at any time is determined by the waiting time to the
next passage through E;. [n.most concrete realizations of recurrent events
the waiting time for the next occurrence depends on future developments
and our Markov chain is then without operational meaning. But the chain
is meaningful when it is possible to imagine that simultaneously with each
occurrence of & there occurs a random experiment whose outcome
decides on the length of the next waiting time. Such situations occur in
practice although they are the exception rather than the rule. For example,
in the theory of self-renewing aggrepates [example XII1,(10.4)] it is some-
times assumed that the lifetime of a newly installed piece of equipment
depends on the choice of this piece but is completely determined once the
choice 1s made. Again, in the theory of queues at servers or telephone
trunk lines the successive departures of customers usually coerrespond to
recurrent events. Suppose now that there are many types of customers
but that each type requires service of a known duration. The waiting time
between two successive departures is then uniquely determined from the
moment when the corresponding customer joins the waiting line. [See
example (7.g).}
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(N Another chain connected it
\I} AP I T % Lrsiidcii [ SR e W LA )

chain with possible states Ej, £), ... and transition probabilities

¢. po 0 0 O _}
q2 0 pg 0 0

9 0 0 py 0O
g, 0 0 0 p,

~
!

where p, + ¢, = 1. For a picturesque description we may interpret the
state E, asrepresenting the “‘age” of the system. When the system reaches
age k the aging process continues with probability p,,,, but with prob-
ability g,., it rejuvenates and starts afresh with age zero. The successive
passages through the state £, agaln represent a recurrent event and the
probability that a recurrence time equals % is given by the product

P1Pa’ " Peage 1t is possible to choose the p, insuch a way as to obtain

a prescribed distribution {f,} for the recurrence times; it suffices to put

. o
g1 = fi, then g» = fp/p;, and so on. Generally

— ]-_fl""_fk .
l—fi——fia

In this way an arbitrary recurrent event & with recurrence time distribu-
tion {f.} corresponds to a Markov chain with matrix P determined by
(2.5). At the nth trial the system is in state £, if, and only if, the trial
number n — k was the last at which & occurred (here £ =10,1,...).
This state is frequently called “the spent waiting time.”” [The discussion
is continued in examples (5.5), (7. f), and (3.¢).]

(m) Success runs. As a special case of the preceding example consider a
sequence of Bernoulli trials and let us agree that at the #th trial the system
is in the state £, if the last failure occurred at the trial number n — k.
Here k& = 0, 1, ... and the zéroth trial counts as failure. In other words,
the index k equals the length of the uninterrupted block of successes
ending at the nth trial. The transition probabilities are those of the pre-
ceding example with p, = p and ¢, = g for all £.

(2.5) Pr

We shall denote by p'% the probability of a transition from E; 1o £
in exactly n steps. In other words, p'%’ is the conditional probability of
entering E, at the nth step given the initial state £j; this is the sum of the
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probabilities of all possible paths FEi -k, .Ez of length » starting
at £, and ending at E,. In particular P(i’ =P1L and

: (2)
(3.1) Pix = ijvpm-
¥
By induction we get the general recursion Sformula
{n-1) __ {nl,
(32) I’ﬂ: ! z ¥ vav: ’
- ¥

a further induction on m leads to the basic identity
{m+n) {m) (n
(3.3) P = 20

(which is a special case of the Chapman-Kolmogorov identity). Tt reflects
the simple fact that the first m steps lead from E, to some intermediate
state F£,, and that the probability of a subsequent passage from £, to
£, does not depend on the manner in which E, was reached.®

In the same way as the p,, form the matrix P, we arrange the p*) in
a matrix to be denoted by P™. Then (3.2) states that to obtain the element
pimt of P™L we have to multiply the elements of the jth row of P by
the corresponding elements of the kth column of P* and add all products.
This operation is called row-into-column multiplication of the matrices £
and P" and 1s expressed symbolically by the equation P™'! = PP~
This suggests calling P* the nth power of P; equation (3.3) expresses the
familiar law P™t® = pmpn,

In order to have (3.3) true for all #n >0 we define p!Q by =1
and p{? =0 for j sk asis natural,

Examples. (a) {ndependent trials. Explicit expressions for the higher-
order transition probabilities are usually hard to come by, but fortunately
they are only of minor interest. As an important, if trivial, exception we
note the special case of independent trials. This case arises when all rows
of P are identical with a given probability distribution, and it is clear
without calculations that this implies P* = P for all ».

(b) Success runs. In example (2.m) it is easy to see [either from the
recursion formula (3.2) or directly from the definition of the process] that

qp” for k=0,1,...,n—1
Piz) = p* for k=n
0 otherwise.

* The latter property is characteristic of Markov processes to be defined in section 13.
It has been assumed for a long time that (3.3) could be used for a definition of Markov
chains but, surprisingly, this is not so [see example (13.f)].
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Absolate Probabilities

Let again a; stand for the probability of the state £, at the initial (or
zeroth) trial. The {(unconditional) probability of entering £, at the nth
step is then

(3.4) @ =3 apy.
kS

Usually we let the process start from a fixed state £, that is, we put
a; = 1. In this case ai™ = p3.

We feel intuitively that the influence of the initial state should gradually
wear off so that for large » the distribution (3.4) should be nearly inde-
pendent of the initial distribution {&;}. This is the case if {as in the last
example) pi7’ converges to a limit independent of j, thatis, if P* con-
verges to a matrix with 1dentical rows. We shall see that this is usually so,
but once more we shall have to take into account the annoying exception
caused by periodicities.

4. CLOSURES AND CLOSED SETS

We shall say that £, can be reached from E, if there exists some

n > 0 such that pi7’ > 0 (i.e., if there is a positive probability of reaching

E,. from E; including the case £, = E;). Forexample, in an unrestricted

random walk each state can be reached from every other state, but from
)

| )

react

an absorbing barrier no other state can 1ed.

Definition. A set C of states is closed if no state outside C canbe reached
from any state E; in C. For an arbitrary set C of states the smallest closed
set containing C is called the closure of C.

A single state E, forming a closed set will be called absorbing.

A Markov chain is irreducible if there exists no closed set other than the set
of all states. _

Clearly C is closed if, and only if, p;, = 0 whenever®/ isin C and
outside C, for in this case we see from (3.2) that p{™ = 0 for every n.
We have thus the obvious

Theorem. [finthe matrices P* all rows and all columns corresponding to

states outside the closed set C are deleted, there remain stochastic matrices
for which the fundamental relations (3.2) and (3.3) again hold. -

This means that we have a Markov chain defined on C, and this sub-
chain can be studied independently of all other states.
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The state E; isabsorbing if, and only if, p,, = 1; inthis case the matrix
of the last theorem reduces to a single element. In general it is clear that
the totality of all states £, that can be reached from a given state £,
forms a closed set. (Since the closure of E; cannot be smaller it coincides
with this set.) An irreducible chain contains no proper closed subsets,
and so we have the simple but useful

I - W S 7 IR R S N INLY B DU Y o R MU ol Gt e e 1
LEIWETION. A CAdIA LY rreducipie 'U’ [¢14] Uﬂiy U, ever}/ Naie ocan pe

reached from every other state.
Examples. (a) In order to find all closed sets it suffices to know which

P vanish and which are positive. Accordingly, we use a = to denote
positive elements and consider a typical matrix, say

[0 00 + 000 0 «]
0 « + 0 « 0 0 0 =
0000000 * O
‘ « 0000000 0
P={0 000 x 00 0 O
0 «x 000000 0
0 » 000  x 0 0
00 « 000000
000 « 000 0 x|

We number the states from 1 to 9. In the fifth row a * appears only at
the fifth place, and therefore p,; = 1. the state E; 1s absorbing. The
third and the eighth row contain only one positive element each, and 1t 1s
clear that E; and E; form a closed set. From FE; passages are possible
into £y and £, and from there only to £, E;, £, Accordingly the
three states £, £,, £, form another closed set.

From E, direct transitions are possible to itseif and to £5, F;, and £j.
The pair (£,, Fg) forms a closed set while E; is asorbing; accordingly,
the closure of E, consists of the set E,, E4, E;, £3. The closures of the
remaining states £g and £, are easily seen to consist of all nine states.

The appearance of our matrix and the determination of the closed sets
can be simplified by renumbering the states in the order

The closed sets then contain only adjacent states and a glance at the
new matrix reveals the grouping of the states.
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and thcrc exist no othcr c]osed sets.

{¢) In the genetics example (2.0) the states £; and E,, are absorbing.
When 0 < j < 2N the closure of £; contains all states. In example (2.4)
the states £, and £, are absorbing. >

Consider a chain with states £y, ..., E, such that £, ..., E. form
a closed set (r < p). The r by r submatrix of P appearing in the left
upper corner s then stochastic, and we can exhibit £ in the form of a
partitioned matrix

(4.1) P= [g %

The matrix in the upper right corner has r rowsand p — r columns and
only zero entries. Similarly, ' stands for a matrix with p — r rows and
r columns while V' is a square matrix. We shall use the symbolic par-
titioning (4.1) also when the closed set C and its complement C’ contain
infinitely many states; the partitioning indicates merely the grouping of
the states and the fact that p,, = O whenever £, isin C and £, in the
complement C’. From the recursion formula (3.2) it is obvious that the
higher-order transition probabilities admit of a similar partitioning:

(4.2) pr=[9" 0 }
L, v

We are not at present interested in the form of the elements of the matrix
U, appearing in the left lower corner. The point of interest is that (4.2)
reveals three obvious, but important, facts. First, pj:’ = { whenever
E;e C but E e C'. Second, the appearance of the power Q% indicates
that when both £, and £, arein C the transition probabilities p{%) are
obtained from the recursion formula (3.2) with the summation restricted
to the states of the closed set C. Finally, the appearance of ¥ indicates
that the last statement remains true when C is replaced by its complemcnt
C’. Asa consegquence it will be pOSSlbIﬂ to ai:u});u) the further bLLI.U._)f of
Markov chains by considering separately the states of the closed set C
and those of the complement C'.

Note that we have not assumed @ to be irreducible, If C decomposes
into several closed subsets then 0 admits of a further partitioning. There

exist chains with infinitely many closed subsets.

Example. (d) As was mentioned before, a random walk in the plane
represents a special Markov chain even though an ordering of the states in
a simple sequence would be inconvenient for practical purposes. Suppose
now that we modify the random walk by the rule that on reaching the
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x-axis the particle continues a random walk along this axis without ever
leaving it. The points of the x-axis then form an infinite closed set. On
the other hand, if we stipulate that on reaching the a-axis the particle
remains forever fixed at the hitting point, then every point of the z-axis
becomes an absorbing state. >

In a process starting from the initial state F; the successive returns to
E; constitute a recurrent event, while the successive passages through any
other state constitute a delayed recurrent event (as defined in XI11,5). The
theory of Markov chains therefore boils down to a simultaneous study of
many recurrent events. The general theory of recurrent events is applicable
without modifications, but to avoid excessive references to chapter XI1I
we shall now restate the basic definitions. The present chapter thus be-
comes essentially self-contained and independent of chapter XIII except
that the difficult proof of (5.8} will not be repeated in full.

The states of a Markov chain will be classified independently from two
viewpoints. The classification into persistent and transient states is
fundamental, whereas the classification into periodic and aperiodic states
concerns a technical detail. It represents a nuisance in that it requires
constant references to trivialities; the beginner should concentrate his
attention on chains without periodic states. All definitions in this section
involve only the matrix of transition probabilities and are independent of
the initial distribution {a,}.

Definition 1. The state E; hasperiod t > 1 if pi*' = 0 unless n = vt
is a multiple of ¢, and t is the largest integer with this property. The
state E; is aperiodic if no such t > 1 exists.?

To deal with a periodic £; it suffices to consider the chain at the trials
number ¢, 2f, 3¢, .. .. In this way we obtain a new Markov chain with
transition probabilities pi¥, and in this new chain E; is aperiodic. In
this way results concerning aperiodic states can be transferred to periodic
states. The details will be discussed in section 9 and (excepting the follow-

ing example) we shall now concentrate our attention on aperiodic chains.

Example. (a) In an unrestricted random walk all states have peried 2.
In the random walk with absorbing barriers at ¢ and p {example {2.5)]
the interior states have period 2, but the absorbing states £, and £, are,
P R TF at laact mnra ~F tha ka is made reflect]

oo ~ rr1arg nao
VLWL Ok, ulJ\-'llU\.ll\-'- 1F dL ILdal Wil VR Lilw LFfakll il a4 [V RS L R AlLb

[example (2.c)], all states become aperiodic.

® A state E; to which no return is possible (for which pj.;-” =0 for all n > 0}
will be considered aperiodic.
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put f}.‘ff’ = 0 and

(5.1) f:-k=2f§'§§’
n=1

(5.2) ;= 2 nfl,
n=1

Obviously f;, is the probability that, starting from £, the system will
ever pass through £, Thus f, <1. When f, =1 the {f{} isa
proper probability distribution and we shall refer to it as the first-passage
distribution for E,. In particular, {f!*} represents the distribution of the
recurrence times for £, The definition (5.2) is meaningful only when
Ji; = 1, thatis, when a return to £ is certain. In this case g; < oo is
the mean recurrence time for E;.

No actual calculation of the probabilities f7! is required for our present
purposes, but for conceptual clarity we indicate how the f{* can be
determined (by the standard renewal argument). If the first passage
through E, occurs at the »th trial (1 < v <»n — 1) the (conditional)
probability of £, at the nth trial equals p{¥™). Remembering the con-
vention that p» = 1 we conclude that

(5.3) P =3 SR,
v=1

Letting successively n=1,2,... we get recursively £V, f{ . .
Conversely, if the f{* are known for the pair j, & then (5.3) determines
all the transition probabilities p{7.

The first question concerning any state E; is whether a return to it is
certain. If it is certain, the question arises whether the mean recurrence
time u; is finite or infinite. The following definition agrees with the

terminology of chapter XIIL

Definition 2. The state E, is persistent if f;; =1 and transient if

f" < 1'
33
A persistent state E; is called null state if its mean recurrence time

My = 0.

This definition applies also to periodic states. It classifies all persistent
states into null states and non-null states. The latter are of special interest,
and since we usually focus our attention on aperiodic states it is convenient

r
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to use the term ergodic for aperiodic, persistent non-null states.!® This
leads us to

Definition 3.  An aperiodic persistent state E;, with u; < cc is called
ergodic.

The next theorem expresses the conditions for the different types in
terms of the transition probabilities p¢™. It is of great importance even
though the criterion contained in it is usually too difficult to be useful.
Better criteria will be found in sections 7 and 8, but unfortunately there
exists no simple universal criterion.

Theorem. (i} E; is transient if, and only if,

5.4) Zp(:'?) < oo,
n=0

In this case

(5.5) Spp <o

for all i.

(1) E; is a(persistent) null state if, and only if,

P = oo, but gl 0

o]

Ms

(5.6)

n

as n—» oo, In this case

(5.7) pi; —0

for all i
(1ii) Anaperiodic  persistent) state F, is ergodic if, and only if, u; < 0.
In this case as h — w

(5.8) Pl — fials

Corollary. If E; is aperiodic, p\™ tends either to O or to the limit given
by (5.8).

19 Unfortunately this terminology is not generally accepted. In Kolmogorov’s
termmology transient states are called “unessentigf,” bul 113 Cnaplcr was meant o
show that the theoretical and practical interest often centers on (ransient states.
(Modern potential theory supports this view.} Ergodic states are sometimes called
“positive,” and sometimes the term “ergodic” is used in the sense of our persistent,
(In the first edition of this book persistent E; were regretably called recurrent.}
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..... nt 11,3, The
assertion (5.5) is an immediate consequence of this and (5.3), but it is also
contained in theorem 1 of X1IIL,5.

For an aperiodic persistent state E; theorem 3 of XIII, 3 asserts that
Py} — p;t, where the right side is to be interpreted as zero if u; = oo.
The assertions (5.7) and (5.8) follow again immediately from this and (5.3),
or else from theorem | of XIILS

Let E, be persistent and u; = oc. By theorem 4 of X111,3 in this case
pir — 0, and this again implies (5.7). >

Examples. (4) Consider the state £, of the chain of example (2./).
The peculiar nature of the matrix of transition probabilities shows that a
first return at the nth trial can occur only through the sequence

EgyrEy—Ey—> =Lk, —E,

and so for n > |

(5.9 o =P Puidn

and f{' = g,. In the special case that the p, are defined by (2.5) this

a0
reduces to fi") = f,. Thus £, is transient if  f, < 1. For a persistent

E, the meanmrecurrence time p, of E, coincides with the expectation of
the distribution {f,}. Finally, if £, has period ¢ then f, = 0 except
when »n is a multiple of 7. In short, as could be expected, E, is under
any circumstances of the same type as the recurrent event & associated
with our Markov chain.

(c) In example (4.g) no return to FE, is possible once the system leaves
this state, and so £, Is transient. A slight refinement of this argument
shows that £; and £; are transient. From theorem 6.4 it follows easily

that all other states are ergodic_. >

For brevity we say that two states are of the same type if they agree in
all characteristics defined in the preceding section. In other words, two
states of the same type have the same period or they are both aperiodic;
both are transient or else both are persistent; in the latter case either both
mean recurrence times are infinite, or else both are finite.

The usefulness of our classification depends largely on the fact that for
all practical purposes it is always possible to restrict the attention to states
of one particular type. The next theorem shows that this is strictly true for
irreducible chains.
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Theorem 1. All states of an irreducible chain are of the same type

Proof. Let E; and E; be two arbitrary states of an irreducible chain,
In view of the criterion of section 4 every state can be reached from every
other state, and so there exist integers r and s such that pg.};’ =a >0
and p¥’ = 8> 0. Obviously

(L 1N Almersy o () _{n)_(s) )
\Uedy i = Fik Prr Fri

Here j, k, r, and s arefixed while # isarbitrary. For atransient £; the
left side 1s the term of a convergent series, and therefore the same is true
of pii). Furthermore, if p{®’ — 0 then also p{) — 0. The same state-
ments remain true when the roles of j and & are interchanged, and so
either both £, and E, are transient, or neither is; if one is a null state,
so is the other.

Finally, suppose that E, has period 7. For n = 0 the right side in
(6.1) is positive, and hence r + s is a multiple of ¢. But then the left side
vanishes unless » is a multiple of ¢, and so E, has a period which is a
multiple of ¢. Interchanging the roles of j and & we see that these
states have the same period. >

The importance of theorem 1 becomes apparent in conjunction with

Theorem 2. For a persistent E; there exists a unique irreducible closed
set C containing E; and such that for every pair E,, E, of statesin C

(6.2) fo=1 and f,=1

In other words: Starting from an arbitrary state £, in C

ertain to pass through every other stateof C; b

o)

no exit from C is possible.

Proof. Iet E, be a state that can be reached from £;. It 1s then
obviously possible to reach £; without previously returning to £;, and
we denote the probability of this event by «. Once E; is reached, the
probability of never returning to £; is 1 — f,;. The probability that,
starting from £, the system never returns to £; is therefore at least
x(1 — f.;). But for a persistent £, the probability of no return is zero,
and so f,; = 1 for every E, that can be reached from E,.

Denote by C the aggregate of all states that can be reached from E;.
If E; and E, arein C we saw that F, can be reached from I, and
hence also £, can be reached from £,. Thus every state in C can be
reached from every other state in C, andso C isirreducible by the criter-
ion of section 4. It follows that all states in C are persistent, and so every
E,; can be assigned the role of E, in the first part of the argument. This
means that f; =1 forall £, in C, and so (6.2} is true. >
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Lo L

Example. Suppose that p;, =0 whenever kK <j, but p;,;, > 0.
Transitions take place only to higher states, and so no return to any state
is possible. Every F, is transient, and the closure of £; consists of the
states £y, £; ;, £, ..., but contains the closed subset obtained by
deleting £;. It follows that there exist no irreducible sets. >

The last theorem implies in particular that no transient state can ever
be reached from a persistent state. If the chain contains both types of
states, this means that the matrix P can be partitioned symbolically in
the form (4.1} where the matrix @ corresponds to the persistent states.
N eoapdlacs Py Iy o firrthar dacnsmsaos LT~ T+ P
IMLiCALIL oY LU aa_y, v Ilj_ay DO FUITIICT uLbUllllJUDaUlb UI.-I-L C\"Cl\" lJClblblCllL

state belongs to a unique irreducible subset, and no transition between
these subsets is possible. We recapitulate this in

Theorem 3. The states of a Markov chain can be divided, in a unigue
manner, into non-overlapping sets T, Cy, C., ... such that

(i) T consists of all transient states.

(i) If E, isin C, then f, =1 forall E, in C, while f,, = 0 for all
E, outside C..

This implies that C, is irreducible and contains only persistent states of
the same type. The example above shows that all states can be transient,
while example (4.4) proves the possibility of infinitely many C..

We derive the following theorem as a simple corollary to theorem 2,
but it can be proved in other simple ways {see problems 18-20).

Theorem 4. In a finite chain there exist no null states, and it is inipossible
that all states are transient. *

Proof. The rows of the matrix P* add to unity, and as they contain
a fixed number of elements it is impossible that p!{® — 0 for all pairs
j. k. Thus not all states are transient. But a persistent state belongs to an
irreducible set C. All states of C are of the same type. The fact that
C contains a persistent state and at least one non-null state therefore
implies that it contains no null state. >

7. INVARIANT DISTRIBUTIONS

Since every persistent state belongs to an irreducible set whose asymp-
totic behavior can be studied independently of the remaining states, we
shall now concentrate on irreducible chains. All states of such a chain are
of the same type and we begin with the simplest case, namely chains with
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finite mean recurrence times u;. To avoid trivialities we postpone the
discussion of periodic chains to section 9. In other words, we consider
now chams whose states are ergodic (that is, they are aperiodic and
persistent with finite mean recurrence times. See definition 5.3).

Theorem. JIn an irreducible chain with only ergodic elements the limits

71 I - £ %
7.1} U, = Il pjk
g

exist and are independent of the initial state j. Furthermore w, > 0,

and'!
(7.3) Uy = D U;py;.

i

Conversely, suppose that the chain is irreducible and aperiodic, and that
there exist numbers u, > 0 satisfying (1.2)«7.3). Then afl states are
ergodic, the u, are given by (7.1), and

(7.4) e =1/
where u, Is the mean recurrence time of F,.

Proof. (i) Suppose the chain irreducible and ergodic, and define u, by
(7.4). Theorem 6.2 guarantees that f;, = 1 for every pair of states, and
so the assertion (7.1) reduces to (5.8). Now

(7.5) PV =3 P P
7

As n—» o0 the left side approaches u,, while the general term of the sum
on the right tends to wu,p,,. Taking only finitely many terms we infer that

(7.6) e 2> 2 WP

)
For fixed i and # the left sides in (7.5) add to unity, and hence
(7.7} s=2u <L

Summing over k in (7.6) we get the relation s > s in which the inequality
sign is impossible. We conclude that in (7.6) the equality sign holds for all
k, and so the first part of the theorem is true.

"' 1f we conceive of {#;} as a row vector, (7.3) can be written in the matrix form
u = ubP.
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(7.8) i = 2 U;py

for every s > 1. Since the chain is assumed irreducible all states are of the
same type. If they were transient or null states, the right side in (7.8)
would tend to 0 as # — oo, and this cannot be true for all k& because the
u, add to unity. Periodic chains being excluded, this means that the states
are ergodic and so the first part of the theorem applies. Thus, letting
"> o,

(7.9) = 3 U

Accordingly, the probability distribution {} is proportional to the

probability distribution {z; '}, and so u, = g, ' as asserted. >

To appreciate the meaning of the theorem consider the development of
the process from an initial distribution {g;}. The probability of the state
E, at the nth step 1s given by

(7.10) o =3 a;ply

[see (3.4)]. In view of (7.1) therefore as n — =0
(7.11) a™ —u,.

In other words, whatever the initial distribution, the probability of E,
tends to u,. On the other hand, when {u,} is the Initial distribution (that
15, when a, = u), then (7.3} implies a{” = u,, and by induction a{™ = 1,
for all n. Thus an initial distribution satisfying (7.3) perpetuates itself for
all times. For this reason it is called invariant.

Definition. A 'probabifiry distribution {w,} satisfying (1.3} is called
invariant or stationary ( for the given Markov chain).

The main part of the preceding theorem may now be reformulated as
follows.

An irreducible aperiodic chain possesses an invariant probability distribu-
tion {u,} if, and only if, it is ergodic. In this case w, > 0 for all 'k, and
the absolute probabilities a\™ tend to u, irrespective of the initial distribu-
tion.

The physical significance of stationarity becomes apparent if we imagine
a large number of processes going on simultaneously. To be specific,
consider N particles performing independently the same type of random
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walk. At the nth step the expected number of particles in state £, equals
Na™ which tends to Nu,. After a sufficiently long time the distribution
will be approximately invariant, and the physicist would say that he ob-
serves the particles in equilibrium. The distribution {u,} is therefore also
called equilibrium distribution. Unfortunately this term distracts attention
from the important circumstance that it refers to a so-called macroscopic
equilibrium, that is, an equilibrium maintained by a large number of transi-
tions in opposite directions. The individual particle exhibits no tendency
to equilibrium, and our limit theorem has no implications for the individ-
ual process. Typical in this respect is the symmetric random walk dis-
cussed in chapter 111, Ifa large number of particles perform independently
such random walks starting at the origin, then at any time roughly half of
them will be to the right, the other half to the left of the origin. But this
does not mean that the majority of the particles spends half their time on
the positive side. On the contrary, the arc sine laws show that the majority
of the particles spend a disproportionately large part of their time on the
same side of the origin, and in this sense the majority is not representative
of the ensemble. This example is radical in that it involves infinite mean
recurrence times. With ergodic chains the chance fluctuations are milder,
but for practical purposes they will exhibit the same character whenever
the recurrence times have very large (or infinite} variances. Many
protracted discussions and erroneous conclusions could be avoided by a
proper understanding of the statistical nature of the “tendency toward
equilibrium.”

In the preceding theorem we assumed thechain irreducibleand aperiodic,
and it is pertinent to ask to what extent these assumptions are essential.
A perusal of the proof will show that we have really proved more than is
stated in the theorem. In particular we have, in passing, obtained the
following criterion applicable to arbitrary chains (including periodic and
reducible chains).

[ J g 7

Criterion. Ifa chain possesses an invariant probability distribution {1}
then w, = 0 for each E, that is either transieni or a persistent null st

1
aie.

In other words, u, > 0 implies that E, is persistent and has a finite
mean recurrence time, but E, may be periodic.

Proof. We saw that the stationarity of {u,} implies (7.8). If £ is
either transient or a null state, then p{¥) —»0 for all j, and so # = 0

arted [ 3
LR S AL Ea

As for periodic chains, we anticipate the result proved in section & that
a unique invariant probability distribution {u,} exists for every irreducible
chain whose states have finite mean recurrence times. Periodic chains were
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excluded from the theorems only because the sim lations (7.1}
and (7.11) take on a less attractive form which detracts from the essential
point without really affecting it.

Examples. (a) Chains with several irreducible components may admit
of several stationary solutions. A trite, but typical, example is presented by
the random walk with two absorbing states £, and E, [example (2.5)].
Every probability distribution of the form («,0,0,...,0,1 — x), attri-
buting positive weights only to £, and E,, is stationary.

(b) Given a matrix of transition probabilities p,, it is not always easy
to decide whether an invariant distribution {w} exists. A notable excep-
tion occurs when

{(7.12) P=90  for e —jl > 1,

that is, when all non-zero elements of the matrix are on the main diagonal
or on a line directly adjacent to it. With the states numbered starting with
0 the defining relations (7.3) take on the form

L Uy = Pooto + Proth
(7.13)
Uy = Putly + puth + Partty,
and so on. To avoid trivialities we assume that p, ; ; > 0 and p,; ; ; > 0
for all j, but nothing is assumed about the diagonal elements p,,. The

equations (7.13) can be solved successively for u;, u,, .. .. Remembering
that the row sums of the matrix P add to unity we get

(7.14) 1w, = Pa s, ty = Pu Pz o, = PorPrePe3 Uy,
P1g P1oPx1 PuoP2Pse
and so on. The resulting (finite or infinite) sequence u,, uy, . . . represents

the unique solution of (7.13). To make it a probability distribution the
norming factor u, must be chosen so that > u, = 1. Such a choice is

(7.15) PorPisPes” * " Pr_1.k < .
ProPaPse* " " Prr—1

This, then, is the necessary and sufficient condition for the existence of an
invariant probability distribution; if it exists, it is necessarily unique.
[If (7.15) is false, (7.12) is a so-called invariant measure. See section 11.]

In example (8.d) we shall derive a similar criterion to test whether the
states are persistent. The following three examples illustrate the applic-
ability of our criterion.




XV.7] INVARIANT DISTRIBUTIONS 397

(¢) Reflecting barriers. The example (2.c) (with p < o) represents the
special case of the preceding example with p, ,,, = p for all J < p and
Pis1 =g forall j>1. When the number of states is finite there exists
an invariant distribution with u, proportional to (p/g)*. With infinitely
many states the convergence of (7.15) requires that p < g, and in this
case u, = (1 — p/g)(p/g)*. From the general theory of random walks it is
clear that the states are transient when p > g, and persistent null states
when p = g. This will follow also from the criterion in example (8.d).

(d) The Ehrenfest model of diffusion. For the matrix of example (2.e)
the solution (7.14) reduces to

(1.16) 4, = (E)uﬂ, k=0,...,p.

The binomial coefficients are the terms in the binomial expansion for
(1+1), and to obtain a probability distribution we must therefore put
uy = 277. The chain has period 2, the states have finite mean recurrence
times, and the binomial distribution with p = % is invariant.

This result can be interpreted as follows: Whatever the initial number
of molecules in the first container, after a long time the probability of
finding & molecules in it is nearly the same as if the @ molecules had been
distributed at random, each molecule having probability # to be in the
first container. This is a typical example of how our result gains physical
significance.

For large a the normal approximation to the binomial distribution
shows that, once the limiting distribution is approximately established,
we are practically certain to find about one-half the molecules in each con-
tainer. To the physicist ¢ = 10% is a small number, indeed. But even
with ¢ = 10% molecules the probability of finding more than 505,000
molecules in one container (density fluctuation of about 1 per cent) is
of the order of magnitude 10-®. With a = 10® a density fluctuation of
one in a thousand has the same negligible probability. [t is true that the
system will occasionally pass into very improbable states, but their recur-
rence times are fantastically large as compared to the recurrence times of
states near the equilibrium. Physical irreversibility manifests itself in the
fact that, whenever the system is in a state far removed from equilibrium,
it is much more likely to move toward equilibrium than in the opposite
direction.

(e¢) The Bernoulli-Laplace model of diffusion. For the matrix with
elements (2.1) we get from (7.14)

2
(7.17) i, = (i) U, k=0,...,p.
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The binomial coefficients add to k—Pr) [see 11,(12.11)], and hence

il

represents an invariant distribution. It is a hypergeometric distribution
(see J1,6). This means that in the state of equilibrium the distribution of
colors in each container 1s the same as if the p particles in it had been
chosen at random from a collection of p black and p white particles.

(/) In example (2./) the defining relations for an invariant probability
distribution are

(7.19a) U, = D, k=12 __.
(7.196) Uy = Gattp + Gotty + Gatig + - .
From (7.19a) we get

(7.20) Uy = P " Pl

and it is now easily seen that the first & terms on the right in (7.19b} add
to up — u,.. Thus (7.195) is automatically satistied whenever u, — 0, and
an invariant probability distribution exists if, and only if,

(7.21) Eplpz TPy < L.
s

[See also examples (8.e) and (11.c).]
(g} Recurrent events. In example (2.k) the conditions for an invariant
probability distribution reduce to

(7.22) w, = W + St k=0,1,....
Adding over A =0, 1, ... we get

(7.23) u, = g, where ro=f 1+ furet+ -
Now rq + ry -+ - = u is the expectation of the distributions. A# invariant

probability distribution is given by u, = r,fu if u < oc; no such prob-
ability distribution exists when u = 0.

Tt will be recalled that our Markov chain is connected with a recurrent
event & with recurrence time distribution {f;}. In the special case
Pr = hJre_, the chain of the preceding example 1s connected with the same
recurrent event & and in this case (7.20) and (7.23) are equivalent. Hence
the invariant distributions are the same. In the language of queuing theory
one should say that the spent waiting 1ime and the residual waiting time tend
to the same distribution, namely {r, fu}.
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We derived the basic limit theorems for Markov chains from the theory
of recurrent events. We now see that, conversely, recurrent events could
be treated as special Markov chains. [See also example (11.4).]

(h) Doubly stochastic matrices. A stochastic matrix P is called doubly
stochastic if not only the row sums but also the column sums are unity.
If such a chain contains only a finite number, o, of states then u, = a™!
represents an invariant distribution. This means that in macr@gc_pi .

equilibrium all states are equally probable.

¥

8. TRANSIENT STATES

We saw 1n section 6 that the persistent states of any Markov chain may
be divided into non-overlapping closed irreducible sets Cy, Gy, .. .. In
general there exists also a non-empty class T of transient states. When
the system starts from a transient state two contingencies arise: Either
the system ultimately passes into one of the closed sets C, and stays there
forever, or else the system remains forever in the transient set 7. Our main
problem consists in determining the corresponding probabilities. Its
solution will supply a criterion for deciding whether a state is persistent or
transient.

Examples. (a) Martingales. A chain is called a martingale if for every
j the expectation of the probability distribution {p,} equals j, thatis, if

(8.1) ijkk =J.

Consider a finite chain with states £, ..., £, Letting j=0 and
i = o in (8.1) we see that py, = p,, = |, and so E; and E, are absorb-
ing. To avoid trivialities we assume that the chain contains no further
closed sets. It follows that the interior states £y, ..., E,_, are transient,
and so the process will ultimately terminate either at £, orat £, From
(8.1) we infer by induction that for all »

(8.2) Sek =i
=N
But pi"? — 0 for every transient E,, and so (8.2) implies that for all
i>0
(8.3) p > ifa.

In other words, if the process starts with E, the probabilities of ultimate
absorption at Ey and E, are 1 — ila and ila, respectively.




400 MARKQV CHAINS [XV.8

(b) Special cases. The chains of the examples from genetics (2.4) and
(2.i) are of the form discussed in the preceding example with @ = N and
a = 2N, respectively. Given the initial state £, the probability of ulti-
mate fixation at E, is therefore 1 — i/a.

(¢) Consider a chain with states E,, E,,... suchthat E; is absorbing
while from other states F; transitions are possible to the right neighbor

E.., and to £, butto no other state. For j> 1 we put
i+1 us 4= = In

(8.4) Pio = €55 Pisn = I —

where ¢; > 0. With the initial state £; the probability of no absorption
at E, in n trials equals

(8.5) (1 _Ej)(l _€j+1} T (1 _€5+n-1)-

This product decreases with increasing » and hence it approaches a limit
‘4, We infer that the probability of ultimate absorption equals 1 — 4;
while with probability A; the system remains forever at transient states.

In order that A; > O it is necessary and sufficient that > e, < 0. >

The study of the transient states depends on the submatrix of P ob-
tained by deleting all rows and columns corresponding to persistent states
and retaining only the elements p,, for which both E; and E, are
transient. The row sums of this submatrix are no longer unity, and it is
convenient to introduce the

Definition. A square matrix Q with elements g, is substochastic if
g, = 0 and all row sums are <1.

In the sense of this definition every stochastic matrix is substochastic
and, conversely, every substochastic matrix can be enlarged to a stochastic
matrix by adding an absorbing state £,. (In other words, we add a top
row 1,0,0,... and a column whose elements are the defects of the rows
of (.) Itis therefore obvious that what was said about stochastic matrices
applies without essential change also to substochastic matrices. In par-
ticular, the recursion relation (3.2) defines the nth power Q" as the
matrix with elements

(8.6) qigt" = 2 4udie -

Denote by (™ the sum of the elements in the ith row of Q. Then
for n > 1

(8?) (n+lJ Z G (n)
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and this relation remains valid also for » = 0 provided we put ¢® = |
for all ». The fact that @ is substochastic means that o’ < ¢!, and
from (8.7) we see now by induction that o{** < o). For fixed i
therefore the sequence {¢!™} decreases monotonically to a limit ¢, > 0,
and clearly

(88) 0; = z @iy Ty

The whole theory of the transient states depends on the solutions of this
system of equations. In some cases there exists no non-zero solution (that
is, we have ¢; = 0 for all /). In others, there may exist infinitely many
linearly independent solutions, that is, different sequences of numbers
satisfying

(89J T = Z givy-

Our first problem is to characterize the particular solution {o,}. We are
interested only in solutions {x,} such that 0 < x; <[ for all 7. This
can be rewritten in the form 0 <z, < ¢!; comparing (8.9) with (8.7)

E

we see inductively that z; < ¢{* forall », and so
(8.10) 0<z, <1 implies T, < oy, < 1.

The solution {,} will be called maximal, but it must be borne in mind
that in many cases ¢, =0 for all ;. We summarize this result in the
following

Lemma. For a substochastic matrix Q the linear system (8.9) possesses
a maximal solution {c;} with the property (8.10). These a; represent
the limits of the row sums of Q™.

We now identify @ with the submatrix of P obtained by retaining
only the elements p, for which E, and E, are transient. The linear
system (8.9) may then be written in the form

(8.11) T, = 2 PiyTos E =T,
T

the summation extending only over those » for which £, belongs to the
class T of transient states, With this identification ¢{® is the probability

that, with the initial state £, no transition to a persistent state occurs
Hence the limit . eguals the nrnhahilif}; that

TAA S, LauLIvG pilv Q111X vy S Rt LT L prevalt

during the first # trials
no such transition ever occurs. We have thus

Theorem 1. The probabilities x, that, starting from E, that the systen
stays forever among the transient states are given by the maximal solution

of (8.11).
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The same ar

ol

gument leads to the

Criterion. In an irreducible’ Markov chain with states E, E,, . ..
the state E, is persistent if, and only if, the linear system

(8‘12) x? - Zp:'vx\IB j 2 l
v=1

cdmits of no solution with 0 < x;, <1 except , =0 for all i

Proof. We identify the matrix @ of the lemma with the submatrix of
P obtained by deleting the row and column corresponding to E,. The
argument used for theorem | shows that o, is the probability that (with
E, asinitial state} the system remains forever among the states £, £,, . . . .
But if £, is persistent the probability f,, of reaching £, equals I, and
hence o, = 0 for all i. >

Examples. (d) As in example (7.5) we consider a chain with states
E,E, ... such that

(8.13) Pr=0  when |k—jl>1

To avoid trivialities we assume that p, ;,; # 0 and p; ; , # 0. The chain
is irreducible because every state can be reached from every other state.
Thus all states are of the same type, and it suffices to test the character of
E,. The equations (8.12) reduce to the recursive system

Xy = P + P

(8.14)

IV
)

PiilTi—2 1) = Py X — %), J
Thus

(8.15) 1y — 2y = 20 Pt (g

PasPas ™" " Pin

Since pyo > 0 we have z, — z; > 0, and so a bounded non-negative
solution {z,} exists if, and only if,

S Por” " " Py
Paz™ "7 Pigs
The chain is persistent if, and only if, the series diverges. In the special

case of random walks we have p, ., =p and p,; , =g¢q forall j> I,
i i if <

(8.16) < .

cximed vmra cmm miveiasn fFlat Flia ctatao ara PmTcio
Aallll W 5CT dpdlll LIdal HIv atalbs dlv pldols i.

12 Jrreducibility is assumed only to avoid notational complications, It represents no
restriction because it suffices to consider the closure of E,. Incidentally, the criterion

applies also to periodic chains.
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probabilities varying from place to place.)
(e) For the matrix of example (2./) the equations (8.12) reduce to

(8.17) T; = Pir¥in

v o oy Ao ] s cls cto . B
alivd Uuuuu\.,u PUaJLLVC bUI.LLI.J.Ull C)U.btb J.l d.IlU on y I.

, the infinite product
pps - - converges. If the chain is associated with a recurrent event &,
the p, are given by (2.5) and the product converges if, and only if,
> f; < . Thus (as could be anticipated) the chain and & are either both
transient, or both persistent. >

To answer the last question proposed at the beginning his s n,
denote again by 7T thc class of transient states and let C be any closed
set of persistent states. (It is not required that C be 1rredu01b{e.) Denote
by y. the probability of ultimate absorption in C, given the initial state
E. We propose to show that the y, satisfy the system of inhomogeneous

equations
(818) yi = z P;‘u?fv + sz'v: E;{ S ]-;
T ~

the summations extending over those » for which E, €T and £ e C,
respectively. The system (8.18) may admit of several independent solu-
tions, but the following proof will show that among them there exists a
minimal solution defined in the obvious manner by analogy with (8.10).

Theorem 2. The probabilities v, of ultimate absorption in the closed
persistent set C are given by the minimal non-negative solution of (8.18).

Proof. Denote by y'™' the probability that an absorption in C takes
place at or before the nth step, Then for » > 1 clearly

(8.19) y Y = Z P + 2 pa
[Ad

and this is true also for » = 0 provided we put »'% = 0 for all ». For
fixed i the sequence {y{"'} is non-decreasing, but it remains bounded by
I. The limits obviously satisfy (8.18). Conversely, if {y;} is any non-

‘eﬁar“;p craltitinn nf % 18Y we havae o ™ ru{l) l'\P(‘Q‘I'IQP fhP Sf_‘COP‘I{" suUum Irl
1 5(.LI,AV\-' WDLFLLILALID LA \IJ I.I.)) FY W JLILL Y W JZ / L e

(8.18) equals »'*. By induction ¥, > ygf" for all n, and so the limits of
y™ represent a minimal solution. >

For an illustration see example (c).
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*9, PERIODIC CHAINS

Periodic chains present no difficulties and no unexpected new features.
They were excluded in the formulation of the main theorem in section 7
only because they are of secondary interest and their description requires
disproportionately many words. The discussion of this section is given for
the sake of completeness rather than for its intrinsic interest. The results
of this section will not be used in the sequel.

The simplest example of a chain with pericd 3 is a chain with three states
in which only the transitions E; — E,— E;— E; are possible. Then

/ 010 0 0 1\ {"] 0 0
0 i 0 i 0 1 0

n
5

P= , Pr={1 00}, P'={0
\100} \010} \001}'

We shall now show that this example is in many respects typical.

Consider an irreducible chain with finitely or infinitely many states
Ey, E,, . ... By theorem 6.1 all states have the same period ¢ (we assume
¢ > 1). Since in an irreducible chain every state can be reached from every
other state there exist for every state £, two integers ¢ and & such that
P& >0 and pl > 0. But piat? > plalp® and so a + & must be
divisible by the period ¢. Keeping 5 fixed we conclude that each integer
a for which pi’ > 0 is of the form a + vt where « is a fixed integer
with 0 € = < t. The integer o is characteristic of the state £, and so
all states can be divided into ¢ mutually exclusive classes Gy, ..., G,_,
such that

{9.1) if E,cG, then pgl =0 unless n = o + 1.

We imagine the classes G,, ..., G,_, ordered cyclically so that G,_; is
the left neighbor of G,

It is now obvious that one-step transitions are possible only to a state
in the neighboring class to the right, and hence a path of ¢ steps leads
always to a state of the same class, This implies that in the Markov chain

with transiticn matrix P* each class G, forms a closed set.!* This

13 When ¢ = 3 there are three classes and with the symbolic partitioning introduced
in section 4 the matrix P takes on the form

/0 A4 O
0 0 B ‘
cC 00

where A4 represents the matrix of transition probabilities from G, to G,, and so on.
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set is irreducible because in the original chain every state can be reached
from any other state and within the same class the required number of
steps is necessarily divisible by ¢. We have thus proved the

Theorem. In an irreducible chain with period t the states can be divided
into t mutually exclusive classes Gy, . .., G, such that (9.1) holds and a
one-step transition always leads to a state in the right neighboring class (in
particuiar, from G,y to Gy). In the chain with matrix P* each class G,
corresponds to an irreducible closed set.

Using this theorem it is now easy to describe the asymptotic behavior of
the transition probabilities p{7’. We know that p#' — 0 if Ej is either

transient or a persistent null state, and also that all states are of the same
type (SF_‘CT,!OH_ 6\ We need therefore consider nn]v the case where each

A ha LA TR R R LN L) LS Yu L W el

5tdte E, has a finite mean recurrence time u,. Relauve to the chain with
matrix P*? the state E, has the mean recurrence time /¢, and relative
to this chain each class G, is ergodic. Thus, if E; belongs to G,

©.2) lim p(ﬂ” ity if E €0,
L oG v Ofﬁ.eri“i"ise

and the weights t/u, define a probability distribution on the states of the
class G, (see the theorem of section 7). Since there are ¢ such classes
the numbers w, = 1{u, define a probability distribution on the integers as
was the case for aperiodic chains. We show that this distribution is in-
variant. For this purpose we need relations corresponding to {5.2) when
the exponent is not divisible by the period ¢.

VR, R .

ALS . e ek L I JREEPR TN D S
YYO Sl L 110111 LIE TUNUWAITICII Ll TEIdLLIGI
{ng+ gl __ (R Intl
9.3) P Z pilpat

The factor p‘f,” vanishes except when E, isin G,.z. (When o + § >

read G, 5, for G,.;) In this case pz? vanishes unless E. iIs In

A A and EFoin (7
d iy I Uy,

(9.4) hmP(ﬂ”m—E/#k I B G

n—w 0 otherwise.

We now rewrite (9.3) in the form
.5 i = 2 P

Consider an arbitrary state £, and let G, be the class to which it belongs.
Then p,, = 0 unless £,€ G, ;, and so both sides in (9.5) vanish unless
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E,eG, ;. Inthiscase p,/"'" — ny, whence
(96) ey = Z uvpvk'

Since E, is an arbitrary state we have proved that the probability
distribution {u,} is invariant.

10. APPLICATION TO CARD SHUFFLING

A deck of N cards numbered 1,2,..., N can be arranged in A'! dif-
ferent orders, and each represents a possible state of the system. Every
particular shuffling operation effects a transition from the existing state
into some other state. For example, “cutting” will change the order
(1,2,...,N) into one of the N cyclically equivalent orders (¢, r+1,

, N, 1,2,...,r — 1). The same operation applied to the inverse order
(N, N—1,...,1) wil produce (N—r +I,N—vr,...,1,N, N —

.» N — r + 2). In other words, we conceive of each particular shuffling
operation as a transformation E;— E,. If exactly the same operation is
repeated, the system will pass (starting from the given state £)) through
a well-defined succession of states, and after a finite number of steps the
original order will be re-established. From then on the same succession of
states will recur periodically. For most operations the period will be rather
small, and in no case can all states be reached by this procedure.?* For
example, a perfect “lacing” would change a deck of 2m cards from
(1,...,2m) into (I, m+1,2,m+2,...,m, 2m). With six cards four
applications of this operation will re-establish the original order. With
ten cards the initial order will reappear after six operations, so that
repeated perfect lacing of a deck of ten cards can produce only six out of
the 10! = 3,628,800 possible orders.

[n practice the player may wish to vary the operation, and at any rate,
accidental variations will be introduced by chance. We shall assume that
we can account for the player’s habits and the influence of chance varia-
tions Uy assummg that Cvery paI’tLCh}ai’ 0p€I’Z‘1hOI‘1 has a certain prOUdULIJLy
(possibly zero). We need assume nothing about the numerical values of
these probabilities but shall suppose that the player operates without
regard to the past and does not know the order of the cards.*® This implies
that the successive operations correspond to independent trials with fixed
probabilities; for the actual deck of cards we then have a Markov chain.

4 In the language of group theorv this amounts to saying that the permutation
group is not cyclic and can therefore not be generated by a single operation.

1= This assumption corresponds to the usual situation at bridge. It is easy to devise
more complicated shuffling techniques in which the operations depend on previous
operations and the final outcome is not a Markoy chain [cf. example (13.€)].
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We now show that the matrix P of transition prgbabl_“ es 15 rfnub,’v
stochastic {example (7.4)]. In fact, if an operation changes a state (Order
of cards) E; to E,, then there exists another state E, which it will change
into E;. This means that the elements of the jth column of P are identical
with the elements of the jth row, except that they appear in a different
order. All column sums are therefore unity.

Tt follows that no state can be transient. If the chain is irreducible and
aperiodic, then in the limit all states become equally probable. In other
words, any kind of shuffling will do, provided only that it produces an
irreducible and aperiodic chain. It is safe to assume that this is usually the
case. Suppose, however, that the deck contains an even number of cards

and the procedure consists in dividing them equally into two parts and

thﬁ’frnﬂ fhPr‘r‘l senaratelv |'\U anv method. If the two narts are nut tooether

111111111 =] s GL G Y 1Y arbenniid, Lilur Lw¥ paiie alv pPul tvguedd

in their original order, then the Markov chain is reducible (since not every
state can be reached from every other state). If the order of the two parts is
inverted, the chain will have period 2. Thus both contingencies can arise
in theory, but hardly in practice, since chance preciudes perfect regularity.

[t is seen that continued shuffling may reasonably be expected to produce
perfect “randomness” and to eliminate all traces of the original order.

It should be noted, however, that the number of operations required for
this purpose is extremely large.

*11, INVARIANT MEASURES. RATIO LIMIT
THEOREMS

In this section we consider an irreducible chain with persistent null states.
Our main objective 1s to derive analogues to the results obtained in section
7 for chains whose states have finite mean recurrence times. An outstand-
ing property of such chains 1s the existence of an invariant (or stationary)
probability distribution defined by

(11.1) Uy = 2 Uy Py

We know that no such invariant probability distribution exists when the
mean recurrence times are infinite, but we shail show that the linear

* The next two sections treat topics playing an important role in contemporary
research, but the results will not be used in this book.

' For an analysis of unbelievably poor results of shuffling in records of extrasensory
perception experiments, sece W, Feller, Statistical aspects of LYP, Journal of Para-
psychology, vol. 4 (1940}, pp. 271-298. In their amazing A review of Dr. Feller's
critigue, ibid., pp. 299-319, I. A. Greenwood and C. E. Stuart try to show that these
results are due to chance. Both their arithmetic and their experiments have a distinct

" tinge of the supernatural.
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retoarm F1TT 1% cfill adrmite ~F o rmocitfiors criltitimm Ser 1 grrmle tlimd % us
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Such {u,} is called an invariant (or stationary) measure. If the chain is

irreducible and persistent, the invariant measure is unique up to an
arbitrary norming constant.

Examples. (a) S uppose that the matrix P of transition probabilities
n duuutj stochas R that is, the column sum a5 W H as the row sums are
umty Then (11.1} holds with w, = 1 for all k. This fact is expressed by
saying that the uniform measure is invar:‘am.

(8) Random walks. An interesting special case is provided by the un-
restricted random walk on the [ine. We number the states in their natural

order from —oo to oo. This precludes exhibiting the transition prob-

30t tha ~aliys <

alailiting G0 tha stamdand Frrmmn A wiv bt tha necessa b e A
dolilies in A€ standdard Iorm o1 4 U.I.CI.I..I_J.A, OUul uic neces J.y uuausca Ol

notation are obvious. If the transitions to the right and le ft neighbors have
probabilities p and ¢, respectively, the system (11.1) takes on the form

U, == pit 1 + Gy, —o0 < k < .
Tha ctatbtan noa swamciotant ~mler 16 ;o v — 1 cvmed e tlio o 1
IHG HLdled dlv l_}\.rl.bl.bu.,l LUl ly 11 P - (_1 — G, il A1 LIS Ladl uk — 1

represents the only positive solution. This solution remains valid if
p # g, except that it is no longer unique; a second non-negative solution
is represented by wu, = (p/g)*. This example proves that an invariant
measure may exist also for transient chains, but it need not be unique.
We shall return to this interesting point in the next section.

Theinvariant {u;} measure can be interpreted intuitively if one considers
simultaneously infinitely many processes subject to the same matrix P
of transition probabilities. For each j define a random variable N; with
a Poisson distribution with mean u;, and consider N; independent pro-
cesses starting from £;. We do this simultanecusly for all states, assuming
that all these processes are mutually independent. It is not difficult to show
that at any given time with probability one only finitely many processes
will be found in any given state £,. The number of processes found at the
nth step in state £} is therefore a random variable X! and the invariance
of {w,} implies thar E{X\"} = u, for all n. {Cf. problem 29.)

(¢) In example (7.f) we found that an invariant prebabiiity distribution
exists only if the series (7.21) converges. In case of divergence (7.20) still
represents an invariant measure provided only that #, — 0, which is the
same as pip, - * pr. — 0. No invariant measure exists when the product
p1° - pr remains bounded away from 0, for example, when p, =1 —
— (k+1)-2 1In this case the chain is transient.

(d) In example (7.g) the relations (7.23) define an invariant measure
even when u = oo. >
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1 d
invariant probability distribution. For persistent null chains we sha
prove a weaker version of this result, namely that as N — o for a
E, and E,

Pz

(11.2) i\=—°— -
< _{n U

EP;H) ’

H=0

The sums on the left represent the expected numbers of passages, in the
first N trials, through E; and E;. Roughly speaking (I1.2) states that
these expectations are asymptotically independent of the initial states
E, and Ej, and stand in the same proportion as the corresponding terms
of the invariant measures. Thus the salient facts are the same as in the case
of ergodic chains, although the situation is more complicated. On the
other hand, periodic chains now require no special consideration. [In
fact (11.2) covers all persistent chains. For an ergodic chain the numerator
on the left is ~Nu,.]

Relations of the form (i1.2) are called ratio limit theorems. We shall
derive (11.2) from a stronger result which was until recently considered a
more complicated refinement. QOur proofs will be based on considering
only paths avoiding a particular state E.. Following Chung we call the
forbidden state E, taboo, and the transition probabilities to it are taboo
probabilities,

Definition. Let E,. be an arbitrary, but fixed, state. For E, # E, and
n > 1 we define p\? as the probability that, starting from E;, the state
E; is entered at the nth step without a previous passage through E,_.

Here E; is allowed to coincide with [E,. We extend this definition to
E, = E, and n =0 in the natural way by

(11.3) Py =0 n> 1

and
1 if E;=E,
(1 14) Tpfr'gr) - ’
0 otherwise.
In analytical terms we have for n > 0 and £, % E|

11 5% plr-1) g lnly,
yit.) rit .k AR J L TRV BT
¥

In fact, for # = 0 the sum on the right reduces to a single term, namely
P When n > 1 the term corresponding to » = r vanishes by virtue of
(11.3), and so (11.5) is equivalent to the original definition.
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Tratirte foa oo P [ 1

¢ amounis to \.uumuuuué tne Ofig.
Markov process only until £, is entered for the first time. In an irreduc-
ible persistent chain the state £, Is entered with probability one from any
initial state E;. It follows that in the chain with taboo E, the successive
passages through the initial state £, form a transient recurrent event; and
the passages through any other state E, > E, form a delayed transient

Ffrrirrant oo Th, fFre I Fo
recurrent event. 1nus tor g # Aag

YT O I oo Aoy ota
WCLHE &y ds U Sld

(11.6) 2 P g < o0
by the basic theorem 2 of XIII,3. For E, = E, the summands with
n > 1 vanish and the sum reduces to 1 or 0 according as j=r or
jFET '

We are now in a position to prove the existence of an invariant measure,
that is, of numbers 1, satisfying (11.1). This will not be used in the proof
of theorem 2.

Theorem 1. Jfthe chain is irreducible and persistent, the numbers

(I l?) Uy == [Ty

represent an invariant measure; furthermore u, > O forall k and u, = 1.
Conversely, if w, >0 for all k and (11.1) holds, then there exists a

constant A such that u, = 7. - 7.

Here E, is arbitrary, but the asserted uniqueness implies that the
o fu 1 ghtamed I'\}! vary

» Aiffar Aanlyv hy mroanoretiaaalicyg

UUI.LII&I‘— L ?11 g T Al Wi ll)‘ UJ l.)l U}}Ul I.AUAILIJJ.LJ’

factors. Note that the theorem and its proof cover also chains with finite
mean recurrence times.

Proof. If k s r we use (11.5) with j=r. Summing over » =0,
1, ... we get

P

(118) PP wafvpvk:

and so the numbers (I1.7) satisfy the defining equations (11.1) at least
when &k 3 r. For j =k = r 1t s clear that

(11.9) S,plp,, = firtd

v

equals the probability that (in the original chain) the first return to £,
occurs at the (n+1)st step. Since the chain is irreducible and persistent
these probabilities add to unity. Summing (11.9) over n =0, 1, ... we
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get therefore

(11.10) S b = L.

¥

But by definition =, = 1, and so (11.8)is true also for & = r. Accord-
ingly (11.7) represents an invariant measure.

Next consider an arbitrary non-negative invariant measure {u.}. It is
clear from the definition (11.1) that if u, = ¢ for some k, then u, =0
for all » such that p,, > 0. By induction it follows that u, =0 for
every v such that E; can be reached from £,. As the chain is irreductble
this implies that #, = 0 for all ». Thus an invariant measure is strictly
positive (or identically zero).

For the converse part of the theorem we may therefore assume that the
given invartant measure is normed by the condition x, =1 for some
prescribed r. Then

(11.11) U = Dpy +2u§pjk'
iFr
; inside the sum by means of the defin-

ain tha term invalvine . in the douhle
Ly Ll Lid LLg ¥ org ".Alb UIT Add WLLIW Wh WS WA W

Suppose k 7% r. We express the u,

do

lncr relation (] I. ]\ and senarate 3
b t} N ol LY

sum. The resu]t is
(11.12) e = P + P + 2 U, DR
vVET

Proceeding in like manner we get for every n

(11.13) U =P+ P2+ 4,02+ S, 0l

v¥#r

Letting n — o0 we see that u;, > ,7,,. It follows that {u, — ,=,,} defines
an invariant measure vanishing for the particular value & = r. But such
a measure vanishes identically, and so (11.7) is true. >

It will be seen presently that the following theorem represents a sharpen-
ing of the ratio Iimit theorem.

Theorem 2. [In an irreducible persistent chain

(11_14) 0 < Zp(n) Zp{n) < .
=

and
1 J {7) (n)

(11.15) — ZPH ZP
T' n=10 T

ity ™

for all N.
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Pranf ~AF (11 14y Cancder the first entrv ta F 1t 1c clear that far
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% =k
{n) () _{n—v)
(11.16) Par = Zfak Pux -

[This is the same as (5.3).] Summing over # we get

(] 11?) Zp(n} < 2 p(n) Zf(wl zp(n)
n=>0 n=0
which proves the first inequality in {I1.14).
Next we note that, starting from £, a returnto E; may occur without
intermediate passage through E,, or else, a first entry to £, occurs at
the »th step with I < » < n. This means that

(1118) p;:;] —_ a:p}i:) +Zf(v]' {n— \«).

Summation over s leads to the second inequality in (11.14).

Proof of (11.15). On account of the obvious symmetry in / and j it
suffices to prove the second inequality. We start from the identity

(11.19) P = i+ 2 P o

which expresses the fact that a return from E; to E; occurs either without
intermediate passage through E;, or else the last entry to £; occurs at
the (n—w)th step and the next » stepsiead from E; to E;, without further
return to ;. Summing over n we get

{n) {n)
Zpu g ’.T“ + JTTJ‘I Z p
n=0

(11.20)
g ﬂﬁru + Jﬂ-ﬂz pfnl

A=0
by virtue of (11.14). To put this inequality into the symmetric form of
{11.15) it suffices to note that
EALPT

(11.21) EALE T

iTij

In fact, by analogy with (11.16) we have

(11.22) i = ific " M
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where ,f;; is the probability of reaching £, from £, without a previous
return to E;. The alternative to this event is that a return to E; occurs
before an entry to £, and hence

(11.23) Si=1 _sf;';‘=_l‘-
i 55

Pl S [Py VI, P |
LLIE lasl tyudllon Is LI

1e basic identity for the transient recurrent event
which consists in a return to E; without an intermediate passage through
E£,) Substituting from (11.23) into (11.22) we get the assertion (11.21),
and this accomplishes the proof. \ >

The relation (11.21) leads to the interesting

Corollary 1. If {u,} is an invariant measure, then

(11.24) LONY

Proof. The invariant measure is determined up to a multiplicative
constant, and so the right side in (11.24) is uniquely determined. We may
therefore suppose that {#} is the invariant measure defined by (11.7)
when the taboo state E, is identified with E, But then uw; =1 and
ar;; = uy, and so (11.21) reduces to (11.24). »

3

Corollary 2. (Ratio limit theorem.) In an irreducible persistent chain the
ratio fimit theorem (11.2) holds.

Proof. The sums of theorem 2tend to o0 as N -—ac. Theratio of the
two sums in (11.14) therefore tends to unity, and so it suffices to prove
(11.2) for the special choice « =i and f = j. But with this choice (11.2)
is an immediate consequence of (11.15) and (11.24). >

The existence of an invariant measure for persistent chains was first proved by
C._ Derman (1954). The existence of a limit in (11.2) was demonstrated by A. Doblin
(1938). Taboo probabilities as a powerful tool in the theory of Markov chains were
introduced by Chung (1953). Further details are given in the first part of his basic

inl

A

treatise.” The boundedness of the partial sums > (p;3' — pii') was proved by S.
0

Orey, who considered also the problem of convergence.*

V' Muarkou chains with stationary transition probabiliiics, Berlin (Springer), 13
revised edition covering boundary theory is in preparation. (Our notations are not
identical with his.)

18 Sums arising in the theory of Markov chains, Proc. Amer. Math. Soc., vol. 12 (1961),

pp. 847-856.
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*12. REVERSED CHAINS. BOUNDARIES

When studying the development of a system we are usually interested in
the probabilities of possible future events, but occasionally it is necessary
to study the past. In the special case of a Markov chain we may ask for
the (conditional} probability that at some time in the past the system was
n ctate F. oivean that the nrecent crate ¢ B
........ _E; given that the present state is £, ' .

Consider first a chain with a strictly positive invariant probability
distribution {z,}; that is, we assume that u, > 0 and Y u, = 1 where

(121) Uy = 2 UyDoy-

[Recall from the theorem in section 7 that the invariant probability
distribution of an irreducible chain is automatically strictly positive.]

If the process starts from {u} as initial distribution, the probability of
finding the system at any time in state £; equals »,. Given this event,
the conditional probability that » time units earlier the system was in

ctate E. anuale
WILLL L %s J_JJ U\-iuull_}
{n)
n) U;Pir
(12.2) Qi = .
I
For n =1 we get’
(12.3) = %P
Ry e
2

In view of (12.1) it is clear that the g,; are the elements of a stochastic
matrix Q. Furthermore, the probabilities ¢!}’ are simply the elements of
the nth power Q" (in other words, the ¢! can be calculated from the
g,; 1n the same manner as the pi*) are calculated from the p;). It is now
apparent that the study of the past development of our Markov chain reduces
to the study of a Markov chain with transition probabilities g, The abso-
lute probabilities of the new chain coincide, of course, with the invariant
probability distribution {u,}. The probabilities g, are called inverse
probabilities (relative to the original chain) and the procedure leading from
one chain to the other is called reversal of the time. In the special case
where ¢,; = p,; one says that the chain is reversible; the probability
relations for such a chain are symmetric in time.

We know that an irreducible chain possesses an invariant probability
distribution only if the states have finite mean recurrence times. If the
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states are persistent null states there exists an invariant measure which is
unique except for an arbitrary multiplicative constant. For a transient
chain all contingencies are possible: some chains have no invariant meas-
ure, others infinitely many. [Examples (11.5) and (11.¢).] Under these
circumstances it is remarkable that the transformation (12.3) defines a
stochastic matrix Q whenever {u,} is a strictly positive invariant measure.
The powers of @ are given by (12.2). 1n this sense every strictly positive
invariant measure defines a reversed Markov chain. Unfortunately the
new transition probabilities ¢,; cannot be interpreted directly as condi-
tional probabilities in the old process.:®

A glance at (12.3) shows that {u,;} is an invariant measure also for the
reversed chain. Furthermore it is clear from (12.2) that either both series

Ygim and > pi™ converge or both diverge. It follows that the states
ey T2 et AT G =) o

RARILLL RLAWARL

n n
of the two chains are of the same type: if one chain is transient, or persistent,
50 1s the other.

Examples. (@) The invariant probability distribution corresponding to
the Ehrenfest model [example (2.¢)] was found in (7.16). A simple calcula-
tion shows that the Ehrenfest model is reversible in the sense that ¢,; = p,;.

(&) In example (11.5) we found the invariant measures corresponding
to a random walk on the line in which the transitions to the right and left
neighbor have probabilities p and g, respectively. If we choose u, = 1
for k=0,4+1, &2,..., weget ¢q,, = p,;,, and we are led to a new ran-
dom walk in which the roles of p and g are interchanged. On the other
hand, the invariant measure with u, = (p/g)* yields a reversed random
walk identical with the original cne.

(¢) Inexamples (2.k) and (2./) we intreduced two Markov chains related
to a recurrent event &. For a persistent & with finite mean recurrence
time u we saw in example (7.g) that the two chains have the same invariant
probability distribution defined by (7.23). When g = oo these relations
define an invariant measure common to the two chains [see examples (11.¢)
and (11.d)]. A simple calculation now shows that the two chains are
obtained from each other by reversing the time. This is not surprising seeing
that the chain of (2.k) concerns the waiting time to the next occurrence of
& while (2.7) refers to the time elapsed from the last occurrence. >

Consider now an arbitrary irreducible transient chain with an invariant
measure {i;}. The equations (12.1) defining an invariant measure may
admit of other solutions, and the question of uniqueness is closely related

'» For an operational interpretation of the g,; it is necessary to consider infinitely
many simultaneous processes, as indicated in example (11.4).
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g T Ty T, £ oasentmyiamane ~F
Wiln Lilc Liuc‘:uuu o1 u:ut{u\.u»aa Ol

(12.9) & =2 Puéy

which played an important role in section 8. This system admits of the
trivial solution 5 = ¢ forall i, Any non-negative solution is automati-

cally gtnintl ng f1rndaad E —= 0N wan 14 inanly Y o T .
Ladlly aun..u.y l)u:uu.vu i, ¢ — v wouid J.H.l.l)l} g‘, uvo1or du ¥

such that p,, > 0. This in turn would imply &, = 0 whenever p{® > 0,
and generally &, = O for every state K, that can be reached from £,
Thus &, =0 for all » because the chain is irreducible.) If {&} is a
non-constant solution then a glance at (12.3) shows that

(17 3 v, = £
Rised) tiay

defines an invariant measure for the reverse matrix (. Conversely, if
{v;} stands for such a measure then (12.5) defines a positive solution of
(12.4). In other words, the positive solutions of (12.4) stand in one-to-one
correspondence with the invariant measures of the reversed chain®' with
matrix (.

[n the modern theory of Markov chains and potentials the positive
solutions {£,} and {u,} are used to define boundaries. It is beyond the
scope of this book to describe how this is done, but the following examples
may give some idea of what is meant by an exir boundary.

Examples. (a) Consider a random walk on the infinite line such that
from the position j # 0 the particle moves with probability p a unit step
away from the origin, and with probability g a unit step toward the origin.
From the origin the particle moves with equal probabilities to 41 or —1.
We assume p > q.

#® If & stands for the column vector with components &; the system (12.4) reduces
to the matrix equation & = P£. The system (12.1) corresponds to u = uP where « is
a row vector.

% For an irreducible persistent chain the invariant measure is unigue up to a multi-
plicative constant. Since the chains with matrices P and Q are of the same type we

have proved the

Theorem. For an irreducible persistent chain the only non-negative solution of (12.4)
is given by &; = const.

This can be proved also by repeating almost verbatim the last part of the proof of
theoremn 11.1. Indeed, by induction we find that for arbitrary /, r, and n

= [+ M+ S

For a persistent chain the expression within brackets tends to 1 while the series tends to
0. Hence & = &, as asserted,
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In the Markov chain the states are numbered from —oc to oo, and the
equations (12.4) take on the form

5{ =P§,‘+.1 + qg,'_l i > 0,
(126) 50 = 551 + 'é‘g_l
Eg‘ = qgf-;_l + pf;_1 i < 0.
Dt
(12.7) n,=1-— 1(5) for >0, g = i(ﬂ)ﬂ for i <O.
2\p 2\p

It is easily seen that & =9, and &, = 1 — %, defines two? non-trivial
solutions of the system {12.6). It follows that our chain is transient, and
so the position of the particle necessarily tends either to 4o orto — .

This conclusion can be reached directly from the theory of random walks.
In fact, we know from XIV,2 that when the particle starts from a position
i > 0 the probability of ever reaching the origin equals (g/p)‘. For reasons
of symmetry a particle starting from the origin has equal probabilities to
drift toward 4o or —o0, and so the probability of an ultimate drift to
—oo equals #(g/p).. We conclude that #, is the probability that, starting
from an arbitrary position i, the particle ultimately drifts to +oc. The
drift to — oo has probability 1 — #,. In the modern theory the situation
would be described by introducing the “‘exit boundary points™ + o0 and
— 00,

{b) The preceding example is somewhat misleading by its simplicity,
and it may therefore be useful to have an example of a boundary consisting
of infinitely many points. For this purpose we consider a random walk in
the x,y-plane as follows. The z-coordinate performs an ordinary random
walk In which the steps 41 and —1 have probabilities p and g < p.
The y-coordinate remains fixed except when the z-cocrdinate is zero, In
which case the y-coordinate decreases by 1. More explicitly, when j 0
only the transitions (j, k) —(j+ [,k) and (j—I, k) are possible, and
they have probabilities p and g < p, respectively. From (0, k) the
particle moves with probability p to (I, k—1I) and with probability ¢
to (—1,k—-1).

From the theory of random walks we know that the z-coordinate is
bound to tend to +cc, and that (with probability one) it will pass only
finitely often through 0. Tt follows that (excepting an event of zero prob-
ability) the y-coordinate will change only finitely often. This means that

2 The most general solution is given by & = A + By, where 4 and B are
arbitrary constants. Indeed, these constants can be chosen so as to yield prescribed
values for &; and £_,, and it is obvious from (12.6) that the values for & and &_,
uniquely determine ail &.
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r\f thea a2

after finirely manv rhonq—n the ¥-coo

.............. Yy many changes o ne part icle will remain on
a line y = r. In this sense there are infinitely many “escape routes to
infinity,” and for each initial position (J, k) we may calculate? the prob-
ability &{7) that the particle ultimately settles on the line y = r. It is
easily seen that for fixed r the probabilities &7, represent a solution of
the system corresponding to (12.4), and that the most general solution is a

linear combination of these particular solutions. Furthermore, the par-

ticular solution &[7) is characterized by the intuitively obvious “boundary
condition” that 5“” — 0 as j— oo except when k =r, in which case
£ 1. | >

These examples are typical in the following sense. Given an irreducible
transient Markov chain it is always possible to define a “boundary” such
that with probability one the state of the system tends to some point of the
boundary. Givenaset I' on the boundary we can ask for the probability
7 that, starting from the initial state E,, the system converges to a point
of I. Werefer to {»,} as the absorption probabilities for T'. 1t turns out
that such absorption probabilities are always solutions of the linear
system (12.4) and, conversely, that all bounded solutions of (12.4) are linear
combinations of absorption probabilities. Furthermore, the absorption
probabilities {7,} for I' are given by the unique solution of (12.4) which
assumes the boundary values I on I' and the boundary values 0 on the
complement of I' on the boundary. We may now form a new stochastic
matrix P with elements
(12.8) Pie = P 2

e
This is the conditional probability of a transition from E, to E, given
that the state ultimately tends to a point of I'. The Markov process with
matrix £ may be described as obtained from the original process by con-
ditioning on the hypothesis of an ultimate absorption in I, Since the

® An cxplicit expression for &l . can be obiained from the results in XIV ,2 con-
cerning one-dimensional random walks. From an initial position § < 0 the proba-
bility that the origin will be touched cxactly p > O times equals (29) {p—gq); when
i > 0 this probability equals (¢/p)(29)P~(p—g). The probability that the origin is
never touched equals 0 for 7 << 0 and 1 — (g/p) for i > 0. It follows easily that for

<0
{r> (2q)k r— l(P q) k>r

o

while for i >

= (gl (2gY " (p—q) k>r
Ee =1 — (glpy

and, of course, &*! =0 when k < r.
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future development can never be known in advance such a conditioning
appears at first sight meaningless. It is nevertheless a powerful analytic
tool and has even an operational meaning for processes that have been
going on for a very long time.

A boundary can be defined also for the matrix @ obtained by a reversal
of the time. In general therefore there are two distinct boundaries cor-
responding to a given chain. They are called exit and entrance boundaries,

rcspectlvely. Roughly speaking, the former refers to the remote future,
the latter to the remote past.

Time-reversed Markov chains were first considered by A. Kolmogorov.?* The role
of the solutions of (12.4) was stressed in the earlier editions of this book., Exit and
entrance boundaries were introduced by W, Feller.® His construction is satiqfactory

gy o S | T - Xt

when there are Oﬂl} uuu.u] miany uuuuualy })Ul].ll.b., but in Eendrai it is alllllJl.Cl to aaapi
the construction introduced by R. $. Martin in the theory of harmonic functions. This
was pointed out by J. L. Doob.?® The relativization {12.8) was introduced by Feller;*®
an analogous transformation in the theory of classical harmonic functions was defined
at the same time by M., Brelot.?

13. THE GENERAL MARKOV PROCESS

In applications it is usually convenient to describe Markov chains in
terms of random variables. This can be done by the simple device of
replacing in the preceding sections the symbol £, by the integer k. The
state of the system at time »n then is a random variable X‘™, which
assumes the value k with probability a{™; the joint distribution of
X" and X"tV s given by P{X‘® = j, X"+ =k} = o!*'p,,, and the
joint distribution of (X‘® . .. X®) isgiven by (I.1). Ttis also possible,
and sometimes preferable, to assign to E;c a numerical value g, different
from k. With this notation a Markov chain becomes a special stochastic
process,®® or in other words, a sequence of (dependent) random variables?

M Zur Theorie der Markoffschen Ketten, Mathematische Annalen, vol. 112(1935),

pp- 155-160.

* Boundaries induced by positive martrices, Trans. Amer. Math. Soc., vol. 83(1956),
pp- 15-54.

¥ Discrete potential theory and boundaries, J. Math. Mechanics, vol, 8(1959),
pp. 433458,

" Le probléme de Dirichlet. Axiomatigue el frontiéve de Martin, J. Math. Pures Appl.,
vol. 35(1936), pp. 297-335.

2 The terms “stochastic process” and *‘random process” are synonyms and cover
practically all the theory of probability from coin tossing to harmonic analysis. In
practice, the term “stochastic process” is used mostly when a time parameter is
introduced.

20 This formulation refers to an infinite preduct space, but in reality we are con-
cerned only with joint distributions of finite collections of the variables.
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(X0, X%, . ). The superscript n plays the role of time. In chapter
XVII we shall get a glimpse of more general stochastic processes in which
the time parameter 1s permitted to vary continuously. The term “Markov
process” is applied to a very large and important class of stochastic pro-
cesses (with both discrete and continuous time parameters). Even in the
discrete case there exist more general Markov processes than the simple
chains we have studied so far. Tt will, therefore, be useful to on_:g a defini-
tion of the Markov property, to point out the special condition charac-
terizing our Markov chains, and, finally, to give a few examples of
non-Markovian processes.

Conceptually, a Markov process is the probabilistic dndlogue of the

processes of classical mechanics, where the futuredevelopmentiscompletely
determined by the present state and is independent of the way in which the
present state hae developed. These processes differ essentially from pro-
cesses with aftereffect (or hereditary processes), such as occur in the theory
of plasticity, where the whole past history of the system influences its
future. In stochastic processes the future is not uniquely determined,
but we have at least probability relations enabling us to make predictions.
For the Markov chains studied in this chapter it is clear that probability
relations relating to the future depend on the present state, but not on the
manner in which the present state has emerged from the past. In other
words, if two independent systems subject to the same transition prob-
abilities happen to be in the same state, then all probabilities relating to
their future developments are identical. This is a rather vague description
which is formalized in the following

Definition. A sequence of discrete-valued random variables is a Markov
process if, corresponding to every finite collection of integers ny < ny <
< -0 & o, < n, the joint distribution of (X0, Xl Xinrd XM g
defined in such a way that the conditional probability of the relation X'* = «
on the hypothesis X" =z, ..., X" = =, is identical with the condi-
tional probability of X" = x on the single hypothesis X" = z,. Here
x,,...,x,, are arbitrary numbers for which the hypothesis has a positive
probabihry

Reduced to simpler terms, this definition states that, given the present
state x,, no additional data concerning states of the system in the past can
alter the (conditional) probability of the state z at a future time.

The Markov chains studied so far in this chapter are obviously Markov
processes, but they have the additional property that their transirion
probabilities p, = P{X™1 =k | X™ = j} are independent of m. The
more general transition probabilities

(13.0) Pl = P{X™ = k| X" = j} (m < )
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are called stationary (or time-homogeneous). For a general integral-valued
Markov chain the right side in (13.1) depends on m and n. We shall
denote it by p,(m, n) sothat p,(n, n + 1) define the one-step transition
probabilities. - Instead of (1.1) we get now for the probability of the path
(fos j1» - - - » Ju) the expression

then depend only on the difference » — m. Such transition probabilities

(13.2) a(;:])pjujl(o, 1)[)}132(1, 2) . ‘pjﬂ_ljﬂ(ﬂ—l, ?’!).

The proper generalization of (3.3) is obviously the identity
(13.3) Pl 1) = 2 p(m, Dposlr, m)

which is valid for all » with m < r < n. This identity follows directly
from the definition of a Markov process and also from (13.2); it is called
the Chapman-Kolmogorov equation. [Transition probabilities p;(m, n)
are defined also for non-Markovian discrete processes, but for them the
factor p,f{r, n) in (13.3) must be replaced by an expression depending not
only on v and k, butalso on j.]

The Markov chains studied in this chapter represent the general time-
homogeneous discrete Markov process. We shall not dwell on the time-
inhomogeneous Markov process. The following examples may be helpful
for an understanding of the Markov property and will illustrate situations
when the Chapman-Kolmogorov equation (13.3) does not hold.

Examples of Non-Markovian Processes

(a) The Polya urn scheme fexample V,(2.c)]. Let X™ equal I or 0
according to whether the nth drawing results in a black or red ball. The
sequence {X'™} is not a Markov process. For example,

P(X® = || X® = 1} = (b+0)/(b+r+0),

o

P{X® = 1| X = [, XV = [} = (b+2c){(b+r+20).

(Cf. problems V, 19-20.) On the other hand, if Y™ is the number of
black balls in the urn a time », then {¥'™} isan ordinary Markov chain
with constant transition probabilities.

(b) Higher sums. Let Y,, Yy, ... be mutually independent random
variables, and put S, =Y, + --- + Y,. Thedifference S, — S, (with
m < n) depends only on Y, ..., Y, and it is therefore easily seen

that the sequence {S,} is a Markov process. Now let us go one step
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U, =S +S+ +8, =Y, +2Y, , +3Y, , + -+ (2+1) Y,

The sequence {U,} forms a stochastic process whose probability relations
can, in principle, be expressed in terms of the distributions of the Y,.
The {U,} process is in general not of the Markov type, since there is no
reason why, for example, P{U, =0 ' U,_, = a} should be the same as
P{U,=0|U, ,=4a,U,,=>5b}; the knowledge of U,_, and U,
permits better predictions than the sole knowledge of U, _;.

In the case of a continuous time parameter the preceding summations are
replaced by integrations. In diffusion theory the Y, play the role of
accelerations; the S, are then velocities, and the U, positions. If only
positions can be measured, we are compelled to study a non-Markovian
process, even though it is indirectly defined in terms of a Markov process.

(c) Moving averages. Again let {¥Y,} be a sequence of mutually inde-
pendent random variables. Moving averages of order r are defined by
X" =(Y,+ Y1+ +Y,,)/r. It is easily seen that the X™ are
not a Markov process. Processes of this type are common in many
applications (cf. problem 25).

(d) A traffic problem. For an empirical example of a non-Markovian
process R. Fiirth®® made extensive observations on the number of pedes-
trians on a certain segment of a street. An idealized mathematical model
of this process can be obtained in the following way. For simplicity we
assume that all pedestrians have the same speed v and consider only
pedestrians moving in one direction. We partition the z-axis into segments
Iy, fy, ... of a fixed length 4 and observe the configuration of psdestrians
regularly at moments dfv time units apart. Define the random variable
Y, as the number of pedestrians initially in 7,. At the ath observation
these same pedestrians will be found in 7,_,, whereas the interval 7, will
contain Y,,, pedestrians. The total number of pedestrians within the
interval 0 < = < Nd is therefore given by X™ =Y, ., +---+ Y, .,
and so our process is essentially a moving average process. The simplest
model for the random variables Y, is represented by Bernoulli trials. In
the limit as d — O they lead to a continuous model, in which a Poisson
distribution takes over the role of the binomial distribution.

(e) Superposition of Markov processes (composite shuffling). There exist
many technical devices (such as groups of selectors in telephone exchanges,
counters, hlters) whose action can be described as a superposition ol two
Markov processes with an output which is non-Markovian. A fair idea

30 R, Flrth, Schwankungserscheinungen in der Physik, Sammlung Vieweg, Braun-
schweig, 1920, pp. 17ff. The original observations appeared in Physikalische Zeitschrift,
veols, 19 {1918) and 20 (1919).
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of such mechanisms may be obtained from the study of the following
method of card shuffling,

In addition to the target deck of N cards we have an equivalent auxiliary
deck, and the usual shuffing technique is applied to this auxiliary deck. If

its cards appear in the order (a,, @,, ..., ay), we permute the cards of
the target deck so that the first, second, . .., Nth cards are transferred to
the places number a;, a,, ..., a,. Thus the ‘;hufﬂmg of the auxiliary deck

mcllrectly determines the successive orderings of the target deck. The latter
form a stochastic process which is not of the Markov type. To prove this, it
suffices to show that the knowledge of two successive orderings of the
target deck conveys in general more clues to the future than the sole
knowledge of the last ordering. We show this in a simple special case.

Let N =4, and suppose that the m]xﬂlm’v deck is lmflallv in the order

(2431). Suppose, furthermore, that the shufﬂmg operation always consists
of a true “cutting,” that is, the ordering (a,, a,, a;, @;) is changed into one
of the three orderings (a,, as, a,, 1), (as, a,, a,, Gz}, (ay, ay, s, a3);
attribute to each of these three possibilities probability §. With these con-
ventions the auxiliary deck will at any time be in one of the four orderings
(2431), (4312), (3124), (1243). On the other hand, a little experimentation
will show that the target deck will gradually pass through all 24 possible
orderings and that each of them will appear in combination with each of
the four possible orderings of the auxiliary deck. This means that the
ordering (1234) of the target deck will recur infinitely often, and it will
always be succeeded by one of the four orderings (4132), (3421), (2314),
(1243). Now the auxiliary deck can never remain in the same ordering,
and hence the target deck cannot twice in succession undergo the same
permutation. Hence, if at trials number » — 1 and » the orderings are
(1234) and (1243), respectively, then at the next trial the state (1234) is
impossible. Thus two consecutive observations convey more information
than does one single observation.

(f) A non-Markovian process satisfying the Chapman-Kolmogorov equation. The
identity {3.3) was derived from the assumption that a transition from £, to E, does
not depend on the manner in which the state £, was reached. Originally it seemed
therefore intuitively clear that no non-Markovian process should satisfy this identity;
this conjecture seemed supported by the fact that the n-step transition probabilities of
such a process must satisfy a host of curious identities. It turned out nevertheless that
exceptions exist (at least in theory). In fact, in 1X,1 we encountered an infinite sequence
of pairwise independent identically distributed random variables assuming the values
1, 2, and 3 each with probability Y. We have thus a process with possible states 1, 2, 3
and such that p, = & forall combinations of j and k. The indentity (3.3} is theretore
trivially satisfied w1th pPit = 3. The process is nonetheless non-Markovian. To see
this suppose that the first step takes the system to the state 2. A transition to 3 at the next
step is then possible if, and only if, the initial state was 1. Thus the transitions following
the first step depend not only on the present state but also on the initial state. (For
various modifications see the note and footnote 3 in IX,1.}
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id. PROBLEMS FOR SOLUTION

1. In a sequence of Bernoulli trials we say that at time n the state E| is
observed if the trials number » — 1 and # resultedin SS. Similarly E,, E;, E;
stand for SF, FS, FF. Find the matrix P and all its powers. Generalize the
scheme.

2. Classify the states for the four chains whose matrices P have the rows
given below. Find in each case £ and the asymptotic behavior of p"”
@ ©,1, 1), 4,0 l) G, 5, 0);
® (000,1),(0 0 1) 3, 3, 0, 0) ©, 0,1, 0);
(C) (st 0'! Jf, 0: 0) (ab 29 4’ 0 0) (2s ’ 2! 0 O)’ (0 0 01 %’ Jf)-: (03 0;
(@) (0.4,4,0,0,0),(0,0,0, % 3 4.0,0,0,% 49, (1,0,0,0,0,
(1,0,0,0,0,0), (1,0, 0,0, 0, 0).

3. We consider throws of a true die and agree to say that at epoch # the system
is in state E; if j is the highest number appearing in the first # throws. Find
the matrix P* and verify that (3.3) holds.

4. In example (2.j) find the (absorption) probabilities =z, and , that,
starting from Ej, thesystemwillend in E, or Fj, respectively (k = 2, 3, 4, 6).
(Do this problem from the basic definitions without referring to section 8.)

0, ;
0

’

5. Treat example I, (5.5} as a Markov chain. Calculate the probability of

wmmno for each nlaver

6. Let E; be absorbing (that is, put py, = 1). For />0 let p,; =p and
Pija=9¢, where p +¢ =1 Find the probability £/ that absorption at
E, takes place exactly at the nth step. Find also the expectation of this dis-
tribution.

7. The first row of the matrix P is given by v, vy,.... For j > 0 we have
(as in the preceding problem) p;; = p and p;; ; = g. Find the distribution of
the recurrence time for E,.

8. For j =0,1,... let py,» =, and p;, =1 — v,. Discuss the character
of the states.

9. Two reflecting barriers. A chain with states 1,2,..., p has a matrix
whose first and last rows are (¢, p,0,...,0) and (0,...,0,4,p). In all other

TOWS Py i1 = P Prrxa = ¢- Find the stationary distribution. Can the chain be
periodic?

10. Generalize the Bemouh’r-Laplace model of d{ﬁ'uswn [example (2 S )
assuming that there are b > p black particles and w = 2p — 5 white ones
The number of particles in each sontainer remains = p.

11. A chain with states E,, E,, ... has transition probabilities

ik—

3 ] A
P2 (j) P G

where the terms in the sum should be replaced by zero if » > k. Show that

A k
Pl ghie Gig” f:} )
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Note: This chain occurs in statistical mechanics®® and can be interpreted as
follows. The state of the system is defined by the number of particles in a
certain region of space. During each time interval of unit length each particle
has probability g to leave the volume, and the particles are stochastically
independent. Moreover, new particles may enter the volume, and the prob-
ability of r entrants is given by the Poisson expression ¢—*4"/r!. The stationary
distribution is then a Poisson distribution with parameter 4fg.

12, Ehrenfest model. In example (2.¢) let there initially be j molecules in
the first container, and let X™ = 2k — a if at the #th step the system Is in state
k (sothat X™ is the difference of the number of molecules in the two containers).
Let e, = E(X'™). Provethat e,,, = (a—2)e,/a, whence e, = (1 —2/a)"(2j—a).
(Note that ¢, —+0 as # — =.)

13. Treat the counter problem, example XIII, (1.g), as a Markov chain.

14. Plane random walk with reflecting barriers. Consider a symmetric random
walk in a bounded region of the plane. The boundary is reflecting in the sense
that, whenever in a unrestricted random walk the particle would leave the
region, it is forced to return to the last position. Show that, if every point of
the region can be reached from every other point, there exists a stationary
distribution and that w, = lfa, where a is the number of positions in the
region. (If the region is unbounded the states are persistent null states and

=1 represents an invarjant measure.)

15, .Qpponrod an orngfng Let {x 1 he a hounded se
Ty

T w2., seep UL A D naeq

and P the matrix of an ergodic chain. Prove that Zp!“ — Zux;. Show

that the repeated averaging procedure of example XIII, (10.¢) is a special case.
16. In the theory of waiting lines we ecounter the chain matrix

Po 1 P2 P
Po P21 P2 Ps

s 3 I -k
[U Fao 1 P2 J
0 0 po pr oo

where {p,} is a probability distribution. Using generating functions, discuss
the character of the states. Find the generating function of the stationary
distribution, if any.

17. Waiting time to absorption. For transient E; let Y; be the time when
the system for the first time passes into a persistent state. Assuming that the

probablllty of staying forever in transient states is zero, prove that d, = E(Y})
is uniquely determined as the solution of the system of linear cquatlons

= ZP:»“’» +1,
T

th
L

sur o
need not be finite.

is transient. However, d
E, 15 transient, However a,

3 §. Chandrasekhar, Stochastic problems in physics and astronomy, Reviews of Modern
Physics, vol. 15 (1943}, pp. 1-89, in particular p. 45.
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1&. If the number of states is @ < « and if E; can be reached from E,,
then it can be reached in @ — 1 steps or less (i s k).

19. Let the chain contain a states and let E; be persistent. There exists
a number g < 1 such that for n > a the probability of the recurrence time of
E; exceeding » is smaller than ¢". (Hint: Use problem 18.)

20. In a finite chain E, is transient if and only if there exists an Ej such that
Ek can be reached from E; but not E; from E;. (For infinite chains this is

I.d.lbt: das bllUWI] D)’ l.'d.[]UUIIl Wdl}‘\b }

21. An irreducible chain for which one diagonal element p;; is positive
cannot be periodic.

22. A finite irreducible chain is non-periodic if and only if there exists an »
such that p{% >0 forall j and k.

23. In a chain with a states let (z,,...,z,) be a solution of the system of
linear equations z; = Xp,x,. Prove: (@) If »; <1 for all ; then the states
for which =z, =1 form a closed set. () If E, and E; belong to the same
jirreducible set then x; = x. (¢) In a finite irreducible chain the solution {z;}
reduces to a constant. Hint: Consider the restriction of the equations to a

closed set.

24. Continuation. 1f (zy,....,x;) is a (complex valued) solution of z; =
= s> p;&@, with |s[ 1 but s 7 1, then there exists an integer > 1 such
that st = 1. If the chain is ureducible, then the smallest i uuﬁgt‘:i‘ O 1
the period of the chain.

Hint: Without loss of generality assume x;
the states reached in 1, 2, . . . steps.

25. Moving averages. Let {Y.} be a sequence of mutually independent
random variables, each assuming the values L1 with probability . Put
X" = (Y, +Y,,)/2. Find the transition probabilities

1 > ]z ). Consider successively

Palm, 1) = P§X™ =k | XI™ =},
where m <n and j, k = —1,0,1. Conclude that {X™} is not a Markov
process and that (13.3) does not hold.

. 26. In a sequence of Bernoulli trials say that the state E; is observed at
time »n if the trials number » — 1 and # resulted in success; otherwise the
systemn is in E,  Find the n-step transition probabilities and discuss the non-

Maoulravian ~harartar
ViArKovian caaracicr.

Note: This process is obtained from the chain of problem 1 by lumping
together three states. Such a grouping can be applied to any Markov chain and
destroys the Markovian character. Processes of this type were studied by
Harris 32

27. Mixing of Markov chains. Given two Markov chains with the same
number of states, and matrices P, and P,. A new process is defined by an
e e e At T 1 DM Thicsico

1“1[,1(11 CllblrlDuuuu d.llU. ﬂ'blCl) Ll.d.l.lbil.iUl.l }JlUUaUllllle %J’ 1 Toalrl 2“. Dmuuoa
the non-Markovian character and the relation to the urn models of V, 2.

32 T, E. Harris, On chains of infinite order, Pacific Journal of Mathematics, vol. 5
(1955}, Supplement 1, pp. 707-724.
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28. Let N be a Poisson variable with expectation A. Consider N inde-
pendent Markov processes starting at £, and having the same matrix P.
Denote by Z{* the number among them after » steps are found in state Ej.
Show that Z{"’ has a Poisson distribution with expectation 4 - p{p’.

Hint: Use the result of example XII,(1.5).

29. Using the preceding problem show that the variable X{® of example

(11.5) has a Poisson distribution with expectation Suplp) = u,.

4




CHAPTER XVIE*

Algebraic Treatment
of Finite Markov Chains

In this chapter we consider a Markov chain with finitely many states
Ey, ..., E, and a given matrix of transition probabilities p,. Our main
aim is to derive explicit formulas for the n-step transition probabilities
pix'- We shall not require the results of the preceding chapter, except the
general concepts and notations of section 3.

We shall make use of the method of generating functions and shall obtain
the desired results from the partial fraction expansions of XI,4. Our results
can also be obtained directly from the theory of canonical decompositions
of matrices (which in turn can be derived from our results). Moreover,
for finite chains the ergodic properties proved in chapter XV follow from
the results of the present chapter. However, for simplicity, we shall
slightly restrict the generality and disregard exceptional cases which com-
plicate the general theory and hardly occur in practical examples.

The general method 1s outlined in section 1 and illustrated in sections
2 and 3. In section 4 special attention is paid to transient states and
absorption probabilities. In section 5 the theory is applied to finding the
variances of the recurrence times of the states £,

1. GENERAL THEORY
For fixed j and k& we introduce the generating function?

oo

(1.1) Pu(s) = 3 piis.
n=q

* This chapter treats a special topic and may be omitted. _
in} )

* Recall that p;’ equals O or 1 accordingas j # k or j = k. (The p}’ are known
as Kronecker symbols,)

428
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Multiplying by sp,. and adding over j = | o we get
I i S F A ] ) H A o - ov
4 (0)
(1.2) SZP-HP:‘::(S) = Pul(s) — Piy -
i=1

This means that for fixed k& and s the quantities z; = P,,(s) satisfy a
system of a linear equations of the form

P
(1.3) 2 — Szpuzf = b,
5=1

The solutions z; of (1.3) are obviously rational functions of s with a
common denominator D(s), the determinant of the system. To conform
with the standard notations of linear algebra we put s =1 Then
1 D(r1) 1s a polynomial of degree p (called the characteristic polynomial
of the matrix P of transition probabilities p;). Itsroots ¢, ...,¢, are
called the characteristic roots (or eigenvalues) of the matrix P.

We now introduce the simplifying assumptions that the characteristic
roots t, ..., 1, are simple (distinct} and® #0. This is a slight restriction
of generality, but the theory will cover most cases of practical interest.

As already stated, for fixed & the p quantities P,(s) are rational
functions of s with the common denominator D(s). The roots of D(s)
are given by the reciprocals of the non-vanishing characteristic roots z,.
It follows therefore from the results of XI.4 that there exist constants
%) such that?

{1} (@)
bﬁc L bik

+ .

£ A ™ PR
(1.4) Bus) =

Expanding the fractions into geometric series we get the equivalent
relations

(n 1n {p)
(1.5) P = bRt 4+ PR

valid for all integers n > 0. We proceed to show that the coefficients
b'¥) are uniquely determined as solutions of certain systems of lincar
equations. The quantity p{™1’ can be obtained from (1.5) by changing »
into »# 4+ 1, but also by multiplying (1.5) by p;, and summing over

? The condition . # 0 will be discarded presently. A chain with multiple roots is
treated numerically in example (4.5).

¢ In theory we should omit those roots 7. that cancel against a root of the numerator.
For such roots we put 4’ = 0 and so (1.4) and (1.5) remain valid under any circum-
stances.
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;i — 1 -~ Fauatineo the twa aynreaccinane wa gat an tdamtite o F fla Fooren
7 Lo sy P AShualills UL LWV APl baol Ul Wi BUL ali u.u,uul_y Wi Ll 1O
n 1)

(1.6) Ctld 4+ Ct =0

valid for all n. This is manifestly impossible unless all coefficients vanish,
and we conclude that

1 "N w R v
L Fii¥ip — Uiy

I'd
(N

L=

i

for all combinations i, k, and ». On multiplying (1.5) by p,, and sum-
ming over k£ we get in like manner

(1.8) S0 = 1,640

Consider the p by p matrix 5 with elements 5!. The relations?(1.7)
assert that its kth column represents a solution of the p linear equations

¥l
(1.9} D%y — 1z, =0
i=1
with ¢ = ¢,; similarly (1.8) states that the jth row satisfies

(1.10)

I Mn

Jkpkf — iy, = 0

with ¢ = ¢,. The system (1.10) is obtained from (1.9} by interchanging
rows and columns, and so the determinants are the same. The determainant
of (1.9) vanishes only if ¢ coincides with one of the distinct characteristic

values 7, ..., 1, In other words, the two systems (1.9) and (1.10) admit
of a non-trivial solution if, and only if, ¢ = ¢, for some ». We denote
a pair of corresponding solutions by (z{*, ..., z{”} and (y{",...,y").

They are determined up to multiplicative constants, and so

v) fv) (v} [v)
(1.11) b 2"y

where ¢! is a constant (independent of j and k). To find this unknown
constant we note that (1.9) implies by induction that

(1.12)

|| M"Q
N
N
i
Ly
=3
K

Fmr all » We nce thig relatio
LW/l whil ke LAY e Rl ARLT A W R R

between 1 and p. When p!

L3 whnere A 18 an ....Au.» ar

® is expressed in accordance with (1.5} we

' The two systems (1.7) and (1.8) may be written in the compact matrix form
POV = t,b™ and VP = 1,
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p 2
(1.13)  tfz; = t7cWptt) zyg)x;}) 4oy r:c-'P’x§P’ Zyﬁ;”xi‘” .

k=1 K==l
This represents an identity of the form (1.6) which can held only if all
coefficients vanish. Equating the coefficients of ¢J on both sides we get
finally®

(]_]4) mzyu) (2

This relation determines the coefficient 5{}’ in (1.11). It is true that the
zi# and y* are determined only up to a multiplicative constant, but
replacmg ¥ by Az* and y{¥ by ByM changes ¢'* into c'Y/4B,
and the coefficient bg,;c“ remains unchanged.

We summarize this result as follows. The two systems of linear equa-
tions (1.9} and (1.10} admit of non-trivial solutions only for at most p
distinct values of ¢ (the same for both systems). We suppose that there
are exactly p such values £, ..., ¢, all different from 0. 7o each ¢,
choose a non-zero solution (x{M, ..., 2Py of (1.9) and a non-zero solution
@y of (1.10). With * given by (1.14) we have then for
n =20, I,

2
tnl f2) [y t2)
(1.15) pin =2 ¢ Vxyt]
A:==1

We have thus found an explicit expression for all the transition prob-
abilities.®

The assumption that the characteristic roots are distinct is satisfied in
most practical cases, except for decomposable chains, and these require
only minor changes in the setup (see section 4). Not infrequently, how-
ever, 0 is among the characteristic roots. In this case we put 7, = 0. The

novel feature derives from the fact that the determunant D(s) of the system

(1.3) now has only the p — 1 roots #7%,...,¢;1,, and so the generating
I ST I . T 00 RO FAY P SN . BV JUPNIRNY S, DU s R [, _ 1 Tlam
LUNCLIOIL Fglay s LHC TdUl O LW pOLYHOIIdls UL ULElLe g — 1. 1k

 The vanishing of the other coefficients implies that zyi‘“ ' =0 whenever
AFE . k=1

® The final formula (1.15) becomes more elegant in matrix form. Let X"“ be the
column vector (or pby 1 matrix) with elements 2 and ¥'4 the row vector (or 1 by
p matrix) with elements »*’. Then (1.15) takes on the form

p
pr = Z C(J.JXIMYu.}rE

i3

and ¢'* is defined by the scalar equation ¢M'YH XA = 1.
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nartial fractinn' svnancin
pediial dlablivii Lapalision

smaller than the degree of the denominator, and to achieve this we must
first subtract an appropriate constant from P,(s). In this way we obtain
for P;(s) a partial fraction expansion differing from (1.4) in that the last
term is replaced by a constant. A glance at (1.15) shows that this affects
the right side only when » = 0. In other words, the exph'c it represenration

{1 18Y of »iA) earmsaiye A Far ™ 1 o 1 — Y fenma dlem gem
Li.1J) oy L,u PR vuouu: o~ 1 even if tp — UJIUVI.UGLL I.llC LOULS
f1, ..., 1, are distinct and different from zero).

The left side in (1.15) can remain bounded for all » only if |7, < ]
for all 4. For t =1 the equations (1.9) have the solution #; =1 and
s0 one characteristic root equals 1. Without loss of generality we may put
t; = 1. If the chain is aperiodic we have [r,| < [ for all other roots and

Ama gang frarm £1 T8% that oo
One 5CC5 ITOIN {1.10) ndat 45 i — oo

(1.16) Pl > iy

In other words, the invariant probability distribution is characterized as a
solution of (1.10) with t = 1.

2. EXAMPLES

(a) Consider first a chain with only two states. The matrix of transition
probabilities assumes the simple form

= (.7 L)
o I—u

where 0 < p < 1 and 0 < « < 1. The calculations are trivial since they

involve only systems of two equations. The characteristic roots are £, = 1

and t, = (I—a—p). The explicit representation (1.15) for p{?' may be
exhibited in matrix form

pro__ ,,17{0{ p\ 1 (IL_IJ)?{ 14 _p\
r = s
«+pl\a p) 2+p \—x «)
(where factors common to all four elements have been taken out as factors
to the matrices). This formula is valid for n > 0.
(b) Let
1

(2.1) | P=

L&

<o =
fan B S 0= T e
—_ 0 o QO
[ BN
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lthis 15 the matrix of nrohlam 2 AV in YV 141l Tha cyctem {1 QY radnecec tn
L¥iddd A badi Ridlabs 253 A [Ny Yy \I_.-U} j__rJ. A Ll T R SRR \‘ I/; 4 Nl et b LA

(2.2) Ty = 12y, Ty = T, 3z, o) = tx,, Ty = 12y,

To ¢ =0 there corresponds the solution (I, —1,0,0), but we saw that
the characteristic root 0 is not required for the explicit representation of
pip) for n > 1. The standard procedure of eliminating variables shows
that the other characteristic roots satisfy the cubic equation ¢ = 1. If
we put for abbreviation

(2.3) 0 = 8 = cos I + isin 3

(where i2 = —1) the three characteristic roots are f;, =1, £, = 0, and
ty = 6* (which is the same as ¢, = 6~'). We have now to solve the
systems (1.9) and (1.10) with these values for z Since a multiplicative
constant remains arbitrary we may put z{ =y =1, The solutions
then coincide, respectively, with the first columns and first rows of the
three matrices in the final explicit representation

(2.4)
11 2 2] M1 1 20 26 [1 1 26° 207
P“=11 1 2 2 g7l 1 28 207 +9_2ﬂ1 1 26° 20_
61 1 2 2 6|10 2 2 20 61 0 2 26°
11 2 2 0 0 200 2 6 8> 20 2

Since we have discarded the characteristic root ¢ =0 this formula is
valid only for n > 1.

It is obvious from (2.4) that the chain has period 3. To see the asymp-
totic behavior of P* we note that 1 4+ # 4+ 62 = 0. Using this it is easily
verified that when n — oo through numbers of the form » = 3k therows
of P* tend to (4,4 0,0). For n=3k+1 and n=3k+ 2 the
corresponding limits are (0,0,0, ) and (0,0, 1, 0). It follows that the
invariant probability distribution is given by (%, %, 3. 3)-

(¢cyLet p+4g=1, and

0 p 0 g
0 p 0
(2.5) p=|T 000
0 ¢ 0 p
P P |
Ly v 4 >

This chain represents a special case of the next example but is treated
separately because of its simplicity. It is easily seen that the system (1.9)
reduces to two linear equations for the two unknowns z; + %3 and
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%, + x,, and hence that the four characteristic roots are given by

(26) H=1, ==, 1t=iqg—p), t=—ilg—p)

The corresponding solutions are (1, [, 1, 1), (—1,1, —1, 1), (=i, —1, i, 1),
and (7, —1, —i, 1). [It will be noted that they are of the form (0, 62, 03, 09)
where 6§ is a fourth root of unity.] The system (1.10) differs from (1.9)
only in that the roles of p and g are interchanged, and we get therefore
without further calculations

(2.7) P = H1 + (@—p"P 7 HL + (DT

(dy In the general cyclical random walk of example XV, (2.4) the first
row of the matrix P is given by gy, ...,q,; and the other rows are
obtained by cyclical permutations. In the special case p = 4 it was shown
in the preceding example that 2! and #{* are expressible as powers of
the fourth roots of unity. It is therefore natural to try a similar procedure

in terms of the pth root of unity, namely

(2.8) 0 = etirie,
T PSP . B PO S B 1 a 02 np_1 [ - 1
ALl oLl TOOLS O UlLLY div pivell by 1, U, v5, y ror r=1, R
we put
p—1
(2.9) =3 4,97
v=i}

It is easily verified that for ¢ = 1, the systems (1.9) and (1.10) have the
solutions

(210) xg_” = 6"55 y,('cr) = Tk

and for the corresponding coefficients ¢ we have in all cases ¢'™ = 1/p.
Thus finally?

p—1 .
(211) pg:) — p—l z Br(:_k)f:‘.
- r=1

" For n =0 the right side in (2.11) is defined oniy when no f. vanishes. Actuaily
we have proved the validity of (2.11) for = > 1 assuming that the roots 7, are distinct,
and this is not necessarily truc in the present situation. For example, if g, = p=* for
all k then ro=1, but fy,=--- =14, ;= 0. Even in this extreme case (2.11) remains
valid since the right side yields for all j, &k, and » > 1. Forwnately it is not difficult
to verify (2.11) directly by induction on a. In particular, when n =1 the factor of ¢,
in (2.9) reduces to

Z‘Qr(i—?cﬂ')'

r=>0

a--1
.

This sum is zero except when j — & + # = 0 or p, in which case each term equals
one. Hence pglk’ reduces t0 gq._, if & >j and to gp_._; if k <j, and this is the
given matrix (ps).
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(e) The occupancy problem. Example XV, (2.g) shows that the classical
occupancy problem can be treated by the method of Markov chains.
The system 1s in state j if there are j occupied and p — j empty cells.
If this is the initial situation and » additional balls are placed at random,
then p!® is the probability that there will be k& occupied and p — &
empty cells (so that p{®’ = 0 if & < ). For j = 0 this probability follows
from IL, (11.7). We now derive a formula for pi?, thus generalizing the
result of chapter II.

Since p;; = jlp and p; ;. = (p—j)/p the system (1.9) reduces to

(2.12) (pr—j)x; = (p—}%su1-

For ¢ =1 thisimplies »; = 1 forall j. When € I it is necessary that
z, = 0, and hence there exists some index r such that z,.,, =0 but
z, # 0; from (2.12)1t follows then that p ¢ = r. The characteristic roots
are therefore given by

(2.13) t, =rlp, r=1,...,p.
The corresponding solutions of (2.12) are given by

LAY /Al

(2.14) ) = (})/ ”

so that i =0 when j > r. For t =1, the system (1.10} reduces to

(2.15) (r—py = (p—i+ 1y

and has the sclution

(2.16) o = (P (=0
\Jj—r/

where, of course, ¥” =0 if j<r Since " =0 for j>r and
yi" =0 for j < r we get
(P = gy = (P)

r
and hence

(2.17) P =r§2 (i)n(i) C) (E::)[_I)H/ (?)

On expressing the binomial coefficients in terms of factorials, this formula
simplifies to

(2 13) pf‘n) — [P J\ 2“? (1«' + J\n( 1)#—3’—1?{;(_}-\,
‘ LI VRS F- A WP Vv )
with pi =0 if k < /. >

[For a numerical illustration see example (4.5).]
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WALK WITH REFLECTING BARRIERS

The application of Markov chains will now be illustrated by a complete
discussion of a random walk with states 1,2,..., p and two reflecting
barriers.® The matrix P is displayed in example XV (2.¢). For 2 <k <
<p—1 wehave p, ;.. =p and p, ., = ¢; the first and the last rows
are defined by (¢,0,0,...,0) (0,...,0,4,p).

For convenience of comparisons with the developments in chapter X1V
we now discard the variable ¢t = s—! and write the characteristic roots in
the form s;! (rather than ¢,); it will be convenient to number them from
0 to p— 1. In terms of the variable s the linear system (1.9) becomes

) = s{gx,+pz,)
(31) L, = S(ng—1+pxj+l) (J=25 3, BRI P_l)
T, = s(tsgxp,_1 +px,).

This system admits the solution z; = 1 corresponding to the root s = I.
To find all other solutions we apply the method of particular solutions
(which we have used for similar equations in X1V, 4). The middle equation
in (3.1) is satisfied by z; = * provided that 7 is a root of the quadratic
equation 4 = gs + A*ps. The two roots of this equation are

1 + V1—4pgs’ 1 — /1—4pgs®

2ps 2ps

and the most general solution of the middle equation in (3.1) is therefore
(3.3) x; = A(s)A)(s) + B(s)2i(s),

where A(s) and B(s) are arbitrary. The first and the last equation in (3.1)
will be satisfied by (3.3) if, and only if, zy =2, and z, = = z,,,. This
requires that A(s) and B(s) satisfy the conditions

R T - TN PR

AL —4(s)} + BsH{i—2(s)} =0
ASAH{1=4()]} + B(s)24(s){1—Ax(s)} = 0.

Conversely, if these two equations hold for some value of s, then (3.3)
represents a solution of the linear system (3.1} and this solution is identi-
cally zero only when A,(s) = 2x(s). Our problem is therefore to find the

(3.4

¥ Part of what follows is a repetition of the theory of chapter X1V. Our quadmtlc
equauon occurs there as (4.7); the quantities A(s} and 2,(s) of the text were given
in (4.8), and the general solution (3.3) appears in chapter X1V as (4.9), The two
mcthods are related, but in many cascs the computational details will differ radically.
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values of s for which

(3.5) A(s) = A5(s) but A,(s) # 2.(5).

Since A,(s)A,(s) = ¢/p the first relation implies that 2,(s)v p/q must be a
(2p)th root of unity, that is, we must have

(3.6) 2s) = Vajp &

where r is an integer such that 0 < r < 2p. From the definition (3.2)
it follows easily that (3.6) holds only when s = s, where

(3.7) s7* = 24/ pg - cos =rip.

The value s =5, violates the second condition in (3.5); furthermore
s, = 5, » and so p distinct characteristic values are given by (3.7) with
r=0,1,...,p—1.

Solving (3.4) with § = s, and substituting into (3.3) we get

£ QN L) (ﬂ\m,:_ Er-_" o {E\U_H”g_;_ W}‘(j— 1)
kJ.O} .{vj- — hIEER a1l

W e p
for r=1,...,p— 1 whereasfor r =0
(3.9) 20 =1,

The adjoint system (1.10) reduces to
1= 5q(41+52);
(3.10) Yo = S(PYp 1+ Y1), (k=2,...,p—1}
Y, = 5Py 1+Y,)-

The middle equation is the same as (3.1) with p and ¢ interchanged, and
its general solution is therefore obtained from (3.3) by interchanging p
and ¢. The first and the last equations can be satisfied if s =5,, and a
simple calculation shows that for r=1,2,...,p—1 the solution of
(3.10) 1s

3.11) "’ = (g)? sin 2 — (E)ﬂc o sin ik_—l)
v/ Wi £

For 5, =1 we get similarly

(3.12) Y = (plg)~.
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(313) (r] Z I(r) (r)

When r = 0 the kth term of the sum equals (p/g)" and so

(nla) — 1

q LY o ' )
p (plg)y —

except when p = g, in whichcase ¢, = 1/p. When r > 1 anelementary,
if tedious, calculation® leads to

(3.14) =

(3.15) T 2p[1 2 qu COos —]1
pl pl

Accordingly, the general representation (1.15) for the higher transition
probabailities leads to the final result!?

_ (r) tr) n
(3 16) p(n) ( / ) 1 ( ) 2p z Y [2\f pq €Oos wr/p]
(pla¥ _ ng COS 77
¥ o ri L.‘Vj)thb ki Jl'p
with #{”) and y{” defined by (3.8) and (3.11). When p =g the first
term on the right is to be interpreted as 1/p.

4. TRANSIENT STATES; ABSORPTION
PROBABILITIES

The theorem of section 1 was derived under the assumption that the
roots 1y, f,, ... are distinct. The presence of multiple roots does not
require essential modifications, but we shall discuss only a particular

* The calculations simplify considerably in complex notation using the fact that
sinv = [e?*—e~#]/(2/). The sum in (3.13) rcduces to a linear combination (with
Cnmnlex coefficients) of sums of the form

e—1

E elimim/p

i=0

where m =0 or m = L1. In the first casc the sum equals p, in the second 0, and
(3.15) follows trivially.

" For analogous formulas in the case of one reflecting and one absorbing barricr see
M. Kac, Random walk and the theory of Browniun motion, Amer. Math, Monthly,
vol. 54 (1947, pp. 369 361. The definition of the reflecting barrier is there modified
so that the particlc may rcach 0; whenever this occurs, the next step takes it to 1.
The cxp]lClt formulas are then more complicated. Kac’s paper contains also formulas
for pi#) in the Ehrenfest modcl {example XV, (2.¢)].
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case of special importance. The root 7, = | is multiple whenever the
chain contains two or more closed subchains, and this is a frequent situa-
tion in problems connected with absorption probabilities. It is easy to
adapt the method of section 1 to this case. For conciseness and clarity,
we shall explain the procedure by means of examples which will reveal the
main features of the general case.

Examples. (a) Consider the matrix of transition probabilities

120000
2 1000 0
1 3
fATY D_004400
(4.1) =
00 L % 900
P 0420 11}
i 1 1 1 1 3
| 8 8§ ® 6 8

It is clear that E, and E, form a closed set (that is, no transition 18
possible to any of the remaining four states; compare XV, 4). Similarly
E; and E, form another closed set. Finally, E; and FE; are transient
states. After finitely many steps the system passes into one of the two
closed sets and remains there.

The matrix P has the form of a partitioned matrix

|'A00"

(4.2) P=|0 B 0
uv v T

where each letter stands for a 2 by 2 matrix and each zero for a matrix
with four zeros. For example A has the rows (4, §) and (%, §); thisis

$lap smntrie af tononmoitiam semalalilitiae ~mnragmanAding fa tha nin F{'\‘Pm.ﬂ("
Llli: IMairix i ransition lJJ. UU(].UIII.LICD \-Ullbbt}ullullls (S VN ¥ ¥ AW LI RAFL Lo

by the two states E; and E, This matrix can be studied by itself, and
the powers A" can be obtained from example (2.a) with p =a = §.
When the powers P2 P3, ... are calculated, it will be found that the first
two rows are in no way affected by the remaining four rows. More pre-
cisely, P" has the form

T s

-

A~ 0 0
(4.3) pr=0 B* 0
Uﬂ V‘ﬂ T”
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where A", B", T™ arethe nth powers of 4, B, and T, respectively, and
can be calculated™ by the method of section 1 [cf. example (2.4) where all
calculations are performed]. Instead of six equations with six unknowns
we are confronted only with systems of two equations with two unknowns
each.
It should be noted that the matrices U, and ¥, in(4.3) are not powers

of U/ and J and cannot be obtained in the same s
B", and T". However, in the calculation of P2 P3 ... the third and
fourth columns never affect the remaining four columns. In other words,
if in P" the rows and columns corresponding to E, and E, are deleted,
we get the matrix

A 0
(a0 )

\U, 17

n
im p]f- way as A7,

which 1s the nth power of the corresponding submatrix in P, that is, of
00

0
Therefore matrix (4.4) can be calculated by the method of section 1, which
in the present case simplifies considerably. The matrix ¥, can be ob-
tained in a similar way.

Usually the explicit forms of U, and ¥, are of interest only inasmuch
as they are connected with absorprion probabilities. 1f the system starts
from, say, E;, what is the probability A that it will eventually pass into
the closed set formed by E, and E, (and not into the other closed set)?
What is the probabi!iry A, that this will occur exactly at the nth step?

Clearly pi 4+ piz) is the probability that the considered event occurs at
the nth step or before, that s,

o
%
L
p—_
e ———
N
[P S ) U X
F D e Ak
@l k= O
= Y

PéT}+Pé;)=ﬂ-1+ﬂ-2+"'+An-

Letting n — oo, we get A. A preferable way to calculate 4, is as follows.
The (n—1)st step must take the system to a state other than E, and E,,
that is, to either E; or Ey; (since from E,; or E, no transition to E,

1 In T the rows do not add to unity so that T is not a stochastic matrix. The
matrix is substochastic in the sense of the definition in XV, 8. The method of scction 1
applics without change, except that ¢ = 1 is no longer a root {so that 7% — 0).
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Hence

(n— n— n— _
Ay = psg 1)(P51+P52) -+ P(55 1)(P61+ps2) = ipf:.s Y + %P(;ﬁ Y,

It will be noted that 2, is completely determined by the elements of
T»71, and this matrix is easily calculated. In the present case

P =P = H&)" andhence 2, = )"
(b) Brother-sister mating. We conclude by a numerical treatment of the
chain of example XV, (2.f). The main point of the following discussion is
to show that the canonical representation

L]

ny __ N wn 0 (7)) i)

(46) p:’k _er(' ‘7"1‘? y?c
r==1

remains valid even though ¢ =1 is a double root of the characteristic
equation.
The system (1.9) of linear equations takes on the form

— 1 .
4.7) Ty = txy, 2%, + 3%, + Iz, = 1%,
1 1
ie1 + 1%y + {2, + 1z b Sy + drg = 17
1 1 —_ —_ —
Yoo o+ Aoy o g = tm, wp=1m, T =t

and these equations exhibit the form of the given matrix. From the first
and fifth equations 1t is clear that z;, =2z; =0 unless 7= 1. For
t # 1, therefore, the equations reduce effectively to four equations for four
unknowns and the standard elimination of variables leads to a fourth-
degree equation for ¢ as a condition for the compatibility of the four
equations. Since there are six characteristic roots in all it follows that
t =1 isa doubleroot. It isnot difficult to verify that the six characteristic
roots are!”

(4-8) r1=32=13 fa='12‘s r4=%s '!5=3f+3f\!5! rs=%_§i\’f5-

The corresponding solutions (z{™, ..., z{") of (4.7) can be chosen as
follows:

(49) (1’ %’ I%? i_s 05 %)3 (09 :i_s %3 i_: Is %)s (03 ls 0! - 13 09 0)
©,1, —1,1,0, —4), (0,1, —14+/3, 1,0, 6—2v9),

0,1, =1—=+/5,1,0, 6+2:/5).

LI | ¥ =y fr T3

12 The root #; = } can be found by inspection since it corresponds to the simple
solution =, = —x;, =1 and z, = 2; =x; ==, = 0. The cubic equation for the
other roots is of a simple character.
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The next problem is to find the corresponding solutions (g7, .. . %)
of the system obtained from (4.7) by mterchangmg rows and columns. For
¥ > 3 this solution is determined up to a multiplicative constant, but cor-
responding to the double root 7, = =1 we have to choose among
infinitely many solutions of the form (a,0,0,0, 5, 0). The appropriate
choice becomes obvious from the form of the desired representation (4.6).
Indeed, a glance at (4.9) shows that z!” = 0 exceptfor r = 1, and hence
(4.6) yields p{i) = ¢ (1) forall & and n. But E, isan absorbing state
and it 1s obvious that p{?) = 0 for all £ % 1. It follows that for » = 1
we must choose a solution of the form (g, 0, 0, 0, 0, 0), and for the same
reason a solution corresponding to r =2 is (0,0,0,0, b, 0). The solu-
tions correspondin g to the remaining characteristic values are easily found.
(Those chosen in our calculations are exhibited by the second rows of the
matrices below.} The norming constants ¢!” are then determined by
(1.14), and in this way we get all the qualities entering the representation
formula (4.6).

In the display of the final result the matrices corresponding to r = 1
and r =2 have been combined into one. Furthermore, the elements

T r T J— —
(‘t }“r( J'u;{‘ ! Pnrresp(\nd]ng to ¥ 53 and r=f are Ofthu foi-m G+ BN U\/S

For typographlcal convenience and clarity it was necessary to regroup
their contributions in the form a[t?+2] and bv/5[t2—171.

/11 00 00 0 0O © 0 0 0 0
't 0001 0 1 2 0 -2 1 0
pn_ |t 000 0] 2 0 0 0 0 0 0
1 000 3% 0 4 1 =2 0 2 —1 0
000010 c 0 0 0 o0 9
(¥ 00 0 % 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

—1 4 —4 4 —1 =2 -9 6 4 6 —9

+4—n 1 —4 4 —4 1 2 +r;‘+r: —11 4 16 4 —11 =2

20 | —1 4 —4 4 —1 —2 20 -9 6 4 & —9% 2

0 0 0 0 0 0 0 0 0 0 0 0

4 —16 16 —16 4 8 —14 16 —16 16 —14 12

0 0 0 0 0 0

—4 2 4 2 —4 0

0 —ry - —5 4 0 4 =5 2

VS e 4 2 —4 0

0 o 0 0 0 0

—6 0 16 0 —6 —4

It 1s easily verified that this formula is valid for » = 0. On the other hand,
from the structure of the right side in (4.6) it is clear that if (4.6) holds for
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some n then it is valid also for » 4+ 1. In this way the validity of (4.6)
can be established without recourse to the general theory of section 1.

5. APPLICATION TO RECURRENCE TIMES

In problem 19 of XI11,12 it is shown how the mean g and the variance
g? of the recurrence time of a recurrent event & can be calculated in terms
of the probabilities u, that & occurs at the nth trial. If & is not periodic,
then

[rs] 2 2
(5.1) Hn—’l and 3 (“n _1) _ O —H N
e n=0 )

provided that o2 is finite.
If we identify & with a persistent state E,, then u, = p/® (and
= 1}. In a finite Markov chain all recurrence times have ﬁmte variance
(cf. problem 19 of XV, 14), so that (5.1) applies. Suppose that E; is not
periodic and that formula (1.5) applies. Then ¢, =1 and |¢| <1 for

El

=2,3,..., so that p{ — pl = 4*. To the term u, — p=! of
( .1) there corresponds
(S 2) pt"n.) _ _1 — i (r)r
* 12 JJ T
fHi  r=2

This formula is valid for # > 1; summing the geometric series with ratio
¢, we find

rs

{n) 1 S P(;f:}
53) > (o~ 0) =522
n=17% M, Sl — i,
Introducing this into (5.1), we find that if E; is a non-periodic persisient
state, then its mean recurrence time is given by p; = 1/p'}), and the variance
of its recurrence time is

)
(54 o =y — it 4 24 3 LA
provided, of course, that formula (1.3) is applicable and ¢ = 1. The
case of periodic states and the occurrence of double roots require only
obvious modifications.




CHAPTER XVII

The Simplest Time—Dependent

Stochastic Processes’

1. GENERAL ORIENTATION. MARKOY
PROCESSES

The Markov chains of the preceding chapters may be described very
roughly as stochastic processes in which the future development depends
only on the present state, but not on the past history of the process or the
manner in which the present state was reached. These processes involve
only countably many states £, Es,... and depend on a discrete time
parameter, that is, changes occur only at fixed epochs? r =0,1,.... In
the present chapter we shall consider phenomena such as telephone calls,
radioactive disintegrations, and chromosome breakages, where changes
may occur at any time. Mathematically speaking, we shall be concerned
with stochastic processes involving only countably many states but
depending on a continuous time parameter. A complete description of such
processes is not possible within the framework of discrete probabilities
and, in fact, we are not in a position to delineate formally the class of

Markov processes in which we are interested. Indeed, to describe the past
historv of the process we must snecify the gpgghs at which chanves have

....... g e ROl W lliat apnddly UL ALALL Cllgllbl

=

occurred, and this involves probabilities in a continuum. Saying that the
future development is independent of the past history has an obvious in-
tuitive meaning (at least by analogy with discrete Markov chains), but a
formal definition involves conditional probabilities which are beyond the
scope of this book. However, many problems connected with such

1 This chapter is almost independent of chapters X-XVI. For the use of the term
stochastic process sec footnote 28 1n XV, 13.

* As in the preceding chapters, when dealing with stochastic processes we use the
term epoch to denote points on the time axis. In formal discussions the word fime will
refer to durations.

444
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processes can be treated separately by quite elementary methods provided
it s taken for granted that the processes actually exist. We shall now pro-
ceed in this manner.

To the transition probability p{» of discrete Markov chains there
corresponds now the transition probability P,(¢), namely the conditional
probability of the state E, at epoch #+4s given that at epoch s < t45
the system was in state £,. As the notation indicates, it is supposed that
this probability depends only on the duration ¢ of the time interval, but
not on its position on the time axis. Such transition probabilities are
called stationary or time-homogeneous. (However, inhomogeneous
processes will be treated in section 9.) The analogue to the basic relations
XV,(3.3) 18 the Chapman-Kolmogorov identity

(1.1) _ Pylr+1) = Z Pi(7)P (0,

which is based on the following reasoning. Suppose that at epoch 0 the
system is in state E,. The jth term on the right then represents the prob-
ability of the compound event of finding the system at epoch 7 in state
E;, and at the later epoch T4t in state F,. But a transition from £, at
epoch 0 to E; at epoch r+4¢ necessarily occurs through some inter-
mediary state E; at epoch r and summing over all possible E; we
see that (1.1) must hold for arbitrary (fixed) = > 0 and ¢ > 0.

In this chapter we shall study solutions of the basic identity (1.1). Tt will
be shown that simple postulates adapted to concrete situations lead to
systems of differential equations for the Py (¢), and interesting results can
be obtained from these differential equations even without solving them.
These results are meaningful because our solutions are actually the transi-
tion probabilities of a Markov process which is uniquely determined by
them and the initial state at epoch 0. This intuitively obvious fact® will
be taken for granted without proof.

Forfixed j and ¢ the transition probabilities P;;(r) define an ordinary
discrete probability distribution. It depends on the continuous parameter
t, but we have encountered many families of distributions involving con-
tinuous parameters, Technically the considerations of the following
sections remain within the framework of discrete probabilities, but this
artificial limitation is too rigid for many purposes. The Poisson distribu-
tion {e~*(At)"{n!} may illustrate this point. Its zero term e *' may be

* 1t 1s noteworthy, however, that there may cxist (rather pathological} non-Markovian
processes with the same transition probabilities. This point was discussed at length in
XIl, 2.a, in connection with processes with independent increments (which are a special

class of Markov processes). See also the discussion in section 9, in particular footnotc
18.
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intarnratad ac nrahahility that na ‘f'P]t-\‘r'\hn e r‘n” nrrn:nc within a fime inter-
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val of fixed length 7. But then e~** is also the probability that the waiting

time for the first call exceeds ¢, and so we are indirectly concerned with a
continuous probability distribution on the time axis. We shall return to
this point in section 6.

2. THE POISSON PROCESS

The basic Poisson process may be viewed from various angles, and here
we shall consider it as the prototype for the processes of this chapter.
The following derivation of the Poisson distribution lends itself best for
our generalizations, but it is by no means the best in other contexts. [t
should be compared with the elementary derivation in VI, 6 and the treat-
ment of the Poisson process in XII, (2.a) as the simplest process with
independent increments.

For an empirical background take random events such as disintegrations
of particles, incoming telephone calls, and chromosome breakages under
harmful irradiation. All occurrences are assumed to be of the same kind,
and we are concerned with the total number Z(t) of occurrences in an
arbitrary time interval of length f. Each occurrence is represented by a
point on the time axis, and hence we are really concerned with certain
random placements of points on a line. The underlying physical assump-
tion is that the forces and influences governing the process remain constant
so that the probability of any particular event is the same for all time inter-
vals of duration ¢, and is independent of the past development of the
process. In mathematical terms this means that the process 1s a time-
homogeneous Markov process in the sense described in the preceding
section. As stated before, we do not aim at a full theory of such processes,
but shall be content with deriving the basic probabilities

(2.1) P.(t) = P{Z(t) = n}.

These can be derived rigorously from simple postulates without appeal to
deeper theories.

To introduce notations appropriate for the other processes in this
chapter we choose an origin of time measurement and say that at epoch
t > 0 the system is in state E, 1f exactly n jumps occurred between O
and t. Then P,(t} equals the probability of the state E, at epoch ¢,
but P,(t) may be described also as the transition probability from an
arbitrary state E; at an arbitrary epoch s to the state £, at epoch
s <+ t. We now translate our informal description of the process into
properties of the probabilities P, (7).

Let us partition a time interval of unit length into N subintervals of
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a1l I I
submtervals equals [ — Pyh), a d ) the expected number of submtervals
containing a jump equals A7[1—Py(#}]. One feels intuitively that as
s — 0 this number will converge to the expected number of jumps within
any time interval of unit length, and it is therefore natural to assume?
that there exists a number 2 > 0 such that

(2.2) A1 —=Po(i)] — 4.
The physical picture of the process requires also that a jump always leads
from a state E, to the neighboring state E,,;, and this implies that the

expected number of subintervals (of length /) containing more than one
jump should tend to 0. Accordingly, we shall assume that as 4 —0

(71 AT —P IV —P (T 0
a2 AT T VT OV T Y

For the final formulation of the postulates we write (2.2) in the form
Py(h} = 1—Aih+o(h) where (as usual) o(h) denotes a quantity of smaller
order of magnitude than 4. (More precisely, o(#} stands for a quantity
such that #%o(A) —0 as £ —0.) With this notation (2.3) is equivalent
to Pi(h) = 2h + o(h). We now formulate the

Postulates for the Poisson process. The process starts at epoch 0 from
the state E,. (1) Direct transitions from a state E; are possible only to
E. .. (i1) Whatever the state E; at epoch t, the probability of a jump
within an ensuing short time interval between t and t+h equals 2h + o(h),
while the probability of more than one jump is o(h).

As explained in the preceding section, these conditions are weaker than
our starting notion that the past history of the process in no way influences

the future development. On the other hand, our postulates are of a purely
analytic character, and they suffice to show that we must have

()" -

!

24) P,(0) =

To prove this assume first #» > 1 and consider the event that at epoch
t++h the system is in state E,. The probability of this event equals
P,(t+4), and the event can occur in three mutually exclusive ways. First,
at epoch ¢ the system may be in state £, and no jump occurs between ¢
and t+4#4. The probability of this contingency is

P (O)Py(h) = P,(1)[] — k] + o(h).

1 The assumption (2.2) is introduced primarily because of its easy gencralization to
other processes. In the present case it would be more natural to observe that Py(r)
must satisfy the functional equation Py(t+7) = Po(t)Po(7), which implies (2.2),
(See section 6.)
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The second possibility is that at epoch ¢ the system is in state £, y and
exactly one jump occurs between ¢ and ¢+4. The probability for this is
P, (1) ik + o(h). Any other state at epoch ¢ requires more than one
jump between ¢ and f+#4, and the probability of such an event is o(h).
Accordingly we must have

~—

2.5) P(t+h) =P

o

"

(O(1—ih) + P,_4(1)ih + ofh)

and this relation may be rewritten in the form

(2.6)

Pl — PO _ _jp o) + P, () + 22
T n—1 h .

As # -0, the last term tends to zero; hence the limit® of the left side

Fa Ve I ) Ll T i y 2RI LIIS L2133 u

exists and
(2.7) Pty = —AP, (1) + AP, (1) (n > 1)

For n =0 the second and third contingencies mentioned above do not
arise, and therefore (2.7) is to be replaced by

(2.8) Py(t+h)y = Py(t)}(1—Ak) + o(h),
which leads to
(2.9) Pyt = —APy(1).

From this and P, 0)=1 we get Pyt)= e *. Substituting this
Py(1) into (2.7) with n = 1, we get an ordinary differential equation for
P.(1). Since P,(0) = 0, we find easily that P,(z) = Zre *, in agreement
with (2.4). Proceeding in the same way, we find successively all terms of
(2.4).

3. THE PURE BIRTH PROCESS

The simplest generalization of the Poisson process is obtained by per-

mitting the probabilities of jumps to depend on the actual state of the sys-
tem. This leads us to the following

Postulates. (i) Direct iransitions from a state E; are possible only to
E,_1. (i) If at epoch 1 the system is in state E, the probability of a jump

s Since we restricted & to positive valucs, P(2) in (2.7) should be interpreted as a
right-hand derivative. 1t is really an ordinary two-sided derivative. In fact, the term
o(k) in (2.5) does not depend on ¢ and therefore remains unchanged when ¢ is
replaced by ¢ — k. Thus (2.5) implies continuity, and (2.6) implies differentiability in
the ordinary sense. This remark applies throughout the chapter and will not be
repeated.
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within an ensuing short time interval between { and i+h equals Ak + o(h),
while the probability of more than one jump within this interval is o(k).

The salient feature of this assumption is that the time which the system
spends in any particular state plays no role; there are sudden changes of

state but no aging as long as the system remains within a single state.
Awoain let {ﬂ be the nrobahility that at enoch ¢ the svstem is In state

ol vt ..._ PrYUGULILLY WAL G WPl PLiGe O FOLRALiL Ao Aol Rl

E,. The functlons P.(1) sat1sfy a system of differential equations which
can be derived by the argument of the preceding section, with the only
change that (2.5) is replaced by

(3.1 P(t+h) = P,(O(1=2.1) + P,_,()2,_h + o(h).

In this way we get the basic system of differential equations

Po(t) = —2,P () + 2, 1P (D) (n 2 1),

(3.2)
Pyt = —2,Py(1).

In the Poisson process it was natural to assume that the system starts
from the initial state E, at epoch 0. We may now assume more generalty
that the system starts from an arbitrary initial state E;. This implies that®

(3.3) PO) =1, P(0)=0 for n#d.

These initial conditions uniquely determine the solution {£,(1)} of
(3.2). [In particular, Py(t) = Py(1) = -+ = P,_,(t) = 0.] Explicit for-
mulas for 2,(¢) have been derived independently by many authors but are
of no interest to us. It is easily verified that for arbitrarily prescribed 7,
the system {P,(¢)} has all required properties, except that under certain
conditions ¥ P,(t} < 1. This phenomenon will be discussed in section 4.

Examples. (a) Radioactive transmutations. A radioactive atom, say
ur d.[llL.lH1, fﬂa}’ Uy ETTTIlSSlUIl Ul pdl’llbleb or ']/'Td.yb Llldllgc to an atom Ul d
different kind. Each kind represents a possible state of the system, and as
the process continues, we get a succession of transitions £, — £, — E, —
— -+ — E,. According to accepted physical theories, the probability
of a transition E, — F,_, remains unchanged as long as the atom is in
state E£,, and this hypothesis is expressed by our starting supposition

i Lot wzeal]

1[1(: UlllCICHlel Cq le.llUHb k.‘) L) LIleTelUIc UCbLllUU LllC Process kcl [daci WGl
known to physicists). If E,, is the terminal state from which no further

5 [t will be noticed that P,(r) is thc same as the transition probability Pi(¢) of
scction 1,
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hen 4, = 0 and thesy
n=m. [For n> m we get automatically P, (¢) = 0.]

(b) The Yule process. Consider a population of members which can
(by splitting or otherwise) give birth to new members but cannot die.
Assume that during any short time interval of length # each member has
probability A%z + o(#) to create a new one; the constant 7 determines

tho raota Af innrranoa Af+ha mammilndian I thara (o mvn (nfaranfinm amirame tha
Lie Taic O INCrédasc 01 ui poOpuaivil. 11 uilrc is o NCraciicii amoiig uic

members and at epoch ¢ the population size is », then the probability
that an increase takes place at some time between ¢ and tr+#4 equals
nih + o(h). The probability P,(#) that the population numbers exactly
n elements therefore satisfies (3.2) with A, = n2, that is,

(34 PUD = —niP () + (n—1)2P, (D) (n > 1).
P)(t) = 0.

Denote the initial population size by /. The initial conditions (3.3) apply
and it is easily verified that for » > i > 0
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and, of course, P,(¢} =0 for n < { and all t. Using the notation
VI,(8.1) for the negative binomial distribution we may rewrite (3.5) as
P ()= f(n — i; i, e~*). It follows [cf. example IX,(3.c)] that the popula-
tion size at epoch ¢ is the sum of / independent random variables each
having the distribution obtained from (3.5) on replacing i by 1. These
{ variables represent the progenies of the i original members of our
population.

This type of process was first studied by Yule? in connection with the
mathematical theory of evolution. The population consists of the species
within a genus, and the creation of a new element is due to mutations.

' G. Udny Yule, A mathematical theory of evolution, based on the conclusions of
Dr, J. C. Willis, F.R.S., Philosophical Transactions of thc Royal Socicty, London,
Scries B, vol. 213 (1924), pp. 21-87. Yule does not introduce the differential equations
(3.4) but derives P.(r) by a limiting process similar to the one used in VL5, for the
Poisson process. Much more general, and more flexible, models of the same type were
devised and applicd to epidemics and population growth in an unpretentious and highly
interesting paper by Lieutenant Colonel A. G. M'Kendrick, Applications of mathemarics
to medical problems, Proceedings Edinburgh Mathematical Society, vol. 44 (1925),
pp. 1-34. It is unfortunate that this remarkable paper passed practically unnoticed. 1n
particular, it was unknown to the present author when he introduced various stochastic
models for population growth in Die Grundlagen der Volterraschen Thearie des Kampfes
ums Dasecin in wahrscheinlichkeitstheoretischer Behandluny, Acta Biotheoretica, vol. 5
(1939), pp. 11-40.
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The assurnntlon that each ﬁ‘.necmc. has the same » rnbablhf_ of thr

& ew species neglects the difference in species sizes. Since have also
‘%lected the possibility that a species may die out, (3.5) can be expected

- .t give only a crude approximation.
F urry® used the same model to describe a process connected with cosmic

rays, but again the approximation is rather crude. The differential equa-
tions f? 4) qrmlv strictlv to a pnnn]qhnn of nf\rhr-qu which can n.n]lf into
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exact rephcas of themselves, provided, of course, that there is no inter-
action among particles. >
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The solution fp (r\l of the infinite svstem of differential eguations
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(3.2)subject to ln1t1al CO]’]dlthIlS (3.3) can be calculated inductively, starting
from Pyt) = e "' The distribution {P,(r)} is therefore uniquely
determined. From the familiar formulas for solving linear differential
equations it follows also that P,(r) > 0. The only question left open is
whether {P,(r}} is a proper probability distribution, that is, whether or

not
nel

@.1) S P =1

for all t. We shall see that this is not always so: With rapidly increasing
coefficients 2, it may happen that

@) SP)< 1.

When this possibility was discovered it appeared disturbing, but it finds a
ready explanation. The left side in (4.2) may be interpreted as the prob-
ability that during a time interval of duration ¢ only a finite number of
jumps takes place. Accordingly, the difference between the two sides in
(4.2) accounts for the possibility of infinitely many jumps, or a sort of

avmlacinn  Far o hattor itndarctandineg af thic nhanamannn let g commnare
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our probabilistic model of growth with the familiar deterministic approach.

The quantity 2, in (3.2) could be called the average rate of growth of a
population of size n. For example, in the special case (3.4) we have
A, = ni, so that the average rate of growth is proportional to the actual
populanon size. If growth is not SUb_]CCt to chance fluctuations and has a

ulation cize 'r(f\

el

* This section treats a special topic and may be omitted.
¥ On fluctuation phenomena in the passage of high-energy electrons through lead,
Physical Reviews, vol. 52 (1937), p. 569,
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the latter varies in accordance with the deterministic differential equation

(4.3) ‘139 — ax()

It implies that
4.4 x(1) = ie*,

where i = 2(0) is the initial population size. It is readily seen that the
expectation ¥ nP,(t) of the distribution (3.5) coincides with (#), and
thus «(¢) describes not only a deterministic growth process, but also the
expected population size in example (3.5).

Let us now consider a deterministic growth process where the rate of
growth increases faster than the population size. To a rate of growth
proportional to z*(r} there corresponds the differential equation

(4.5) 420 _ 122)
dt
whose solution is
(4.6) (1) = - 1 -
1 — Al

Note that x(¢) increases beyond all bounds as ¢ — 1/2i. In other words,
the assumption that the rate of growth increases as the square of the
population size implies an infinite growth within a finite time interval.
Similarly, if in (3.4) the A, increase too fast, there is a finite probability
that infinitely many changes take place in a finite time interval. A precise
answer about the conditions when such a divergent growth occurs is given
Dy L&

Theorem. In order that > P,(1) = | foralltitisnecessary and sufficient
that the series > 271 diverges.?

Proof. Put
(4.7 S.(t) = Po(t) + - - - + F2).
Because of the obvious monotonicity the limit
4.8) (o) = i [1=-5(0)]
exists. Summing the differential equations (3.2) over #=0,..., & we
get

(4.9) Si(0) = — AP0

® It is not difficult to see that the inequality z P(t) <1 holds either for all ¢ > 0,
Or clse for no ¢ > 0, See problem 22,
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In view of the initial conditions (3.3) this implies for k > i

i
(4.10) 1 — S0 = sz‘ P.(7) dr.
0
Because of (4.8) the left side lies between & and 1, and hence
{
@.11) B < [Pwds < 5
J0
Summing' for k=14 ...,n wegetfor n> i

£
412y wOlit+ -+ 17 < fsn(s) ds < A7t 4+ I
0

When 3 4% < o0 the rightmost member remains bounded as #— oo,
and hence 1t is impossible that the integrand tends to 1 for all . Con-
versely, if 3 47! = oo weconclude from the first inequality that p(f) =0
for all ¢, and in view of (4.8) this implies that S,(t) — 1, as asserted. »

The criterion becomes plausible when interpreted probabilistically, The system
spends some time at the initial state £, moves from therec to E,, stays for a while
there, moves onto E,, etc, The probability Py(z) that the sojourn time in E, exceeds
¢t is obtained from (3.2) as P,(t) = ¢~ %!, This sojourn time, Ty, is a random variable,
but its range is the positive f-axis and therefore formally out of bounds for this book.
However, the step from a geometric distribution to an exponcntial being trivial, we may
with impunity trespass a trifle. An approximation to T, by a discrete random variable
with a geometric distribution shows that it is natural to define the expected sojourn time
at E, by

(4.13) E(T,) = j te~*ot dydt = A,
0

At the epoch when the system enters E;, the statc E; takes over the role of the initial
statc and the same conclusion applies to the sojourn time T, at E;: The expected
sojourn time at E; is E(T;) = A7'. It follows that Ag' 4 A7' 4+ <+« + 47" is the
expected duration of the time it takes the system to pass through Ey, E,, ..., E,, and
w¢ can restate the criterion of section 4 as follows:

In order that E Pt)=1 for all t itis necessary and sufficient that

(4.14) SET) =D i =«

that is, the rotal expected duration of the time spent at Ey, E,, E,, ... must be infinite.
Of course, Ly(z) =1 — 2 P,(¢) is the probability that the system has gone through a#/
states before epoch ¢,

With this interpretation the possibility of the inequality (4.2) becomes understandable.
If the expected sojourn time at £, is 277, the probability that the system has passed
through all states within time 1 4+ 2-* 4+ 2% 4+ - - - = 2 must be positive. Similarly,
a particle moving along the z-axis at an exponentially increasing velocity traverses the
entire axis in a finite time,

[We shall return to divergent birth process in example (9.5).]
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The pure birth process of section 3 provides a satisfactory description
of radioactive transmutations, but 1t cannot serve as a realistic model for
changes in the size of populations whose members can die (or drop out).
This suggests generalizing the model by permitting transitions from the
state £, not only to the next higher state £, _, but also to the next lower

state £, ,. (More general processes will be defined in section 9.) Accord-
ingly we start from the following

Postulates. The system changes only through transitions from states to
their nearest neighbors (from E, to E, ., or E,_y if n > 1, but from E,
to Ey only). If at epoch t the system is in state E,, the probability that
between t and t+h the transition E,—» E, | occurs equals A,k + o(h),
and the probability of E,— E, , (if n>1) equals uh + o(h). The
probability that during (t, t+h) more than one change occurs is o(h).

[t is easy to adapt the method of section 2 to derive differential equations
for the probabilities P, (¢} of finding the system in state E,. To calculate
P (1+h), note that the state £, at epoch 74/ 1is possible only under one
of the following conditions: (1} At epoch ¢ the system is in £, and
between ¢ and t+4#4 no change occurs; (2) at epoch ¢ the system is in
E, , and a transition to £, occurs; (3) at epoch ¢ the system is in
E,_, and a transition to E, occurs; (4) between ¢ and 7+#h there occur
two or more transitions. By assumption, the probability of the last event
is o(f). The first three contingencies are mutually exclusive and their

probabilities add. Therefore
(5.1) P (t+h) = P ({1 =2 h—u it} +
+ A th P, (1) + p, AP, (1) + o(h).

Transposing the term P, (1) and dividing the equation by /% we get on the
left the difference ratio of P,(¢), and in the limit as 2 -0

(52) P;(I) = _(;'n_{_.u‘n)Pﬁ(r) + ﬁﬁ—ip-n—l(rj + i‘E"Sn—,-—lPﬁ-_--i(-t)‘

This equation holds for » > 1. For # = 0 In the same way

(5.3) Py(t) = —APo(1) + . P1(0).

[f the initial state (s E,, the initial conditions are

(5.4) POY=1, P,0)=0 for nsi.

The birth-and-death process is thus seen to depend on the infinite system
of differential equations (5.2)—(5.3) together with the initial condition (5.4).
The question of existence and of uniqueness of solutions is in this case by
no means trivial. In a pure birth process the system (3.2) of differential
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equations was also infinite, but it had the form of recurrence relations;
Py(r) was determined by the first equation and P,(¢) could be calculated
from P, ,(#). The new system (5.2) is not of this form, and all P, ()
must be found simultaneously. We shall here (and elsewhere in this
chapter) state properties of the solutions without proof.1°

For arbitrarily prescribed coefficients 2, >0, u, >0 there always
exists a positive solution {P ()} of (5.2)~(5.4) such that > P (t) < 1. Ifthe
coefficients are bounded (or increase sufficiently slowly), this solution is
unique and satisfies the regularity condition > P, (1) = 1. However, it is
possible to choose the coefficients in such a way that > P,(t) < 1 and that
there exist infinitely many solutions. In the latter case we encounter a
phenomenon analogous to that studied in the preceding section for the
pure birth process. This situation is of considerable theoretical interest,
but the reader may safely assume that in all cases of practical significance
the conditions of uniqueness are satisfied; in this case automatically
> P.(r) = 1 (see section 9).

When 7, = 0 the transition £, —» £, isimpossible. Inthe terminology
of Markov chains £, is an absorbing state from which no exit is possible;
once the system is in F, it stays there. From (5.3) it follows that in this
case Po(t) > 0, so that Py#) increases monotonically. The limit P(c0)
is the probability of w/timate absorption.

[t can be shown (either from the explicit form of the solutions or from
the general ergodic theorems for Markov processes) that under any cir-
cumstance the limits
(5.5) lim P,(t) = p,

tor
exist and are independent of the initial conditions (5.4); they satisfy the
system of linear equations obtained from (5.2)-(5.3) on replacing the
derivatives on the left by zero.

The relations (5.5) resemble the limit theorems derived in XV,7 for
ordinary Markov chains, and the resemblance is more than formal.
Intuitively (5.5) becomes almost obvious by a comparison of our process

W The simplest existence proof and uniquencss criterion are obtained by special-
ization from the general theory developed by the author (sce section 9). Solutions of the
birth-and-death process such that z P.(t) < 1 have recently attracted wide attention.
For cxplicit trcatments see W, Lederman and G. E. Rceuter, Spectral theory for the
differential equations of simple birth and death processes. Philosophical Transactions of
the Royal Society, London, Series A, vol. 246 (1954), pp. 387-3%91; 3. Karlin ':md
J. L. McGregor, The differential equations of birth-and-death processes and the Shiedjes
moment problem, Trans, Amer. Math. Soc., vol. 85 (1957), pp. 482 -546, and The
classification of hirth and death processes, ibid. vol. 86 (1957), pp. 366-400. See also
W. Feller, The hirth and death processes as diffusion processes, Journal de Mathématiques
Pures at Appliquées, vol. 38 (1959), pp. 301-345.
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with a simple Markov chain with transition probabilities

An Yn
5.6 ol — . 1 R
(5.6)  — W+ Prn W +a
In this chain the only direct transitions are £, — £,,, and £, > E,_,,

and they have the same conditional probabilities as in our process; the
difference between the chain and our process lies in the fact that, with

Ha
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the latter, changes can occur at atrbitrary times, so that the number of
transitions during a time interval of length ¢ is a random varable.
However, for large ¢ this number is certain to be large, and hence it is
plausible that for 7-» oo the probabilities P,{t) behave as the cor-
responding probabilities of the simple chain. -

-

If the simple chain with transition probabilities (5.6} is transient we
have p, = 0 for all »; if the chain is ergodic the p, define a stationary
probability distribution. In this case (5.5) is usually interpreted as a
“tendency toward the steady state condition” and this suggestive name has
caused much confusion. It must be understood that, except when E, 1s
an absorbing state, the chance fluctuations continue forever unabated
and (5.5) shows only that in the long run the influence of the initial condi-
tion disappears. The remarks made in XV, 7 concerning the statistical
equilibria apply here without change.

The principal field of applications of the birth-and-death process is to

problems of waiting times, trunking, etc.; see sections 6 and 7.

Examples. (a) Linear growth. Suppose that a population consists of
elements which can split or die. During any short time interval of length
k the probability for any living element to split into two is 2k + o(A),
whereas the corresponding probability of dying is wh <+ o(h). Here 2
and u are two constants characteristic of the population. [f there is no
interaction among the elements, we are led to a birth and death process
with 4, = ni, u, = nu. The basic differential equations take on the form

Py(t) = pPyi(1),
Pi() = — (A+nP () + An—1)P, (1) + w(n+ 1P, (0).

Explicit solutions can be found™ (cf. problems 11-14), but we shall not

LA systematic way consists in deriving a partial differential cquation for the
generating function 2 P.(t)s". A more gencral process where the coefficients 1 and
@ in (5.7) are permitted to depend on time is discussed in detail in David G. Kendall,
The generalized *birth and death™ process, Ann. Math. Statist., vol. 19 (1548), pp. 1-15.
Sec also the same author’s Stochastic processes and population growth, Journal of the
Royal Statistical Society, B, vol. 11 (1949}, pp. 230-265 where the theory is generalized

to take account of the age distribution in biological populations.
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discuss this aspect. The limits (5.5) exist and satisfy (5.7) with P.(f) = 0.
From the first equation we find p, = 0, and we see by induction from the
second equation that p, = 0 forall n > 1. If p, = 1, we may say that
the probability of ultimate extinction is |. If p, < 1, the relations
pr=p: =0 imply that with probability 1 — p, the population
increases over all bounds; ultimately the population must either die out or
increase indefinitely. To find the probability p, of extinction we compare
the process to the related Markov chain. In our case the transition prob-
abilities (5.6) are independent of #, and we have therefore an ordinary
random walk in which the steps to the right and left have probabilities
p = i+ and g = u/(A4+pu), respectively. Thestate E, is absorbing.
We know from the classical ruin problem (see XIV, 2) that the probability
of extinction 1s 1 if p < ¢ and (g/p)* if g < p and i is the initial state.
We conclude that in our process the probability p, = lim Py(1) of ultimate
extinction is 1 if 2. < p, and (u/A) if A > g. (This is easily verified
from the explicit solution; see problems 11-14.}

As In many similar cases, the explicit selution of (5.7) is rather com-
plicated, and it is desirable to calculate the mean and the variance of the
distribution {P,(#)} directly from the differential equations. We have for
the mean

o

(5.8) M(f) = 3 nP(1).

n=1
We shall omit a formal proof that M(¢) is finite and that the following
formal operations are justified (again both points follow readily from
the solution given in problem 12). Multiplying the second equation in
(5.7) by n and adding over n=1,2,..., we find that the terms con-
taintng »* cancel, and we get

(59) M@O=2120-DP, () —p3n+DP,. ()=
= (A—)M(1).

This is a differential equation for M(?).

and hence M(0) = i. Therefore

s o BT - - it
1

he initial population size is 7,

(5.10) M(t) = ie" =",

We see that the mean tends to O or infinity, according as A < u or
A > u. The variance of {P,(r)} can be calculated in a similar way (cf.
problem 14).

(b) Waiting lines for a single channel. In the simplest case of constant
coefficients 2, = A, u, = u the birth-and-death process reduces to a
special case of the waiting line example (7.5) when ¢ = 1.
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The principal field of applications of the pure birth-and-death process is
connected with trunking in telephone engineering and various types of
waiting lines for telephones, counters, or machines. This type of problem
can be treated with various degrees of mathematical sophistication. The
method of the birth-and-death process offers the easiest qpprgagh but this
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model is based on a mathemaucal simplification known as the asswmprion
of exponential holding times. We begin with a discussion of this basic
assumption.

For concreteness of language let us consider a telephone conversation,

and let us assume that its length is necessarily anintegral number of seconds.
We treat the leneth of the conversation as a random variable X and

L L L L naale RALIV AL O8NS o4 LaiidY

assume its probab1hty distribution p, = P{X = n} known. The telephone
line then represents a physical system with two possible states, “‘busy”
(E,) and “free” (£,). When the line is busy, the probability of a change in
state during the next second depends on how long the conversation has
been going on. [n other words, the past has an influence on the future, and

our process i is therefore not a8 Markov process ( {see YV ]?\ This circum-
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stance is the source of difficulties, but fortunately there exists a simple
exceptional case discussed at length in XIIL9.

Imagine that the decision whether or not the conversation is to be con-
tinued is made each second at random by means of a skew coin. In other
words, a sequence of Bernoulli trials with probability p of success is
performed at a rate of one per second and continued until the first success.
The conversation ends when this first success occurs. In this case the total
length of the conversation, the “holding time,”” has the geometric distribu-
tion p, = g™ 'p. Whenever the line is busy, the prebability that 1t will
remain busy for more than one second is g, and the probability of the
transition E, — E; at the next step 1s p. These probabilities are now
independent of how long the line was busy.

When it 1s undesirable to use a discrete tume parameter it becomes
necessary to work with continuous random variables. The role of the geo-
metric distribution for waiting times is then taken over by the exponential
distribution. It is the only distribution having a Markovian character,
that is, endowed with complete lack of memory. In other words, the prob-
ability that a conversation which goes on at epoch x continues beyond
x + h is independent of the past duration of the conversation if, and only
if, the probab_ility that the conversation lasts for longer than ¢ time units
is given by an exponential e *!, We have encountered this “exponential
holding time distribution” as the zero term in the Poisson distribution
(2.4), that is, as the waiting time up to the occurrence of the first change.




XVIIL6] EXPONENTIAL HOLDING TIMES 459

The method of the birth-and-death process is applicable only if the
transition probabilities in question do not depend on the past; for trunking
and waiting line problems this means that all holding times must be
exponential. From a practical peint of view this assumption may at first
sight appear rather artificial, but experience shows that it reasonably
describes actual phenomena. In particular, many measurements have
shown that telephone conversations within a city*? follow the exponential
law to a surprising degree of accuracy. The same situation prevails for
other holding times (e.g., the duration of machine repairs).

It remains to characterize the so-called incoming traffic (arriving calls,
machine breakdowns, etc.). We shall assume that during any time interval
of length 4 the probability of an incoming call is 24 plus negligible
terms, and that the probability of more than one call is in the limit neglig-
ible. According to the results of section 2, this means that the number of
incoming calls has a Poisson distribution with mean Az. We shall describe
this situation by saying that the incoming traffic is of the Poisson type with
intensity 2.

r
I

It is casy to verify the described property of exponential holding times. Denote by
u(t) the probability that a conversation lasts for at least ¢ time units, The probability
#(r++) that a conversation starting at 0 lasts beyond ¢ + s equals the probability that
it lasts longer than ¢ units multiplied by the conditional probability that a conversation
lasts additional s units, given that its length exceeds . If the past duration has no
infiuence, the last conditional probability must equal u(s); that is, we must have

(6.1) u(t+5Y = w(t) u(s).

To prove the asserted characterization of exponential holding times it would suffice to
show that monotone soiutions of this functional equation are nccessarily of the form
e~ *t, We prove a slightly stronger result which is of interest in itself.'®

Theorem. Let u he a solution of (6.1) defined for t > O and bounded in some interval,
Then either u(t) =0 forall t, or else u(t) = ¢ *' for some constant i.

Proof. Clearly

FE N fay — 1A
e/ @laj — uoiadpn

Suppose first that u(a) = 0 for some value a. From (6.2) we conclude by induction
that w(27"a) = 0 for all integers n, and from (6.1) it is clear that a(s) = ¢ implies

2 Rates for long distance conversations usually increase after three minutes and
the holding times are thercfore frequently close to three minutes. Under such circum-
stances the exponential distribution does not apply.

13(6.1) is only a loganthmic variant of the famous Hamel equation f(t + 5) =
= f(1} + f(s). We prove that its solutions are cither of the form af or clsc unbounded
in every interval. (It is known that no such solution is a Baire function, that is, no such
solution can be obtained by serics expansions ot other limiting processes starting from
continuous functions.)
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(6.2) obviously excludes negative values of « 1t remains only to consider strictly
positive solutions of (6.1).

Put e~ = 4(1) and ot} = e*u(r). Then
(6.3) o(t+s5) = olt)v(s) and o(ly = 1.

We have to prove that this implies p(t) =1 forall ¢ Obviously for arbitrary positive

L,
b=

integers m and n

(6.4) u(nf) - um(%) = Vo) =1

and hence v{s) = 1 for all rational s. Furthermore, if #(g2) = ¢ then t{na) = c* for
any positive or negative integer 2. It follows that if « assumes some value ¢ #£ 1
then it assumes also arbitrarily large values. But using (6.1) with £ + 5 = = it is seen
that v(r—s) = v(+) for all rational s. Accordingly, if a value A4 is assumed at some
point 7, the samec value is assumed in cvery interval, however small. The boundedness
of & in any given interval therefore precludes the possibility of any values 5 1. »>

7. WAITING LINE AND SERVICING
PROBLEMS

(a) The simplest trunking problem ™ Suppose that infinitely many trunks
or channels are available, and that the probability of a conversation
ending between t and f4# is wh + o(h) (exponential holding time).
The incoming calls constitute a traffic of the Poisson type with parameter
4. The system is in state E, if »n lines are busy.

It is, of course, assumed that the durations of the conversations are
mutually independent. If # lines are busy, the probability that one of them
will be freed within time # is then nuh + o(#). The probability that within
this time two or more conversations terminate is obviously of the order of
magnitude /% and therefore negligible. The probability of a new call
arriving is A4 + o(h). The probability of a combination of several calls,
or of a call arriving and a conversating ending, is again o(#). Thus, in the

W Palm, JIntensitifsschwankungen im Fernsprechverkehr, Ericsson Technics
(Stockholm), no. 44 (1943), pp. 1-189, in particular p. 57. Waiting line and trunking
problems for telephone exchanges were studied long before the theory of stochastic
processes was available and had a stimulating influence on the development of the
theory. In particular, Palm’s impressive work over many years has proved useful. The
carliest worker in the field was A. K. Erlang (1878-1929). See E. Brockmeyer,
H. L. Halstrdm, and Arne Jensen, The life and works of A. K. Erlang, Transactions of
the Danish Academy Technical Sciences, No. 2, Copenhagen, 1948, Indcpendently
valuable pioneer work has been done by T. C. Fry whose book, Probability and its
engineering uses, New York (Van Nostrand), 1928, did much for the development of
engineering applications of probability.
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f cartinn S |
(7.1) A, = 4, t, = 1.
The basic differentjal equations (5.2)—~(5.3) take the form
Py(f) = —APy(t) + pPy(D)
Pty = —(A+n)P (1) + AP, _,(t) + (n+DuP, .. ()

where # 2> 1. Explicit solutions can be obtained by deriving a partial
differential equation for the generating function (cf. problem 15). We shall
only determine the quantities p, = lim P,(¢) of (5.5). They satisfy the
equations

Apy = up,
(7.3)

(A, = 2p,y + (n+Dupois.
We find by induction that p, = py(4/x)*/n!, and hence

(7.4) /L
s nt

Irr =

Thus, the limiting distribution is a Poisson distribution with parameter
Mu. It is independent of the initial state.

It is easy to find the mean Mt} = z nP,(t). Multiplying the #th equation of (7.2)
by » and adding, we get, taking into account that the P,(¢} add to unity,

(7.5) M(t)y= A — uM(r).

When the initial state is E;, then M =i, and
A

(7.6) M(5) = = (1—e~#t) + jebt.
‘H

The reader may verify that in the special case 7 = 0 the P,(r) arc given exactly by the
Poisson distribution with mcan M{z).

(b) Waiting lines for a finite number of channels.’®> We now modify the
last example to obtain a more realistic model. The assumptions are the
same, except that the number a of trunklines or channels is finite. If all a
channels are busy, each new call joins a waiting line and waits until a channel
is freed. This means that all trunklines have a common waiting line.

T on apreyae A e e 17 o an T s laan d besr onsizedan of o mockafReos and
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“conversation” by service. We are actually treating the general waiting

18 A, Kolmogoroff, Sur le probléme d’attente, Recucil Mathématique [Sbornik],
vol. 38 (1931), pp. 101-106. For related processes see problems 6-8 and 20,
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We say that the system is in state E,, if there are exactly n persons either
being served or in the waiting line. Such a line exists only when » > a,
and then there are # — a persons in it.

As long as at least one channel is free, the situation is the same as in the
preceding example. However, if the system is in a state £, with 7 > a,
only a conversations are going on, and hence u, = au, for # > a. The
basic system of differential equations is therefore given by (7.2) for # < 4,
but for n > a by

(7.1 P = —(AtawP (1) + AP, (1) + auP, (1.

In the special case of a single channel (¢ = 1) these equations reduce
to those of a birth-and-death process with coefficients independent of x.
The limits p, = lim p,(#) satisfy (7.3} for n < a, and

(?8) (i+aﬁ‘)ﬁn = j’pn—l + a.l'upﬁ'?—l
for n > a. By recursion we find that
A T
(7.9 pa= oL "< a
Alu)”
(7.10) po= S, n>a
ala

The series > (p,/p,) converges only if
(7.11) A< a.

Hence a limiting distribution {p,} cannotexist when 4 > qu. In this case
Pn =0 for all n, which means that gradually the waiting line grows over
all bounds. On the other hand, if (7.11) holds, then we can determine p,
so that > p, = 1. From the explicit expressions for P,(f) it can be shown
that the p, thus obtained really represent the fimuting distribution of the
P,(1). Table | gives a numerical illustration for a = 3, Afu = 2.

(¢} Servicing of machines.'® For orientation we begin with the simplest
case and generalize it in the next example. The problem is as follows.

We consider automatic machines which normally require no human care
except that they may break down and call for service. The time required

18 Examples (¢) and (d), including the numerical illustrations, arc taken from an
article by C. Palm, The distribution of repairmen in servicing automatic machines (in
Swedish}, Industritidningen Norden, vol. 75 (1947), pp. 75-80, 90-94, 119-123. Palm
gives tables and graphs for the most economical number of repairmen.
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exponentlal dlStleuthn In other words, the machine is characterlze by
two constants 4 and p with the following properties. If at époch ¢ the
machine is in working state, the probability that it will call for service
before epoch +# equals 2% plus terms which are negligible in the limit
h — 0. Conversely, when the machine is being serviced, the probability
that the servicing time terminates before #-+4 and the machine reverts to
the working state equals wh + o(h). For an efficient machine A should
be relatively small and u relatively large. The ratio A/u is called the
servicing factor.

We suppose that m machines with the same parameters ) and u and
working independently are serviced by a single repairman. A machine which

TaBLE 1

LIMITING PROBABILITIES IN THE (CASE OF ¢ = 3
CHANNELS AND Afu =2

n 0 1 2 3 4 5 6 7
Lines busy 0 I 2 3 3 3 3 3
Peaple waiting W] 0 0 0 [ 2 3 4
Pa 01111 0.2222 0.2222 0.1481 002888 0.0658 0.0439 0.0293

breaks down is serviced immediately unless the repairman is servicing
another machine, in which case a waiting line is formed. We say that the
system is in state E, if n machines are not working. For 1 < n < m this
means that one machine is being serviced and # — [ are in the waiting
line; in the state £, all machines work and the repairman is idle.

A transition E, — E,., is caused by a breakdown of one among the
m — n working machines, whereas a transition £, — E__, occurs if the
machine being serviced reverts to the working state. Hence we have a
birth-and-death process with coefficients

(7.12) Ap = (m—n)4, Ho =0, By = o= """ =, = i
For 1 < n < m — 1 the basic differential equations (5.2) become
(7.13)  P(0) = —{(m—nm)A+p}P (1) + (m—n+1)AP, (1) + uP,.(0),
while for the limiting states » = 0 and n = m

Py(t) = —miPy(1) + uPy(2),

P(0) = —uP,(f) + AP, _.(0).

(7.13a)
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This is finite system o ions and can be solved by standard

d uat
methods. The limits p, = lim P,(r) are determined by

m‘ipﬂ = ,U'Pn
(?14) {(m_n)) + tu‘}pn = (m_n-{_l)‘ipﬂ—l + ru‘p'n-f-la
1Pm = PP
TABLE 2

ErRLANG’'S LOSS ForMULA

PROBABILITIES p, FOR THE CASE Afu = 0.1,
g

] =
e g

Machines in

n Waiting Line Pn

0 0 0.4845
1 0 0.2907
2 1 0.1454
3 2 0.0582
4 3 0.0175
5 4 0.0035
] 5 0.0003

From these equations we get the recursion formula

(7.15) (m—n)Ip, = pp s
Substituting successively n =m — I, m — 2, ..., 1,0, we find
1
P = (5 o
k'\?/

The remaining unknown constant p,, can be obtained from the condition
that the p; add to unity. The result is known as Erlang’s loss formula:

(7.16) { Ii( ) m! (%/m}

Typical numerical values are exhibited in table 2.
The probability p, may be interpreted as the probability of the repair-
man’s being idle (in the example of table 2 he should be idle about half the
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(1.17) w =2 (k—1)p, =2kpk — (I—=po)-
k=1 k=1

This quantity can be calculated by adding the relations (7.15) for n =
=0, 1,...,m. Using the fact that the p, add to unity, we get

mh — iw — A1—py) = p(1—py)
or
A+
; 2 1—py.

(7.18) w=m —

In the example of table 2 we have w = 6-(0.0549). Thus 0.0549 is the
average contribution of a machine to the waiting line.

(d) Continuation: several repairmen. We shall not change the basic
assumptions of the preceding problem, except that the m machines are
now serviced by r repairmen (r < m). Thus for n < r the state E,
means that r — n repairmen are idle, # machines are being serviced,
and no machine is in the waiting line for repairs. For n > r the state
E, signifies that » machines are being serviced and » — r machines are
in the waiting line. We can use the setup of the preceding example except
that (7.12) is obviously to be replaced by

110 = m;., ﬂﬂ = 09
(7.19) A, = (m—n)2, Ly = ML (I1<n<r),
i, = (m-—n)2, i, = ry (r <n<m).

We shall not write down the basic system of differential equations but only
the equations for the limiting probabilities p,. For 1 <n <r

(7.200)  {(m—md + npip, = (m—n+Dip, ; + (1+ P

while for r <n < m
(7.206) {m—m)i + ruip, = (m—n+1Ddp,  + rppq.1.

For n=0 obviously mip, = up,. This relation determines the ratio
p1/po. and from (7.20a) we see by induction that for » < r

(7.21) (n+Dpppay = (m—n)lp.,;
finally, for n > r we get from (7.205)

(7.22) PPy = (m—n)ip,
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These equations permit calculating successively t
po follows from the condition > p, = 1
in this way.

A comparison of tables 2 and 3 reveals surprising facts. They refer to
the same machines (4/u = 0.1), but in the second case we have m = 20
machines and r = 3 repairmen. The number of machines per repairman

“ngpo rumu_y,
bl 3 are obtained

TaABLE 3

PROBABILITIES p, FOR THE CASE Afu =0.1, m =20, r =3

Machines Machines Repairmen
n Serviced Waiting Idle P

0.13625
0.27250
0.25888
0.15533
0.08802
0.046%4
0.02347
0.01095
0.00475
0.00190
0.00070
0.00023
0.00007

OO =1 N Wh b W N = D

o

10
11
12
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has increased from 6 to 63, and yet the machines are serviced more
efficiently. Let us define a coefficient of loss for machines by

(7.23) w  average number of machines in waiting line

number of machines
and a coefficient of loss for repairmen by

p  average number of repairmen idle

(7.24) r number of repairmen

For practical purposes we may identify the probabilities P,(r) with their
limits p,. In table 3 we have then w = p, + 2ps -+ 3pg + -+ + 17py
and p = 3py + 2p, + p.. Table 4 proves conclusively that for our par-
ticular machines (with 2fu = 0.1) three repairmen per twenty machines are
much more economical than one repairman per six machines.
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(¢) 4 power-supply problem.'” One electric circuit supplies « welders
who use the current only intermittently. If at epoch ¢ a welder uses
current, the probability that he ceases using before epoch 1+4 is uh +
+ o(h); if atepoch ¢ he requires no current, the probability that he calls
for current before t+4 is Ak 4 o(h). The welders work independently
of each other.

We say that the system is in state E, if »n welders are using current.
Thus we have only finitely many states Ej, ..., E

.y a-

TaBLE 4

COMPARISON OF EFFICIENCIES OF TWO SYSTEMS DISCUSSED
INn ExAMPLES {¢) anD (d)

{c} (d}
Number of machines 6 20
Number of repairmen 1 3
Machines per repairman 6 6%
Coetificient of loss for repairmen 0.4845 0.4042
Coefficient of loss for machines 0.0549 0.01694

If the system is in state E,, then @ — » welders are not using current
and the probability for a new call for current within a time interval of
duration % is (a—n)2h + o(h); on the other hand, the probability that
one of the # welders ceases using currentis #uk -+ o(h). Hence we have a
birth-and-death process with

(7.25) A, = (@—n)A, oy = MU, 0<n<a
The basic differential equations become

Pit) = —alPy(t) + pPy(o),

Pit) = —{nu+(a—nmA}P(0) + (n+1)uP, (1) +

+ (a—n+1)AP, (1),
Pty = —auP () + P, (D).

(7.26)

" This example was suggested by the problem treated (inadequately) by H. A, Adler
and K. W. Miller, 4 new approuch to probubility problems in electrical engineering,
Transactions of the American Institute of Electrical Engineers, vol. 65 (1946), pp-
630-632,
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(Here 1 < n < a— 1) Itis easily verified that the limiting probabilities
are given by the binomial distribution

(727) Pn = ( )(; +#) (? +#) ’

a result which could have been ant101pat ed on intuitive grounds (Explicit

1
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8. THE BACKWARD (RETROSPECTIVE)
EQUATIONS

In the preceding sections we were studying the probabilities P, (¢)
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but misleading, inasmuch as it omits mentloning the initial state E, of
the system at time zero. For the further development of the theory it is
preferable to revert to the notations of section 1 and to the use of transition
probabilities. Accordingly we denote by P,(f) the (conditional) prob-
ability of the state E, at epoch ¢ -+ s given that at epoch s the system

wnooin ctata & We rantinue to r{pnnfp ]-n.r p ff\ tl‘\e fﬁ‘lﬁcnhlfo\ ﬂr‘j’\h"l]’\ll‘f‘!
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of E, atepoch ¢t. When the initial state E, is given, the absolute prob-
ability P,(#) coincides with P,(r), but when the initial state is chosen
in accordance with a probability distribution {a4;} we have

&1 P.() = Ta,P.(0).

For the special processes considered so far we have shown that for
fixed / the transition probabilities P.(f) satisfy the basic differential
equations (3.2) and (5.2). The subscript { appears only in the initial con-
ditions, namely

1 for n=1

(5.2 Pul0) 0 otherwise.

As a preparation for the theory of more general processes we now pro-
ceed to show that the same transition probabilities satisfy also a second
system of differential equations. To fix ideas, let us start with the pure
birth process of section 3. The differential equations (3.2) were derived by
prolonging the time interval (0,¢) to (0, ¢+#A) and considering the
possible changes during the short time (¢, t+4). We could as well have
prolonged the interval (0, ¢) in the direction of the past and considered
the changes during (—#, 0). In this way we get a new system of differen-
tial equations in which n (instead of i) remains fixed. Indeed, a transition
from E, atepoch —#h to E, atepoch ¢ can occur in three mutually
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exclusive ways: (1) No jump occurs between —#4 and 0, and the system
passes from the state E; atepoch 0 to E,. (2) Exactly one jump occurs
between -/ and 0, and the system passes from the state E,, at
epoch 0 to E, at epoch #; (3) more than one jump occurs between
—h and 0. The probability of the first contingency is 1 — 2,4 + o(h),
that of the second 4.4 + o(h), while the third contingency has probability
o(h). As in sections 2 and 3 we conclude that

(8.3) P (t+h) = P (O(1=2h) + P'i-{-l.ﬂ(t)ii'h’ + o(h).

Hence for i > 0 the new basic system now takes the form

(8-4) szn(t) = _iipm(f) + iipi-'rl,n(t)'

These equations are called the backward equations, and, for distinction,
equations (3.2) are called the forward equations. The initial conditions are
(8.2). [Intuitively one should expect that

(8.5) P)=0 if n<i,

but pathological exceptions exist; see example (9.0).]

In the case of the birth-and-death process the basic forward equations
(for fixed i) are represented by (5.2)~(5.3). The argument that lead to
(8.4) now leads to the corresponding backward equations

(8.6) PL(0) = _("1:'+#€)Pe','n(t) + A{Pi—!—l,n(!) + #z‘Ps—l,n(f)-

rward and backward equations are not
independent of each other; the solution of the backward equations with
the initial conditions (8.2) automatically satisfies the forward equations,

except in the rare situations where the solution is not unique.

Al
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Example. The Poisson process. In section 2 we have interpreted the
Poisson expression (2.4) as the probability that exactly n calls arrive dur-
ing any time interval of length :. Let us say that at epoch ¢ the system is
in state E, if exactly » calls arrive within the time interval from 0 to 1.
A transition from E; at ¢, to E, at t, means that » — 7 calls arrived
between ¢, and ¢, This is possible only if # > i, and hence we have for
the transition probabilities of the Poisson process

P = e““w if n>i,
(8.7) (n—i)!

P,(t) =0 if n<i
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They satisfy the forward equations

(88) P:n('f) = _ipzﬂ(t) + AP‘E,n—l(r)

as well as the backward equations

(8.9) PL(f) = = 2P (1) + 2Py (D). >

9. GENERAL PROCESSES

So far the theory has been restricted to processes in which direct transi-
tions from a state E, are possible only to the neighboring states E,, .,
and E,_,. Moreover, the processes have been time-homogeneous, that
is to say, the transition probabilities P, (f) have been the same for all
time intervals of length ¢. We now consider more general processes in
which both assumptions are dropped.

As in the theory of ordinary Markov chains, we shall permit direct
transitions from any state E; toany state E,. The transition probabilities
are permitted to vary in time. This necessitates specifying the two end-
points of any time interval instead of specifying justitslength. Accordingly,
we shall write P, (r, ) for the conditional probability of finding the system
at epoch t instate E,, given that at a previous epoch T the state was E,.
The symbol P, (r, f) is meaningless unless + < ¢. If the process is homo-
geneous in time, then P, (7, t) depends only on the difference ¢ — r,
and we can write P, (f) instead of P, (7, 7-+¢)(which is then independent
of T).

We saw in section 1 that the transition probabilities of time-homo-

nnnnnnnn anlrny mraroccag catrrofuy tha £harmae s, A issnraeney e i
ECriCOuUs vidar&Oy proCisses Savsiy e \.,uupnf.uu-}(uguiusu: oU cquuf(uu

(91&') Pin(s+r) = Z Piv(s)Pv'n(r)'

r
2

The analogous identity for non-homogeneous processes reads
(9.16) Pofr, 1) = 2 Pi(7, $)P, (s, 1)

and is valid for 7 < 5 < ¢. This relation expresses the fact that a transi-
tion from the state E; at epoch 7 to E, atepoch ¢ occurs via some
state FE, at the intermediate epoch s, and for Markov processes the
probability P,.(s, ) of the transition from E, to E, isindependent of
the previous state F,. The transition probabilities of Markov processes
with countably many states are therefore sojutions of the Chapman-
Kolmogorov identity (9.15) satisfying the side conditions

(9.2) P (7, ) >0, E Pu(r,t) = 1.
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We shall take it for granted without proof that, conversely, such solution
represents the transition probabilities of a Markov process.'® It follows
that a basic problem of the theory of Markov processes consists in finding
all solutions of the Chapman-Kolmogorov identity satisfying the su:ie
conditions (9.2).

The main purpose of the present section is to show that the postulates of
the birth-and-death processes admit of a natural generalization permitting
arbitrary direct transitions £, — E,. From these postulates we shall
derive two systems of ordinary differential equations, to be called forward
and backward equations, respectively. Under ordinary circumstances
each of the two systems uniquely determines the transition probabilities.
The forward equations are probabilistically more natural but, curiously
enough, their derivation requires stronger and less intuitive assumptions,

In the time-homogeneous birth-and-death process of section 5 the
starting postulates referred to the behavior of the transition probabilities

P, (h) for small 4; in essence it was required that the derivatives P
exist at the origin. For inhomogeneous processes we shall impose the same
condition on P,(t, t+x) considered as functions of . The derivatives
will have an analogous probabilistic interpretation, but they will be
functions of 1.

Assumption 1. To every state E, there corresponds a continuous
Sunction ¢,(8) > O such that as h —Q

P, (t t+h) .

(93) .

¢, (1)

Assumption 2. 7o every pair of states E;, E, with j # k there corre-
spond transition probabilities p,(t) (depending on time) such that as
h—0

(9.4) Bl TE0) gl G = k).

" The notion of a Markov process requires that, given the state £, atepoch s, the
development of the process prior to epoch s has no influence on the future development.
As was pointed out in section 1, the Chapman-Kolomogoroy identity expresses this
requirement only partially because it involves only one epoch = < s and one epoch
t > 5. The long-outstanding problem whether there exist non-Markovian processes
whose transition probabilities satisfy (9.1) has now been solved in the affirmative; the
simplest known such process i1s time-homogeneous and involves only three states £,
[See W. Feller, Ann. Math. Statist., vol, 30 (1959), pp. 1252-1253.] Such processes are
rather pathological, however, and their existence does not contradict the assertion that
every solution of the Chapman-Kolomogerov equation satisfying (9.2) corresponds
{(in a unique manner) to a4 Markoy process.
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The p;{t) are continuous in t, and for every fixed 1, j
(9.5) 2 pult) =1, p;{t) = 0.
k

The probabilistic interpretation of (9.3) is cbvious; if at epoch t the
system is in state E,, the probability that between ¢ and r+#4 a change
occurs is ¢, ()i + o(#). The coefficient p,(r) can be interpreted as the
conditicnal probability that, if'a change from E; occurs between ¢ and
t+h, this change takes the system from E; to E,. In the birth-and-death
process ¢,(¢) = 4, + u,,

A; Hy
9.6 saell) = - s () = ——— |
(9.6) Ds.501(f) 7+, Pi.; (1) At

and py{1) = 0 for all other combinations of j and k. For every fixed ¢
the p;(¢) can be interpreted as transition probabilities of a Markov chain.

The two assumptions suffice to derive a system of backward equations
for the P,(r, ), but for the forward equations we require in addition

Assumption 3. For fixed k the passage to the limit in (9.4) is uniform
with respect to J.

The necessity of this assumption is of considerable theoretical interest
and will be discussed presently.

We proceed to derive differential equations for the P, (7, t) as functions
of t+ and k (forward equations). From (9.1) we have

(9.7 Pz, t+h) = 2 P (7, OP (1, t+h).

Expressing the term P,(¢, t+4) on the right in accordance with (9.3),
we get

P.(r, t-+h) — Pul(t, ) _

h
N LY rd a ¥ I —
= — () Py, 1) + h

(9.8)

Y3 P(r, OP{t, t+R) + - -
¥k

where the neglected terms tend to O with %, and the sum extends over all
J except j= k. We now apply (9.4) to the terms of the sum. Since (by
assumption 3) the passage to the limit is uniform in j, the right side has a
limit. Hence also the left side has a limit, which means that P,(r, ¢) has
a partial derivative with respect to ¢, and

09)  ZARD 0P 0 + 3 Pl 0c0pu0)
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This is the basic system of forward differential equations. Here § and T are
fixed so that we have (despite the formal appearance of a partial derivative)
a system of ordinary differential equations'® for the functions Py(r, t).
The parameters 1 and = appear only in the initial condition

1 for k=1
(9.10) Po(r,7) =
0 otherwise.

We now turn to the backward equations. In them & and ¢ are kept
constant so that the transition probabilities P,(r,t) are considered as
functions of the initial data E; and 7. In the formulation of our starting
assumptions the initial variable was kept fixed, but for the derivation of the
backward equations it is preferable to formulate the same conditions with
reference to a time interval from r—#h to f. In other words, it is more
natural to start from the following alternative form for the conditions

(9.3) and (9.4):

1 — P, (t—h, r)q

(9.3a) .

> c,(0)

Pﬁk(t_ha I) .

(9.4a) P

> ¢ (Dpu(?) (j # k).

It is not difficult to prove the equivalence of the two sets of conditions (or
to express them in a unified form), but we shall be content to start from
the alternative form. The remarkable feature of the following derivation
is that no analogue to assumption 3 is necessary.

By the Chapman-Kolmogorov identity (%.15)

(91]) P{k(T_h’ f) = Z P:‘v(T_hr T)ka("—a f),

Py(r—h, 1) — Pul(r, 1) _

(9.12) -

= —c(T)P,{r, 1) + b Z.IPiv('r—h, P (7, ) + - ..

1* The standard form would be

2(r) = —e{)mlr) + D 2, ()pals).
3
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Here A P, (t—h, ) - c{7)p,,(7) and the passage to the limit int
to the right in (9.12) is always uniform. In fact, if N > i we hav

the cum
the sum

(9.13) 0<h ! 3 Pr=h,1)P (v, ) < b} 2 PW(T B, 7) =

i =3 p e }ﬂ,( o 1= 3t !

In view of condition (9.5) the rIght side can be made arbitrarily small by
choosing N sufficiently large. It follows that a termwise passage to the
limit in (9.12) is permitted and we obtain

oP, (7, ¢t)
pn |

[P

(9.14) = c(TIPy(7, 1) — (1) 2, pi(T)Pul, 1),

These are the basic backward differential equations. Here k and ¢
appear as fixed parameters and so (9.14) represents a system of ordinary
differential equations. The parameters & and ¢ appear only in the initial
conditions
015 P I for =1k

: (t, 1) =
O-13) b O 0 otherwise.

Example. (a) Generalized Poisson process. Consider the case where al/
cdt) equal the same constant, c{t) = J, and the p,, are independent of t.
In this case the p,, are the transition probabilities of an ordinary Markov
chain and (as in chapter XV) we denote its higher transition probabilities
by piv.

From c¢,t) = 4, it follows that the probability of a transition occurring
betwen ¢ and ¢ -+ 4 is independent of the state of the system and equals
Zh + o(h). This implies that the number of transitions between = and ¢
has a Poisson distribution with parameter A(t—7). Given that exactly »
transitions occurred, the {conditional) probability of a passage from j
to k is pi?’. Hence

(9]6) ‘k(T £y = —a.ft—r) Z (t_T) ?f;:}

(where, as usual, p!@ =1 and pi¥ =0 for js k). Itis easily verified
that (9.16) is in fact a solution of the two systems (9.9) and (9.14) of
differential equations satisfying the boundary conditions.

lll. Pdl LlL,l..lldI, J.I.

(9.17) =0 for k <j, Pie=Jey Jor k2>j
(9.16) reduces to the compound Poisson distribution of X11,2. »
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Our two systems of differential equations were first derived by A.
Kolmogorov in an important paper developing the foundations of the
theory of Markov processes.?® Assuming that the sequence of coefficients
c,(¢) remains bounded for each ¢ it was then shown by W. Feller that
there exists a unique solution {P;(7, {}} common to both systems, and
that this solution satisfies the Chapman-Kelmogorov identity (9.15) as
well as the side conditions (9.2). Furthermore, in this case neither system
of differential equations possesses any other solutions, and hence the two
systems are essentially equivalent. However, concrete problems soon lead
to equations with unbounded sequences {c,} and, as shown in section 4,
in such cases we sometimes encounter unexpected solutions for which

(9.18) z Pu(r.) <1
k

holds with the strict inequality. It has been shown® [without any restric-
tions on the coefficients ¢,(f)] that there always exists a minimal solution
{P;(7, 1)} satisfying both systems of differential equations as well as the
Chapman-Kolmogorov identity (9.15) and (9.18). This solution is called

minimal hecange

1110210 A00431 vl g

(9.19) Pu(r, ) = Pulr, 1)

whenever the left sides satisfy either the backward or the forward differen-
tial equations (together with the trite initial conditions (9.10)]. When the
minimal solution satisfies (9.18) with the equality sign for all ¢, this implies
that neither the backward nor the forward equations can have any prob-

nnnnnnnnnnnnnnnnnnnnnnnnnnnn

ablllﬂleall}' JJL\/IJ.I.JIU.EI ul DUIU.U.UIID UCDJ.UCD _l Jkk“" J'.} BIL ULl YYRLZI LD, WIICTI
the minimal solution is not defective, the process is uniquely determined
by either system of equations. As stated before, this is so when the co-
efficients ¢, (t) remain bounded for each fixed .

The situation is entirely different when the minimal solution is defective,
that is, when in (9.18) the mequahty sign holds for some (and hence for all)

# 4 tldo Ao [ M 1-‘.....4,. ..,mf b it
[ J. 1 MDY hed LllClC CALDL 1ii llll.LCJ..)’ llidll)’ l. 1Al Ll L

A Kolm ogoroﬂ', Eiber die anal 'vtischen Methaden inder Wah rscheinlichkeitsrechnung,
Mathematische Annalen, vol. 104 {1931), pp- 415-458.

2 W, Feller, On the integro-differential equations of purely discontinuous Markoff
processes, Trans, Amer. Math. Soc., vol. 48 (1940), pp. 488-515. This paper treats
more general state spaces, but countable state spaces are mentioned as special case of
greatest interesi, This was overlooked Dy subsequent authors who g4ve MmoTe comi-
plicated and less complete derivations, The minimal solution in the time-homogeneous
case is derived in X[V, 7 of volume 2 by the use of Laplace transforms. Fora more
complete treatment see W, Feller, On boundaries and lateral conditions for the Kolmo-
gorov differential equations, Ann, Math., vol. 65 (1937), pp. 527-570,
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ackward equations and the Chapman-Kolmogorov identity,
ence there exist infinitely many Markovian processes satisfying the
basic assumptions [ and 2 underlying the backward equations. Some of
these may satisfy also the forward equations, but in other cases the solution
of the forward equations is unique.®

£
=
[
j=p

Example. (b) Birth processes. The differential equations (3.2) for the
time-homogeneous birth process were of the form

(9200 z() = —2o%olth, IO = —Aawl(t) + heaTea(2).

These are the forward equations. Since they form a recursive system the
solution is uniquely determined by its initial values for ¢ = 0. For the
transition probabilities we get therefore successively P.(r) = 0 for all
k < i,

A,
O2D) P = Pl = 5t — (e,
and finally for & > i o

1 r!e_‘*s}’-

[Lv o) ft__c)
= h—11*Y 27
0

3 o g
J.-J.-} 4 ik\. %]

To see that these transition probabilities satisfy the Chapman-Kolmo-
gorov identity (9.1a) it suffices to notice that for fixed / and s both sides
of the identity represent solutions of the differential equations (9.20)
assuming the same initial values.

The backward equations were derived in (8.4) and are of the form

(9.23) yi(t) = —A9{0) + 4,9:.(0).

We have to show that this equation is satisfied by P, (t) when & is kept
fixed. This is trivially true when k < i because in this case all three terms
in (9.23) vanish. Using (9.21) it is seen that the assertion is true alsc when
k —i=0 and k—i=1 We can now proceed by induction using the
fact that for k> i + 1

H

(9.24) Pift) = Ay | e P, (t—s) ds.
0

22 Jt will be recalled that only assumptions 1 and 2 are probabilistically meaningful
whereas assumption 3 is of a purely analytic character and was introduced only for
convenience. It is unnatural in the sense that not even all solutions of the forward
equations satisfy the imposed uniformity condition. Thus the backward equations
express probabilistically meaningful conditions and lead to interesting processes, but
the same cannot be said of the forward equations. This explains why the whole theory
of Markov processes must be based on the backward equations (or abstractly, on
semi-groups of transformations of functions rather than probability measures).
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Assume that the P, (f) satisfy (9.23)if k —i<n. For k=i+14+n
we can then express the mtegrand in (9.24) using the right side in (9.23)
with the result that (9.23) holds also for ¥ —i=n + 1.

We have thus proved that a system of transition probabilities P, (¢) is
uniquely determined by the forward equations, and that these probabilities

satisfly the backward equations as well as the Chapman-Kolmogorov
ldpnhtv

The backward equations (9.23) may have other solutions. The asserted
minimality property (9.19) of our transition probabilities may be restated
as follows. For arbitrary non-negative solutions of (9.23)

(9.25) if 40) = Py0)  then yf1) > Pu(t)

far all > O Here Lk ig Qr'l-nfraru t fixed. Thig assertigp

LRI ¥ ¥ R A U i L v v s ) L LK LFLLE CAL uu Lisaind. A LLILG

k < i since in this case the right sides vanish. Given y, ., the solution y;
of (9.23) can be represented explicitly by an integral analogous to (9.22),
and the truth of (9.25) now follows recursively for i =k, &k — 1,

Suppose now that > A1 < co. It was shown in section 4 that in this case
the quantities

(9.26) Lit) = 1 — 3 Pu(d)
p

do not vanish identically. Clearly L,(¢) may be interpreted as the prob-
ability that, starting from E;, “infinity” is reached before epoch ¢. Tt1is
also obvious that the L; are solutions of the differential equations (9.23)
with the initial values Z,(0) = 0. Consider then arbitrary non-negative
functions A4, and define

©.27) Pat) = Pult) + L{1—5)4y(s) ds.

It is easily verified that for fixed k& the Pu(t) satisfy the backward
differential equations and Pu(0) = P,(0). The question arises whether
the A,(f) can be defined in such a way that the P,(¢) become transition
probabulities satisfying the Chapman-Kolmogorov equation. The answer
is in the afﬁrmatlve. We refrain from proving this assertion but shall give
a probabilistic interpretation.

The P,(t) define the so-called absorbing boundary process: When the
system reaches infinity, the process termingtes. Doob® was the first to study

a return process in which, on reaching infinity, the system instantaneously
returns to E; (or some other prescribed state) and the process starts from

scratch. In such a process the system may pass from E0 to Ejg either in

2 J, L. Doob, Markoff chains—denumerable case, Trans. Amer. Math. Soc., vol. 58
(1945), pp- 455-473.




478  THE SIMPLEST TIME-DEPENDENT STOCHASTIC PROCESSES  [XVIL.10

$ Or in inﬁnltpl}; many, hq\nng r‘nmpleted one or several co uph‘:te
runs from E, to * his

infinity.” The transition probabilities of this process
are of the form (9.27). They sarisfy the backward equations (8.4) or (9.23)
but not the forward equations (9.24) or (8.5). >

This explains why in the derivation of the forward equations we were
forced to introduce the strange-looking assumption 3 which was un-
necessary for the backward equations: The probabilistically and intuitively
simple assumptions 1-2 are compatible with return processes, for which the
forward equations (9.24) do not hold. In other words, if we start from
the assumptions 1-2 then Kolmogorov’s backward equations are satisfied,
but to the forward equations another term must be added

The pure birth process is admittedly too trite to be really interesting,
but the conditions as described are typical for the most general case of the
Kolmogorov equations. Two essentially new phenomena occur, however.
First, the birth process involves only one escape route out to “infinity”
or, in abstract terminology, a single boundary point. By contrast, the gen-
eral process may involve boundaries of a complicated topological structure.
Second, in the birth process the motion is directed toward the boundary
because only transitions £, — E,,; are possible. Processes of a different
type can be constructed; for example, the direction may be reversed to
obtain a process in which only transitions £,,, — E, are possible. Such
a process can originate at the boundary instead of ending there. In the
birth-and-death process, transiticns are possible in both directions just
as in one-dimensional diffusion. It turns out that in this case there exist
processes ana[ogous to the e[astlc and reflecting barrier processes of diffu-

o T TR
would leau U’\-)‘ uud Lh\, auul)c ol this booK.

10. PROBLEMS FOR SOLUTION

1. In the pure birth process defined by (3.2) let 4, > 0 forall n. Prove that
for every fixed n > 1 the function P,(z) first increases, then decreases to 0,
If ¢, is the place of the maximum, then ¢, <1, <3 <.... Hint: Use in-
duction; differentiate (3.2).

2. Continuation. If D A, = oc showthat 1, — co. Hint: If 1, — =, then
for fixed ¢ > 7 the sequence 4,P,(¢) increases, Use (4.10).

3. The Yule process. Derive the mean and the variance of the distribution
defined by (3.4). [Use only the differential equations, not the explicit form
(3.5).]

4. Pure death process. Find the differential equations of a process of the
Yule type with transitions only from E, to E,_;. Find the distribution P,{z),
its mean, and its variance, assuming that the initial state is Ej.

M Cor further details see X1V,8 of volume 2.
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5. Parking lots. In a parking lot with N spaces the incoming traffic is of
the Poisson type with intensity , but only as long as empty spaces are available.
The occupancy times have an exponentlal distribution (just as the holding times
in section 7). Find the appropriate differential equations for the probabilities
P,(¢) of finding exactly n spaces occupied.

6. Various queue disciplines. We consider the waiting line at a single channel
subject to the rules given in example (7.5). This time we consider the process

.‘lﬁfII‘AI\J’ from the noint of view of M+ Smith whose call arrives at enoch 0 Hig
Ly LLOURL LG PNt OF VIOW O1 ViT. ST WIIGSE Can altives at Cpolil v, 11is

waiting time depends on the queue discipline, namely the order in which waiting
calls are cleared. The following disciplines are of greatest interest:

(a) Last come last served, that is, calls are cleared in the order of arrival,

(b) Random order, that is, the members of the waiting line have equal prob-
abilities to be served next.

(¢) Last come first served, that is, calls are cleared in the inverse order of
arrival. ®®

[t is convenient to number the states starting with —1. During Mt. Smith’s
actual servicetime the system is said to be in state Ej, and at the expiration of
this servicetime it passes into E_; where it stays forever. For n > 1 the system
is in state E, if Mr. Smith’s call is still in the waiting line together with »— 1
other calls that will, or may, be served before Mr. Smith. (The call being served
is not included in the waiting line.) Denote by P,(¢) the probability of E,
at epoch t. Prove that

PLy(8) = uPy(t)

in all three cases. Furthermore
(¢} Under last come last served discipline

P(t)= —uP(t) + uP, (t), n2>0.

(b) under random order discipline when n > 2

P{t) = —(A+u)P

Pn+1(r) + ;"P-n—l(r)}

P{(t) = —(A+@P(1) + IuPyt)
Py(t) = —uPyt) + uPy(t) + uPy(t) + suPy(t) + - - -

(c) Under last come first served discipline for n > 2
Pty = —(A4+ )P (1) + uPuy(t) + AP,_4(t)
Pty = —uPy (1) + uP(t).

(See also problem 20.)

* This discipline is meaningful in information-processing machines when the latest
information (or observation) carries greatest weight. The treatment was suggested by
E. Vaulot, Delais d'attente des appels téléphonigues dans I"ordre inverse de leur arrivée
Comptes Rendues, Académic des Sciences, Paris, vol. 238 (1954), pp. 1188-1189.
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7. Continuation. Suppose that the queue discipline is last come last served
(case @) and that P{0) = 1. Show that

t r—i
2p—; 0<k<r.

Plt) me’

8. Continuation. Generalize problem 6 to the case of g channels.

9. The Polya process.® This is a non-stationary pure birth process with 7,
depending on time:

(10.1) In(t) = T

1 +ar’

Show that the solution with initial condition Py0) =1 is
Py(t) = (1 +at)ie
(10.2)

(1+a)14+2a)- - - {1 +(n—1)a}
n!

Pt)= 11 +at) " lia,

Show from the differential equations that the mean and variance are r and
t(1 +at), respectively.

10. Continuation. The Polya process can be obtained by a passage to the
limit from the Polya urn scheme, example V, (2.c). If the state of the system
is defined as the number of red balls drawn, then the transition probability
E, — E, ., at the (n + 1)st drawing s :

r+kec  p+ky
r+b6+nc 1 +ny

(103) P.'c_ﬂ =

where p = r/{r+b), v = ¢/r +b).

. Asin the passage from Bernoulli trials to the Poisson distribution, let drawings
be made at the rate of one in A time units and let # -0, n — « so that
np —t, ny —at. Show that in the limit (10.3) leads to (10.1). Show also

that the Polya distribution V, (2.3) passes into (10.2).

11. Linear growth. If in the process defined by (5.7) 4 = g, and Py(0) =1,
then

(Ar)‘n—l

(10.4) PO(I) = W .

P-n(t) =

1+ i’

The probability of ultimate extinction is 1.

12. Continuation. Assuming a trial solution to (5.7) of the form P, (r) =
= A(1)B™(t), prove that the solution with P,(0) =1 is

(10.5) Py(t) = uB(f), P (1) = {1 —AB(){1 —uBOHAB(t)}»?

% Q. Lundberg, On random processes and their applications 1o sickness and accident
Statistics, Uppsala, 1940, .
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with
] — pld—mt

(10.6) B(t) =

a  dela

13. Continuarion. The generating function P(s,t) = D P,(t)s" satisfies the
partial differential equation

aP ' f‘| ' Ay ' L E]
5 =t — G+ms 4 At

-~
e
o
|
S

QD
1%

14. Continuation. Let M,(t) = D n?P,(t) and M{r) = I nP,t) (as in section
5). Show that

{10.8) My(t) = 2(A—p)My(t) + (A+p)M(2).
Deduce that when 4 > u the variance of {P,(¢)} is given by
(10.9) ] _u=N(3 4 ) (A — o).

15. For the process (7.2} the generating function P(s, 7) = zPﬂ(t) 5" satisfies
the partial differential equation

)
[~}

(aT)
D:""
—

10.10 P q_al _
( ) == s){ AP 4+ u

Its selution is
P(s, ) = e~ Hmsitme B0/u{] (1 —s)e e},

For i =0 this is a Poisson distribution with parameter A(1—e #¢)/u. As
t — o, the distribution {P,(t)} tends to a Poisson distribution with parameter =

A

16. For the process ucuned by (7.26) the generating function for the steady
state P(s) = D p,s* satisfies the partial differential equation
aP
(10.11) (u+As) — = alP,
o
with the solution P = {(u +As)/(Z +u)}e.
17. For the differential equations (7.26) assume a trial solution of the form

P.(t) = (i)A”(l — A)-n,

:

Prove that this is a solution if, and only if,

A = ] —emtAtuli
A+ ;u( )

18. In the “simplest trunking problem,” example (7.a), let O, {t) be the
probability that starting from E, the system will reach E, before epoch 7.
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Prove the validity of the differential equations
Q1) = ~(A4+n)Qu(t) + A0, () + nuQ,_ (), (n>2)

Qi(t) = —(A+w)Q(t) + Q1) + &

with the initial conditions ,(0) = 0.

19. Continuation. Consider the same problem for a process defined by an
arbitrary system of forward equations. Show that the Q,(r) satisfy the corre-
sponding backward equations (for fixed k) with P (¢} replaced by 1.

20. Show that the differential equations of problem 6 are essentially the same

as the forward equations for the transition probabilities. Derive the corre-
sponding backward equations,

21. Assume that the solution of at least one of the two systems of (forward and
backward) equations is unique. Prove that the transition probabilities satisfying
this system satisfy the Chapman-Kolmogerov equation (1.1).

Hint: Show that both sides satisfy the same system of differential equations
with the same initial conditions.

22, Let Pu{r) satisfy the Chapman-Komogorov equation (1.1). Supposing
that Pu(r) > 0 and that S,(r) = > P;{r) < 1, prove that either S;(t) =1 for
all ¢+ or S{t) <1 forall ¢ k

23. Ergodic properties. Consider a stationary process with finitely many
states; that is, suppose that the system of differential equations (9.9) is finite
and that the coefficients ¢; and p; are constants. Prove that the solutions
are linear combinations of exponential terms e*!~" where the real part of 4
is negative unless 4 = 0. Conclude that the asymptotic behavior of the trans-
ition probabilities is the same as in the case of finite Markov chains except that
the periodic case is impossible,

(10.12)




Answers to Problems

. CHAPTER 1
L@t & © 1y
2. The events §;, §,, S; V.S, and 5,5, contain, respectively, 12, 12, 18,

and 6 points,

4. The space contains the two points HH and 77T with probability 1; the
two points HT7T and THH with probability }; and generally two points with
probability 27" when n > 2. These probabilities add to 1, so that there is no
necessity to consider the possibility of an unending sequence of tosses. The
required probabilities are +§ and £, respectively.

9. P{AB} =4, P{4 U B} = 22 P{4B} =}

12. in the events (a), (), and (g)
in the events (¢) and (/).
in the event (d).
in the event (¢).

15, (a) A; () AB; () B u (A4C).

16. Correct are (c), (d), (e), (), (), (), (k), (/). The statement (a) is meaning-
less unless C < B. It is in general false even in this case, but is correct in the
special case C < B, AC =0. The statement (b) is correct if C > AB. The
statement (g) should read (4w B) — A = A'B. Finally (k) is the correct
version of (j).

17. (a) AB'C’; (b) ABC’; (c) ABC; (d) AV BUC;

(e) ABJ AC v BC, (f) AB'C' v A'BC' U A'B'C;
(g) ABC' W AB'C \ A'BC = (AB U AC v BC) — ABC;
(M A'B'C’; (i) (ABCY.
18. AVBVUC =AYV (B—AB) U {C—C(AUB)} = A U B4’ U CA'B".

H 8 8 B

PO o R e

CHAPTER II
1. (@) 26%; (b) 26° + 263 = 18,252; (c) 26% + 26* + 26*. 1In a city with
0,000 inhabitants either some people have the same set of initials or at least
748 people have more than three initials.
2. 2(2199—-1) = 2046.

n _n{n+1) | 1 1
3. (2)+n——T~. 4.(@)';3, (b)m-

2
1

483
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5.9,=0®% gp=@"+ 120" %
6. (a) py =001, p, = 0.27, p, = 0.72
(b) p1 = 0001, p, = 0.063, py = 0.432, p, = 0.504.
7. p, = (10),107". For example, p; =0.72, p,, = 0.00036288. Stirling’s
formula gives p,, = 0.0003598 . .,

8. (a) (9); ) ) % @ 2" — ()% (@) 4B and 4 v B.

9. (‘2),*1!?1_". 10. 9/( )_5_‘

11. The probability of exactly r trials is (n—1),_,/(n), = n 2.
12. (@) [1-3-5---2a—1)]1 = 2120},

@ g3 @o—nrt = 2 /()
JAYYA
13. On the assumption of randomness the probability that all of twelve
tickets come either on Tuesdays or Thursdays is (3)!* = 0.0000003 . . .. There

-
are only (2) = 21 pairs of days, so that the probability remains extremely
miall

14. Assuming randomness, the probability of the event is (£)!*> = § appr.
No safe conclusion is possible.
15. (90),,/(100);, = 0.330476 .

16, 251 (515572 = 0.00209 . ...
2(n 2y {n—r—1)! 2(n—r—1)

] i1
L l(\ll, l}
18. @ =t ®) i
19. The probabilities are 1 — (§)* =0.517747... and 1 — EH* =
= 0.491404 ..
20. (q) (n —N),/(n),. (&) 1 =Nfny. For r = N =3 the probabilities are
(@) 0.911812...; (b) 0912673 .... For r = N =10 they are (a) 0.330476;

o=

(h) 0.348678 .
21. (@) (1 —N/n)"l— (h) () e/ (5"
22. (1-2/m)*%; for the median 2"*! = 0.7a, approximately.
23. On the assumption of randomness, the probabilities that three or four

breakagcs are caused (a) by one girl, (4) by the youngest girl are, respectively,

S1My

24. (a) 12!/122 = 0.000054.  (b) (‘2‘) (25—-2)12-% = 0.00137 . . . .

25 30! 12) 12730 ~ 0.00035
. 2566 6 ’ = W PR
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e

48 39y /26 4 48
13—k)(13)(13) _ (k) (13—k)
'52)\ /39)\ (26 - 52 ’
(13)(13)(13) (13)
30. Cf. problem 29, The probability is
(13 39 ) lB—m) 26 +m 52\ /39
m)(13—m_ ( no (13—n )/(13)(13)'
a1 4\ [ 48 52
' (k)(zﬁ—k)/(zs)'
13 39 13—a\ /26 4a\ {13 —a—b\ /13 +a+b
(oo )G )R
52 /39) /26 )
() () ()
33. (@) 24p(5,4,3,1); (b) 4p(4,4,4,1); (o) 12p(4,4,3,2).
13\ /13) /13) /13
L)) ()
52 :
(1)

32.

34.

(Cf. problem 33 for the probability that the

hand contains « cards of some suit, 5 of another, etc.)

35. polr) = (52—r)yf(52)y; py(r) = 4r(52 —r)y{(52)y;
palr) = 6r(r —1)(52 —r),{(52),;
Par) = (e =) (r =2)(52 =r){(52)y;  par) = r4f (52},
36. The probabilities that the waiting times for the first, ..., fourth ace

exceed r are

wilr) = po(r); welr) = polr) + palr);
wa(r) = po(r) + pulr) + palr);
we(r) = 1 — py(r).
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Next fi(r) = widr—1) — w,r). The medians are 9, 20, 33, 44.

mo (U)o
o () )25

39 frio+n—1\ fra+n—13% fri+ \( )
- - + .
N S R O L
'
a1, ittt o 49052,
il gl rg!
43. P{(7)} =10-10™7 = 0.000 001.
P{(6, 1)} = 8,110,!1, _1?;* 1077 = 0.000 063
10! ! _7
P{(5, 2)} — 7117 3Ts 1O = 0.000 189.
10! 7!
P{(5, 1, 1)} =TT TS 07 = oo0n s,
10! 7!
P{(4,3)} =50 3ra 1O = 0.000 315.
10! 7
P{4, 2, 1)} = 1,1,-1,2,4,-10—7 = 0.007 560.
10! 71 ~
P{(4, 1,1, 1)} =3 TR -1077 = 0.017 640.
10! 7!
P{(3!3’ 1)} =-1|l"1|1l-1|")|")|.‘l|0_1II :0005040
flLe 1. 1.3 2.
10! 7! .
P{(3, 2, 2)} = 515771 575131 10 = 0.007 560.
101 7!
P{3,2,1, )} = ST iTTT3T5 - 10~7 = 0.105 840.
S ] 4 - - RS} 10! 7‘ 4 /Me=7 M1 Ne DA
P{(3,1,1,1, 1); = ST41 1!- TTITiT T30 -107¢ = 0.105 840.
__ 10 T 07— 0052920
P{2, 2.2, D} 63t 1121212t e '
10! 7! ~
PIQ2LLDY  =5r3r3 Trirrrars 100 = 0317520,
10| 7! 1077 = 0.317 520
P LLLL DY = 2y T 111120 - ‘
10! -
P{(1,1,1,1,1,1,1)} = 711077 = 0.060 480.

317!
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44. Letting S, D, T, Q stand for simple, double, triple, and quadruple,
respectively, we have

P{225} - % 36522 — 0.524 30.
P{20S + 1D} - l?gi, 23?;, 365722 = 0.352 08.
roe st 21
TUSS Tady T 203451 Tgrarzy YT T RUE
P{16S + 3D} - 3!3??1;! — 2212;' 5+ 36572 = 0,014 29,
P{195 + 1T} - giz: 1;?'3' 36522 — 0.006 80,
P{17S + 1D + IT} = ;er Tf;fT? £36572 = 0,003 36.
P{14S + 4D} - gj;: e 2?;: S 3657 = 0,001 24.
P{15S + 2D + 1T} = ijg: : 151;2;!3! 13652 = 0.000 66.
PSS +10} =10 2 s — 0.000 9.

52
45, Let g = (5) = 2,598,960. The probabilities are:
(a) 4/q;, (D) 13-12-4 - 471 = &z (©) l3-l2-4-6‘q‘1 = 3795
D)aa gt =
</
13 12
(N (2)-11-6-6-4-9_1=%; (g) 13-(3)-6-43-51_1:1;32.

(d) 9-4-¢g7" = 57%5e: (o) 13

/—-..,‘_ -]

CHAPTER 1V
1. 99/323. 2.021.... 3. 1/4. 4. 7/25,
5. 1f81 and 3i/6".
6. If A4, is the event that (k, &) does not appear, then from 1(.5)

e 8- 0 ) -0 <2 -2

7. Put p~! = (1 ) Then §; =13 (4:3) Py S = (123) (\454),0

13
S; =40 ( 3 )p. Numerically, Py = 0.09658; Pyy; = 0.0341; Pyyy = 0.0001,

-
N

approximately.
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8. u :“z\f‘/ 1L/N\(1_;_c\r.
k=0 &)\ )
—k),
9. 1)?”( )(n(n) b See II, (12.18) for a proof that the two

results agrec
10. Thﬂ genﬁl‘&] term iS alklar’;"z LAY ¥? where (kl’ kz’ Ceey k‘\}.) is a per,
mutation of (1,2,..., N). Fora d' gon 1 element %, — v,

(ns — ks),

_ < —_ k n — T —
12. 4 kgrr( 2 (k) (ns),

14. Note that, by defimtion, #, = 0for » < n and u, = n! s"/(ns),,.

- —1 —
15, — = § (ot (1)
k=1

Fl 4 £ 1%
\k—1) ns—1j,,

n—1 —1 ! r—1
The limit equals > (—1)* (" ) (1 _k+ 1) _
k=0 k n

o () (& () 6
v (7). () (2 512).

Prgy = 0264, Ppyy = 0.588, Ppy) = 0.146, Pygy = 0.002, approximately.
18. Use (52) S, = (4) (52;2").
13 k) \13—2k
Pry = 0780217, Py = 0204606,  Ppyy — 0.014845,
Prz; = 0,000330, Pry3 = 0.000002, approximately.
19. m! N u,, :‘ZE?(—l)k(N—m—k)!/kz.

20. Cf. the following formula with r = 2.
21. (*N)lw =

N ‘N
B (z) reN=R (3) PON=3! + =+ (DN NN -N)L

()

n—m n—m\ fn—m+r—1—k
M4 P =—" —1)* ]
o ("N 2, ( k ) ( r )
\ r /
25, Use II, (12.16) and (12.4).
26. Put Uy —Al "+ Ay and note that Uy, = Uy WAy, and

UyAysy = (4Ay. P\ (AyAy ).
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CHAPTER V
1_%%- 2-P=1—%=o.61....

3. (@) (35) / (39) = 0.182.... The probability of exactly one ace is
13// \13

35\ //39)

! (12)/ (13) = 0411 (h) 1 —0.182 — 0,411 = 0.407, approximately.

23) (23)
10 11 1

4(a)2—(5§=§5; ®) F%=%
\13/ \13/

6. 325 439 £ 7.2 9 (3R 10. 1 — (B2

Tl ORSICE(EEo

14. (d) Put a, ==, —

T

=14

— 1
bﬁ = ¥n 7 €

= Z —_—

mn

-
-
;

. hen
] n 1wl

|anl + 165l + cal = F{l@nis] + 1bayy] + lensal}.

Hence |an| + [b,] + |c,| increases geometrically.
15. p = (1 —p)(I—pg) - - - (L —py).

16. Use 1 —x <e™* for 0 <z <1 or Taylor’s series for log (1 —z); cf.
IT, (12.26), :

e b+tc
8, ———— .
b+c+r

1
1

19. Suppose the assertion to be true for the nth drawing regardless of 4, r,
and c. Considering the two possibilities at the first drawing we find then that
the probability of black at the (n+-1)st trial equals

b ] b+c L b _ b
b+r b+r+c b+r b+r+c bir

20. The preceding problem states that the assertion is true for m =1 and
all n. For induction, consider the two possibilities at the first trial,

23, Use II, (12.9).

24. The binomial coefficient on the right is the limit of the first factor in the
numerator in (8.2). Note that

(—1/?) N (‘—l/y) (14 o,
n y

26. 2v = 2p(1 — p) < % in consequence of (5.2).
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28. (@) *; (b) u* + uv + 0%4; (¢) w® + (25uv + 902 +ow +2uw)/16.
3. pu =pPs =200 =P P12 =P =25 =4 pua=pa=0 p==71

CHAPTER VI
1. . 2, The probability is 0.02804 .. .. 3. (9.9F <01, => 22,

4. ¢° <% and (1—-4p)* <{ with p = (498)/62). Hence o > 263

and = > 66, respectively.
5.1 — (0.8)10 — 2(0.8)° = 0.6242. . ..

6. {1—(0.8Y°—2(0.8)"}/{1 —(0.8)1°} = 0.6993 ., ...

7. 02V (%Y /(>3 2 0003954 ... ana [
V2 /\11// \13) \2

8. (122) (67 — 21278},

9. True values: 0.6651...,0.40187..., and 0.2009...,; Poisson approxi-
mations: 1 — e =0.6321...,0.3679.. ., and 0.1839 .. ..

1
\;7: = 0.00952 . ...
/Zld

o 0
10. 2> 2%k =0143.... 1L e 1/k! =0.080....
4 3

12, ¢7=/190 < 0.05 or « > 300.

13. ¢ =0.3679..., 1 =21 =0264...,

14, ¢ < 0.01, = > 5. 15. l/p = 649,740.

16. 1 — p™ where p = p(0;4) + - + p(k; 7).

18. ¢ for k =0; pg® for k =1,2,3; and pg® — pg® for k = 4.
> (n)z 27 = (%:)2‘”‘ A 1/\/; for large ».

19,
k=0 \K

=l

20.

bh—1 —_ .
o (a+i 1) prge 1%, This can be written in the alternative form

k=a

k

success occurs directly after & <5 — 1 failures.

21z, = (2N—1 —r) . D—2N+r+l

pﬂbi (a +k_l)q"‘, where the kth term equals the probability that the ath

k=0

N-—-1
5 N (IN—1—¢
— —r—1 — 2>—IN : I1, {(12.6).
22. (@) = —f;xﬂ 2 21( N1 ), () UseI1, (12.6)
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(ny\ [n—s) {n N
eV e A R

where s; =m + - + ;.

2. p = Pl’?o(}’ﬁz + paq)
31. By the Taylor expansion for the logarlthm

_,/

bO;n, p)y =g* = (1—ifn)" < e™* = p(0; 4).

The terms of each distribution add to unity, and therefore it is impossible that
all terms of one distribution should be greater than the corresponding terms
of the other.

32. There are only finitely many terms of the Poisson distribution which
are greater than ¢, and the remaining ones dominate the corresponding terms
of the binomial distribution.

CHAPTER VII

1. Proceed as in section 1. 2. Use (1.7). 3. M(— £3) = 0.143.
4, 0.99, 5. 511. 6. 66,400.

7. Most certainly, The inequalities of chapter VI suffice to show that an
_excess of more than eight deviations is exceedingly improbable.

8. (an)_l{plpz(i —P1 —p;,)}_i.

CHAPTER VIII

1. 8 =21.
2. ¢ = pu +quv + rw, where u, v, w are solutions of
_Pal l_qﬂ—l
b “I—I—(v+rw)——, v = (pu+rw) ——
1 P i 1l —g
w=pu+qgv+rw =2
I_Pc:—l
— ma—l [ S—
3w = )
1 —gf1 1 — 7t

= (pu+rw) T ¥ (putquv)

4. Note that P{4,} < (2p)", but
P{A,} > 1 — (1—p")"e > 1 — el 722V,

l .

If p = 4, the last quantity is ~ 7 if p > §. then P{4,} does not even tend
H

to zero.

CHAPTER 1

1. The possible combinations are (0, O), (0 D, (0,2), (1,0), (1, 1), (2,0),
2, 1), (3,0). Their probabllltlcs are 0.047539, 0.108883, 0.017850, 0.156364,
0.214197, 0.321295, 0.026775, 0.107098.
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b Tha inint A: ihattt talaa ~An tha - ~Aaf a .C T Tha
F=TY ku} I.].J.\.- JUlLlL ulauluuuuu I.ﬂl\\.-a LIl Lll I.Ul.lll Ul (=8 Uy LY B N e A N, 1l
main diagonal contains the elements g, 2q, . 6g where g = 5. On one
side of the main diagonal all elements are 0 on the other q. &) EX) =4,

Var (X) = 88 E(Y) =18 Var(Y) = ?—529—3, Cov(X,Y) =
3. In the joint distribution of X, Y the rows are 327! times (1, 0,0,0,0 0,

(0,5,4,3,2,1) ©0,6,63,0), (0,0,0,1, 0, 0);

of X,Z: (1,0,0,0,0, 0) (O 5,6,1,0,0), (0,0,4,6,1,0), (0,0,0,3,2,0),

FAAB A A} N FEA BN AT &Y
Wy W, A, U) Ly MOV, W, U, Ua Ue 1}'!

Y,Z: (1,0,0,0), (0,5,6,1), (0,4,7,0), (0,3,2,0), (0,2,0,0), (0,1, 0, 0).
Distribution of X + ¥: (1,0, 5,4, 9,8, 5) all divided by 32, and the values of
X + Y ranging from 0 to 6;

of XY: (1,5,4,3,8,1,6,0, 3, 1) all divided by 32, the values ranging from 0
to 9.

EX) =3, E(Y) =3, E@) =%, Var(X) =4, Var(Y) =4, Var(Z) = £33

4. (@) pi(L +q); @) Y1 +g +4¢D; () /A +g)°.
8. The distribution of V, is given by (3.5), th® of U, follows by symmetry.

9. (@ PIX <r,Y 25t =Nr—s+1)* forr > s;
PX =r, Y =5} = N"Hr—s+1)" = 2(r—5)" + (r—s—1)"},
if r>s and =N Iif r =y

i — (r—1)72

®) 7 =" if j<rand k <r
x:F:Tr:T_?__l)Tl if j<r and k=r, or j=r and &k <r.
z=0 it j>rork>r.

@ o ~ nhN?

(n+12(n+2)"
b ' £ S

10. Probability for n double throws 2pg(p*+¢7)*'. Expectation 1/(2pg).
12. PIN = n, K =4} = (:) P Mgqy - qp’ for k < n.

P{N = n} = (1—gp)"qp".

P{K =k} = (9997’2 (_k_l) (=p)* =pq™.

K 1 fyn—1 _
13. E(N+l) kan/("H)—qu( n_,_l)(!’ +9g " =

kon
2
= ({q _’ llq p,qu\z log —
L —qp W—gp) qF
’ (=97 _ 9

El- I

q9 . .
E K) ==— . E = » C (Ks N) -
) P * qp > qr

oK, N) = Vg'[(1—gp').
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14. (@) pr =phq +¢'p; EX) =pg ' +gp7;
Var(X) = pg 2 +gp~% — 2.
(b) s =P2qk—1 +q2pk—l; P{X =m Y = n} = pm-f—lqn + qm+1qn with m,
n>1; EY)=2; o= 2(pq_1 —+—qp_1—1).
1. (*\364nr3g51
\kJ

18. (@) 365{1 —364™ - 365" —n364™1 - 365"}, (b) n > 28.

19. (@) p =n, e =(n—=Dn;, B) u =(n+1)/2, o* = (G —1)/12,
20. E(X) = np;; Var(X) = npy(1 —py); Cov(X,Y) = —npyps.
21. —~nf36. This is a special case of problem 20.

Ea i‘\"r T i‘\’r(il\!'r—f _1._ .‘}C _1)
5. EY) =3 ' . o § Mk -D)
R R L
dE(X

27. X(1—p)" Put X; =1 or 0 according as the jth class is not or is pre-

sented
28. E(X) = ———Hrjl(rfrlz) ; VarX) = (:;:2_(:;__ 11))((:12 ::2))2'
30. E(S,) = 5 ’f oo var(Sy) = (:TE;L;;:T};)‘
33. E (%) = rrzck_l(t_Jp’gk_’ =
R
To derive the last formula from the first, put f(g) = rZ k_l(;::ll )qk'

Using II, (12.4), we find that f'(g) = rg}(1 —¢)". The assertion now follows
by repeated integrations by part.

CHAPTER XI

1. sP(s) and P(s%).
2. (@) (1 =5)72P(s); (b)) (1 —s)1sP(s); (&) {1 —sP(}{1—5);
(d) pos™! + {1 —s7P(}(1 —5); (&) 3{P(V's) + P(—V 5)}.
3. U(s) = pgs*/(1 —ps)(1 —gs). Expectation = lipg, Var = (1 —3pg)ipqt.
6. The generating function satisfies the quadratic equation A(s) = 4*(s) + s.

2n — 2
Hence A(s) =3% — 1V 1—45 and a, = n—l( ) .

n—1
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10. (@) " (s)F*(s)|p — gl
&) QU +F(s) + - + FHs)llp —ql.
1. (a) (g/p)®*(s).
(&) (g/p) P¥(9)U(s).
12. Using the generating function for the geometric distribution of X, we
have without computation

. IN—I\/N— N-r+1
=5 )(v=5) (v oemms)

13. PAHN — (r—1)s} = P,_,(sMN—r—1)s.

5 ) 2s L rs
N — (N— l)S N — (1\“—2)5 N-— (JV—?’)S )

14. P,(s) =

15. S, is the sum of r independent variables with a common geometric
distribution. Hence

_ g Y =rk'r+k—1
o= (i) = (Y.

16. (&) PIR = r} = S P{S,_, = KP{X, > v — &} =
k=0

="ilqr_1pk(r+k _2)Pv—k =qur—1(r v _2) )
k

k=0 v—1
ER) =1 +L ., vam® =2,
F £
C® [N4v—2\2
() (prp)¥ D, ( o )(9’1‘}2)"_1-
yv—=1% ¥ 1

17. Note that
L+s+-- 4T =(0 45+ +sH1 457 +5% - 4 50D,

2
= p* 4+ ¢° Using the fact that this recurrence relation is of the convolution

type,

nofk—1
21 u, = g™ + > ( )paqk—ﬁuﬂ_k with wy=1, uy=gq, u=¢* u,=
k=3

1 " (ps)®

Ui = 1 —gs  (1—gs)®

22 u, =pWy_y + Qlin 3, Uy = Plin 1 + QUn_y, Wy = po,_ + gw,_;. Hence
U@s) — 1 = psW(s) + gstU(s); V() =psU(s) +gs- V(s); W(s) = psV(s)+
+ gsW(s).

CHAPTER XIH

1. Tt suffices to show that for all roots s # 1 of F(s) =1 we have [s] > 1,
and that |s| = 1 is possible only in the periodic case. .
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[{7"\5-2n

- 1ty e v R . ‘ ~ -
2, dan = l\ }4 "‘ ~ 1Y (wnr). Hence § 15 PCI’SISIBD[ Onl}’ 1or r = 2.

For r =3 the tangent rule for numerical integration gives

d 2 1
" —d == P
n-z-—-:lu2 '\/?TJ- \/ K :/7%2

TATE e s i'°°
=, 1

3. ugp ~ ¥V 6/(2mn) hus o — 1 &~ 5J dx. Hence u ~ 1047
and f & 0.045. N @
‘(A + Ln ) ) .
4 vy = p’-“q”‘ The ratio of two successive terms is <1
n
except when p = A/(4 + 1). (The assertion is also a consequence of the law of

large numbers.)

6. From zﬂ + P{X; > 0} <1 conclude that /' < 1 unless P{X; > 0} = 0.
In this case all X; < 0 and & occurs at the first trial or never.

7. Z, = smallest integer >(n — N,}/r. Furthermore E(Z,) ~ np/(g + pr),
Var (Z,) ~ npglg + pri>.

(1 —gs)g’s”
8. G(s) = T—5 ¢ pgo’
(1

— asiBiag)
. \ —_ L% b P S , - [ )
9. G(s [ + psBgs) and F(s} as in problem 8

11. N* =~ (N, — 714.3)/22.75; (%) — N(—3) ~ L.

12. ry =ty —drp s + 8y with rg=r, =ry =1;

R(s) = (8+25%)8 —8s+252 —5%)1: o~ 1.444248(1.139680) "1,

14. If ar is the probability that an 4-run of length r occurs at the ath trial,
then A(s) is given by (7.5) with p replaced by « and ¢ by 1 — «. Let B{(s)
and C(s) be the corresponding functions for B- and C-runs. The required
generating functions are [{1 — s)U(s)]7Y, where in case (@} U(s) = A(s); in
(b) U(s) = A(s) + B(s) — 1; in (c) U(s) = A(s) + B(s) + C(s) — 2.

15. Use a straightforward combination of the method in example (8.5) and
problem 14,

16. Expected number for age 4 equals Npg*.
18. wi(n) = v,_ry when n > k and wi(n) = Bi_nti/rrn When n < k.
19. Note that 1 — F(s) = (1 —s)Q(s) and u—Q(5) = (1 —s)R(s), whence

Q(1) = u, 2R(1) = 0% — p1 + p®. The power series for Q7H(s) = D (up—ty_ps"
converges for s = 1.

F(s) = gs + psG(s), w =g

CHAPTER X1V

(gip —1 | b .
e Zg, and —— if =q.
@™ — 1 F=q a+5 =9

3. When g < p, the number of visits is a defective variable.

4. The expected number of visits equals p(1 — g:)/9q, 1 = (p/g)*

5. The probability of ruin is still given by (2.4) with p = ol —y)y ™ g =
= (1 —»)".. Theexpected duration of the gameis D, (1 —7)~! with D, given
by (3.4) or (3.5).

1.
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_ {@glpy — lpy} —o)
T = Gl A=) + oqlp — 1

The boundary conditions (3.2) become D, =dD,, D, =0.

T Tadi? 1)
[ S e V-

there corresponds ¢, = pg,.,2 + 49, and

solution if 4 =pi%+gq, thatis, if =1 or 4+
ability of ruin is

1 it g>2p

1+g 1}

I - '
4= \\Vl'l 4 p ZJ’ i g < 2‘0

10, w, .. (2} = pw,.1.2(®) + gw, 1 (x) with the boundary conditions (1)
Wy n(@) = W @) =05 (2 wyo(x) =0 for z # x and w, (=) = 1.

11. Replace (1) by wo.n(2) = Wy p(®) and w, (z}) = w, (2}

12. Boundary condition; &, , = ¥, 1. a- Generating function:

F(s)a3(s) + AE(syei(s) _ AgTHs) + A hs)

1-bs) + b)) JHs) + s b(s)
18. P{M, <z} = i (Y2 s — Vzizn)
r=1

P{M, =z} = P{M, <z + 1} — P{M, <z}.
19. The first passage through @ must have occurred at & <rn, and the
particle returned from z in the following » — & steps.

11 M
wtha The relr.u.luu -

a—1
L'Fz(s) =¥ z Ux(s)px—z + sre.

z=1

The characteristic equation is s N peot =1,

1. P hasrows (p, ¢,0,0), (0,0,p,9) (p.4,0,0), and (0,0, p,g). For n > 1
the rows are (p% pg, pq. g°).

2. (a) The chain is irreducible and ergodic; pipt =% for all j, k. (Note
that P is doubly stochastic.}

(b) The chain has period 3, with G, containing E; and IE,; the state E,
forms G, and E, forms G,. Wehave u; = up = §, w3 = uy = L.

{¢) The states E; and E; form a closed set S;, and E,, E; another closed
set S, whereas E, is transient. The matrices corresponding to the closed
sets are 2-by-2 matrices with elements §. Hence pi2) —} if E, and E; belong
to the same S,; pip) —0; finally pfe’ -4 if & =1,3, and P =0 if
k=243 :
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{d) The chain has period 3. Putting 2 =(0,0,0,1,1,1), 6 =(1,0,0,0,0,0),
c =1(0,% 40,0, 0), wefind that the rows of P2 = P® = - -+ are a, b, b, €. cc,
those of PP =P8 =--- are b, ¢, c, a, a, a, those of P =P =-.- are
c, a, a, b, b, b

3. pi = (jl6)", pﬁ}f’ = (k/6)" — (k—1)/6)» if k >, and p"” = if
k<.

4 v =F4Ltd n=G¢4LLD

6. For n >
—1 S
fn) _ n Hoial — J — 'Vl
o (e (oo

Generating function (gs)’(1 — ps) . Expectation j/g.

n=-1l /n — M
T =D, (k _ l)p”_l_kgk forn > 1.
k=1 ;

8. The even-numbered states form an irreducible closed set. The probability

'of a return to E, at or before the nth step equals

1 — oy + o1 —vg) + ool —v,) + -+ + vy "+ Vool —0y,) =
_ 1 —_ H 1 - n

PR L | S B a
i vuav g Yo

Thus the even states are persistent if, and only if, the last product tends to 0.
The probability that starting from E,, ; the system remains forever among the
odd (transient) states equals vy, Vo, 5" " -

9. u, = [1—plgllplgy 1 —(p/g)?1*
10. Possible states E,, ..., E,. For j> 0

_— — P w2 = — . i — iy 2
Pig—r =g =W +1p™ P =g —jilw —Jlg 5
P =jw =D 2+ (p —Wp —w +j)p?°

w) b / 2,3)

uk - N

ki\p —k p

g p 0 07

0 0 1 o 0

13. P00t 00
0O 0 0 O g 1
g p 00 0 0]

14. Note that the matrix is doubly stochastic; use example (7./1}.

15. Put pppyy =1 for k=1,...,N =1, and pyy = pi-

16, Tuyp;; = uy, then U(s) = uy(l — s)P(s){P(s}—s} 1. For ergodicity it is
necessary and sufficient that g = P'(1) < 1. By L'Hospital's rule U(1)
= ug(l — ) whence 4y = (1 — p)~L.
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25, If N> m — 2, the \!'?II'I'?IbIF_'S Xim) and xin) nrplndpppnrlpnf and hence

the three rows of the matrix p {#*' are identical with the distribution of X ")
namely (%, %, $). For n =m + 1 the three rows are (, %, 0}, (3, 1, %)
(0, . ).
CHAPTER XVII
3, E(X) = ie*t; Var (X) = ie*t(ett—1).
4. P, = —inP, + Mn+13P, ;.

Pn(l) = (f)e—i}\f(e}\t_l)i—n (H < 1.
n
E(X) = ie *; Var (X) = je (1 —e ).

5. Po(t) = —(A+nm)Pu(t) + 2Py _1(¢) + (n+ )Py 4(t) for n <N — 1 and
PE\T(I) = —NL&P‘\'{:r) + }»PN,I(I).

19. The standard method of solving linear differential equations leads to a
system of linear equations.




Index

Absolute prababilities 116; — in Markov
chains 384,

Absorbing barrier in random walks 342,
368, 369, 376; — in higher dimensions
3el.

Abhcavbhime haundarice ATT
A ALY ULIIS LAl AN Y7 7,

Absorbing states (in Markov chains) 384.

Absorption probabilities: in birth and
death processes 4535, 457; in diffusion
358, 367, in Markov chains 399f .,
418, 424, 425, 438ff.; in random walk
342ff., 362, 367. [(cf. Duwration of
_______ LExtinction; First
Ruin problem.]

Acceprance cf. Inspection sampling.

Accidents: as Bernoulli trials with vari-
able probabilities 282; bomb hits 160;
distribution of damages 288; occu-
pancy model 10; Poisson distribution
158, 292; wurn models 119, 121.

ADLER, H., A. and K. W. MILLER 467.

Aftereffect: lack of — 329, 458;
models 119, 122. [cf. Markov praperty.]

Age distribution in renewal theory 335,
340; (example involving ages of a
couple 13, 17.)

Aggregates, self-renewing 311, 334, 340

Alleles 133.

Alphabets 129,

ANDERSEN cf. SPARRE ANDERSEN, E.

ANDRE, D. 72, 369.

Animal populations: recaptures 45;
ping 170, 239, 288, 301.

Aperiodic cf, Periodic.

Arc sine distributions 79.

Arc sine law for: first visits 93; last
visits 79; maxima 93; sojourn times
82. (Counterpart 94.)

FIICCTorse
FRSNages,

I
il

{rap-

Arrangements cf. Ballot problem,; Occu-

pancy.
Average of distribution = Expectation.

Averages, moving 422, 426,
Averaging, repeated 333, 425,

bk; n, p) 148.
BACHELIER, L. 354,
Backward eqiwations 358, 4
Bacteria counts 163,
Baitey, N. T. I. 45,
Ballot problem 69, 73.
Balls in cells cf. Occupancy problems.
Banack’s match box problem 166,
238,

170,

Barriers, classific 176,

BarTKY, W. 363.

Barrton, D. E. and C. L. MaLLOWS 69,

BaTes, G. E. and J. NEYMAN 285.

Bayes’ rule 124,

BernNOULLL, ID. 251, 378.

BernouLLI, J. 146, 251,

Berroulli wials: definition 146; infinite
sequences of — 196ff,; interpretation

in number theory -mo recurrant avents
J B AL LAl P Rcllhd

tion of 343
H]

m fumoer

connected with — 313ff., 335. [cf. Are
sine law, Bertting;: First passage times;
Random walk; Retwns to origin;
Success runs efc.]

Bernoulli trials, multiple 168, 171, 238.

Bernoulli trials with uariab,’e,'pmbabifirfes
218, 230, 282,

Bernom'h-Lapface model of diffusion 378,
397; generalized — 424.

BERNSTEIN, S. 126.

BerTRAND, J. 69,

Bera funcrion 173,

Betting: 256, 344fF., 367 — in games with
infinite expectation 246, 251ff., 322;
— on runs 196, 210, 327; — systems
198, 346; three players taking turns 18,
24, 118, 141, 424, [cf. Fair games;
Ruin problem.]

Bigs in dice 149.
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Billiards 284.
Binomial coefficients 34, 5S0it.;
for — 63ff., 96, 97, 120.
Binomial distribution 147t1.; central term
150, 180, 184; — combined with
Poisson 171, 287, 30l; — as condi-
tional distr. in Poisson process 237;
convolution of — 173, 268; expectation
223 (absolute — 241); generaling
function 268; integrals for — 118, 368,
370; — aslimit in Ehrenfest model 357,
for hypergeometric distr. 59, 172;
normal approximation to — 179ff.; —

identities

in occupancy problems 35, 109,
Poisson approximation to — 153ff,
171-172, 190 (numerical examples 109,
154); tail estimates 151-152, 173,
193ff.; variance 228, 230.

Binomial distribution,
Negative binomial,

Binomial formuda 51.

Birth-and-death process 354ff.; backward

the negative cf.

equations for — 469; inhomogeneous
— 472; — in servicing problems 460,
4781F,

Birth process 448ff., 478ff,; backward
equations for — 468; divergent —
451fF., 476; general 476,

Birthdays: duplications 33, 105 (table
487); expected numbers 224; as
occupancy problem 10, 47, 102;
Poisson distribution for — 106, 155

(combinatorial problems involving —
56, 58, 60, 169, 239).

Bivariate: generating functions 279, 340,
— negative binomial 285; — Poisson

172, 279. [cf. Multinomial distribu-
tion.]

Brackwrerr, D P. DewegL, and D.
FREEDMAN 78.

Blood: counts 163; — tests 239,

Boltzmann-Maxwell statistics: 5,21, 39T,

59; as limit for Fermi-Dirac statistics
[cf. Oceupancy problems.]
Bomb hits (on London) 160.
Bonferroni’s inegualities 110, 142,
Books produced at random 202,
Boole’s inequality 23.
BoreL, E. 204, 210.
Barel-Cantelli lemmas 200fT.

INDEX

Bose-Einstein statistics 5, 20, 40, 61, 113;
negative binomial limit 62.

BOTTEMA, O. and S. C. VAN VEEN 284,

Boundaries for Markov processes 41411,
477.

Branching processes 193ff., 373;
two types 301.

Breakagre of dishes 56.

Breeding 144, 380, 424, 441,

Brerot, M. 419,

Bridge: ace distribution 11, 57; definition
8, waiting times 57; (problems and
examples 27, 35, 37, 47, 56, 100, 112,
140, 169.) [cf. Matching of cards;
Poker; Shuffiing.]

Ronrrurvrs B T T TTargrnie
AFDGN_ P VIE T Ly Laay LA Lo 1

A. JENSEN 460.
Brather-sister mating 143, 380, 441,
Brownian motion cf. Diffusion.
Busy honr 293.
Busy period in queuning 299, 300, 315.

— with

CanTELLI, F, P.
lemmas 200.)

CantOR, G, 18, 336.

Car accidents 158, 292,

Carpano, G. 158.

Cards cf. Bridge;
Foker: Shujfling.

Cartesian product 129,

Cascade process cf. Branching process.

Carcuesioe, D, J, 55, 287, —, D, E.
LEa, and J. M. THoDaY 112, 161,

Causes, probability of 124,

Cell genetics, a problem in 379, 400.

Centenarians 156.

Central foree, diffusion under — 378,

Cenmtral limit theorem 244, 254, 261;
applications to combinatorial analysis
256, to random walks 357, to recurrent
events 320. [cf. DeMoivre-Laplace
limit theorem; Normal approximation,]

Chain letters 56,

Chain reaction cf. Branching process.,

Chains, length of randem — 240,

CHANDRASEKHAR, S, 425,

Changes of sign in random walks 34ff.,
97.

Changing stakes 346,

Channels cf. Servers;

204,

Matching of ‘cards;

Trunking problems.
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CuapMmaN, D. G. 45,

Chapman-Kolmogorov  equation: for
Markov chains 383, 421:; for non-
Markovian processes 423; for sto-

chastic processes 445, 470ff., 482.
Characteristic equation 365,
Characteristic roots = eigenvalues 429.
CuepysHEV, P. L. 233; — inequality 233,

242,

Chess 111.

Chromosomes 133: breaks and inter-
changes of — 55, 112; Poisson

distribution for — 161, 171, 287.
Cuung, K. L. 82, 242, 312, 409, 413,
Crarke, R, D, 160.

Classification multiple 27.

Closed sers in Markov chains 384ff.

COCHRAN, W. G. 43.

Cain tossing: as random walk 71, 343;
— experiments 21, 82, 86; simulation
of — 238; ties in multiple — 316, 338.
[cf. Are sine [aws; Bernoulli trials;
Changes of sign; First passage rimes;
Leads; Random walk;
origin; Success runs, etc.]

Cofncidences = matches 100, 107; mul-
tiple — 112.

Collector's problem 11, 61, 111; waiting
times 48, 225, 239, 284.

Colorblindness: as sex-linked character
139; Poisson distribution for 169.

Combinatorial product 129.

Combinatorial runs cf. Runs, combina-
torial.

Competition problem 188.

Complementary event 15.

Composite Markov process (shuffiing) 422.

Camposition cf. Convolution,

Compound Poisson distribution 288fY.. 474.

Conditional: distribution 217ff., 237;
expectation 223; probability 114ff.
[cf. Transition probuabilities.)

Confidence level 189.

Connection to a wrong number 161,

Contagion 43, 120, 480; spurious — 121.

Continuity equation 338,

Cantinuity theorem 280.

Convolutions 266ft, (special cases 173).

Coordinates and coordinate spaces 130,

Cornell professor 55.

Returns 1o
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Correlation coefficient 236,
Cosmic rays 11, 289, 451.
Counters cf. Geiger counter: Quening;

Trunking problems.

Coupon collecting cf. Collector’s proplem.

Covarfance 22911, 236.

Cox, D. R, 226.

CramMmEr, H. 160,

Crossing of the axis (in random walks)
B411., 96.

Cumudative distribution funcrion 179,

Cycles (in permutations) 257, 270,

Cyclical random walk 377, 434,

Cylindrical sets 130,

Danisera, G, 140,

Damage cf. Accidents; Irradiation.

Darwin, C. 70.

Death process 478.

Decimals, distriburion of . of e and = 32,
61; law of the iterated logarithm 208.
[cf. Random digits.]

Decomposition of Markov chains 390,

Defective items: Poisson distribution for
— 155; (elementary problems 55, 141).
[cf. Inspection sampling.]

Defective random variables 273, 309.

Delayed recurrent events 316ff.; — in
renewal theory 332, 334,

DEMOIVRE, A, 179, 264, 285.

DeMoivre-Laplace limit thearem 182ff.;
application to diffusion 357, [cf. Cen-
tral limit theorem; Normal approxima-
tion.)

Density fluctuations 425. [cf. Bernoulli-
Laplace model; Ehrenfest model.]

Density function 179.

Dependent cf. Independent.

Derivatives partial, number of 39,

DEermanN, C, 413, .

Determinants (number of ierms con-
taining diagonal elements) 111.

DEewEL, P. 78.

Diagonal method 336.
Dice: aceruns 210, 324; — as occupancy
problem 11; equalization of ones,

twos, .. . 339; de Méré's paradox 36;
Newton-Pepys problem 55, Weldon's
data 148.

Difference equations 344ff.; method of
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images 369; method of particular
solutions 344, 350, 363; péssage fo
limit 354ff., 370; several dimensions
362 (— in occupancy problems 59,
284; — for Polya distribution 142,
480). [cf. Renewal theory.]

Difference of events 16.

Diffusion 354fF., 370; — with central
force 378. [cf. Bernoulli-Laplace model;
Ehrenfest model.]

Dirac-Fermi statistics 5, 41, — for mis-
prints 42, 57.

Discrete sample space 17f1.

Dishes, test involving breakage of 56.

Dispersion = variance 228,

Distinguishable cf, Indistinguishable.

Diswribution:  conditional 2171,
joint 213; marginal 215,

Distribution functioan 179, 213, ermpirical
— 71,

DosLIN, W, 413,

Dowmgs, C. 301,

P 1

Dowmninant gene 133.

Domino 54.

Doos, J. L. 199, 419, 477,

Dorrman, R. 239,

Doubly stochastic matrices 399,

Drift 342; — to boundary 417.

Duality 91,

DuBsBINS, L. E. and L. J. SAVAGE 346.

Durarion of games: in the classical ruin
problem 348fl.; in sequential sampling
368, [cf. Absorption probabilities; Fx-
tinction; First passage rimes; Waiting
times.]

237;

& for recurrent events 303, 308,

e, distribution of decimals 32, al.

Eanfany, 220
LLGIGT Yy <07,

Efficiency, tests of 70, 148, 149,

EGGENRERGER, F. 119,

EHRENEEST, P. and T, 121.

Ehrenfest modef: 121, 377; density 425;
reversibility 415; steady state 397.

Eigenvalue = characteristic value 429.

Einstein-Rose staristics 5, 20, 40, 61, 113;
negative binomial limit 62.

E1sENHART, C. and F. S5. SwED 42,

Elastic barrier 343, 368, 377,

Elastic force, diffusion under — 378,

INDEX

Elevator problem 11, 32, 58 (complete
table 486).

ELLis, R, E. 354,

Empirical distribution 71.

Entrance boundary 419,

Epach 73, 300, 306, 444,

Egqualization cf. Changes of sign; Returns
to origin.

Equidistribution  theorems 94, 97. [cf.
Steady state.]

Equilibrium, macroscopic 395f., 456,

Equilibrium, return to cf. Returns to
origin.

ErpD@s, P. 82, 211, 312.

Ergodic properties: in Markov chains
393ff., 443, — In stochastic processes
455, 482,

LErgodic states 389.

Ervrang, A. K. 460: —'s loss formula
464.

Error function 179,

ESP 55, 407,

Estimatrion: {rom recaptures and trapping
45, 170; from samples 189, 226, 238.
[cf. Tests.]

Estimator, unbiased 242,

Events: 8, 13ff.; compatible — 98;
independent — 125ff.; — in product
spaces 128ff.; simultaneous realization
of — 16, 99, 106, 109,

Evolution process (Yule) 450. [cf. Genes.]

Exit boundary 416,

Expectation 220ff.; conditional — 223;
— from generating functions 265;
infinité — 265; — of normal distribu-
tion 179; — of products 227; — of
reciprocals 238, 242 f sums 222,

Fxnapimaombc:
J——IJ\-}}I'. FAlFicFEld

131; conceptual Sff.

Exponential distribution 446; character-
ization by a functional equ. 459.

Exponential holding times 4531

Exponential sojourn times 453.

Extinction: in birth and death processes
457, in branching processes 295ff.
(in bivariate branching processes 302);
of family names 294; of genes 136, 293,
400. [cf. Absorprion probabilities.]

Extra Sensory Perception 55, 407,

Ftiastale]

A ne A
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INDEX

Factorials 29, gamma function 66;
Stirfing’s formula 52, 66.

Fair pames 248fF., 346; — with infinite
expectation 252; unfavorable — 249,
262.

Faltung = convolution,

Families: dishwashing 56; sex distribu-
tion in — 117, 118, 126, 141, 288,

Family names, survival of 294,

Family relaftions 144,

Family size, geometric distribution for
141, 294, 2953,

“Favorable” cases 23, 26,

Fercuson, T. S, 237,

Fermi-Dirac statistics 3, 40; — for mis-

ik AT E0
P 4oy S0,

Finucan, H, M. 28, 239.

Fire cf, Accidents.

Firing at targets 10, 169.

First passage times in Bernoulli trials and
random walks 88, 271, 274, 343ff.
(Explicit formulas 89, 274, 275, 351,
353, 368, theorems 90, 360.)
[cf. Duration of games; Returns to
arigin; Waiting times ]

First passage times: in diffusion 359, 368,
370; in Markov chains 388; in sto-
chastic processes 481. [cf. Absorption
probabilities.]

Fish catches 45,

FrsHer, R. A., 6, 46, 149, 380,

Fission 294,

Fliags, display of 28, 36.

Flaws in material 159, 170.

Flying bomb hits 160.

Fokker-Planck equation 358,

Forward equations 358, 469, 473, 482,

Frame, I. 8. 367.

FrécHer, M. 98, 111, 375.

-FREEDMAN, D. 78.

Frequency function 179,

limit

FriEDMAN, B. {(arn model) 119, 121,
378,
Fry, T. C. 460.

Furry, W. H. 451.
FortH, R. 422; —'s formula 359.

G.-M. Counters cf. Geiger counters.
GavLtoN, F. 70, 256, 294; -5 rank order
tesi 69, 94,
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Gambling systems 19811., 3435, [cf. Betting ]

Gamma function 66.

Gauss (= normal) distribution 179.

Geiger counters 11, 59; — type 1 306, 315;
general types 339; — as Markov chain
425,

GEIRINGER, H. 6.

Generalized Poisson process 474.

Generating functions 264; bivariate —
279; moment — 2885, 301.

Genes 132ff.; evolution of frequencies
135ff., 380, 400; inheritance 256;
mutations 295; Yule process 430,

Genetics 132ff.; branching process 295;
Markov chains in — 379, 380, 400;
Yule process 450.

Geometric distribution 216; characteriza-
tion 237, 328; convolutions, 269;
exponential limit 458; generating func-
tion 268; - as limit for Bose-Einstein
statistics 61; — as negative binomial
166, 224,

GREDENKG, B, V. 71.

GonNCaROV, V. 258,

Goop, I. J. 298, 300.

GREENWOOD, J. A. and E. E, STUART 56,
407,

GREENWOOD, R, E, 61,

GRoOLL, P. A. and M. SoBeL 239.

Grouping of states 426,

Grouping, tests of 42.

GuMBeL, E. J. 156.

HavustrOM, H. L. 460,

Hamel equation 459.

Harpy, G. H. and §. E. LITTLEWOOD
209,

Hardy's law
pairs 144.

Harris, T. E. 257, 426,

Hausporrr, F. 204, 209,

Heat flow cf. Diffusion; Ehrenfest model.

Heterozygotes 133,

Higher sums 421,

Hitting probabilities 332, 339,

Hopges, J. L. 69.

HorerFpInG, W. 231,

Holding times 438ff.; — as branching
process 286.

135;

nonann
Hollagpllea iR
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Homogeneity, test for — 43,

Homozygotes 133.

Hybrids 133,

Hypergeometric distribution 43ff. (mo-
ments 232); approximation: by bi-
nomial and by Poisson 59, 172, by
normal distr. 194; multiple —47; —
as limit in Bernoulli-Laplace model
397,

Hypothesis: for conditional probability
115; statistical — cf. Estimation;
Tests,

Images, method of 72, 369.
Implicarion 16,
273, 309.

Independence, stochastic 1256, — pair-
wise but not mutual 127, 143.

Independent experiments 131.

Independent increments 292,

Independent random variables 217, 241,
pairwise but not mutually — 220,

Independent trials 128ff.

Indistinguishable elements in problems of
occupancy and arrangements 38fF., 58;
(elementary examples 11, 28, 36.)

Infinite moments, 246, 265; limit theorems
involving — 90, 252, 262, 313, 322

Infinitely divisible distributions 289; fac-
torization 291,

Inheritance 256. [cf.

Initials 54,

Insect litters and survivors 171, 288,

Inspection sampling 44, 169, 238, sequen-
tial — 363, 368.

Intersection of events 16.

Tnvariant distributions and measures (in
Markov chains) 392fF., 407ff. (pericdic
chains 406).
tions.] _

Inverse probabilities (in Markov chains)
414,

Inversions (in combinations) 256.

Irradiation, harmful 10, 55, 112; Poisson
“distribution 161, 287.

Irreducible chains 384, 3901f.

Ising’s model 43.

Iterated lagarithm, law of the 186, 204ff.;
stronger form 211. (Number theoreti-
cal interpretation 208.)

[cf. Stationary distribu-

INDEX

Kac, M. 55, 82, 121, 378, 438.

KARLIN, S. and J. L. McGREGOR 455.

Kelvin’s method of images 72, 369.

KenpaLL, D). G. 288, 295, 456,

KenpaLyr, M. G. and B. Smite 154,

Key preblems 48, 55, 141, 239,

KHINTCHINE, A. 195, 205, 209, 244,

KowLMmoGorov, A. 6, 208, 312, 354, 375,
389, 419, 461; —s criterion 259
(converse 263); -—’s differential equa-
tions 475; —'s inequality 234. [cf.
Chapman-Kolmogorov equation.)

Kolmogorov-Smirnov type tests 70,

KoorMan, B. 0. 4.

Kronecker symbols 428.

Ladder variables 305, 315,

LaGranGE, J. L. 285, 353.

LarLace, P. 5. 100, 179, 264. —'s law of
succession 124. [cf. Bernoulfi-Laplace
model; DeMoivre-Laplace limit theo-
rem.]

Large numbers, strong law of 258, 262;
for Bernoulli trials 203.

Large numbers, weak law of 243fT., 254;
for Bernoulli trials 152, 195, 261; for
dependent variables 261; generalized
form (with infinite expectations) 246,
252; for permutations 256.

Largest observation, estimation Jfrom 226,
238.

Last visits (arc sine law) 79,

Leads, distribution af T3ff., 94; experi-
mental illustration 86ff.; (Galton’s
rank order test §9.)

LeEperManN, W. and G. E, REUTER
455,

Lefthanders 169.

Téevy Parr 9 200
LEVY,

L1, C. C. and L. SAcKs 144,
Lightning, damage from 289, 292.
LinDeserG, J. W. 244, 254, 261,
Linear growth process 456, 480.
LirTLEwoon, J. E, 209.
LiapuNov, A. 244, 261.
Loparithm, expansion for 51,
Logarithmic distribution 291.
Long chain molecales 11, 240.
Long leads in random walks 78ff.
Loss, coefficient of 466.

Loss formula, Erlang's 464,




INDEX

Lotxa, A, J. 141, 294,
Lunch counter example 42,
LuNDRERG, O. 480.

McCREA, W. H, and F. J. W. WHIPPLE
360, 362,

MCGREGOR, J. and 5. KARLIN 455,

M’KENDRICK, A. G. 450,

gy | g A

servicing  462ff,  [cf. Power

Machine
supply.]

Macroscopic equilibrium 395ft,, 456. [cf.
Steady state.]

MaLEcoT, G. 380.

Marrows, C. L. and D, E. BarTON, 69,

MAaRrgg, K. 147,

H apnd 7 M MURPHY
Chiivd AF, WYL, LVLUIREPHY 41

Marginal distribution 215.

MARKOV, A. 244, 375,

Markov chains 372fT,; — of infinite order
426; mixing of 426; superposition of
422,

Markov process 41911,
ous 444, |
property 329.)

MagTiN, R. S. (boundary) 419.

Martingales 399,

Match box problem 166, 170, 238,

Matches = coincidences 100, 107.

Mayching of cards 107, 231, multiple —
112.

Mating (assortative and random) 134;

Maneoeyaer
NMARGENAY I

— with continu-
4700, (Markos

ML GU

time

Max:ma in random waﬂcs pOSItlon 91ff.,
96 (arc sine laws 93): distribution 369,

Maximal sofution (in Markov chains)
401,

Maximum likelithood 46.

MaxwerL, C. 72, [cf.
Muaxwell statistics.]

Mean cf. Expectation.

Median 49, 220.

Memory in waiting times 328, 458,

MENDEL, G. 132,

de Méré's paradox 56.

MiLLEr, K. W. and H. A. AbpLer 467.

Minimal selution: for Kolmogoroy differ-
ential equations 475; in Markov chains
403,

Mises, R. von: relating to foundations
6, 147, 199, 204; relating to occupancy
problems 32, 105, 106, 341.

Boltzmann-
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Misprints 11; estimation 170: Fermi-
Dirac distribution for __ 42, 58:
Poisson distribution 156, 169,

Mixtures: of distributions 301 ; of Markov
chains 426; of populations 117, 121.

MoLina, E. C. 155, 191,

Moment generating function 285, 301,

Moments 227; infinite — 246, 265,

MonTmMORT, P. R. 100,

Moop, A. M. 194,

Morse code 54.

Moran, P, A, P. 170.

Moving averages 422, 426.

Multinomial coefficients 37.

Multinomial distribution 167, 215, 239:
generating function 279; maximal term
171, 194; randemized 216, 301.

Mufr{pz'e Bemou!h‘ trials 168, 171, 238,

Multiple classification 27,

Muitiple coin games 316, 338,

Multiple Poisson distribution 172,

Multipiets 27.

Arrmeorawe 1 AA nd WA ~enrarr BT
LFLUREIIL 5 wJ. 1¥l. & U¥d .

Murations 295.

1 and N 174.

(m), 29

Negation 15.

Negative binomial distribution 164ff., 238,
bivariate — 285; -— in birth and death
processes 450; expectation 224; gen-

arati funeoti VEL  infnita i
\-'lul.llls lullbl.l\.lll, LUU lAulllll\- ul VlJl"

bility 289; — as limit of Bose-Einstein
statistics 61, and of Polya distr. 143;
Poisson limit of — 166, 281.

NELsoN, E. 96,

Newman, D, J. 210, 367.

NEWTON, L. 35; —'s binomial formuia 51.

MNeEvMmaN, J. 163, 285,

Non-Muarkovian processes 293, 421, 426;
— satisfying Chapman-Kolmogorov
equation 423, 471.

Normal approximation for: binomial
distribution 76, 179ff. (large deviations
192, 195); changes of sign 86; com-
binatorial runs 194; first passages 90;
hypergeometric distribution 194; per-
mutations 256; Poisson distribution
190, 194, 245: recurrent events 321;
returns to origin 90; success runs 324,
[cf. Central limit theorem.]
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Normal density and distribution 174; tail
estimates 179, 193,

Normalized random variables 229.

Nuclear chain reaction 294.

Null stare 388,

Number theoretical inferpretations 208.

Qccupancy numbers 38,

Occupancy problems 38ff., 58ff., 101ff,
241; empirical interpretations 9; multi-
ply occupied cells 112; negative
binomial limit 61; Poisson limit 59,
105; treatment by Markov chains 379,
435, and by randomization 301;
waiting times 47, 225; (elementary
problems 27, 32, 35, 55, 141, 237))
[cf. Boltzmann-Maxwell statistics; Bose-
FEinstein statistics; Collector’s problems.]

Optional stopping 186, 241.

Orderings 29, 36. [cf. Balloi problem;
Runs, combinatorial.]

Org, 0. 56.

ORrEy, 8. 413.

plks A) 157.

Pairs 26.

ParLm, C. 460, 462,

Panse, V. G. gud P, V. SukHATME 130,

Parapsychology 56, 407. (Guessing 107.)

Parking: lots 55, 479, tickets 55.

Partial derivatives 35.

Partial fraction expansions 275f., 283,
explicit calculations for reflecting bar-
rier 436ff., — for finite Markov chains
428ff.; for ruin problem 349, and for
success runs 322ff.; numerical calcula-
tions 278, 325, 334.

“Particle” in random walks 73, 342,

i gprptdroad Ad TAA 2147
raru{,mar JU!“IIU!IJ, FICIFION Uf J9%, 271,

365.

Partitioning: of stochastic matrices 386,
of polygons 283.

Partitions, combinatorial 34fF.

PascaL, B. 56; —'s distribution 166.

PaTHrIA, R. K. 32.

Paths in random walks 68,

PeEARsON, K. 173, 256,

Pedestrians: as non-Markovian process
422; — crossing the street 170.

Pepys, S, 55.

INDEX

Periodic Markov chains (states) 387, 4041f.

Periodic recurrent events 310.

Permutations 29, 406; — represented by
independent trials 132, 256ff.

Persistent  recurrent 310;
theorem 335.

Persistent state 388,

Petershurg paradox 251.

Perri plare 163.

Phase space 13.

Photographic emulsions 11, 39,

w, distribution of decimals 31, 61.

Poissow, S, D. 153,

Poisson approximation or [limit for:
Bernoulli trials with variable proba-
bilities 282; binomial distr. 153ff, 172,
190; density fluctuations 425; hyper-
geometric distr. 172; matching 108;
negative binomial 172, 281; normal
distr. 190, 245; occupancy problems
105, 153; stochastic processes 461, 462,
480, 481; long success runs 341,

Poisson distribution (the ordinary) i356ff.;
convolutions 173, 266; empirical ob-
servations 159ff,; generating function
268; integral representation 173; mo-
ments 224, 228; normal approximation
150, 194, 245,

Poisson distributions: bivariate 172, 279;
compound 283ff., 474; generalized 474;
multiple 172; spatial 159. (— com-
bined with binomiai distr. 171, 287,
3010

Poissan process 292, 446ff.; backward and
forward equs. 469-470, generalized —
474,

Poisson traffic 459,

Poisson trials (= Bernoulli trials with

variahla mrahohilitiacy 218 710 AR7
yaligoic P;uuauluuua) LI, £V, LOL.

Poker: definition 8; tabulation 487,
(Elementary prob]ems 35,58, 112, 169),

PoLrarp, H. 312,

Polygons, partitions of 283,

Porva, G. 225, 283, 360; —'s distribution
142, 143, 166, 172; -— process 480;
urn rnn{‘TF-] 120, 147 240, 262, 480 (— as

non-Markovian process 421).
Polymers 11, 240,
Population 341.;

334-335, 340;

event limit

— in renewal theory
stratified — 117,
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Population growth 334-335, 450, 456,
{cf. Branching processes.]

Positive stare 389,

Power supply problems 149, 467,

Product measure 131,

Producr spaces 12811

Progeny (in branching processes) 298ff.

Prospective equations cf. Forward equa-
TTOMS,

Quality control 42. [cf. Inspection samp-
fing.]

Queue discipline 479.

Queuing and queues 306, 315, 460f., 479;
as branching process 295, 299-301;

ganoral limit theararm IM- fa Ada-l-mae
s\.vlll_-l.ul AdillilLe LiTAfIwlillL .JLU, \ﬂ. YLl BLTY

chain in queuing theory 425.)

Radiation cf. Cosmic rays; Irradiation,

Radicactive disintegrations 157, 159, 328;
differential equations for -— 449,

Rarr, M. S. 240.

Raising, distribution of 156, 169,

Random chains 240.

Random choice 30.

Random digits (= random sampling num-
bers) 10, 31; normal approximation

189; Poisson approximation 155;
references to — 21, 61, (Elementary
problems 55, 169.)
Random mating 134.
Ng f

Random placement of balls into cells
Occupancy problems.

Randem sampling cf. Sampling.

Random sums 2861,

Random variables 212ff.; defective — 273,
309; integral valued — 264ff. nor-
malized — 229. [cf. Independent —.]

Random walks 671., 342ff.; cyclical 377,

434; dual — 91; generalized — 363fT.,

368; invariant measure 408; Markov

chain treatment 373, 376-377, 425,

436ff.; renewal method 37Q; reversi-

bility 415; — with variable probabilities

402. [cf. Absorbing barrier; Arc sine

law; Changes of sign;  Diffusion;

Duration of (éames ,: First pm‘sagé times;

Leads; Maxima; Reflecting harrier;

Returns to origin; Ruin problem.]

Randomization method: in occupancy
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problems 301; 1 sampling 216, [cf,
Random sums. ]

Randomness in sequences 204; tests for —
42, 61. [cf. Tests)]

Range 213,

Rank order fest 69, 94.

Ratie limit theorem 407, 413,

Realization of events, simultaneous 16, 99,
106, 109, 142,

Recapture in trapping experiments 435,

Recessive genes 133; sex-linked — 139,

Recurrence times 388; — in Markov
chains 388. [cf. Renewal theorem.]

Recurrent epents 310ff.; delayed — 316fT,;
Markov chain treatment of — 381-382,
398, 403; number of cccurre
— 320ff.; reversibility 415.
newal theorem.)

Reduced number of successes 186.

Reflecting barriers 343, 367ff.; invariant
distribution 397, 424; Markov chain
for 376, 436ff,; two dimensions 425.

Reflection principle 72, 369,
refiections 96, 365ff.)

Rencontre (= matches) 100, 107.

Renewal of aggregates and populations
311, 334-335, 340, 381.

Renewal argument 331.

Renewal method for random walks 370.

Renewal theorem 329; estimates to 340
{for Markov chains 443.)

Repairs of machines 46211

Repeated averaging 333, 425,

Replacement cf. Renewal; Sampling.

Residual waiting time 332, 381,

Retrospective  equations  cf.
equations.

Return process 477.

Returns to origin: first return 76-78, 273,
313; -— in higher dimensions 360;
nth return 90, 274; — through negative
values 314, 339; number of 96; visits
prior to first — 376. [cf. Changes of
sign; First passage times.]

ReuTer, G. E. and W, LEDERMANN 455.

Reversed Markov chains 4141F,

RIoRDAN, Y. 73, 299, 3006.

Rosrins, H. E, 53,

Romia, H. C. 148.

Ruin problem 342f1.; — in peneralized

noog ~f o

ivia Ul od

[cf, Re-

{Reneated
R 4

Backward




508 INDEX

random walk 363ff.; renewal method
370; — with ties permitted 367,

Rumors 56.

Runs, combinatorial 42, 62; moments 240;
normal approximation 194. [cf. Success
runs.]

RuTtHerFORD, E. 170;
CHADWICK-ELLIS 160.

RUTHERFORD-

Sacks, L. and C. C. L1 144.

Safery campaign 121.

Sample point 9.

Sample space 4, 9, 13ff.; discrete 17ff. —
for repeated ftrials and experiments
128ff.; — in terms of random variables
217,

Sampling 28f., 59, 132, 232; randomized
— 216; required sample size 189, 245;
sequential — 344, 363; stratified —
240; waiting times 224, 239. (Elemen-
tary problems 10, 12, 56, 117, 194.) [cf.
Collector’s problem; Inspection sam-
pling

Savace, L. J. 4, 346,

ScueLL, E. D. 55.

ScHENSTED, 1. V. 379,

SCHROEDINGER, E. 264,

Schwarz’ inequaliry 242.

Seeds: Poisson distribution 159; survival
295,

Segregation, subnuclear 379.

Sefection (genetic) 139, 143, 295.

Selection principle 336.

Self-renewing aggregates 311, 334, 340.

Senator problem 335, 44,

Sequential sampling 344, 363.

Sequential rests 171.

Sera, resr:'ng of 150.

Servers cf. Queuing; Trunking Problems.

Service times 457ff.; -— as branching
process 288.

Servicing factor 463.

Servicing problems 460, 479.
supply.]

Seven-way lamps 27.

lcf. Power

Sex distribution within fnmlf er 11

A desdar

118, 126, 169, 288.
Sex-linked characters 136,
SHEWHART, W. A. 42,
Shoe problems 57, 111.

Shuffling 406; composite — 422.

Simulation of a perfect coin 238.

Small numbers, law of 159.

SMrNov, N, 70, 71.

Smith, B. and M. G, KeNpaLr, 154.

SoseL, M. and P, A, GroLL, 239.

Seojourn times 82, 453.

SPARRE-ANDERSEN, E, 82.

Spent waiting time 382.

Spores 226, 379.

Spurious contagion 121.

Stable distribution of order one half 90.

Stakes (effect of changing —) 346.

Standard deviation 228,

Strars (Poisson distribution) 159, 170,

States in a Markov chain 374, 446;
absorbing 384 classification 387.

Stationary distributions: of age 335, 340;
of genotypes 135. [cf. Invariant dis-
tributions and measures; Steady state]

Stationary transition prebabilities 420, 445.

Srcady state cf. Equilibrium, macroscopic;
IHUHIIUHI CISITIOWIIONNY QR MIEUdSHIES,
Stationary distributions.

STEINHAUS, H. 166,

Sterilization laws 140,

STIRLING, J. 52; —'s formula 52, 66, 180,

Stochastic independence cf. Independence.

Stochastic matrix 375; doubly — 399;
substochastic matrix 400.

Stochastic process (term) 419, 4444T.;
genen’u llIIlll I.IIUUI'B[II Jl(‘i Wi
independent increments 292. [cf. Mar-
kov process.]

STONEHAM, R, (G, 32,

Strategies in games 198, 346,

Stratification, urn models for 121.

Stratified popu!an'ons 117.

Ctratifind comnliins VA0

Stratified sampling 240.

Street crossing 170,

Struggle for existence 450,

STuUarT, E. E, and ). A. GREENWOOD, 36,
407,

Substochastic matrix 400,

Successes 146; reduced number of — 186,

Suecess runs: — as recurrent events 305,
322fF., 339; Markov chain for — 383;
Poisson distribution for long — 341; —
of several kinds 326, 339: r successes
before s failures 197, 210.

-_— WllIl




Succession, Laplace’s law of 124,

SUKHATME, P. V. and V. G Panse 150,

Sums of a random number of variables
286fF.

Superposition of Markov processes 422.

Survival cf. Extinction.

SweD, F. 8. and C. EISENHART 42,

Systems of gambling 198, 346,

Table rennis 167,

Taboo siates 409,

Taxacs, L. 69.

Targer shooting 10, 169.

Telephone: holding times 458; traffic
161, 282, 293; trunking 191, 460, 481,
[cf. Busy peried; Queuing.)

Tests, statistical: — of effectiveness 70,
149-150; Galton’s rank order — 69,
94; Kolmogorov-Smirnov tests 70; —
of homogeneity 43, 70; — of random-
ness 42, 61; sequential — 171, (Special
— of: bleod 239; clumsiness 56 dice
148; puessing abilities 107; random-
ness of parking tickets 55; sera and
vaccines 150.) [cf. Estimation.]

Theta functions 370.

THORNDIKE, F. 161.

Ties: in billiards 284: in games with
several ceins or dice 316, 338, [cf.
Returns 1o origin.]

Time-homogeneous cf. Stationary.

TopHUNTER, 1. 378.

Traffic of Poisson type 459,

Traffic problems 170, 422,

phone.]

Transient recurrent event 310,

Transient state, 388-390, 39911, 438,

Transition probabilifies: in Markov chains
375, 420, (higher — 382); in processes
445, 470fF,

Trapping, animal 170, 239, 288, 301.

Trials (independent and repeated) 128f.;
random variable representation 217ff.

Trinomial cf. Mulitinomial.

Truncation method 247,

Trunking problems 191, 460, 481.

[cf, Tele-
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urng: in ’184;

o three players
taking - 18, 24 118, 141.

bi

1

UnLenseck, G. E. and M. C. WanNc 378,

Unbiased estimator 242,

Unessential states 389.

Unfavorable “fair” games 249, 262.

Uniform distribution 237, 285,

Uniform measure 408,

Union of events 16; probability of — 101.

Urn models 188f.; — and Markov chains
373. [cf. Bernoulli-Laplace; Ehrenfest;
Friedman; Laplace; Polya.]

Vaccines, testing of 150.

Variance 227H.,; -— calculated from
generating functions 266; — of normal

distribution 179,

VaurLoT, E. 479,

Valterra's theory of struggle for existence
450,

Waiting lines cf. Queuing.

Wairing times: memoryless — 328, 458;
residual — 332, 381; spent — 382,
(— in combinatorial problems 47; for
recurrent events 309, 317.) [cf. Dura-
tion of games; First passage times.)

WaLk, A. |71, 248, 344, 363; — and
J. WoLrowITZ 43, 194.

Watson, G. 8. 239,

WaucH, W. A. O'N. 367.

Welders problems 149, 467.

Weldon's dice data 148-149,

WaippLE, F. J. W, and W. H. McCrea
360, 362,

WHITWORTH, W. A. 26, 69.

Wiener process 354.

WisNIEwsKI, T. K. M. 238.

Worrowitz, J. and A. WaLD 43, 194,

Words 129,

WRIGHT, S. 380.

Wrong number, connections to 161,

X-rays cf. Irradiation.
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