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Preface

Preface to the 3™, revised and supplemented edition

The 3 edition of this compendium of formulas for math for business
and economics has been revised and supplemented partially. My al-
ways reliable research assistant Nawid Schahab has contributed to the
current edition. He deserves my thanks. Should any mistakes remain,
such errors shall be exclusively at the expense of the author. The author
is thankful in advance to all users of this formulary for any constructive
comments or suggestions.

Bonn, February 2024 Franz W. Peren

Preface to the 2", revised and supplemented edition

The 2" edition of this compendium of formulas for math for business
and economics has been revised and supplemented partially. My valu-
able research assistant Nawid Schahab has contributed to the current
edition. He deserves my thanks. Should any mistakes remain, such er-
rors shall be exclusively at the expense of the author. The author is
thankful in advance to all users of this formulary for any constructive
comments or suggestions.

Bonn, January 2023 Franz W. Peren

Preface to the 15t edition

The following book is based on the author’s expertise in the field of busi-
ness mathematics. After completing his studies in business administra-
tion and mathematics, he started his career working for a global bank
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VI Preface

and the German government. Later he became a professor of business
administration, specialising in quantitative methods. He has been a pro-
fessor at the Bonn-Rhein-Sieg University in Sankt Augustin, Germany
since 1995, where he is mainly teaching business mathematics, busi-
ness statistics, and operations research. He has also previously taught
and conducted research at the University of Victoria in Victoria, BC,
Canada and at Columbia University in New York City, New York, USA.
To the author’s best knowledge and beliefs, this formulary presents its
mathematical contents in a practical manner, as they are needed for
meaningful and relevant application in global business, as well as in
universities and economic practice.

The author would like to thank his academic colleagues who have con-
tributed to this work and to many other projects with creativity, knowl-
edge and dedication for more than 25 years. In particular, he would
like to thank Ms. Eva Siebertz and Mr. Nawid Schahab, who were in-
strumental in managing and creating this formulary. Special thanks are
given to Ms. Camilla Demuth, Ms. Linh Hoang, and Ms. Michelle Jarsen.

Should any mistakes remain, such errors shall be exclusively at the

expense of the author. The author is thankful in advance to all users of
this formulary for any constructive comments or suggestions.

Bonn, March 2021 Franz W. Peren
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Chapter 1
Mathematical Signs and Symbols

Remark: The signs and symbols are partly shown in applica-
tions. For definitions see dedicated passage.

1.1 Pragmatic Signs

a=b a approximately similar to »

akb a small towards b, a can be neglected compared to b
a>b a large towards b

a=b a equivalent to b, e.g. 1cm = 10mm; 1 inch = 25.4 mm
aANb aand b

aV b aorb

and so forth (until), omission

1.2 General Arithmetic Relations and Links
(a, b are figures, elements, objects)

a=5»>b a equals b, arithmetic fundamental term, identity
a# b a unequal to b, no identity

a:=>b a equals b by definition

a<b a less than b, fundamental term, e.g. —6 < -2
a>b a greater than b, e.g. 3 > —8

© The Editor(s) (if applicable) and The Author(s), under exclusive license
to Springer-Verlag GmbH, DE, part of Springer Nature 2024

F. W. Peren, Math for Business and Economics,
https://doi.org/10.1007/978-3-662-68860-1_1


https://doi.org/10.1007/978-3-662-68860-1_1
https://crossmark.crossref.org/dialog/?doi=10.1007/978-3-662-68860-1_1&domain=pdf

1 Mathematical Signs and Symbols

S
IN

Q
+ IV

lM: >

=N

ai

a;

a less than or (at most) equal to b, a < 8 is equivalent to

| =, 8]

a greater than or (at least) equal to b, is equivalentto b <a
a plus b, sum of a and b, arithmetic fundamental term

a minus b, difference between a and b, single-digit

linking sign

a times b, product of @ and b, arithmetic fundamental term

a divided by b, quotient of a and b, e.g. 1 = 16+4 =4
Sum over q; of i equals 1 up to n,

n
Ya =a+ar+az+...+ay,
i=1

=

n
Product over a; of iequals 1upton, [Ta;=ay-az-...-ay

i=1

1.3 Sets of Numbers

N
N*
Z
Q
Q*
Q+
Qg
R
R*
R+
Ry
C
Ja,b|

set of natural numbers, N = {0, 1, 2,...}

set of positive natural numbers, N* = N\{0} = {1,2,3,...}
set of integers, Z = {...—2,-1,0,1,2,...}

set of rational numbers, Q = {; | a,b € Z, b # 0}

set of rational numbers which vary from zero, Q* = Q\{0}
set of positive rational numbers

set of positive rational numbers plus zero

set of real numbers

set of real numbers which vary from zero

set of positive real numbers

set of positive real numbers plus zero

set of complex numbers

open interval fromato b {x|a <x < b}



1.5 Limit

la, oo open, unbounded interval starting at a, {x | a < x}

[a,b] closed interval from a to b, {x | a <x < b}

[@,00] closed, unbounded interval starting at a,{x | a < x}

[a,b] left-closed, right-open interval from ato b, {x|a <x < b}

1.4 Special Numbers and Links
(a,beR; nym e Z; s €N)

a to the power of n, n'* power of a for n > 0

I
Q
D=
I
S

root (square root) of a, equivalent to »*> = a for
b>0,a>0
Va = ar =b n" root of a, equivalentto " = aforb>0,a>0

ai’l
Va

n! nfactorial, n! =[[.ja; =1-2-3-...-n

sgn a signum of a (algebraic sign), e.g. sgn(—3) = —1
|a] absolute value of ¢, e.g. | — 8| = 8

ap a in the i"" position; e.g. 5 6; 7; ap) = 6

oo infinity, note: « is not a number

T 3.1415926...

e Euler's Number, e = 2.718281

1.5 Limit

lir% f(x) =a  aisthe limit of the function f(x) for x towards 0,
X—

i.e. x *~0 gradually approaches the value 0,
the function’s value f(x) converges (limits)
towards a



4 1 Mathematical Signs and Symbols

lgn f(x) =b  bis the limit of the function f(x) for x towards

lirr; f(x) =c¢  cisthe limit of the function f(x) for x towards 5
X—

1.6 Exponential Functions, Logarithm

e exponential function of x, e to the power of x
Inx natural logarithm of x to base ¢; log,x = Inx
log, x logarithm of x to base a; log,x =y < @ =x
withx;a>0anda#1
logx common logarithm of x to base 10
logx = Igx = log;yx
Ibx binary (dyadic) logarithm of x to base 2
Ibx = log, x

1.7 Trigonometric Functions, Hyperbolic Functions

sin x sine of x

cos x cosine of x

tan x tangent of x

cot x cotangent of x

sinh x hyperbolic sine of x
cosh x hyperbolic cosine of x
tanh x hyperbolic tangent of x

coth x hyperbolic cotangent of x



1.8 Vectors, Matrices

arcsin y
arccos y
arctan y
arccot y
arsinh y
arcosh y
artanh y

arcoth y

arc sine of y

arc cosine of y

arc tangent of y

arc cotangent of y

area hyperbolic sine of y

area hyperbolic cosine of y
area hyperbolic tangent of y
area hyperbolic cotangent of y

1.8 Vectors, Matrices

a,b,x,y,...
%
0, 0

la| = a
< (a,b)
alb
axb
A, B, ...

aiy .-

am] - -

AI

signs for vectors, also 2,5.7.7

zero vector, identity element regarding addition of
vectors

absolute value of q, |a| = \/a-a
angle between a and b

a orthogonal to

a Cross b

signs for matrices

Aain

= (ajj) m,n-matrix A
element a;; (i row, j column)

Amn

transposed matrix for A
Ay =A
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10...0
01...0 . . . o .
Enxn = | _ identity (unit) matrix; diagonal matrix, whose
: : elements of the main diagonals are all 1
0 ...1 and whose remaining elements are all 0
AL inverse matrix for A, A - A~ = E
r(A) rank of A, also Rg(A)
1.9 Sets
{a,...,a,} set with the elements a, ..., a,
acA a is element of A
a¢A ais not element of A e.g.: 3 ¢ {4,5,6}
ACB A is proper subset of B, e.g. every element

of A also belongs to B, but B contains at least one
element that does not belong to A. For example:
ACBifA={1;2;3;4yand B={1; 2; 3; 4; 5; 6}
ACB A ist subset of B, e.g. every element of A
also belongs to B. This includes A = B.
For example: A C B if
A={1;2;3;4} and B = {1; 2; 3; 4}
A¢ B A is not a proper subset of B, e.g. not
every element from A also belongs to B and B contains
at least one element that does not belong to A.
For example: A ¢ Bif A = {1; 2; 3; 7} and
B=1{1;2;3;4;5; 6}
AUB A union B, A or B, includes common
elements
ANB A intersection B, A and B, includes all occuring



1.12 Order Structures

elements

A\B relative complement of A and B, A not B,
e.g. {2,3,4}{2,4} = {3}

B complement of B, includes all elements,

which are not included in B
0={} empty set, includes no elements

1.10 Relations

(a, b) (ordered) pair of a and b, also {(a; b)
A X B A cross B, cartesian product of A and B,
set of all (ordered) pairs from A and B

1.11 Functions

f=rx f of x, f is a function dependent on x
Dy; D(f) domain of f

Rs; R(f) range of f, codomain of f

ffA—B f is a transformation of A into B

1.12 Order Structures

min X minimum of X, least element of X
max X maximum of X, greatest element of X
sup X supremum of X, least upper bound of X

inf X infimum of X, greatest lower bound of X
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1.13 SI'Multiplying and Dividing Prefixes

d deci 10-! da deca 10!
c centi 102 h hecto 102
m milli 1073 k kilo 10°
u micro 106 M mega 108
n nano 107° G giga 10°
p pico 10-12 T tera 102
f femto 10715 P peta 101
a atto 10718 E exa 1018
z zepto 1072 Z zetta 10?1
y yocto 10~ Y yotta 1024

1 Sl is the abbreviation for an international unit system of physical quantities. The SI
(Systéme International d’Unités) defines seven coherent basic units, which can be
represented as products of powers. The Sl units thus make it possible to define a certain
dimension simply by adding one of the prefixes mentioned above, without adding an
additional numerical factor. The S| units include the metre (m), the kilogram (kg), the
second (s), the ampere (A), the kelvin (K), the mole (mol), and the candela (cd). Derived
units, such as the newton (~), can also be formed using the algebraic relations.
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1.14 Greek Alphabet

Name

Lower Case Letter

Upper Case Letter

alpha
beta
gamma
delta
epsilon
zeta
eta
theta
iota
kappa
lambda
mu

nu

Xi
omicron
pi

rho
sigma
tau
upsilon
phi

chi

psi
omega

S I v m O RX™®
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Chapter 2
Logic

2.1 Mathematical Logic
-¢ , ¢ negation
oNY
VY
oVy
=V

conjunction
disjunction
alternative
implication

¢ < y equivalence

¢ <& vy anticoincidence

¢ < v replication
VvV x
3 x

universal quantifier
existential quantifier

2.2 Propositional Logic

2.2.1 Propositional Variable

a,b,...
holders for statements

© The Editor(s) (if applicable) and The Author(s), under exclusive license

®

Check for
updates

—¢ = not ¢

¢ and y

pory

either ¢ or y, exclusionary or

¢ implies vy, y follows after ¢,
also writtenas ¢ — v

¢ equivalent to y, ¢ is similar to v,
also written as ¢ <~ vy

negated equivalence, exclusionary
either-or

if; if v applies then ¢ follows

for all x (applies)

there is (at least) one x for

which it applies

are letters or other symbols which can be used as place-

or truths.
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2 Logic

2.2.2 Truth Tables

a b -a alb aVvb
P f . ¢ with:
t = true
tf ! f ! f = false
f t t f t
ff t f f
Symbol | Meaning
A A is a statement that can be true (¢) or false (f).
truth values 1 (true); f (false)
Examples: The statement “7 is a prime number” is true,
the statement “8 —3 = 4" is false,
“Ix+4 = 25" is only valid when “x = 3”.
“3” is called solution.

v(A) | v(A) is referred to as the truth value of the statement A.
v(A) = 1 means that A is true and v(A) = 0 means that A is
false.

—A | The negation —A (or A) of the statement A is true when A is
false and false when A is true.

A A B | The conjunction A A B is true when both statements are true
and false when there is at least one false statement.
AV B | The disjunction A v B is true when there is at least one true

statement, and false when both statements are false.



2.2 Propositional Logic 13

A =B

The implication A = B means: When A is true, B is also true.
A is considered as condition (premise) and B as conse-
quence (conclusion). A = B is only false when a false
conclusion is drawn from a true premise.

The equivalence A < B means: When A is true, B is also true
and vice versa. A < B is only false when one of the state-
ments is true and the other one is false.

“Thereis” (e.g.: 3x € @ : x> = 4 means: there is a rational num-
ber x with x> = 4).

“For all” (e.g.: Vx € ® : x> > 0 means: for all rational numbers x
with x2 > 0).




®
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Chapter 3
Arithmetic
3.1 Sets

3.1.1 General

Notation
{ai,...,an} set with the elements a1, ..., a,
{x|A(x)} quantity of all x, to which A(x) applies
0, also {} empty set, includes no elements
(no elements included)
acA ais element of A,
a,bcAsacANbEA
ag¢A ais not element of A, e.g. 3 ¢ {4,5,6}
A=B A equals B (set with identical elements,
i.e. set equality)
ACB A is improper subset of B, also A C B
ACB A is proper subset of B, when:
A C BAA # B, proper inclusion relation “included
and unequal”
ADB A is superset of B
ANB intersection of A and B,
ANB={x|x€eAAx€B}
AUB set union of A and B,
AUB={x|x€eAVxecB}
A\B relative complement of A and B,
A\B = {x|x€AAx¢ B} (read: A without B)
A complement set of A,
A = G\A (G is the universal set)
© The Editor(s) (if applicable) and The Author(s), under exclusive license 15
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16 3 Arithmetic

AxB product set of A and B,
AxB={(a,b)|a€ ANb e B}
P(A) power set of A; P(A) = {T | T C A}

P(A) is the set of all subsets T of A

Bounds, Limits of a Set

A universal set, Sy, is bounded upwards (or downwards) if it has at least
one upper (or lower) bound B. If both conditions apply, Sy is bounded:

B>x (B<x) with xeSy

infimum: inf x greatest lower bound, upper bound
supremum: sup x least upper bound, lower bound

3.1.2 Set Relations

Inclusion

If A is a subset of B (superset), @

then each a; € Ais also a; € B

ACB&BDA with x€A=xcB
AcEH

Equality

(Equivalence: “A equals B”)

A=B with x(x€A<xeB)
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3.1.3 Set Operations

Union of two sets AUB;
disjunction: “A or B”

I —

AUB = {x|x€AVxeB} A

Intersection of two sets AN B;
conjunction: “A and B”

A and B are conjunct for: ANB = {x|x € AAx € B}

A and B are disjoint for: ANB =0

ANB

Relative complement of two sets A\ B, “A without B”

A\B={x|x€ANAx¢B}

Symmetric difference of A and B

AAB = (AUB)\ (ANB)

RS
-
-]
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Complement of the set B

Set of all elements,
which are not included in B A @
B

B={x|xeAAx¢B}

B =A\B

Power set of B
Set of all subsets of a set B

P(B) = {x|xC B} always valid: ® € P(B) and B € P(B)

Product (cartesian) of two sets A x B, “A cross B”

A x B (product of two sets) is the set of all ordered pairs of elements
(a,b)withacAandb e B

AxB={(a,b)|acA;beB} AxXB#BxA

The product set A} x A; x ... x A, n > 1, is the set of all ordered k-tuples
(x1,...,x,) of the elements x; of A, x; of Ay, ..., x,, Of A,,.
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3.1.4 Relations, Laws, Rules of Calculation for Sets

S = universal set

Idempotent law AUA=A

ANA=A

Commutative law ANB =BNA

AUB = BUA

Associative law (ANB)NC =AN(BNC)

(AUB)UC = AU (BUC)

Absorption law AN(AUB)=A
AU(ANB) =A
Distributive law AN(BUC) = (ANB)U(ANC)

AU(BNC) = (AUB)N(AUC)

AUD=A AUS=S
ANO =20 ANA=A ANS=A

A\A=0 A\0=A
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Product relations

(AxB)U(C xD) = (AUC) x (BUD)
(AxB)N(C xD) = (ANC) x (BND)

AXB=0A=0VvB=10

ACCABCD=AxXxBCCxD
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3.1.5 Intervals

An interval is a contiguous subset of real numbers, which is limited by
two bounds (= boundary points of the number line) a and b, a < b for all
a,beR

a [a; b] b
e closed interval [a,b] = {x|a<x<b}
e open interval la, b = {x]|a<x<b}
e half-open intervals [a, b = {x]a<x<b}

la,b] = {x|a<x<b}

e infinite (half-open) intervals oo; —e are “improper
numbers” in R with —ec < a; a < e for alla € R

[a;e0] = {x]a <x}
Jasool = {x|a <x}
| —eosa] = {x|x<a}

| —o0sal = {x|x<a}
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3.1.6 Numeral Systems

decimal dual/binary BCD' ‘ octal ‘ hexadecimal
0 0000 0000 0000 0 0
1 0001 0000 0001 1 1
2 0010 0000 0010 2 2
3 0011 0000 0011 3 3
4 0100 0000 0100 4 4
5 0101 0000 0101 5 5
6 0110 0000 0110 6 6
7 0111 0000 0111 7 7
8 1000 0000 1000 10 8
9 1001 0000 1001 11 9
10 1010 0001 0000 12 A
11 1011 0001 0001 13 B
12 1100 0001 0010 14 C
13 1101 0001 0011 15 D
14 1110 0001 0100 16 E
15 1111 0001 0101 17 F
16 10000 0001 0110 20 10
17 10001 0001 0111 21 11
18 10010 0001 1000 22 12
19 10011 0001 1001 23 13
20 10100 0010 0000 24 14
etc. etc. etc. etc. etc.

' BCD (“binary-coded decimal”) reads the pseudo-decimal numbers. The octal system
uses the base 8, the hexadecimal system the base 16.
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3.1.6.1 Decimal System (Decadic System)

Decimal powers: 105, keZ
100 =1
10! = 10 107! = 0.1
10> = 100 1072 = 0.01
etc.

Decimal notation of an integer b (k,n € N)

n
b==%Y bp-10" = £ (bo10°+ 5110 +b210% + ... + by 110" +5,10")
k=0

Base figures b, € {0,1,2,...,9}

3.1.6.2 Dual System (Binary System)

1 bit (“binary digit”) symbolizes a “yes - no” decision.

lbyte = 8bit

1kbyte = 2%byte = 1.024 byte
I mbyte = 2'%kbyte = 1.024 kbyte
etc.

Base symboils: 0.1

Place value: powers of 2

n
Z ak-Zkak =0.1

k=—oco
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3.1.6.3 Roman Numeral System

Base symbols: I=1; V=5 X=10; L=150; C=100;
D = 500; M = 1000

Notation: It starts on the left with the symbol of the largest
number; the symbols I, X, C are written no more
than three times; if the symbol of a smaller number
precedes that of a larger number (e.g. IV = 4), its
value is subtracted from the larger one, however
this is only valid for CM, XC, IX, IV.

Example: 1998 is equivalent to MCMXCVIII (MIIM is not
valid).

3.2 Elementary Calculus
3.2.1 Elementary Foundations

Fundamental arithmetic operations for a, b, c € R

| I R
addition ‘ a+b=c ‘ summand ‘ summand ‘ sum
subtraction | a—-b=c | minuend | subtrahend | difference
muItipIication| a-b=c | factor | factor | product
division ‘ 2—c | dvidend, divisor, quotient,

numerator | denominator fraction
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3.2.1.1 Axioms

Commutative law

Associative law

Distributive law

Sign conventions (+a) - (+b) = (—a)-(-Db)

a+b=b+a

(a+b)+c=a+(b+c)

a-(b+c)=a-b+a-c

(+a)-(=b) = (—a)- (+b)

3.2.1.2 Factorisation

a-b=b-a

(a-b)-c=a-(b-c)

a,b>0

Remark: multiplication and division before addition and subtraction

at+(b+c—d)=a+b+c—d

ac+bc =c-(a+b)

a-(b—c)=ab—ac

(a+b)-(c+d) = ac+ad+bc+bd

(a+b)-(c—d) = ac—ad+bc—bd

ac—bc =c-(a—D>)

a—(b+c—d)=a—-b—c+d

—ac—bc = —c-(a+b)

a-(b+c)=ab+ac

(a—b)-(c—d) = ac—ad —bc+bd

(a—b)-(c+d) = ac+ad —bc—bd
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3.2.1.3 Relations

a<b & b>a & (b—a)>0

a<b and ¢>0
=a+c<b+c

=a-c<b-c

a<b and a>0

= —a>—b
:>1>1
a b

3.2.1.4 Absolute Value, Sighum

Definitions:
absolute value of a (|a|) signum of a (sgn a)
a>0 la| = +a sgna =1
a=0 la| =0 sgna =20
a<0 la| = —a sgna = —1
Laws:

lai +az+ ...+ an| <l|ai|+ |az| + ... + |an]

|la+b| < |a|+b|
la+b| > |a| —|b|

sgn(a-b) = sgna-sgnb; sgn (%

~ sgnb

sgna

with b #£ 0
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3.2.1.5 Fractions (for a, b, ¢, d € Z, denominator is always unequal to

zero)

Reciprocal:

Equality:

Expand:

Addition:

Multiplication:

Simplification:

Subtraction:

. . b
%is the reciprocal of —
b a

. . 1

a is the reciprocal of b, if b = —

a

. 1. .
Zero does not have a reciprocal; 0 is not defined

S arb=c+d & a-d=b-c

S
S

SR
™

SR
I~
U

SR
Ul o
S
I\

3.2.1.6 Polynomial Division

1. The goal is to determine the zeros of a 3™ degree polynomial.

2. The function is ordered such that the powers of the independent vari-
ables decrease from left to right.

3. The first zero is obtained by testing (trial and error) an integer divisor
of the absolute term of the function.
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4. 18t term dividend divided by 15! term divisor
= 1. term quotient.

5. Reverse multiplication with the divisor.

6. Subtraction: 15! term dividend minus 15t term quotient; 2" term div-
idend minus 2™ term quotient, if necessary, etc. The result of each
subtraction is supplemented by the following term of the dividend.
This process is iterated until an (additive) remainder is left that ide-
ally results in zero (see example 2).

Example 1:

3x+ 5y
2xy+y

(8x%y — 6xy +3x) <+ (2xy+y) =4x—5+

— (8x2y + 4xy)

(—=10xy + 3x)
— (=10xy — 5y)
3x+ Sy
Example 2:
1 7
(£ — 8%+ 19 —12) + (2t —2) = §t2—§t+6
o (l3 o t2)
—7t% 4+ 19t
— (=72 4+ 71)
(12t — 12)
- (12t — 12)
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3.2.1.7 Horner’s Scheme (Horner’s Method)?

1.

2.

10.

11.

The goal is to determine the zeros of a 3" degree polynomial.

The function is ordered such that the powers of the independent vari-
ables decrease from left to right.

The first zero is obtained by testing (trial and error) an integer divisor
of the absolute term of the function.

. The coefficients are entered in the header of a table.

The first zero identified (by trial and error) is inserted in the header
column.

In the bottom row, the coefficient before the independent variable is
carried forward with the highest power.

. This coefficient is multiplied by the value of the first zero and noted

under the next coefficient with the second highest power.

The top row is added to the second row.

The value resulting from this addition is again multiplied by the zero
first identified (by trial and error) and written under the coefficient
with the next lower power.

The next steps are analogous, i.e. iterative.

As a result, the coefficients of the 2" degree polynomial can now be

read off directly. This 2" degree polynomial can now be calculated,
for example, by using the p/q formula.

2 William George Horner (1786 - 1837) was an English mathematician.
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Example:
f(x) =58 —8x% —27x+ 18

coefficients of the
5 —8 | =27 | 18 | 3rd gegree polynomial
—-10=-2-5; 36 =—2-—18;
x=-2 —10]| 36 | —18 —18=-2-9
coefficients of the
5 —18 1] 9 0 | ond degree polynomial

=f(x) =5x>—18x+9 =0

5x2—18x+9 =0 divide by 5 to insert into p/q formula.
X —36x+18=0 insert into p/q formula.

p/q—Formel

x1=3 x=06 zeros are (-2|0), (0,6/0) and (3|0).
Remark:

If the highest exponent of the function to be solved is a four, the Horner’s
scheme must be applied successively twice.

3.2.2 Conversions of Terms
3.2.2.1 Binomial Formulas (a, b € R)

a*+2ab+ b*

(a+b)?

(a—b)? a® —2ab+ b*

(a+b)(a—b) = a* —ab+ab—b* = a* — b*
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3.2.2.2 Binomial Theorem (a+b)" witha, b e R, n e N.
for several values of n:

(a+b)° =1

(a+b)' =a+b

(a+b)* = a®+2ab+ b*

(a+b)® = & +3a*b+3ab® +b°

(a—b)> = a&® —3a*b+3ab® — >

(a+b)* = a* +4a°b+ 6a%b* + 4ab® + b*

(a—b)* = a* —4a’b + 6a*b* — 4ab’® + b*

(a+b)> = @ +5a*b+10a°b* + 10a?b* + 5ab* + b°

(a—b)’ = @ —5a*b+10a’b?> — 10a°b> + 5ab* — b°

3.2.2.3 General Binomial Theorem for Natural Exponents (n € N)

(a+b)}1 — (n)an+ <n)anlb++< n )Clbnl+ (n>bn
0 1 n—1 n

-y <n>a"kbk with a, bR
i=o \k

3.2.2.4 General Binomial Theorem for Real Exponents (o € R)

(a+b)* = (‘g>a°‘+ (?)aa]b—‘r (g)a“2b2+...+ (Z)b“

witha, b, o € R
condition of convergence |b| < |4
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3.2.2.5 Polynomial Terms with a,b,c,d € R

(a+b+c)? = a*+b*+c?+2ab+2ac+2bc

(a+b+c) =a>+b3+3+3(a’b+d*c+b*a+b*c+c*a+ c?b) + 6abc
(a+b)-(c+d—e) = ac+ad—ae+bc+bd —be

3.2.3 Summation and Product Notation

Index of summation or multiplication; x € Z

3.2.3.1 Summation Notation

n
Y xi=xi+x+.+x read: “sum over x; of i = 1 to n”
i=1

n+1 n
in = (Z) + Xnt1
i=1 i=1

n

Z = X+ X1 o X1 X0 with m<n

i=m

ia,:l:b Za,:ﬁ:an n>1
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iai'bi#iai'Zbi n>1
i=1 i=1

Zn:cai =c) a ¢ = constant

ia,—i— i a; = Zn:a m<n

i=m+1 i=1

aygtap+...+am

SR +ax +axn+...+am
ZZ“U

I
—

=i +...

+an1 +an2 + ... +apm

n n n
Ingeneral: Y ai-bi# Y ai-) bi
i=m i=m i=m

3.2.3.2 Product Notation

n
[[xi=xx XX read: “product of all x; for i = 1 to n”
n+1 n

[T = (TT) 50

i=1 i=1

n

Hxi = Xm Xm+1" - Xn—1"Xn
i=m

1
[Ts - =

i=1

0
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n n
Ha,~~ H a; = Hai
i=1

i=1 i=m+1

n
Hc ="
i=1

also applies for division.

¢ = constant

m<n

3.2.4 Powers, Roots

Definitions (a € R;n € N)

a =da-a-a a
(11 =a

Q=1

00

reciprocal:

(n factors)

a#0
is not defined

cfl:1 with a #0
a
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Sign Conventions n € Z

a>0 = a*>0
a" >0
a<0 =
a2n+1 <0
special:  (—1) = 1
(_1)2n+1 — -1

Va = x & X'=a a = radicand n = order of the root
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Theorems: with (a,b,p,q € R, m,n € Z)

am.an — am+n an.bn — (a.b)n Zn — amﬂl

a a\” myn m-n n n n
EZ(Z) ib#0 (@' =a pd'tqa" = (ptq)-a
n%:m\ya:m_\ya \,Va\n/gzm \n/a:na

V V Vb

”‘k/am-k — W W — (\n/a)m — a%

Rationalisation of the Denominator

If there is an algebraic function (= root with argument) in the denomi-
nator of a fraction, it may under certain circumstances make sense to

extend the fraction in such a way that the denominator becomes ratio-
nal.

Examples:

4-x  4-x ﬂ_4-x\3/}_4~x-\3/3c_4 I
e VA Ve e T x

2 _ 2 (a—vb) _ 2-(a— D) _
3-(a+vb) 3-(a+Vb) (a—vb) 3-(a+b)-(a—b)
_ 2-(a—b)
~ 3-(a®-b)
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3.2.5 Logarithms
Definition:

The logarithm of b (numerus) to the base « is the real number ¢
(exponent).

log,b=c < b=d" a,beRT,a#1

Every equation a¢* = b has exactly one real solution.

Rules: log,a =1 log, (a®) = b beR
log,1 =0 log,x <0 forx <1
log, x>0 forx>1
f(x)

f(x) = log, x

Y
=<
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Examples:

1)3* =81 x=log; 81 =4
test: 3* = 81

2) logs 0.008 = —3 test: 572 = 0.008

3) log,s3 100 = 0.8323 test: 253%8323 — 100

Logarithmic Laws (a,u,v € RT,a # 1)

1) log, (u-v) =log,u+log,v
1 -1
2) log, - = log,u = —log,u
u
3) log,u" = r-log,u reR
1 1
4) log, vu = log, (ur) = —log,u
r

Logarithmic Systems: Common Logarithm

Base a = 10

Notations: log,yb = 1gb
lgb=rc < b=10°

1g10F =k keR
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Natural Logarithm

Basea =-¢

e = Euler's number  lim (1+1)" =2.718281828459

n—oo

Notations: log,b =1Inb In = “logarithmus naturalis”
Inb=c¢ S b=e, b>0
Ine = ¢ ceR

Logarithm to an Arbitrary Base

. 1 1
Notations: log k = gk _ Tla
log, Ing
1 1
Example: logy7, 15 = 0815 _ s - 0.3202

logyzr Ina7ny

3.2.6 Factorial

n
nl=1.23-...n=]Ji neN*  (read: n factorial)
i=1

Recursion formula: (k+1)!  =k!-(k+1) keN

Definitions: 0!l=1 1'=1
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3.2.7 Binomial Coefficient (read “n choose k")

e A— for0<k<n
FornkeN: <Z>: ki(n—k)!

0 for0<k<n

n=20 1 row sum
n=2 1 2 1
n=73 1 3 3 1

+ + +
n=4 1 4 6 4 1
n=>5 1 5 10 10 5 1
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The boundary values are always 1, the mean values are the sum of the
values immediately above them (left and right).

Examples:
7\ 7! _ 1234567
5)  51-(7-5)!  (1-2:3-4-5)-(1-2)

3.3 Sequences

3.3.1 Definition

A sequence gy is a mapping of natural numbers, k € N* (possibly also
k € N) to a universal set Sy, a; € R:

ay = ap, ap, az, ..., di kEN*;akER

If S corresponds to a set of points, a so-called point sequence is created;
if S corresponds to a set of numbers, a so-called numeric sequence is
created.

A real numeric sequence is an ordered set of real numbers. It corre-
sponds to a discrete function of the mapping:

ay = f(k) with Df = N* and Rf =R
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Sequences can be finite or infinite.

Finite sequences have a last term a,:

ay = aip,..., a3 witha; =0foralli >n

Infinite sequences have an unlimited number of terms:

ay = ay, az, ...
Examples:
(1) ay = k3
= a; = 1,8,27,64,125, ...
as = 5" term =125
2) = (=1)" - (ac+1)
=a = —2,3,—4,5,—6,...
as = —6
(3) Sequences with alternating signs:

(3a) ap = (=) =41, —1,4+1,—1,...
(3b) ap = (=) = —1,+1,—1,+1, ...
Fundamental Terms:

A numeric sequence q is called

negatively definite ar <0
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monotonically increasing ar <ap+1
strictly monotonically increasing ar < ai+1
monotonically decreasing ap > a;+1
strictly monotonically decreasing ay > ap+1
bounded above (B, = upper bound) ar <B,;B,€R
bounded below (B; = lower bound) ar>B;; B eR
bounded B, <a,<B,
constant i = Qg1

Supremum, Infimum, Limits

The supremum of an upwards bounded sequence ay, sup g, is the least
upper bound (= the upper limit) of a.

Example:

ay = —k3

= a; = —1,-8,-27,—64,—125,...

Possible upper bounds are e.g. 17 or 0 or —1.
However, the supremum (= the upper limit) of a is definitely:
sup ay = —1

The infimum of a downwards bounded sequence «, inf , is the great-
est lower bound (= the lower limit) of q;.
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Example:

ak:k3

=a = 1,8,27,64,125, ...

Possible lower bounds are e.g. —100 or 0 or 1.
However, as infimum (= the lower limit) only one definite value exists:
infa, =1

3.3.2 Limit of a Sequence

The sequence «; is called convergent with the limit g, if for any real,
positive number ¢ nearly all sequence terms «; lie within the
erangeof g, |g—¢; g+ ¢€:

lax—g| < € for nearly all k e N*; e eR™"
lim a; = gor ar — g
k—soo k—vo0

Read: The limit of a; for k towards infinity is equal to g.

If a numerical sequence a; has the limit g, a; is called convergent,
a; converges towards g. If no limit exists, a; is divergent.

Theorems:

For lim g = g, and lim b, = g, applies:
k—o0 k—yo0

(1) lim (ax£br) = g1 £
k—>o0

(2) lim (ag-br) = g1- &2

k—roo

(3) If, apart from the starting terms, all b; # 0 and g* # 0,
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the following applies: lim - = 8L
k—eo b g2

(4) Jim (af) = ¢} neN

(5) Every convergent sequence is limited.
Remark: Not every limited sequence is convergent.
The limited sequence —1,+1,—1,+1,... for example
is divergent.

(6) Every limited and monotone sequence is convergent.

(7) ar < b= g1 < &

Null Sequence
A sequence g, is called null sequence, if its limit is zero:

lim aj = 0
k—roo

Example:

1, . .
ay = % is a null sequence for k € N*, in that case: ]}Im a, =0
—»00

Improper Limit

a; diverges towards oo Or —oo:

lim ajp = lim ap = —oo
k—roo k— —oo
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Examples of Limits of Selected Numerical Sequences (k € N*)

1 k
limagp, =0 lim (1 + k) = e = 2.718281828459... (number)

k—>oo k—>oo0

1 1 1
Im(|{l+=-+=-+4+..+—-—Ink | =C = 0.57721 (Euler’s constant)
k—soo 23 k
k!
]{121010 m = 27[ (Stirling’s formula)
lim¥Ya=1 a>0 lim vk = 1
k—so0 k—o0

3.3.3 Arithmetic and Geometric Sequences

Arithmetic Sequences

In an arithmetic sequence, the difference d between each two consec-
utive terms of a sequence «; is constant:

a1 —ar =d with d = constant
forall ke,

the numerical sequence is arithmetical.

Geometric Sequence

In a geometric sequence, the quotient ¢ between each two consecutive
terms of a sequence «; is constant:
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A1

=q with q = constant
ag

for all k¢ N*,

the numerical sequence is geometrical.

3.4 Series

3.4.1 Definition

A series s, (to a sequence a;) is equivalent to the n’* partial sum of the
first n terms (summands) of the sequence «;:

n
Sy =a1+ax+...+a, = Zak
k=1

3.4.2 Arithmetic and Geometric Series

Arithmetic Series

n
Sp=a)+ay+az+...+a, = Zak with d =a,—a,—1 = ...
k=1
= da3—ap
= ap —a; = constant
k™ term: ar =ar+(k—1)-d

last term: ay,=a+n-1)-d

sum: sn:g(al—i—an):g[Zal—f—(n—l)-d]
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Arithmetic Series of Higher Order

An arithmetic series of the i order is present if only the i difference
sequence has constant terms:

ar = bi(k— 1) +bi_1(k— 1)+ ...+ by with: k= 1,...
Example:

a = 1 5 10 18 31 51 .. basic sequence

Niay = 4 5 8 13 20 .. 18t difference sequence
Noay = 1 3 5 7 .. 2nd difference sequence
Nsap = 2 2 2 .. 3 difference sequence

The primary sequence «, is equivalent to an arithmetic series of the 3™
order.

Geometric Series

A geometric series of the i’* order is present if the quotient ¢ of two
consecutive terms is constant.

. 40
For |g| < 1: Zqoqkz k=0 =1_2
n=0 —-q
with g= -2 =9t B _ % _ constant

an—1 an—2 a a
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Example:

a, =95;a; =15, ay =45, a3 = 135, ...

n
= Yy 53 =53"453"453"45.3"+...
k=0

=5+154+45+135+... = o0

with qg=73
15 45
because 5= 3; 5= 3 etc.

Infinite Geometric Series

s=1l4+x+x2 4+ 4+ +x"

1— n+1 )
S = al with x#1
—X
Example:
| —
1 1 1
1 2 i3

if n — o0, the following is valid:

etc.
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. 1
fims =55 =2

i.e. in this example, the number 2 will never be reached.
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Chapter 4
Algebra

4.1 Fundamental Terms

Variables are placeholders (e.g. a,b,x,y, ...) that can be replaced by
numbers from a given universal set Sy.

A term within a universal set Sy is an expression composed of variables,
numbers and/or arithmetic symbols. Division by zero is not possible.

Examples:

(1) 6

(2) 8—2

(3) x+2

(4) 3b+5

(5) x> —4x+6 with a, b, x, y,eR

Equations and Inequations

An equation (inequation) is created when terms are connected by the
equal sign “=" (the not-equal signs “<, <, >, >" or “#£").

The solution set Sg of an equation/inequation is the set of elements
that makes the initial form a true statement when used in place of the
variables. The equation/inequation has no solution if the solution set is
equal to the empty set.
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Examples:
(1) x—=5)(x-3)=0 xeR Ss = {5;3}
(2) x+1<x xeR Ss=0

Universal Equations

If a solution set Sg is identical to the universal set Sy, the equation is
generally valid with respect to the universal set Sy.

Examples:
(1) 2(x+1) =2x+2 xeR
(2) (a+b)? = a®+2ab+b* a,beR

Equivalent Transformations of Equations

Equations are equivalent if their solution sets are identical. With non-
equivalent transformations (square/multiply/divide by terms containing
the variable(s)) other solution sets can arise. Sample offered!

Examples: xeR

(1) 5-(x—1) =30
= x—1 =6 (equivalent transformation)
& X =7 Sg =7

(2) x—2 = VX
= X —4x+4 =X (no equivalent transformation)

& ¥ —5x+4 =0
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N W

5 2
= X1,2=< >:|: (2> —4  (p/qformula)

& x =25+4/(252-4=4
& xn=25-4/(252-4=1

Sample offered!

~

i

4 is the only solution of equation (2).
Ss = {4}

(3

4.2 Linear Equations

4.2.1 Linear Equations with One Variable

Normal form: ax+b=0; xeR a#0

Equivalent transformations are used to separate the correct variable.

Example:
50x+40 = —10x
< 60x = —40
2 2
= —— S = _——
= X 3 IS { 3}

Fractional Equations

The domain of definition corresponds to the base set excluding the
values where the denominator becomes zero.
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Example:

= D =R\{1;3}

Fractional Inequations with One Variable

For the transformation of fractional inequations, a case distinction must
take place which is provided by the domain of definition. Definition gaps
can accordingly be divided into cases that are to be investigated sepa-
rately.

x—2

Example: —— <2
x+3

Step 1: Defining the domain of definition
Dy =R\{-3}

Step 2: Case distinction, determined by the
domain:

Case 1 positive denominator x> —3

Case 2 negative denominator x < —3
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Step 3: Solving inequations separately

Case1: x>-3
x—2
x+3

<2 | -(x+3)
x—2 <2-(x+3)
x—2 <2x+6 | —x; —6

-8 <X

Case2: x<-3
x—2
x+3

<2 |-(x+3)

x—2 >2-(x+3) | inversion of the inequality sign
as multiplied with a negative number

x=2 >2x+6 | —x; —6
—8 > X
Step 4: Define intersections
1
I
- L B B
8 3 0 8 3

Intersection: x> —3 Intersection: x< —8
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Step 5:

Define union of sets/solution set

x>-3 U x<-8

Ss = {x|x<-8Ux> -3}

4.2.2 Linear Inequations with One Variable

When multiplying with or dividing by a negative number, the relation sign

is reversed.
Example: 5 10 < 2.(x420)
& 3x—10< 2x4+40 | —2x;+10
& —5x <50 | +(=5)
& x > —10 | inversion of the relation sign
& Sg={x|x>-10} =]—10; oof

4.2.3 Linear Equations with Multiple Variables

A definite determination of »n variables is only possible if n independent
equations exist (unambiguously determinable equation system). If there
are only r independent equations with » variables (r < n), then (n—r)
variables exist as free parameters and thus an infinite number of num-
ber tuples as solutions.
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Examples:
(1) 3x+8y = 100 x,y€eR
100 —8y res _ 100 —3x
X = 3 p. y= ]
A definite solution is not possible.
(2) (a) 3x+8y = 100
(b) x+2y = 50 | —2y
& x = 50-2 | (b) resolved to x
(b)in (a) 3-(50—2y)+8y = 100
——
X
& y = -25
yin (b) x = 50 —2-(-25)
N——
y
= x = 100

There is a definite solution, namely:

Ss = {(x,y) | x = 100; y = =25}

4.2.4 Systems of Linear Equations

A system of linear equations consists of several linear equations. Its
solution set is the set of all (ordered) tuples of values for which all equa-
tions become true statements.
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Equivalent Transformations of Systems of Linear Equations
(1) Multiplication of an equation by a real number,

(2)  Addition of the multiple of one equation to another equation
(linear combination),

(3) Swapping equations.

Solving Systems of Linear Equations

(a) Substitution Method

An equation is solved for a variable. This term is inserted into another
equation in the place of the corresponding variable.

Example:
(@) x+2y =15
(b) 2x—2y =24 | +2y; =2
& ox =124y | (b) resolved to x
(b)in(a) 124y+2y =15 | —12
——
X
< 3y =3 | =3
&Sy =1

replacing the y value in (b), results in the x value:

yin(b) «x =12+ _1
y
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& X =13

Ss = {(x,y) [x=13;y =1}

(b) Equalisation Method

Two equations are solved for the same variable and the terms on the
right sides are set equal.

Example:

(@)

xin (b)

or xin(a)

y = —3x+900
y = x+200

equalling () to (b):

x+200 = —3x+900 | +3x; —200
4x = 700 | —4
X =175

replacing the x value in (a) or (b) results in the y value:

y = 175 +200 &y =375
~—~
X
y =-3-1754900 < y=375

X

Sg = {(x,y) | x=175;y = 375}
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(c) Addition Method

Two equations are multiplied with or divided by suitable real numbers
in such a way that one variable is eliminated by adding or subtracting
the two equations.

Example:
(a) 3  + 2y = 15
(b) x -y = 12 (=3
(a) 3 4+ 2y = 15
(b) —3x + 3y = -36
(@+®) O0x + 5 = —-21 |5
y = 4.2

Replacing the y value in (a) or (b) results in the x value:

15-2-(—4.2)
- ===
yin (b) x=12+(-42) =178

yin (a) x =178

Ss = {(x,y) | x=7.8;y = —4.2}
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4.2.5 Linear Inequations with Multiple Variables

The solution set is the average (of the intersection) of the solution sets
of the individual inequations.

Example:
x+2y—4 <0 A y>—1.5 x,y€eR
1
& y < 2—- 3 X A y>—1.5

The solution set includes all points of the Cartesian coordinate system
bounded by the straight linesy =2—-0.5x Ay = —1.5.

If the (boundary) line itself is excluded (relation signs <, >, #), it has to
be drawn dashed (as in the example above).
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4.3 Non-linear Equations
4.3.1 Quadratic Equations with One Variable
a—b—c Formula

General form: a®>4+bx+c=0 a,b,ceR a,b#0

2
b+ VB —dac ~5+4/(5) —2ac
Np=———H —— = 2=
a a
p/q Formula

Normal form: x> + px+¢ =0 (right side is equal to 0

absolute term of x* is equal to 1)

2
m:—gi (’23) _g (p/q formula)

Ss = {x1; x2}

If the radicand is negative, the following applies: Sg = { }

Example:
2%% —8x = —6 (initial equation)
=x> —4 x 43 =0 (normal form)
—~ =~
P q

=>p=—4 qg=3
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x1p=2%£v4-3
=>x1=2+1=3

xn=2-1=1 Sg = {3:—1}

Completing the Square

Normal form: x>+ px+q =0  (right side is equal to 0
absolute term of x? is equal to 1)

x4+ px = —q
Both sides are completed “quadratically”, i.e. with a summand which
arises from the first binomial form:

(a+b)* = a*+2ab+b?

b* is added, whereby b is obtained from the second summand:

px = 2ab
2 2~ 2b xz —+ px —+ (8)2: — + (E)Z
= x=alAp= < NgP 2 q )
p a? 2ab —~
= b - E b2

Complementary term

p\? p\?
& <x—|—5> :—q+<§> (first binomial form)

2
= x172—|—§::t (B) —q
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p 2
& Xjo=—==% (—) —q (corresponds to
2 p/q formula)
Example:
, 15 - .
& Sx —GA= 10 (initial equation)
, 3
S X —Ex—2 = (normal form)
& - %x =2
~~
2ab
E 2
2 3\?
-— | == (complementary term)
2 4
3

(second binomial form)

(corresponds to p/q formula)
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3

= X1 = 1 +v2.5625 = 2.3508
3

== V2.5625 = —0.8508

Sg = {—0.8508; 2.3508}

4.3.2 Cubic Equations with One Variable
General form: asx + a2 +ax+ag =0 a;€R

Normal form: X+a’+bx+c=0 a,b,ceR

Solving Cubic Equations with One Variable

(1) The first x that leads to the solution of the normal form is
obtained by trial and error. This can be de facto simplified by
choosing an integer divisor of the absolute term ¢ as divisor.

(2) Polynomial long division
= quadratic equation

(3) p/q formula/ completing the square

Example: y=x>—3x% —25x—21
(1) x; = —3, since

(=3)3—3-(-3)2-25-(-3)-21=0
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2) (¥ —3x* —25x —21) +(x+3)= x> —6x—7
quadratic equation
— (® +3x?)

—6x* —25x
— (—6x* —18x)

—Tx =21

— (=7Tx -21)

0

6 6\°
(3) .X2/3 = —(—2) + <—2> +7
.X2/3 = 3:&\/%

X =3+4=7

X3=3—4=—1

Ss ={-3; -1, 7}

Solving Cubic Equations with One Variable without
Absolute Term

(1) Factorise x to the smallest degree
= First solution: x = 0 and quadratic equation
(2) p/q formula/ completing the square

Example: KB H2x7—8x0 =0
(1) WO +2x—-8) =0

1% is equal to zero when x is zero: = x; =0
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2) P 4+2x—-8=0
2 2\?
=— = 8
X2/3 2:|: <2) +
x5 =—1£9

4.3.3 Biquadratic Equations
General form: asx* +arx®+ap =0

Normal form: AHat+c=0

a; € R

a,c €R

Solving Biquadratic Equations without Absolute Term

(1) Substitution 7= x?

P4cz+d=0 (quadratic equation)

(2) p/q formula/ completing the square
(3) Solve for z

(4) Resubstitution (z — x?)

(5) Solve for x
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Example: H—x2-6=0 denote x* =z
(1) ?—7-6=0
1 1\?
() ap =5+ <—2> +6 p/q formula

212 = 0.5£v6.25
4 =05+425=3
2=05-25=-2 denote z = x?

(3) ¥==2Vr¥=3 & x=v-2 V x=—-/-2 V
V x=+v3 VvV x=-3

i.e. (since x =+—-2 VvV x = —+/—2 is not defined):
Ss = {—V3; V3}

4.3.4 Equations of the n'" Degree

General form of an algebraic equation of the n’* degree
apX* +ap_ X" '+ 4ax+ag =0 a €R,a,#0

There are no general solutions for general equations of 5" and higher
degree.

n'" degree polynomials:

An n'" degree algebraic equation becomes an n'* degree polynomial
(= n'" degree polynomial function), when:

apX" +an XN+ +aix+ayg=0 ar€R,a,#0, n>5



4.3 Non-linear Equations 69

4.3.5 Radical Equations

The variable x appears within the radicand (the term from which the
square root is extracted). To eliminate roots, non-equivalent transfor-
mations (= exponentiation) are necessary. This results in equations of
which solutions do not necessarily have to be solutions of the original
equation. Sample offered!

Basic equation

Vx=a = x=d" ai €R
x € R, whereby the whole radicand
with even n must not be negative.
x = variable

Vx+b=a = x=a*—b x>—-b,a>0

Vex+b=a= x:( sgnx=sgnc;c#0

The necessary condition for the domain is that all radicands > 0.

Examples:
(1) V2x—3-5=0 | +5
& V2x-3=5 | % +3; =2
= x=14

Test: vV2-14-3-5=0 Ss = {14}
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(@) Vx—1+Vx+6=+5x—1

(Vx—T+vVx+6)? = (V5x—1)2
=D 4+2vVx—1vVx+6+(x+6) =5x—1 |—(x—1); —(x+6)

binomial form
2Vx—1vVx+6 = (5x—1)—(x—1)— (x+6) | =2
3x—6

VX—1vVx+6= 5— =153 | ()2
(x—1)(x+6) = (1.5x—3)2 | binomial form
X bx—x—6=225x—9x+9 | —2.25x%; +9x; —9
—1.25x° +14x— 15 =0 | +(—1.25)
KP—11.2x+12=0
_ 2 12\ | o/ formul
x% =5 N p/q formula
x1 =5.6+119.36

=

X1 = 10; Xy = 1.2

Test: VI0—1+vV10+6—+v5-10—1=0

VI2=1+vV1246—v5-12—-1~0.894#£0 Sg = {10}
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4.4 Transcendental Equations

Every non-algebraic equation is called transcendental.

4.4.1 Exponential Equations

The variable appears in the exponent.

Basic equation

ad=b abeR"a#1

xeR

x = variable
Solution: log a* = log b
< x-loga=logh

logh Igb Inb
X =
loga lga Ina

The choice of the base
plays no role.
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Examples:

log 18
X =

541 =18
log(5t!) = log 18

(x+1)-log 5 =1log 18
log 18
log 5

(x+1) =

—1~0.7959

~ log 5

Sg = {0.7959}

2x—2=3x+9
x=—11

Sg = {-11}

The choice of the base
plays no role.
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4.4.2 Logarithmic Equations
The argument is presented in logarithmic form.

Basic equation log,x = b a,x € RY
x = variable (the argument)

Solution: x =ad”

The solution is not equivalent regarding the (original) domain of
definition.

If the base of the logarithm is the same, then:

log,x = log,c =>x=c

Examples:
(1) In(2x—5) =25

Domain of definition

2x—5>0 = D:{x|x>§}

In(2x—5) =25 | extend with e
o Pn(2x—5) _ 25
& 2x—5=¢e»

Sg = {3.6-10'%}
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2 log(x* +1) = 2 log(x+2)

Domain of definition

PH+1>0 = —co<x<oo
A x+2>0 = x>-2
= D= {x]|-2<x<eoo}
In(x>4+1) = 2 In(x+2)
& In(x> +1) = In(x+2)? | extend with e
PN NP _ In(x+2)?
& P41 = (x+2)?
& 41 =x>+4x+4

& -3 =4

“- {3

The transformation of a logarithmic equation can lead to the fact that

Remark:

the domain of definition is no longer equivalent.

Example:
xX=x with x € R
= Ihx=Inx with x e R™

The domain of definition has changed during the transformation, thus no
equivalence is given.
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4.5 Approximation Methods

The following iteration methods are used to determine a zero of non-
linear equations.

Solution principle:

The zero xy of a (in the relevant interval) continuous real function
f = f(x) is derived from the solution of the equation f(x) = 0.

4.5.1 Regula falsi (Secant Method)

Condition:

f = f(x) is a (in the relevant interval) continuous, real function with a
single zero xg

Principle:

The zero X is between two (start) values X;, and X, with

f(xh) 'f(xa) <0

f(x)

f(xa)

f(xp)

Fig. 4.1: Regula falsi (Secant Method)
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The (non-linear) curve is geometrically replaced by the secant between
P, and P, (secant method, Fig. 4.1). The point x;, i.e. the intersection of
the secant with the x-axis, is calculated as follows:

Xa — Xb

f(xa) = f(xp)

xi=xp— f(xp)-

By the (iterative) repetition, the secant gradually gets closer to the zero
xp, SO that finally xo can be determined (approximately). The regula
falsi method is numerically stable, i.e. the error decreases or remains
the same from iteration to iteration.

Example:
fx) =x*+2x—1 zero:xg=?
First iteration:

Arbitrary choice of two start values with f(xp;) - f(x41) < 0; i.e. one start
value is to the left, one to the right of the zero x; that is searched for:

Xp1 = 0 f(x;,l) = -1
Xal = 1 f(xal) =2
1-0 1
i1=0+1.—— = -=0.333
= X1 + 211 3

The iterative repetition of the secant procedure leads to further (succes-
sive) approach to xy:
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Second iteration:

around the value x = 0.333, e.g.:

xpp = 0.2 Flo2) ~ —0.592
xpn =05 f(xa2) ~0.125
05-02
b= 0240592 —279= 044
— i + 0.125 10590 = 04477

Third iteration:

around the value x = 0.4477, e.g.:

Xp3 = 0.43 f(xb3) ~ —0.0605
xg3 = 0.46 f(xa3) = 0.0173
0.46—0.43
=x3 =04 . 04
x3 = 0.43+40.0605 0.0173 5 0.0605 0.4533

The zero xy can be defined more precisely after each iteration. In this
example, it is approximately: xo = 0.4534; f(xo) =~ 0.0000061453.

4.5.2 Newton’s Method (Tangent Method)

Condition:

The function f = f(x) is differentiable twice in the interval [x;;x,]. Within
this interval, it has a zero xo with f'(xo) # 0. There is an environment V
around xq so that the Newton’s method is applicable and converges for
each start value x; € V toward xy.
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The procedure fails if the curve of f = f(x) at the respective approxima-
tion point is (almost) parallel to the x-axis.

i f(x:)
Iteration rule = X —
Xit1 Xi f/(xi)
f'(x0) #0 necessary condition,

| £) - f"(x) | < (F (x))? sufficient condition.

The (non-linear) curve of the function f = f(x) is geometrically replaced
by its tangent at the respective point P; (tangent method, Fig. 4.2). The
starting value x; and thus also P, can be arbitrarily selected within the
interval [x;x;].

f(x)
iz
P
i 14
0 1Xo X
I
F(xq) :
. 1%t iteration
1

<— 2" jteration
| 3 jteration
. efc.

Fig. 4.2: Newton’s Method (Tangent Method)
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The respective x;, | value is determined by the (aforementioned) respec-
tive tangent of f at point P, with the intersection of the abscissa. x;. | then

forms the start value of the subsequent iteration.

By the (iterative) repetition, the tangent gradually gets closer to the zero
Xp, so that finally xo can be determined (approximately). The Newton’s

method is numerically stable.
Order of convergence p = 2

Example:
flx)=x*+2x—1
Zero xg = ?

flx) =32+2 f'(x1) = 6x

First iteration:

Arbitrary selection of a start value:
X1 = 1

= fx1) =2, fa)=5 f'(x1)=6x

sufficient condition:
| fOe) - f7 () | < (' (31))?

= 12-6]<25 ok.

flxr) 2 3

= X2 = X1 — =1—-—-==

F(x1) 5 5
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The iterative repetition of the secant procedure leads to further (succes-
sive) approach to xy:

Second iteration:

N
275

= flx) =0416;  f(x)) =3.08; f'(x2) =3.6

sufficient condition:

| f(2) - f"(2) | < (f'(x2))?

= 10.416-3.6 | < 9.4864 o.k.
flx2) 3
= =x— =2-0.135=04
X3 = X» 700 5 5 =0.469
etc.

The zero xy can be defined more precisely after each iteration. In this
example, it is approximately: xp = 0.4534; f(xo) =~ 0.0000061453.

4.5.3 General Approximation Method (Fixed-point Iteration)

Condition:

f = f(x) is a (in the relevant interval) continuous, real function with a
single zero xy. The general approximation method (fixed-point iteration)
is shown graphically in Fig. 4.3.

Principle:

f(x) = 0is transformed to x = g(x) (fixed-point equation), whereby g(x)
is a real, continuous and differentiable function (in the relevant interval).
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lteration rule

xip1 = g(xn)  with [g'(x) [<1

If 0 <g'(x) <1, the convergence is monotonous, i.e. one approaches
the searched zero xy permanently from the same side.

f(x) f(x)=x
g(x) with 0< g'(x)<1

- XpE----
P

|
— 18! iteration
: — 2" jteration
| I e 3 jteration
' ' ‘ etc.

Fig. 4.3: General Approximation Method (Fixed-point Iteration)

If —1 < ¢’(x) < 0, the convergence is oscillating, i.e. two successive
approximate values lie on different sides of the zero xy.

The procedure fails if | ¢'(x) |> 1 because the inclination angle of the
tangent with respect to the curve of g is not between 0° to 45° resp.
135° to 180°. As a result, the (“approximation”) values will successively
deviate from x,. The procedure diverges. In this case, f(x) = 0 must be
resolved to another term with x (see Example 2).
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Example 1:

fx) =x*+2x—1

Zeroxg = ?
1—x°
& x=—— =350
3x2
/ e —
g)=-=

First iteration:
arbitrary selection of a start value:
X1 = 1

3.12 3
! = — = ——
gxo) = — 2

¢lw) =5 >1

= Condition violated; A new start value required.
New first iteration:

arbitrary selection of a start value:

x1 =0.5

0 52
3-0.5 = —0.375

g'(x0) =

| ¢'(x0) |=0.375 <1 o.k.; monotonically convergent
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Second iteration:

1-0.53

x=gl) = ~0.4375

Third iteration:

1-0.4375°
X3 = g()Q) = f ~ 0.4581

Fourth iteration:

1—-0.45813
x4 =g(x3) = — ~0.4519
etc.
Remark

After the third iteration, sufficient accuracy is already reached at the
second decimal place.
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Example 2:

fx) =x*+2x—8

Zeroxg = ?
8 —x°
& x=— =g(x)
3x2
/ —_
g)=-=

First iteration:
arbitrary selection of a start value:

X1 = 1.5

182
315 = -3.375

g'(xo) = —
| ¢'(x0) |= 3.375 > 1 divergent
= Resolve f(x) = 0 with the second term of x:

Xx=8-2x & x= /8 —2x = h(x)

oo 2
W) = 33/(8—2x)?

! _ 2 —

H (x0) = N T 0.228

| W' (x0) |= 0.228 <1 o.k.; monotonically convergent
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Second iteration:

xy = h(x)) =V8-2-1.5~1.710

Third iteration:

x3 = h(xy) = v/8—2-1.710 ~ 1.661

Fourth iteration:

x4 = h(x3) = V8—2-1.661 ~ 1.673

Fifth iteration:

x5 = h(x4) = V8—2-1.673 = 1.670

etc.

x converges to 1.670 and is therefore fixed point = zero of

flx) =x*+2x—1



®

Check for
updates

Chapter 5
Linear Algebra

Linear algebra is used, among other things, in the analysis of complex
business and economic systems.

5.1 Fundamental Terms

5.1.1 Matrix

An m x n -matrix A is a rectengular number scheme of m rows and n
columns:

a a2 ... dyj ... Aip

ay azp ... azj ... Ay

ajp ap ... 4jj ... Ajp <:ith row

aml Am2 -« Amj --- Amn

ft j” column

i=row
Jj = column

The g;; € R are called elements of the matrix A.

The first index i (i =1,...,m) describes the consecutive number of the
row, the second index j (j=1,...,n) the consecutive number of the col-
umn.
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88 5 Linear Algebra

Example:

Production conditions in beer production per 100 gallons beer:

Output Lager Pale Ale

Input

water [gal] 120 140
hops [1bs] 4 6
malt [1bs] 8 3

120 140
production matrixA=| 4 ¢ | 3 x2-matrix
8 3

Element:

The elements a;; (a1 = 4) indicate how many units of the factor i
(i =1,2,3) are needed to produce one unit of the output j (j = 1,2)
(production coefficient).

5.1.2 Equality/Inequality of Matrices

Two matrices A,,«, and B, x, of the same order are called equal if all
elements of A and B coincide.

A =B if ajj = b,‘j for all i,j

< . < .
A B if a;j bij for all 1]
> >

bij forall i, j

b
IV IA
o}

&
IV IA
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Example:

A:57 B:67 C— 460 D:571
710 910 890 9108

5.1.3 Transposed Matrix

If the rows and columns of an m x n-matrix A are swapped, the so-called
transposed matrix A’ or A’ of A with the order n x m is formed.

Example:
246 21
A2><3 = = Ag><2 = 43
135
65
Remark:

If a matrix is transposed twice, the original matrix is restored. The fol-
lowing applies: (A") = A.

5.1.4 Vector

An m x 1-matrix is called column vector, a 1 x n-matrix is called row vec-
tor. The elements of the vector are called components.
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row vector (1 x n):

X=(X1X2 - Xn)1xn

Geometrically, every point

column vector (n x 1):

X1

X2

X/ pxi

P of a k-dimensional space S can be de-

scribed by its k coordinates xi, x3, - -+, xx, which can be summarized as

a vector.
Examples:

(1) two-dimensional space

=(2)-()

(2) three-dimensional space

Xz

X4

X3

*1
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Remarks:

« Each matrix A,,«, consists of m row vectors and n column vectors.

Example: A= 159
274

rowvectors: (1 5 9); (2 7 4)

1N fS5). (9
column vectors: ; :

« Each 1 x 1-matrix is called scalar. Scalars are considered to be real
numbers.

Example:

The absolute value of a vector [4] = 4.

x= or =1 x - x)

The absolute value of a vector is defined as |/x? +x3 +--- +x2.
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5.1.5 Special Matrices and Vectors

(1) Zero Matrix

— all elements of the matrix = zero

0 0
0 0
0 =
0 0 0 O 0

(2) Zero Vector

— all elements of the vector = zero

(3) Square Matrices

Number of rows = number of columns = A,

(4) Main Diagonal of a Matrix

The elements ay;, a2, -+ ,a,, form the main diagonal of a square matrix
A,xn. The remaining diagonals are called secondary diagonals.

(5) Diagonal Matrix

All elements outside the main diagonals are equal to zero.

an 0 0 0
0 ax 0 0
Auxn = 0 0 as3 0 with aij;«éOfori:j

The elements g;; # 0 form
the main diagonal of the
0 0 0 o Gpn matrix A, xn.
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(6) Identity Matrix I’

All elements of the main diagonal are one, all others are equal to zero.

Lixn =

Unit vectors are equivalent to vectors that consist of exactly a single one
and otherwise zeros.

Example:
1 0 0
0 1 0
ii=1|0 =10 in=
0
0 0

(7) Triangular Matrix

All elements (of a square matrix A, ,) on one side of the main diagonal
are equal to zero.

Examples:
157 -1
Agxa = 00 8 = = upper triangular matrix
00 2 e
00 0 3
100
A3x3=1020 =  lower triangular matrix

104
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(8) Symmetric Matrix

The row elements above the main diagonal are equivalent to the col-
umn elements below the main diagonal = A =A'.

Example:
R REIEEIR
HoG
HaE

5.2 Operations with Matrices
5.2.1 Addition of Matrices

Two matrices of the same order are added together by adding the ele-
ments in the same position to each other.

Axxs + Coxs = Addition not possible due to unequal order.

Ax«2 + Boxo = Addition possible here because of same order.

aip app -+ Ay b1y by --- by,

ax| axp ‘- ay by by - by,
Amxn = A A A Byxn = i .

Aml Am2 " Amn bml bm2 bmn

ay+bi ann+biz -+ ai+byy

axy1+by an+by - ay+by
Amxn + Buxn = A A " A "

am1 +bml am2 +bm2 cct Amn +bmn
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Examples:
A 235 B -1 20
147 0 -71
ALB— 155 A_B— 315
1-38 1116

Graphical illustration of the addition of two vectors in the two-dimensional
space S2:
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Laws of Addition of Matrices

The following laws apply to matrices of the same order:

(1)A+B=B+A (commutative law)
(2)A+B+C=(A+B)+C=A+(B+C) (associative law)
(8)A+0=A

4)if A+B=0 = B=-A with A=/[ajlmxn

(5) (A+B) =A"+H

5.2.2 Multiplication of Matrices

5.2.2.1 Multiplication of a Matrix with a Scalar

If thereis k= [k]1x1 with keR

and A = [aijlmxn with aj€R;i=1,...mj=1,..,n
all ...aln k.all ...k.aln

then: k-Apsn=k- : : = :
Aml *** Amn /), p k-am - k-amp

Examples:

5 10
(1) 2-]4 8
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100 770 0
(2) 77-Lx3=77-{010|=] 0770
001 0077
9 1 3
11 11 11 1 (-9 73
3) =
185 ) A1 -ss
11 11

Graphical illustration of the multiplication of a vector a by a scalar %,
(keR):

I

k>1 dilation I a

IR

k<1 compression

-2 4 8
-0.5g,
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Laws of Calculation

Anxn and B, being matrices of the same order and k,t two real
constants (= scalars), the following applies:

(1) k- (-A)=(k1)A (associative law)
(2) k-A=A-k (commutative law)
(3a) k-(A+B)=k-A+k-B (distributive law)
(Bb) (k+t)-A=k-A+t-A (distributive law)

5.2.2.2 The Scalar Product of Two Vectors

If two vectors a and b of the same order are multiplied by

the following is valid:
by
a-b=(ai--ap)ixn- | : = (ar-bi+ar-by+--+ay -by)ixi

n
=Y ai-b; with i=1,..,n

The result of this calculation is equivalent to a real number (= a scalar).
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Remark:

row vector - column vector = scalar

1xn nxl = 1x1
L —— 1
Examples:
5 2
(1) a=|7 b= -1
10 3x1 -2 3x1
2
=d-b=(5 7 10)1x3-| —1 =5247-(=1)+10-(=2)=—17x1
—2 3x1
5 1
(2) a=]7 b=1|1
10 3x1 1 3x1
1
:>a’-b=(5 7 10)1><3- 1 =5-14+7-1+10-1 =22,

3x1
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5.2.2.3 Multiplication of a Matrix by a Column Vector

An (m x n)-matrix A is multiplied by an (n x 1)-column vector b by
successively multiplying each row vector of a matrix A by the
column vector b:

ay app - A by
Aml Am2 " Amn/ ., bn nx1
ay1-by ap-by - ay-by
ami b amp by - amn-ba /),

The result is an (m x 1)-column vector = a system of linear equations.

Example:
Y1 Fl
Yarn =  Fabrics —— F,
Y2 F3
Yarn Fabrics
r B F
h 4010060 production coefficients
) 80 50 70

e.g.40=400zY, per 1yd F
50=500zY, per 1yd F,



5.2 Operations with Matrices 101

Task:

How much yarn, measured in ounces (oz), is needed to produce 50
yards (yd) of Fy, 100 yd of F> and 120 yd of F5?

Solution of this system of linear equations using matrices:

A= 40100 60 matrix of production coefficients
80 50 70/, ,
50

b=1 100 matrix of production volumes
120

3x1

A.p— [40-50+100-100+60-120\  _ (19,200
80-50+50-100+70-120 /, .\ 17,400/,

19,200 oz of yarn Y; and 17,400 oz of yarn ¥, are required.

General solution: x= [ x, | = a system of linear equations:

X3

S Ax— 40-x1 +100-x3 +60 - x3 _(n
80-x1+50-x,+70-x3 2
with  y; = 40x; + 100x; + 60x3

v2 = 80x1 4 50x; + 70x3
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5.2.2.4 Multiplication of a Row Vector by a Matrix

A (1 x m) -row vector a is multiplied by an (n x m) -matrix B by succes-
sively multiplying the row vector a by each column vector of matrix B:

by b -+ by
by by - by

(a1 ajz aj "'an)lxn' . . =
bnl bn2 bnm

nxm

=(a1-by+ax-by+---+a, by ai-bitarby+---+ay-bp
al 'b1m+a2'b2m+"'+an'bnm)1><m

Example:
7 8 =2
a=(1 4 2)1x3 B=1]5 1
-1 —2 3x4
a-B=

(17445423 1-844-142-(—1) 1-(=2)+4-042-5 1-0+4-
T4+2-(=2))1xa

=(33 10 8 24)1.4
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5.2.2.5 Multiplication of Two Matrices

The product of an (m x p) -matrix A and a (p x n) -matrix B results in the
(m x n)-matrix C, whose elements c;; are each the scalar product of the
i"" row vector of A and the j* column vector of B:

a a2 ... dip b11b12-..b1n
az) ax ... axp b21 b22 bzn
byt bpa - by

aml Am2 - Amp pxn

A B
p
ciu=ai -biy+an-by+--+ayp by = ‘Zlali'bil

p
e =ay-bintan -bpn+---t+ay-bp =Y ai-bp

=

p p p
Yaii-biy Y aii-bp - Y aii-bi
f} =1 i=1

p p p
Y ami-bit X ami-bip -+ Y ami-bin
=1 =1 =1

nxm

Remark:

Precondition for the multiplication of matrices is that the number of
columns (vectors) of matrix A (= 15! factor) matches the number of rows
(vectors) of B (= 2" factor).
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Example:
12 1 -2 5 -7
A=1|1324 B= B B
-3 4 -6 8

56

-5 6 -7 9
=1 —910 =9 11
—13 14 =11 13/ 5,4

Rules of Calculation for the Multiplication of Matrices

(1) (A-B)-C=A-(B-C)=A-B-C

k-(A-B)= (k-A)-B

(2) A-(B+C)=A-B+A-C

(A+B)-C=A-C+B-C
3) AI=IA=A

(4) A-0=4-0=0

associative law

k = scalar, with k ¢ R

distributive law

I = identity matrix

0 = zero matrix
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(5)

(A-B)/:(B/-A/)/#A/~B'

Example:

Ao (25) po(12) o oa_(23) p_ (13

34 34 54 24
g (21453 22454\ _ (17 24
3.144.3 3.2+4.4 15 22
wog (21432 23+43:4) (8 18
51442 5.3+4-4 13 31

!/
B oay— [ 12435 13+43:4)
2.244-5 2.3+4-4

!/
(17 15\ (17 24
24 22 15 22
A-B#B-A

row vector, - column vector,«; = scalar;y;
(so-called scalar product)

column vector, - row vector;, = matriX,x,

Apxp Bpxn = Cuxn 18 Only useful if the number of columns of the
18t matrix matches the number of rows of the 2" matrix.

matrix,,»,,- column vector,,; = column vector,,;

matrix - scalar = matrix whose elements are equivalent to the
scalar times the elements of the original matrix.
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Example:
<13>-pp=<2 6)
25 410

(12)  The following applies to matrix powers:
A'=A-A-...-A
N—_——

n-times
A AT = An+m
( n)m — AT

Falk’s Scheme!

Bip, m

in general: T

bﬂ ’ bu 1n

P by - b, 2n

- P ™| by by 1+ b
Y

&y 8y /8y, | Oy - v €y

a; 87 8y poooT i
8nq 8pp - amp Comt1o" Com
Am, p) Cim,n = Am,p) - Bp,m

At the intersection of the i’” row of A and the j* column of B, the scalar

product ¢;; of these columns is shown as the corresponding element of
the product matrix C=A-B.

1 Sigurd Falk (1921 - 2016) was a German mathematician.
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Example:
5-20 37 11 37
A=11 32 B=12-1 C=11910
251/, 53 )50, 2112/ 5,
Am><p 'Bpxn = Gnxn
3 7 BSx2
2| 1
5 3

/

5,-2/0/ 11 37
Ass |1 3 2 19 10| C=A-B
2 5 1 21 12

5.3 The Inverse of a Matrix

5.3.1 Introduction

Division is not defined for matrices. A matrix equation A -x = B can
therefore not easily be “solved” for x. Solution is achieved by forming
the so-called inverse matrix.

Excursus: Inverse of a real number:

For real numbers, the inverse is definied as the reciprocal of a number:

The inverse of a number a, a € R\ {0}, is equal to ! =

Q=

= a-x=>b |-a~! [Note: a‘lzi]
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Inverse of a Matrix:

If for a square matrix A, «, there exists a matrix B,x,, whose product
results in the identity matrix I, then B is called inverse matrix to
matrix A. The inverse to A is called A~!.

Example:

P B is the inverse of A = 12 , since
1.5 -0.5 34

() (02)-0)

A-x=B
& AlAx=A"'B [Note: A™'-A = 1]
& I-x=A"B

Remark:

Not every square matrix has an inverse.

Example:

A= 1o = A-Al'=1
10

L (1o (pubn) _ (10
10/ \b2 bx 10
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5.3 The Inverse of a Matrix

1-b11+0-bpy=1 < by1=1
1-b1p+0-byn=1 < b;p=0
1-b11+0-bpy=1 < b;;=0
1-b1p+0:-byn=1 < bp=1

if A~1 exists = A regular

if A= does not exist = A singular

5.3.2 Determination of the Inverse with the Usage of the
Gaussian Elimination Method

AL A=A-A"1 =T

elementary row operations

(A/1) (/A7)

Elementary row operations are:
1. multiplication of a row by a real number # 0,
2. addition of a row (multiplied by a real number) to another row,

3. interchanging of two rows.

Example:

(1) A:<3 2) Al=2
21

Extension by I

(A/I)_<3 21 0)
210 1
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Multiplication of the 15t row by %:

3210\ |
210 1

1
18t jteration:
2

Q| =

— WIN
S W~

)

Multiplication of the 15! row by (—2) in addition to the 2" row
= new 2" row:

— WIN
S W~

(—2 - —= O) 15t row new

+(2 1 0 1) 2drow

1 2
(0 -3 3 1) new 29 row
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Multiplication of the 2" row by (—3%) in addition to the 15t row
= new 15! row:

1
ond jteration:

W
—_

(1 % 1 0) 18t row

2 ) 2nd row new

(1 0 —1 2) new1Strow

3x4

A is not square — singular — inverse does not exist.
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Remark:
1. The considered matrix must be square.

2. Not every (square) matrix has an inverse.

Rules of Calculation for Calculating with the Inverse
Let A, B be regular matrices (inverse can be formed).

Then the following applies:

@) A-B)y'=B1l.a"!

4) (c-A)'=1.4"1 with c e R\{0}

5) A A=A-A"1=1

Remark:

If A is regular, which means that A has an inverse, A~!, then A~ is
unique, i.e. there is exactly one inverse.
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5.4 The Rank of a Matrix

5.4.1 Definition

The rank of a matrix A, rkA, describes the number of linear row (or
column) vectors of A.

Mathematical Theorems

= Number of linear independent row vectors = number of linear
independent column vectors.

« The rank of a (m x n)-matrix is less than or equal to the number of
its rows or columns: rkA < min {m,n}.

= rkA = rkA’

5.4.2 Determination of the Rank of a Matrix

Conversion of matrix A with the help of elementary row operations into a
special step structure whose number of steps determines the rank rkA.

— Number of steps = rkA

Example 1:
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Procedure:
15t step: all elements below the 15t step — zero

2" step: all elements below the 2" step — zero

243
512
621

[1]215

= 512
6 21

Transformation, so that the element in the 15! row and in the 15t column
with the value of 2 becomes 1. To do this, the entire 15! row is multiplied
by 0.5. The new 1St rowis (1 2 1.5).

a) Multiply new 15t row by (—5)

(=5 —10 -7.5)
+(5 1 2 )
(0 -9 —55)new2" row

b) Multiply new 15t row by (—6)

(=6 —12 —9)
+(6 2 1)
(0 —10 —8)new3drow

1.5

2L
= o0[=9]-55| |- (~3)

0-10 -8
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Transformation, so that the element in the 2" row and in the 2" col-
umn with the value of —9 becomes 1. To do this, the entire 2" row is
multiplied by —3§. The new 2" rowis (0 1 0.61).

= 0 1 0.61 |- 10 (Multiplication of the 2" row by 10)

0 |1 0.61
0 0 |-19

This results in 3 steps — rkA = 3. The square matrix 3 x 3 has the rank
3, which means it is regular. The formation of the inverse is possible.

Example 2:
Multiply the first row by 1:

2 4 3)|%
A=| 5214
16 16 37
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1 21,5
=152 14
16 16 37

Result of the 15t iteration:

1 2 15
=10-865]|1(-3)
0-16 13

Result of the 2™ iteration:

12 1.5
=101-=08 =rkA=2

00 O
= Formation of the inverse is not possible since A is a 3 x 3-matrix,
while its rank is 2, e.g. it is smaller than 3.
Remark:

If the square (n x n)-matrix has the rank n, it is regular, i.e. the formation
of the inverse is possible; if its rank < n, the considered matrix is singu-
lar, i.e. the formation of the inverse is not possible.

In other words: If A is an (n x n)-matrix, the inverse A~! exists exactly
once if rkA = n.
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5.5 The Determinant of a Matrix

5.5.1 Definition

The determinant, det A, represents a real number assigned to a square
matrix A = [a;]nxn @s follows:

n L
detA=Y, (71)1_'—](1,']' . d@l‘A,’j
i=1
with j = constant, “i.e. expansion along the j* column”
or
n N
detA = Z(—l)’ﬂaij . detA,'j
i=1
with i = constant, “i.e. expansion along the i"* row”

A;jis the ((n— 1) x (n—1))-matrix obtained by removing the i’" row and
the j column from A:

Minor

det A;; is equivalent to a sub-determinant, the so-called minor.
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Remark:

By definition, the determinant of a matrix A is a sum whose summands
have alternating positive and negative signs.

(=)™

The following scheme is recommended as an aid:

(—1)it J
1 2 3 4
1 + - + -
; 2 - + - +
3 + - + -
4 - + - +

5.5.2 Calculation of Determinants

(a) Determinants of 2 x 2—Matrices

The determinant of a (2 x 2)-matrix A is the difference of the products of
the diagonal elements:

ail aln
det < =ay-an—ap-a

azy az

Remark:

¢ = positive sign /= negative sign



5.5 The Determinant of a Matrix

Examples:

det 12 = 1-4-2.3=-2
34

det 24 = 2.5-4-1=6
15

or in accordance to the above-mentioned general rule of calulation:

Expansion along the ;" column — j = constant

e.g. expansion along the 15t column 2

2 L
det A=Y (71)1_”(1,'1 -det Ajp
i=1

=
A;1 = removal of the i’ row and the 15! column
det A = +ajy det Aj1—ap, det Axypy =ay1-axy —az -an

Expansion along the i"" row — i = constant

eg.i=1

2 .
det A=Y (—=1)"tiay; -det Ay
i=1

det A = +ay -axy —app-as

2 |t may be expanded along any row or column.
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(b) Determinants of 3 x 3—Matrices

ap aipz a3
A= ay an a3

as) aszz dzs

e.g. expansion along the column j =1

3 _
det A= Z(—I)H-/aﬂ -det Aj1 = ayy det Ay —ap; det Ayl +asz det Az
i=1

axn a ap a ap a
=aj det( 2 23) —an det( 12 B) +as; det( 12 ]3>
asz asz asz ass a az;

=aji(an a3 —ax-axn)—ay(an-as —aiz-az)+az(an-as3 —aiz-axn)

Examples:
23 —1
(1) A=140 1
1-25

= e.g. expansion along the 2" row.3

3
det A=Y (—1)*ay; -det Ayj
i=1

=

= 2+ j = odd sign, thus minus

= —ap) det Ay + ay det Ay — ary det Ay

—dge [ 27 S0 de (271 +1 det 23
-2'5 15 1 -2

3 It may be expanded along any row or column.
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= (4 (35— (-1)-(-2) =0 (2:5— (= 1) )+ 1-(2(-2) = 3-1)

=(—4)-13 —0-11 +1-(=7)
=59

397
(2) A=16-18

252

= e.g. expansion along the 3™ column
3 .
det A=Y (—1)"a;-det Aj
i=1

= a3 det A3 —ay; det Arxz+aszs det Az

=7 det 6 -1 —8 det 39 +2 det 39
25 25 6—1

= 7(6-5+1-2)—8(3-5-9-2)+2(3-(=1)—9-6) = 134

Alternative solution: Application of Sarrus’ Rule*
(up to 3 x 3-matrix)

The first two columns of the original matrix are re-added (on the right),
then the sum of the products parallel to the main and parallel to the
minor diagonals is formed.

Ay ap Az |8 8

@y @p axn |8y ay

@y @y \a:@ ‘an‘ ’ e
VYA

- - - + o+ o+

4 Pierre Frédéric Sarrus (1798 - 1861) was a French mathematician.
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Example:
=3-(=1)-2)+(9-8:2)+(7-6:5)—(7-(—1)-2)—(3-8-5)—(9-6-2) = 134

3-\ 9><7 - 9
6‘/—1 8 6\:1
2 5>< 5

(c) Determinants of (n x n)-Matrices (with n > 3)
Determinants of (n x n)-Triangular Matrices

Analogous to (b) Determinants of 3 x 3-Matrices, it is also possible
to apply the expansion along a row or along a column according to
Laplace to (square) matrices of higher order.

34 7 1

det 02 1 -1 _
45 -2 0
12 1 3

2 1 -1 0 1 -1 0 2 -1 0 2 1
=435 -2 0 |-4({4 -2 0 |+7|4 5 o0 |-1|l4 5 2=
2 1 3 11 3 12 3 12 1

34 7 1

det 02 1 -1 _
45 -2 0
12 1 3

by means of the expansion e.g. along the 2" column
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0 1 -1 307 1 37 1 307 1
=—4{4 -2 o |+2{4 =2 0o]-5[0 1 —1]+2l0 1 -1]=
11 3 1 1 3 11 3 4 -2 0

— —4(—18)42(—96) —5-4+2-(—38) = —216

4 15 -27 -13

det 0 2 -8 46 _
0 0 5 107
0 0 O -7

by means of the expansion e.g. along the 3 row

15 =27 —13 4 15 —13 4 15 =27
=+01 2 -8 46 |[-0]o0 2 46 [—107]0 2 -8 |=
0o 0 -7 0 0 -7 00 0

=+40-462—0-22445-(=56)—107-0 = —20

As an alternative, the determinant of an upper or lower triangular matrix
can be formed by the product of the elements of the main diagonals.

ajy ap a3 - dip
ax az; -+ Ay .
det asz o+ A =dai-ay-..-ay = 'I_I1aii
i—
0 un
Example:
4 15 -27 -13
det 278 46 4.2.5-(=7)=—-280
5 107
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Determinants of 4 x 4-Matrices

Example:
3 4 7 1
A 02 1 -1
4 5 -2 0
1 2 1 3

Formation of an upper triangular matrix

34 7 1

0 2 ~1
= 67 9

00 -% —%

00 0 32
detA:3-2-(—667>-3.223:—216

— simplest method with 4 x 4-matrices

5.5.3 Characteristics of Determinants

Let A be an (n x n)-matrix, then:

(1) detA = det A’

Example: det L2 = det Lo =3
0 3 23

(2) Swapping two rows/columns changes the
sign of the determinants and thus the result.

Example: det L2 = det 2 1 =-3
0 3 30
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(3) The row/column vectors of the matrix A are linearly
dependent, if: det A =0,

i.e. A is singular — no inverse formation possible.

2 4

) = 0 — linearly dependent
1 2

Example: <

(4) detA = 0, if all elements of a row or a column are zero.
(5) For two (n x n)-matrices, A, B, the following applies:
det(A-B) =detA - detB

However, in general:

det(A+B) # detA+detB

5.6 The Adjoint of a Matrix
5.6.1 Definition

The adjoint of a matrix is the transpose of the cofactor matrix. Multi-
plying the minor detA;; by the factor (—1)i*/ results in the cofactor o;;
of the element g;;. If the cofactors «;;, with i, j = 1,...,n, are combined
into a matrix, the cofactor matrix [o;;],x, is formed. If the cofactor matrix
[0ij]nxn i transposed, the adjoints are finally formed.

[0t3], = Aaa Of the original matrix A.

324
Example: A=1102
375
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= A3,3 exist 32 = 9 sub-determinants (= minors).

detA =det (O 2) =0-5-2-7T=—-14= oy :(71)1+1.(—14) =-—14
75

detAy = det =1-5-23=—1=oap=(-)"*(-1)=1
35

detAs = det 10 =1.7-03=T=ap3=(-1)"3.7=7
37
24 241

detAy = det =2~5—4-7=—18$O€21:(—1) ~(—18)=18
75

detAy; = det 34 3=3=0p=(-1)22.3=3
35

detAys = det

Il
w
N

|

&}

B3=15=apn=(-1)>315=-15

[SSTENON]
~N N

detAs = det =22-4.0=4=03; = (—1)3*"-4=4

V)
(NS N

&)
~— ~— ~— ~— ~— N~ ~— ~—
Il
w
)
|
N

(=)

detAzy = det

I
w
[\
|
N

-1 :2:>a32:(—1)3+2~2:—2

—_—
N A~

detAzy = det

I
w
(e}

|

&}

1l=-2= 033 = (—1)3+3-(—2) =-2

/N N /N /N VR /N VR /N
f—

—_—
S N
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5.6 The Adjoint of a Matrix
—-14 1 7
= |oijlsx3 =] 18 3 —15 | = cofactor matrix
4 -2 =2
—14 18 4
=Aw=lajl5,3=| 1 3 —2 | = adjoint
7 —15 -2

5.6.2 Determination of the Inverse with the Usage of the
Adjoint

The following is valid:

1 1
Al = — A= —
detA ad

Remark:

The matrix A is only regular (invertible), if der A # 0.

Example:

324
A=|1102
375

ATl =2
The following is valid:

Al !

detA "
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—14 1 7
[aijlaxa=| 18 3 —15 | = cofactor matrix
4 -2 -2
= see example in chapter 5.6.1.
—14 18 4
=Aw=| 1 3 —2 | = adjoint
7 —15-2

detA =7

Calculation e.g. with the aid of Sarrus’ Rule (see chapter 5.5.2).

32 4\3 2
A=1102|10
37 5/)37

detA=3-0-5+2-2.34+4-1-7-4.0-.3-3-2.7-2-1-5=—12

| 1 —14 18 4
A71: A = — . _ =
ded "= T2 D3 2
7 —15-2
4 B4 L
12 12 12 6 2 3
=L 3 2 (=1_L _1 1
12 12 12 12 4 6
_7To 52 7o 1
6

12 12 12 12 4
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Chapter 6

Combinatorics

6.1 Introduction

A basic task of combinatorics is to determine the number of possible
arrangements (permutations) for a (basic) population of N different
elements ey, ey, ..., en.

Example:

A (basic) population of N =3 elements ey, e», e3 results in six different
arrangements:

erezes
ejezer
eyele
198 =31=1.2.3=6
eze3€e]

esee

esere]

In general: for N different elements there are N! arrangements
(= so-called permutations).

N!'=1-2.3.4...-(N—1)-N (N!, read: "N factorial")
Remark: 0! =1

Another important task of combinatorics is the determination of possible
arrangements when selecting n elements from a basic population of N
elements.
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Urn Model:

From an urn with a total of N balls, n balls are drawn.

Without repetition of

elements:

With repetition of

elements:

Order is relevant:

Order is irrelevant:

Examples:

With each N =3 and n = 2 elements

in each arrangement, each
element occurs once at most;

sampling without replacement

at least one element can occur
multiple times;

sampling with replacement

the swapping of elements within
an arrangement results in a new
arrangement

(so-called variation)
the swapping of elements within

an arrangement does not result
in a new arrangement

(so-called combination)

(1) possible arrangements without repetition of single elements

(a) order is relevant:

ere;
eies
ené]
exes
eseq

e€3e2

=

6 .
= 1 = 6 variations
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(b) order is irrelevant:

e1ex = ereq

N\ N /3 3 6
eres=eser (T )TN T \2) T2 2

ee3 = e3en

= 3 combinations

N
(n) read: "N choose n" (binomial coefficient)

Remark:

(2) possible arrangements with repetition of single elements
(a) order is relevant:

eieg
€8]
e3e]
eiez
erey o= N" = 3% =9 variations
eszen
e|es

exes3

ese3
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(b) order is irrelevant:

e|e]

eje

eres (_ (N4n—1\ _ (3+2-1\ _ (4 _ 4 %
erer n B 2 S \2) 214-2)! 22

exes3

eses

= 6 combinations
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6.2 Permutations

Definition:

A permutation P of N different elements corresponds to the number of
possible arrangements in a (full) survey of all elements. Here it can be
distinguished whether an element exists only once in the basic popula-
tion (without repetition) or whether an element occurs several times and
is therefore not distinguishable (with repetition).

without repetition with repetition

Every element occurs exactly once | The i'" element occurs multiple

per arrangement. times, i.e. repeatedly.
N!
P, =N! P, =
w/o.rep. w/rep. P
Example: Example:
elements: ej,ep = N =2 elements: e;, e

=Ny = 25 Ney = 1

b+t 123
whep- = o T 211

Pyjorep. =2!=2 3

namely ejey; exeq namely ejeley; ejexeq; exeleg




134 6 Combinatorics

Examples:

Permutation without Repetition

Four horses compete in a horse race. How many possibilities are there
for the horses to reach the finish line in different orders?

Solution: Py rep. =N! =4!=4-3-2-1=24

How many ways can five women and three men pass through a
revolving door?

Solution: Pyjorep. =N! = 8! =8-7-6-5-4-3-2-1=40,320

There are four German and three English books on a bookshelf. The
German books should be placed on the left side of the bookshelf and
the English books on the right side of the bookshelf. How many ways
are possible to arrange the books?

Solution: Pyjorep. =N = Ni!-Na! =41-31=4-3.2.1-3-2.1 = 144

Permutation with Repetition

In an urn there are two red and three white balls. How many possibilities
are there to put them in order?

! ! 5.4.3.2-1
N st "

Solution: Rurep. = 2 T A T 2 1) 32 1)

How many possibilities are there to arrange the individual letters of the
word MISSISSIPPI?
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Solution: in total 11 letters = N! = 11

1xM, 4x1, 4xS,2xP =n1=1; m=4;, n3=4; ng=2

o N! ~ 111 39,916,800
whep. = V! 1.4 4120 1,152

= 34,650

6.3 Variations

Definition:

A variation V of n elements from a basic population of N different el-
ements is equivalent to the number of possible arrangements, if the
order of the elements in the arrangement is relevant. Here it can be
distinguished whether elements occur only once (without repetition) or
whether they occur multiple times (with repetition).

without repetition with repetition

N!
Vw/o.rep. = W Vw/rep. =N"

Example: elements: ey, e;, e3 =>N=3;n=2

3!
v, = ———=6 Viirep, =32 =9
w/o.rep. (3 — 2)! w/rep.
namely namely
eiez, eje3, exeq, exes, erey, exey, e3eq, ee,
esel, ezep erer, e3ey, ee3, €2e3, €3€3
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Examples:

Variation without Repetition

Ten cars participate in a car race. How many possibilities are there to

fill the first three places, respecting the order?
Solution: V. N 100 10-9-8:7-6-5-4-3-2-1
Cwlorep TN ) T (10-3)! 7-6-5-4-3-2-1

=720

Variation with Repetition

A bicycle lock uses a four-digit code consisting of the numbers 0 to 9.
How many possibilities are there if the individual digits may occur sev-
eral times?

Solution: Viyrep. = N = 10* = 10,000

6.4 Combinations

Definition:

A combination C of n elements from a basic population of N different
elements is meant to be the number of possible arrangements, if the
order of the elements in the arrangement is irrelevant. Here it can be
distinguished whether the elements occur only once (without repetition)
or whether they can occur multiple times (with repetition).
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without repetition with repetition
N N+n—1
Cw/o.rep. = (n) Cw/rep. = < n >
N _ (NFr=1)!
~nl-(N—n)!  (N=1)!-n!

Example: elements: ey, e, e3 =N=3;n=2

3 3! 3+2-1
Cw/o.rep. = (2> = m =3 Cw/rep. = < ) ( >

~ i
namely eley, ejes, exes namely eiey, ejep, ejes, exen,
exes, e3e3

Examples:

Combination without Repetition

In a lotto 6 out of 49, exactly six of the 49 numbers should be ticked. How
many possibilities are there if the order is not taken into regard and a
drawn number may only occur once?

- N 49 49! 49!
Solution: Cyjo.rep. = (n) = <6) = 61 (@9—6)! = s 13,983,816

For a project, a company wants to put together a team of three em-
ployees. How many possibilities are there to form a team when twelve
employees are available?

. N 12 12!
Solution: Cwiorep. = (n) - (3) m =220
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In a lecture hall there are nine lamps that can be switched on and off
independently of each other. How many possibilities are there if a mini-
mum of six lamps must be lit?

Solution: minimum of 6 lamps = exactly 6, 7, 8 or 9 lamps are lit

N=9; n1:6, 1’12:77 n3:8, n4:9

o= (1) = () +(2) < (5)+ ()

=84+36+9+1=130

Combination with Repetition

Example 1:

From an urn with six different coloured balls, four balls are to be drawn
and put back (with repetition). How many possibilities are there if the
order is disregarded?

(N+n—1)! (6+4—1)! 9! 16
(N—D!-n!  (6-1)!-4 5.4

Solution: Cyjrep, =

Sweets Ltd. produces candies in the flavours apple, orange, banana,
pineapple and blueberry. How many possible candy mixtures are there,
if 15 candies fit into one bag and the candies are filled into the bags
randomly?

(N+n—1! (1545-1)! 19!
(N—D!-n  (15-1)!-5!  14!.5!

Solution: Cyjrep. = =11,628

Example 2:

A jewelery manufacturer produces multicolored pearl necklaces using
seven different colors. On one chain 40 pearls are threaded.
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How many pearl combinations are possible if the pearls are threaded
onto the chain purely at random and the individual colors are allowed to

repeat?

Solution: Cyjrep.: N = 7,n =40, i.e.hereN<n

<N+n—1> B <7+40—1
n

4
(42) = 46 [nCr | -button 40 = 9,366,819

There are 9,366,819 pearl combinations for this necklace.

Overview of Basic Combinatorial Formulas:

Selection from a basic population — partial survey n < N

order

repetition

without rep.
of single elements

with rep.
of single elements

order relevant
— variation

Nn

order irrelevant
— combination

()

All elements are considered — complete survey n =N

without rep.
of single elements

with rep.
of single elements

permutation

N!

N!
n1!~n2!~ -nk!
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Chapter 7

Financial Mathematics

7.1 Calculation of Interest

7.1.1 Fundamental Terms

Interest : interest is the charge for a loaned capital.

- debit interest is interest that must be paid.
- credit interest is interest that is received.

Interest Rate i determines what percentage of the initial capital is to
be paid at the end of an interest period on the initial
capital.

The interest rates are classified as follows:

- according to the length of the interest period:

+ annual interest rate (year)
* interest rate during the year (fraction of a
year, e.g. quarter)

- according to the calculated reference value:

* interest in arrears (initial capital)
+ advance interest (final capital)

Remark:

The standard case is an annual interest rate in
arrears.
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7.1.2 Annual Interest

7.1.2.1 Simple Interest Calculation

Interest Factor ¢ qg=1+i
with i = interest rate in decimal notation
(e.g. 0.01 for 1%)

Interest Period the period between two interest payments

Initial Capital C, capital at the beginning of the period (also
called cash value or present value)

Final Capital C, capital after the n'" (interest) period (at the
end of the period)

n is the period measured in years
t is the period measured in days

The interest must always be calculated from the initial capital Cy, i.e. the
annual interest due always remains the same.

Interest 21,2,3,...n = Co-i

z = Cy-n-i(for the period n)

G

Interest Portion 7 = 7 (per month)
=C t%i(fortda s)
=% 360 y

Final Capital Ch=Co-(1+n-i)
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Co=C+n-z123..n=C+n-Cp-i

Commercial Interest Formula:

t-i
— . 1 —_— =
C, = < +360) Co+z

The equation C, = Cy- (1+n-i) forms the basis for the calculation of Cy,
iand n.

By solving it accordingly, the following equations are obtained:

G,
Initial ital Cy =
tial Capita 0= T
1 C
Interest Rate i=—- (” — 1)
n Co
1 C
Peri =—. (21
eriod n " (Co )
Example:
Final Capital Co = $2,000; ¢+ = 200 days;

interest rate in percentage = 10%

200
= $2,000- -0.1 =§111.11
z=$2, (360) $
2
C, = $2,000- <1+328~0.1> = $2,000 + $111.11

C, = $2,111.11
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Initial Capital C, = $15,000; n = 8 years;
interest rate in percentage = 5.3 %

$15,000

%= 178-0.053

Co = $10,533.71

Interest Rate Co = $840; C, = $1,070; n = 4 years

1 1,070
i = = ! — 1
interest rate 1 ( 340 >

interest rate = 0.0685

interest rate in percentage = 6.85%

Period Cp = $5,000; C, = $7,000;
interest rate in percentage = 5%

1 <$7,000

- . 1) =
"= 0.05 \ 5,000 > 8 years

7.1.2.2 Compound Computation of Interest

Interest claims that arise during the period are added to the interest-
bearing capital at the end of the year. In the following interest periods,
the interest of the previous interest periods is also included.

Final Capital C=Co-(1419)

G =Co-(14i)?
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Initial Capital

Interest Rate

Period

Example:

Final Capital

Initial Capital

C; =Co-(1+i)’

Cp=Co-(1+i)" =Co-¢"

C
Co=Cp-(1+0)" = q— =Cu-q"

n C’l

Co

i= ~1
C, = Co-(1+i)"

< log(141)" = log(C,) —log(Co)

< n-log(l+1i) = log(C,) —log(Co)

_ log(Cy) —log(Co) _ log(Cy) —log(Co)
- log(1+1) log(q)

=n

Co = $12,500; n = 6 years;
interest rate in percentage = 4%

Cs = $12,500- (140.04)% = $12,500-1.04°
Cs = $15,816.49

C, = $2,500; n = 7 years;
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interest rate in percentage = 5%

$2,500 ;
Co= 227 — $2,500-1.05
07 (1+0.05) 52,
Co = $1,776.70

Interest Rate Co = $2,000; C, = $4,000; n = 8 years

/$4,000
= 2" 1 =0.091
$2,000

Period Cy = $9,050; C, = $11,000;
interest rate in percentage = 3%

log($11,000) —log($9,050)  0.08474
log(1+0.03) ~0.01284

n = 6.6 years

7.1.2.3 Composite Interest

The composite interest calculation is important for fractional periods
(e.g. 1 year + 25 days).

It represents an addition of the simple interest calculation and the expo-
nential interest calculation. If the interest period covers one year, expo-
nential interest is calculated for full years, since exponential interest is
more profitable than linear interest from a full interest period onwards. If
the time frame includes less than one interest period (during the year),
interest is calculated simply since the linear interest calculation gener-
ates more revenue than the exponential interest calculation if interest is
only calculated for part of a full period.
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Returnin $

100
80}

—— linear
60 ) '
----- exponential

40F
20}

00 02 04 06 08 10 12 14

Period in Years

The graph of the linear versus exponential interest rate shows that the
straight line is above the exponential function until the first full interest
period is reached, since the exponential function has a flatter slope at
the beginning. They intersect at r =1 period (here t =1 year). From this
point on, the exponential interest rate generates a higher return than
the linear interest rate.

n=mn;+ny with

n total period in years with annual interest periods

n period of a first partial period within the entire interest period n,
measured in complete (full) years

ny period of a second partial period (remaining period) within the
entire interest period n, which corresponds to the remaining
(less than one year) period (n —ny)

Example:

Final Capital Cy = $5,000;
interest rate in percentage = 3.9% p.a.;

from 12.02.2003 to 20.08.2010

February in the years 2004 and 2008 includes
29 days.



148 7 Financial Mathematics

a) 30E/360 ISDA (German interest rate method)

The German interest method stipulates that each month is calculated
with 30 interest days and a full year with 360 interest days. This means
that months that lie entirely between the starting and the ending date
of the interest payment period are each counted as 30 days, regardless
of the actual number of days they have. If a month has 31 days, the
315t calender day is not an interest day. If the start or the end of the
period falls on the 315t of a month, it is treated as the 30™ calender day.
If the transaction ends on the 28! of February or, in a leap year, on the
29" of February, interest is only calcualted up to this date. If, on the
other hand, the transaction goes beyond February, February is treated
like every month with 30 days. In this example the 20" of August is not
calculated, since according to the commercial interest method the last
day of savings deposits on the German capital market does not bear
interest (§§ 187, 188 BGB). The first day of investment earns interest,
the last day of investment does not.

10.01.2001 to 10.03.2001 — 21 + 30 + 9 = 60 days

28.02.2001 to0 10.03.2001 — 3 + 9 = 12 days

10.01.2001 to 28.02.2001 (not a leap year) — 21 + 27 = 48 days
10.01.2000 to 29.02.2000 (leap year) — 21 + 28 = 49 days
10.01.2000 to 01.03.2000 (leap year) — 21 + 30 = 51 days

Months are always counted as 30 days, regardless of the actual number
of days. The 315t day of a month is not taken into account. If the end or
the beginning of the interest period falls on the 315! day of a month, this
is not taken into account. The year always has 12 x 30 = 360 days.

10.01.2001 to 31.03.2001 — 21 + 30 + 29 = 80 days
31.01.2001 to 31.03.2001 — 1 + 30 + 29 = 60 days
30.01.2001 to 31.03.2001 — 1 + 30 + 29 = 60 days



7.1 Calculation of Interest 149

319

" =$5,000- ([ 1+=—-0. : .039)°.
C,=$%5, ( +360 0039) (140.039)

229
S1+22 0.
(+360 0039)

C, = $6,669.00
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Day of deposit Period n-years End of year
— End of year — Day of payout
Remaining period 1 Interest period Remaining period 2
simple interest compound computation simple interest
of interest

30']0+E 6 years = —30'7+£

360 360 years =m 360 360
NEICN _ 2

“360 “360 2
10 months + 19 days 7 months + 19 days
Feb. 12" included Aug. 20" not included

b) 30E/360 ICMA (U.S. interest rate method)

The method is similar to the German commercial interest method, as
the interest months are set at 30 days and the interest year at 360 days.
The exception is February, which is set to the exact calendar date of 28
or 29 days, provided that the start or end of the period falls on these
days. The base year, like the interest month and interest year, is set at
360 days regardless of the number of actual days. The first day of in-
vestment does not earn interest, the last day of investment does.

10.01.2001 to 10.03.2001 — 20 + 30 + 10 = 60 days

28.02.2001 (not a leap year) to 10.03.2001 — 0 + 10 = 10 days
10.01.2001 to 28.02.2001 (not a leap year) — 20 + 28 = 48 days
10.01.2000 to 29.02.2000 (leap year) — 20 + 29 = 49 days
10.01.2000 to 01.03.2000 — 20 + 30 + 1 = 51 days

The 318! calendar day of the month counts, provided that the investment
ends on this day and the interest period does not begin on the 30" or
318t of another month.
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10.01.2001 to 31.03.2001 — 20 + 30 + 31 = 81 days
31.01.2001 to 31.03.2001 — 0 + 30 + 30 = 60 days
30.01.2001 to 31.03.2001 — 0 + 30 + 30 = 60 days

318

= . . . 6.
C, = $5,000 (1+ 360 0.039> (140.039)

230
. (1 + 360 -0.039)

C, = $6,669.01
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Day of deposit
— End of year

Period n-years

End of year
— Day of payout

Remaining period 1

simple interest

Interest period

Remaining period 2

compound computation

simple interest

of interest
30-10 18 6 vears — 1 307 20
360 360 years =m 360 | 360
_ 318 _ 230
T30 M T 360 2

10 months + 18 days

Feb. 12t not included

7 months + 20 days

Aug. 20" included

With all ACT methods, the interest days are determined exactly to the
calendar. Consequently, individual months are calculated with 30 or 31
interest days, or February with 28 or 29 interest days, depending on
their actual number of days. Depending on the type of investment, inter-
est is calculated either on the first or the last day of investment.

c¢) Actual/360 (Euro interest rate method)

Under the Actual/360 method, the interest days are divided by 360 to
determine the proportion of the nominal annual interest rate. This re-
sults in 365 interest days for a full year or 366 interest days in a leap
year. In the Euro interest rate method, interest is paid on the first day of
investment; no interest is paid on the last day of investment.
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2 4
C, = $5,000- (l—i- 23 -0.039) . (1—1—ﬁ -0.039) .

360 360

366 2 231
: (1 + 360 -0.039) - (1 +30 -0.039)

C, = $6,695.50
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Day of deposit
— End of year

Period n-years

End of year
— Day of payout

Remaining period 1

simple interest

Interest period

Remaining period 2

compound computation
of interest

simple interest

17 4-30 6-31

360 ' 360 | 360
_ 323 _
T30 M

10 months + 17 days

Feb. 12t included

4 years with 365
days per year = nj;

2 years with 366
days per year = ny

28 2.30 4-31

360 ' 360 360
19231
360 360 2

7 months + 19 days

Aug. 8" not included

d) Actual/360 (French interest rate method)

The only difference between the French interest rate method compared
to the Euro interest rate method is that the first day of investment does
not earn interest, but the last day of investment does.

At 365 \7
366 \° Aty
. i) 14+ ==
(1+360 ’> <+360 ’)

For explanation of parameters see c).
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22 4
C, = $5,000- <1+3 -0.039) : (1+365 -o.o39> :

{

360

360

C, = $6,695.51

360

366 2 232
1+22.0.039) -(1+222.0.039

Day of deposit
— End of year

Period n-years

End of year
— Day of payout

Remaining period 1

simple interest

Interest period

Remaining period 2

compound computation
of interest

simple interest

16 4.30 6-31

360 ' 360 @ 360
_ 322
T30 ™

10 months + 16 days

Feb. 12t not included

4 years with 365
days per year = nyj

2 years with 366
days per year = ny

28 2:30 4-31

360 360 ' 360
20 232
360 360 2

7 months + 20 days

Aug. 20" included

e) Actual/365 Fixed (English interest rate method)

This method involves dividing the interest days by 365 to determine the
share of the nominal annual interest rate. This is the only difference
from the Actual/360 method. No interest is calculated for the first day of
investment while it is calculated for the last day of investment.
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At 365 \"
366\ Aty
For explanation of parameters see c).
322 365 4
= . —-0.039)-(14+=—=-0.03 .
C, = $5,000 (1+365 ) ( + 36 9)
366 2 232
. — 0. . —-0.039
(1+365 0039> <1+365 )
C, = $6,669.26
Day of deposit Period n-years End of year

— End of year

— Day of payout

Remaining period 1

simple interest

Interest period

Remaining period 2

compound computation
of interest

simple interest

16 4-30 6-31
365 365 365
322

= gz =M

365

10 months + 16 days

Feb. 12" not included

4 years with 365
days per year = nyj

2 years with 366
days per year = ny

28 2-30 4-31

365 ' 365 | 365
20 232
365 365 2

7 months + 20 days

Aug. 20" included
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f) Actual/Actual ICMA

The day-specific interest method provides that both the number of inter-
est days and the length of the base year are always determined to the
calendar. This results in 365 interest days for a full year or 366 interest
days for a leap year.

322 365 4
C, = $5,000- (1+ %5 -0.039) : (1+% '0.039) -

366 2 232
: (1 +3eg -0.039) : (1 + 35 -0.039>

C, = $6,667.89
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Day of deposit
— End of year

Period n-years

End of year
— Day of payout

Remaining period 1

simple interest

Interest period

Remaining period 2

compound computation
of interest

simple interest

16 430 6-31
365 365 365
322

2%2”21

10 months + 16 days

Feb. 12t not included

4 years with 365
days per year = nj;

2 years with 366
days per year = ny

2-30 4-31

365 ' 365 @ 365
232

20 232
365 365 7

28

7 months + 20 days

Aug. 20" included

7.1.3 Interest During the Period

(Sub-annual) parts of a year, usually a calendar year, are defined
as interest period(s) (semi-annual, quarterly, monthly or daily interest

rates).
m is the number of sub-annual interest periods per year
J is the relative periodic interest rate linearly distributed
over the respective equally long interest periods during
the year m
. i
j==
m

Interest during the year is calculated in the same way as the annual

interest rate.
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7.1.3.1 Simple Interest Calculation (linear)

Final Capital Ch=Cyp-(14n-i)=Cop-(14+N-j)

C, G,

Initial Capital Cy = =
i T I¥ni 1+N-j

1 G
Interest Rate j= N (” — 1)

Co
Period N = 1 <C"— 1)
J \Go

Example: Cy = $3,000; interest rate in percentage= 7 (i = 0.07);

N1 = 5 quarters; N, = 0.3 quarters

=175%

7
1=

Css = $3,000- (1+5.3-0.0175) = $3,278.25
with j = 1.75%

7.1.3.2 Simple Interest Using the Nominal Annual Interest Rate

Nominal Interest Cy-(1+n-i)=Cp-(1+N-j) with N=m-n
Rate Co-(14n-i) = Co-(1+m-n-j)

Final Capital Ch=Co-(1+n-i
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C
Initial ital Cy = u
tial Capita 0= T
. 1 C
Relative Interest j= —- (” - 1>
Rate m-n \Co
1 n
Period n=—- <C — 1>
i 0
Example: Co = $2,000; j = 1.25%; n = 3.5;

m = 4, i.e. quarterly interest

Nominal Interest i=4-0.0125 = 0.05
Rate
Final Capital Css = $2,000-(1+3.5-0.05) = $2,350

7.1.3.3 Compound Interest (exponential)

Final Capital C,=Co-(1+))"
Initial Capital Co=Cp-(1+))"
. /G
Interest Rate j=1/=-1
Co

Period n=
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Example: C, = $20,000;
interest rate in percentage= 7 (i = 0.07);

m = 2, i.e. semi-annual interest

. e 7
Relative Periodic Jj= 7= 3.5%
Interest Rate
Initial Capital Co = $20,000- (1+0.035)"15° = $11,734.23 with

a relative periodic interest rate of j = 3.5%

7.1.3.4 Interest with Compound Interest Using a Conforming
Annual Interest Rate

A so-called conforming (periodic) interest rate iconrorm (hereinafter re-
ferred to as i.,,) leads by definition to the same result as the annual
interest rate i for m interest periods of less than one year.

Conforming Co-(1+icon)" = Co-(1+ )N with N=m-n
Periodic Interest

Rate
Co- (1 + ic(,,l)n =Cp- (1 +j)m'n

icon = (1 +j)m -1

Final Capital Co = Co- (1 +icon)"

Initial Capital Co=Cn-(1+icon)™"
. wn] G

Interest Rate Jj= ——1

Co
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()

In E

Period _ _ \*0/

erio n= i)

Example: Co =9%$4,000; j =05%;, m=4;,n=06.5
Conforming icon = (140.005)* — 1 = 0.02015050063 ~ 2 %
Periodic Interest

Rate

Final Capital Co-(1+icon)" = Co- (14 j)™"

$4,000- (14 0.02015050063)%> = $4,553.84
$4,000- (140.005)*6 = $4,553.84

The present example demonstrates that a so-called conforming
(periodic) interest rate i.,, for m interest rates during the year leads
by definition to the same result as the (sub-)annual interest rate ;.

7.1.3.5 Mixed Interest

Final Capital Co=Co-(1+ )" -(14+nz2-j) with  n; = int(n)

np —=n—nj

int(...) represents the integer function
commonly used by pocket calculators.

This means that n; is the largest number

to which n; < n applies. Consequently, n; is
limited to the interval from 0 to 1, n, € [0, 1].1

' Cf. Kruschwitz, L. (2018): Finanzmathematik, 6 edition, p. 6.
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Initial Capital

Interest Rate

Period

Example:

G

C =
Tty (T ))

Calculation of the zeros of the function

f(D) = =Ci+Co-(14))" - (1+4n2- )

+1 ( C, 1)
n=m+-\ ——F7——
G- (T j)m

(")
\"a)

with ny = int
L M )

Co = $10,000

interest rate in percentage = 5% p.a.
n; = 12 half-years; n, = 3 months = 0.5 half-years
0.05

C, = $10,000- (140.025)'%-(140.5-0.025)

C, = $13,616.99

7.1.3.6 Steady Interest Rate

The steady interest rate is a special form of interest during the year, in
which the number of interest periods m is infinite or converges towards
infinity. The duration of an interest period is approaching zero.

Interest income is generated in infinitesimally short periods and accu-
mulated to the (respective previous) capital. Capital and interest income
are then (immediately) paid interest again (compound interest). Conse-
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quently, for a given nominal interest rate, the return of interest is higher
with a steady interest rate than with a discrete interest rate (annual,
semi-annual, etc.).

e Euler's number (2.71828...)
n Number (period) of interest in years
i Interest rate p.a.

. m-n
Final Capital Cy = lim [CO. (1 + ’7’1) }
m 00

=Cy-e™"

Initial Capital Co=C,-e "

In(C,) —In(Cp)
In(C,) —In(Cp)

Interest Rate i=

Period n=

Example: Cy = $1,000
interest rate in percentage = 3.3% p.a.

n = 5.75 years

Note: In this example, a so-called conforming (periodic)
interest rate i.,, was used. This by definition leads to the
same result as the (sub-)annual interest rate j. Both inter-
est rates were used as an example for semi-annual interest
rates.
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« with semi-annual interest rates

using the
(sub-)annual interest rate:

0.033
j= =5~ =00165

Cs75 = $1,000- (1 +0.0165)%732 ~ $1,207.08

using the
conforming interest rate:

0.033
icon = (1 + 2) —1=0.033272

Cs75$ = 1,000 (1+0.033272)>75 ~ $1,207.08

This example once again demonstrates that a so-called
conforming (periodic) interest rate i.,, with m sub-annual
interest rates by definition leads to the same result as the
(sub-)annual interest rate ;.
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+ with quarterly interest rates

0.033\*
foon = <1+4) —1~0.033411

Cs75 = $1,000- (1+0.033411)>7 ~ $1,208.01

+ with monthly interest rates

12
fon = (1+0'?233) —120.033504

Cs75 = $1,000- (1+0.033504)>7° ~ $1,208.63

+ with daily interest rates

a) Actual/360

0.033Y*%
icon == (1 + 360) —1~0.033549

Cs75 = $1,000- (1 +0.033549)>7 ~ $1,208.94
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b) Actual/365, Actual/Actual

0.033 3%
icgn = <1 + 365) —1=0.033549

Cs75 = $1,000- (1+0.033549)%7 ~ $1,208.94

¢) Actual/Actual (in case of a leap year)

0.033)*°
icon = <1 + 366) —1 =10.033549

Cs75 = $1,000- (1+0.033549)°>7 ~ $1,208.94

+ with steady interest rates

Cs75 = $1,000- 0033575 ~ §1,208.95

The present example demonstrates that the daily interest rate comes
very close to the steady interest rate in the result (capital end value
after 5.75 years Cs75), which is justified by the relatively short period
of 5.75 years. On the other hand, the other periodic differences shown
here are also significant, even for this short period.
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7.2 Annual Percentage Rate

The annual percentage rate (APR) allows several credit offers with the
same fixed interest periods to be compared. When calculating the ef-
fective annual interest rate, fees such as processing fees and discounts
are included in addition to the nominal annual interest rate. Sometimes
the APR corresponds to the nominal APR, the simple-interest rate for a
year, and sometimes to the effective APR, the fee and compound inter-
est rate calculated across a year.?

Effective Annual Percentage Rate

There is no exact legal definition of the effective APR. It depends on
the type of fees inlcuded. The calculation of the APR can also be differ-
entiated into at least three ways depending on if fees are added to the
entire amount or treated as a short-term loan due in the first payment:

+ Calculating the interest rate for each year without considering fees
Example: loan: $200; interest rate: 6 % p.a.; unique fee: $20
1.06'2 = 2.0122 ~ 100 % increase

» The origination fees are added on to the balance due; the total
amount is treated as the basis for calculating compound interest

Example: loan: $200; interest rate: 6 % p.a.; unique fee: $20

$20
— = 0.1 0.140.06 = 0.16
$200 *

1.16'2 = 5.9360 ~ 500 % increase

» The origination fees are amortisation as a short-term loan. This loan
becomes due with the first payment(s), and the unpaid balance

2 Cf. Wikimedia Foundation Inc. (Ed.) (2020):
https://en.wikipedia.org/wiki/Annual_percentage_rate#cite_note-9, accessed
9 December 2022.
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is amortised as a second long-term loan.The additional first pay-
ment(s) is intended mainly to pay the commitment fees and interest
charges for that portion.3

United States

In the U.S., the calculation of APR is directed by the Truth in Lend-
ing Act, which is implemented by the Consumer Financial Protection
Bureau (CFPB).* APR is expressed as a periodic interest rate times
number of compounding periods during a year (e.g. semi-annual, quar-
terly, monthly, daily), which is also called the nominal interest rate.® The
APR must include certain non-interest charges and fees. It has to be
disclosed to the borrower within three days of applying for a mortgage.
In the U.S. a distinction is made between a “close-ended credit” and an
“open-ended credit”.

Close-ended Credit

In the U.S., a close-ended credit is a type of credit where the funds
are distributed in full when the loan is terminated and the loan ends.
It must be paid back by a specific date, including interest and finance
charges. The loan may require the full payment of principal at maturity,
or it may require regular principal and interest payments in defined pe-
riods. Close-ended credits are mainly used for home mortgages or auto
loans.® For a fixed-rate mortgage, the APR is equal to the internal rate
of return, if prepayment and default would be zero.

3 Cf. Wikimedia Foundation Inc. (Ed.) (2020):
https://en.wikipedia.org/wiki/Annual_percentage_rate#cite_note-9, accessed
9 December 2022.

4 Cf. Wikimedia Foundation Inc. (Ed.) (2020):
https://en.wikipedia.org/wiki/Annual_percentage_rate#cite_note-9, accessed
9 December 2022.

5 Cf. Tucker, W.R. (2000): Effective Interest Rate (EIR).

In: Bankakademie Micro Banking Competence Center (Ed.):
https://web.archive.org/web/20051103034219/http:
//www.uncdf.org/mfdl/readings/EIR_Tucker.pdf, accessed 13 October 2020.
6 Cf. Federal Deposit Insurance Corporation (Ed.) (2014):
https://www.fdic.gov/regulations/laws/rules/6500-3550.html, accessed 9 December
2022.


https://en.wikipedia.org/wiki/Annual_percentage_rate#cite_note-9
https://en.wikipedia.org/wiki/Annual_percentage_rate#cite_note-9
https://web.archive.org/web/20051103034219/
http://www.uncdf.org/mfdl/readings/EIR_Tucker.pdf
https://www.fdic.gov/regulations/laws/rules/6500-3550.html
http://www.uncdf.org/mfdl/readings/EIR_Tucker.pdf
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For an adjustable-rate mortgage the APR will also depend on the
prospective trajectory of the index rate.”

Open-ended Credit

In the U.S., open-ended credit is a preapproved loan between a finan-
cial institution and a borrower that may be used up to a certain limit
and can subsequently be paid back.2 The preapproved amount will be
defined in a formal agreement between the lender and the borrower.?
Open-ended credits are mainly used for credit cards, home equity loans
or other lines of credit.'®

European Union

In the EU a single method of calculating the APR was introduced in
1998 (directive 98/7/EC), whose publication is needed for the major part
of loans. Given the enhanced notation of directive 2008/48/EC, the ba-
sic equation for the calculation of APR in the EU is:

M  total number of drawdowns paid by the lender
total number of repayments paid by the borrower

=

i sequence number of a drawdown paid by the lender
J sequence number of a repayment paid by the borrower

7 Cf. Tucker, W.R. (2000): Effective Interest Rate (EIR).

In: Bankakademie Micro Banking Competence Center (Ed.):
https://web.archive.org/web/20051103034219/http:
//www.uncdf.org/mfdl/readings/EIR_Tucker.pdf, accessed 13 October 2020.

8 Cf. Federal Deposit Insurance Corporation (Ed.) (2009):
https://www.fdic.gov/regulations/laws/rules/6500-1650.html#6500226.14, accessed
9 December 2022.

9 Cf. Twin, A. (2019): Open-End Credit. In: Investopedia (Ed.):
https://www.investopedia.com/terms/o/openendcredit.asp, accessed 9 December 2022.
10 Cf. Wikimedia Foundation Inc. (Ed.) (2020):
https://en.wikipedia.org/wiki/Annual_percentage_rate#cite_note-9, accessed

9 December 2022.


https://web.archive.org/web/20051103034219/
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C;  cash flow amount for drawdown number i
D; cash flow amount for repayment number ;j

t interval, expressed in years and fractions of a year, between the
date of the first drawdown and the date of drawdown i

s;  interval, expressed in years and fractions of a year, between the
date of the first drawdown and the date of repayment j

- The EU formula makes use of the natural convention that all time
intervals in #; and s; are measured relative to the date of the first
drawdown, hence #; = 0. However, any other date could be used
without affecting the calculated APR, as long as it is used consis-
tently.

- The left side of this equation represents the present value of the
drawdowns made by the lender and the right side shows the present
value of the repayments made by the borrower.

- Neither the amounts nor the periods between transactions are nec-
essarily equal. For the purpose of this computation it is assumed
that a year has 365 days (366 days in a leap year), 52 weeks or 12
equal months.

- The result must be given with at least one decimal place.

Examples:

Example 1: different repayment amounts

Amount borrowed: $1,000

Repayment: after 3 months: $274
after 6 months: $274
after 12 months: $548

274 274 $548
b T -

3 © 5
I+ (+45)"  (1+55)]

$1,000 =

| APR _
00 ¢
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$274 $274  $548
+ -

$1,000 = :

614 q2 q
using numerical solution methods results in:

q~1.1442283

iofr = q— 17~ 1.1442283 — 1 ~0.1442283 ~ 14.42%

Example 2: Discount and interest payments during the year

Amount borrowed: $5,000 (finally due)

Discount: 10 %

n = 15 months

APR = 7.5 % (interest payments at the end and in the middle
of each calendar year)

Interest payments: after 3 months (31.12.): $93.75
after 9 months (01.07.): $187.50
after 15 months (31.12.): $187.50

$93.75 n $187.50 n $187.50+$5 000

$4,500 = APR\ 3 APR\ 2 APR
(I+950)7  (1+56)17 (1+100)
1 APR
00 ¢
93.75 187.50 5,187.50
$4,500 = 3 + 5 + 55,

3 5
q4 q*

=

q

using numerical solution methods results in:
g~ 1.1742722

leff = q—1~=1.1742722 -1~ 0.1742722 =~ 17.43 %
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7.3 Depreciation

Impairments are recognized in the accounts through depreciation over
their economic life. This concerns fixed and current assets. A distinction
is made between time depreciation and performance depreciation.

7.3.1 Time Depreciation

The acquisition costs or production costs are distributed among the
years of the economic life.

7.3.1.1 Linear Depreciation

A original cost or par

n economic life in years

Ox amount of depreciation, by which the book value is reduced
in the k™" year

Ry book value after k years (with k = 1,2,3,...,n)
Ry =A—-Y O

R, residual value (salvage value, old value, scrap value) at the

end of the economic life
i depreciation rate

With linear depreciation, the difference between acquisition or produc-
tion costs and the residual value at the end of the economic life is dis-
tributed evenly over the periods of use. It is assumed that the value is
consumed evenly over the useful life.

A—R,
n

The following applies: Q1 =0 =..=0, =
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Example: A company acquires a vehicle with a value of $90,000,
assuming an economic life of 9 years. It is also
assumed that the vehicle can be sold for $9,000 at
the end of its useful life. The company opts for linear
depreciation.

A = $90,000; R, = $9,000; n=9

amount of depreciation:

0, _ $90,00059,000

| 5 = $9,000

depreciation rate:

$9,000

- 100% = 11.11
1= $90.000—$9,000 |00% %

7.3.1.2 Arithmetic-Degressive Depreciation

With arithmetic-degressive depreciation, the annual depreciation
amounts are reduced by a constant amount d. Thus, the first years are
more heavily burdened than the later ones. This results in an assump-
tion of decreasing depreciation over the economic life.

d degressive amount

N total of the years’ numbers of the economic life

T remaining useful life at the beginning of the year after k years
. original cost — residual value

Degressive d= 9

Amount total of the years’ numbers
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Amount of

A—R,
ord= —M———
14243+...4+n
A—R,
2
2-(A—
or d = (A—Rn)
n-(n+1)
A—R
or d= n
Or=4d- Ty

Depreciation

Example:

A company acquires a vehicle with a value of $90,000,
assuming an economic life of 9 years. It is also
assumed that the vehicle can be sold for $9,000

at the end of its useful life. It is assumed that the
depreciation will decrease by a constant amount.

A =$90,000; R, = $9,000; n=9

~$90,000 — $9,000
T 14243444+...49

= $1,800

0; = $1,800-9 = $16,200
0, = $1,800-8 = $14,400

03 = $1,800-7 = $12,600

Q9 = $1,800-1 = $1,800

175
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The example illustrates that the degressive amount of $1,800 corre-
sponds to the amount of depreciation in the last year of the economic
life.

7.3.1.3 Geometric-Degressive Depreciation

With geometric-degressive depreciation, the annual amounts of depre-
ciation are reduced by the depreciation rate.

Determination of the book values R, and the residual value R,

Beginning of the 15 year A

End of the 15! year Rl =A—-A-i=A-(1-i)
End of the 2" year Ry=Ri—Ri-i=R;-(1—-i)=A-(1—i)?
End of the 3 year Ry=Ry—Ry-i=Ry-(1—-i)=A-(1—i)}
End of the n'" year Ry=R, 1—R, 1-i=R, 1-(1—1i)

R, =A-(1—i)"

Determination of the amounts of depreciation Q;

End of the 15t year 0 =A-i
End of the 2" year O =Ri-i=A-(1-i)-i
End of the 3" year Q3 =Ry-i=A-(1-i)2-i

End of the n'" year Op =Ry 1-i=A (1—i 1.
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Determination of the depreciation rate | = P

100

The depreciation rate i is determined by the ratio of the target residual
value R, to the original value A.

p n
R, =A (k—) A
100 |
R, P \"
R ) v
n Rn _ p
o o =1- |—1; -(~100)

Example: A company acquires a vehicle with a value of $90,000,
assuming an economic life of 9 years. It is also
assumed that the vehicle can be sold for $9,000 at the
end of its useful life. The amount of depreciation shall
decrease annually by a constant depreciation rate.

A = $90,000; R, = $9,000; n=9

./ $9,000
$90,000

p:lOO-<l— >z22.57%

01 = $90,000.00-0.2257 = $20,313.00
R1 = $90,000.00 — 20,313.00 = $69,687.00
0> = $69,687.00-0.2257 = $15,728.36

Ry = $69,687.00 — $15,728.36 = $53,958.64
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k Orin$ Ry in$

1 20,313.00 69,687.00
2 15,728.36 53,958.64
3 12,178.47 41,780.17
4 9,427.78 32,352.39
5 7,301.93 25,050.46
6 5,653.89 19,396.57
7 4,377.81 15,018.76
8 3,389.73 11,629.03
9 2,624.67 9,004.36

Note: Differences are due to rounding errors.

7.3.2 Units of Production Depreciation

In accordance with the changing use of the assets, depreciation is made
according to the intensity of use. The amount of depreciation for a
period depends on the performance consumed in that period. There-
fore, there can usually be no uniform trend for the course of the annual
amounts of depreciation or a constant rate of depreciation.

Py total performance of the asset

Pp, performance consumed during the period

Example: A company acquires a vehicle worth $90,000,
assuming a total performance of 300,000 miles. In the
first year, the vehicle covers 50,000 miles. It should be
depreciated according to consumption.

A = $90,000; P, = 300,000 miles; Pp; = 50,000 miles
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50,000
~ 300,000

k -$90,000 = $15,000

7.3.3 Extraordinary Depreciation

In addition to the previously explained scheduled depreciation methods
which record a permanent decline in value, extraordinary depreciation
can also be applied. Unscheduled or extraordinary depreciation records
impairment losses that are not caused by the planned, assumed use.
This is the case, for example, in the event of extraordinary technologi-
cal progress or in the event of unforeseeable, i.e. unplanned damage to
property.

Example: A company acquires a vehicle valued at $90,000. After
the first two years of depreciation, the vehicle has a
book value of $72,000. In the third year, the vehicle is
involved in an accident and is severely damaged.
Despite repairs, the vehicle has lost value as a car that
was involved in an accident. An appraiser certifies a
current value of $40,000.

The regular depreciation is based on an economic life

of 9 years and a selling price of $9,000 at the end of
the useful life.

Regular amount of depreciation:

~$90,000 — $9,000

01 9

= $9,000

Extraordinary amount of depreciation:

$72,000 — $40,000 = $32,000
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Instead of the scheduled depreciation amount of
$9,000, a depreciation amount of $32,000 is applied in
the third year of the useful life. This means that the
vehicle is in the books of the company with a current
(book) value of $40,000.

7.4 Annuity Calculation
7.4.1 Fundamental Terms

An annuity r is a recurring payment made or received at regular inter

vals. The payments can be either deposits or disbursements.

Present Value of Annuity Ry

Amount of Annuity R,

Annuity r
Interest Factor ¢

Accumulation Factor

Discount Factor

Total value of an annuity at the be-
ginning of the payment period

Total value of an annuity after n
years

Regularly paid instalment

Annual interest factor g = 1+
Accumulates interest on a monetary
amount exponentially (with interest

and compound interest) over n pe-
riods.

q' = (1+0)"
Discounts a monetary amount ex-

ponentially (with interest and com-
pound interest) over n periods.
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Annuity Present Value Factor

Final Annuity Value Factor

g = (40"

-1 (14i)"—1

q"-(qfl) (1+i)"-i

With the aid of the annuity present
value factor, the present value of
annuities of uniform (annuity) pay-
ments can be determined.

(a) (annually) in arrears:
q"—1 q9"—1

Ry=r- =r- -
q"(g—1) q-i

(b) (annually) in advance:

. 1171 . nil
Ry =, L= _ a(g"—1)

q"-(qg—1) q-i

" —1  (1+i)"—1
g—1 i

With the aid of the final annuity value
factor, the amount of annuity of uni-
form (annuity) payments can be de-
termined.

(a) (annually) in arrears:

q' -1 q' -1
. =7r-

R, = =
nm i

(b) (annually) in advance:

N (g =1
R —, W=D _ alg-1)
qg—1 i
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Annuity Factor The annuity factor distributes a fixed
amount of money at equal annu-
ities A, taking into account interest
and compound interest, over n pe-
riods. The annuity factor therefore
corresponds to the reciprocal of the
present value factor.

(a) (annually) in arrears

q"-(g—1) q"-i

A c = =
arrears qn _ .l qn _ 1

(b) (annually) in advance

n
-l
Aadvance = m

Example:

Mrs. Penny will inherit $1,000,000 on January 15t, 2010. She would like
to consume this amount in equal parts every year for the next 15 years.
In doing so, she calculates with a calculation interest rate (average inter-
est rate during these 15 years) of 2.5 % p.a. Mrs. Penny would like to
have the yearly annuity paid out at the beginning of each (calendar)
year.

This annual, in advance annuity factor is calculated as follows

q"-i (1.025)'5.0.025
Addvance = = ~0.078797
advance = (g —1)  (1.025)- (1.02515 —1)

= R4 ~ $78,797

Mrs. Penny has around $78,797 available at the beginning of each
(calendar) year for 15 years, if she would like to consume the sum of
$1,000,000 as planned at a calculation interest rate of 2.5 % p.a.
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Overview:
finite annuity perpetuity
fixed variable
annuity annuity
annual sub-annual irregular regular
annuity annuity annuity annuity
| :
| b | | | sub-annual arithmetic geometric
»al:nuat su. -annua Aa:nuat - torest progressive progressive
interes interest interes annuity annuity
in arrears/ | in arrears/ |in arrears/ my =m,
in advance | in advance |in advance | ™r # My

7.4.2 Finite, Regular Annuity

7.4.2.1 Annual Annuity with Annual Interest

Annuity and interest periods are exactly one year.

(a) Annuity in arrears: Payment due at the end of the year

Amount of

Annuity

R1:r1

Ry=nrn+Ri-qg=nrn-+r-q

Rys=ri+Ry-q=rs+r-q+r-¢
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Present Value of
Annuity

Annuity (R, given)

Annuity (R, given)

Interest Rate
(R, given)

Ry, = ry+ry— '61+Vn—2'6]2+~~+"2'4"724"’1'61"7]

Ri=r-(1+4¢"+@+..+¢" "

"1 " —1
anr-q :r-q -
qg—1 i

N——
final annuity value factor

G :CO'(]" = Ry :RO'qn

R qn_] qn_l
Ozr. =r- "
q"-(g—1) q"-i
———
annuity present value factor
qg—1 i
=R .- —1 R .
N ) R
(g—1)-q" iq"
r=R0~ P —Ro-qn 1
"—1]
R,=r q

Calculation of the zeros of the function

f) = Ry L)L

. n—liqn+1

Newton’s method of approximation

f i)
f'(ik)

eyl = g —
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Interest Rate Ry=r- T
(Ro given) q"-(q—1)

Calculation of the zeros of the function

. (14" -1
— _R Sl
S0 N T
” gtn-i—g""!
f (l) =r iz,qn+l

Newton’s tangent method

Ikl = Ik — S (i)
(k)
. . q' —1 )
Period (R, given) R, =r-— iy 7 +1
l
R
q =14 |In(...)
r
R
In (1 41 ")
n = r
In(q)

Period (Ry given) Ry =r-

(b) Annuity in advance: Payment due at the beginning of the year

Amount of Ri=rq
Annuity
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Present Value
of Annuity

Annuity (R, given)

Annuity (R, given)

Interest Rate
(R, given)

Interest Rate
(Ro given)

Ry=ri-g+Ri-g=ri-q +r-¢
Ry=rr-q+Ro-q=r2-q' +ri-¢+r0-q
Ry=rpn1-q"+m—=2-¢+..4r-¢" >+r ¢!
+ro-q"

Ry=r(¢d"+¢+...+4"

Ry=r-q-(1+¢" +¢’+..+4"")

ﬂ_l n_l
Rn:r-q- =r- q
1 i
n
(g"—1
R :r~q (q - )
l'q
g—1 Ry-i
r=R,: =
g (g"=1)  q-(¢"—1)
(¢g—1)-¢" i-q"
I’*R(y =Ry
q-(q"—1) q-(¢"—1)
. 1+ — (14
76 = Ry 4 r LD
. i'(n+1)-q’1—q’1+1_|_1
fli@)y=r- P

(1) — (1+i)

f(i)=—Ro+r- T
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In (q + d >
Period (R, given) n=-——" 7/ |

( l R())
In(g— "2
Period (R, given) n=1-—" 7

7.4.2.2 Annual Annuity with Sub-Annual Interest

The annuity periods cover one year (m, = 1), however there are multiple
interest periods per year (m; > 1).

Nominal, relative and conforming interest rate

. my
Conforming discrete " = (1+,)™—1= <1+ : ) -1
Interest Rate e

Z

steady i*=¢—1

3|~
|
—_

Relative Interest Rate j = (1+i")™

(a) Annuity in arrears:

Amount of Annuity R,

Present Value of Ry=r- RGN
Annuity = (1+17)
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l’*

Annuity (R, given) r=Ry,- 1riy—1
=Ry, p
Annuity (R, given) r (i1

(1+)"—1

Interest Rate (R, given) f(i*) = —R,+r- m

Fon-(14)" = (14" +1

f (i ) =r (i*)2
. G '(1+i*)"—1
Interest Rate (Ry given) f(i") = —Ro+r T FYaD

(1+i*) +n-i* — (14!
(i*)Z . (1 +i*)"+1

R
ln(l-i—ln)
N r 7

@) =r

Period (R, given) n= (1)

. . i*-Ry, 1
Period (R, given) n= ln( . + 1) . n(a)
Example:

An annuity of $700 payable annually in arrears is paid over a period of
eight years. The interest rate is 1.25 % per quarter. What is the present
value?

i* = (140.0125)*—1 = (1+0'405> —1~0.05095

(1+40.05095)8 — 1

Ro = $700-
0= $700- 555005 (140.05095)8

= $4,506.93

The present value is $4,506.93.
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(b) Annuity in advance:

(1) — (1 +%)

l‘*

Amount of R,=r-
Annuity

(14" —1

Present Valueof Ry=r- —————
O iy

Annuity

l'*

(I i)t = (140)

i (14!

Annuity (R, given) r =R, -

Annuity (R, given) r = Ry

(I+i)n—1
1 s\n+1 1 =%
Interest Rate S —Rn+r-( ) " U+e)
(R, given) :
Py o (D) (LY i — (L) (1)
[ =r @)
Interest Rate f(i*) = —Ro+r- %
(Ro given) - (1+17)
- n-if—(1+i)—i*-(n—1)
f/(l ) =r (l*)Z
In ((1+i*)+l.R")
Period (R, given) n = : —1

In(1+4*)

In ((1+i*)—i*'rR°)

Period (Ry given) n=1-— In(77)
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Example:

An annual annuity of $700 payable in advance is paid over a period of
eight years. The interest rate is 1.25 % per half year. What is the amount
of annuity?

025\?2
i* = (1+0.0125)2— 1 = (1 +02) —1~0.02516

(140.02516)8F! — (1+0.02516)

Ry = $700- 0.02516

= $4,585.76

The amount of annuity after eight years is $4,585.76.

7.4.2.3 Sub-Annual Annuity with Annual Interest

Annuities are paid in sub-annual annuity periods (semi-annual m, = 2,
quarterly m, = 4, monthly m, = 12), the interest periods cover one year.

T is equivalent to the amount of the regular
annuity payments

(a) Integer periods

Annuity payment in arrears

T —r. (m,+i- [0+1+2+...+(m,—1)D
m,

(my—1)-m,

With 0+ 1424... 4 (m,—1) = 5

o 25
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T—r~<m,+;~(mrl))

; n_q
Amount of R,,:r-(m,—i—l-(m,—l))-q
Annuity

Present Value Ry=r- <m,+ L (m, — 1)) . ‘1_ —1
of Annuity

Annuity payment in advance

r

T=r- (mr—|—l- {1+2+3—|—...—|—m,})

(my+1)-m,
2

e (e L[]

with 1 +2+4+3+...4+m, =

Amount of Rn:r-<m,+;-(mr+l)>-
Annuity

T

. "
Present Value Ry =r- <m,+ % - (m, + 1)) . q.
of Annuity
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Example:

Mrs. Penny inherits a monetary amount, which she invests at an interest
rate of 4% p.a. She would like to be paid a constant monthly amount of
$1,400 in advance for ten years, so that the money is used up at the
end of the period. How much money did she inherit?

10
. 0410 1
0.04 > 104 = $139,215.42

Ro $1’4OO( (1240 )G oa T 0am0

The amount of money that Mrs. Penny inherited is $139,215.42.

(b) Non-integer periods

n= E NezZ
my
Ny =n1-m, ny = int(n)
and with
N> =ny-m, n, =n—ny

Annuity payment in arrears

Amount of Annuity
R,=r- [(mr—l—é-(m,— 1)) A (b -i) + (N2+m%- (szzl)-Nz)}

Present Value of Annuity

<mr+;~(m,-1)>'qnli1 .(1+n2«i)+<r;-(]\]221)'1\/2)

g - (1+ny-i)

R()=r~
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Annuity payment in advance

Amount of Annuity

Ry=r- [(m,+§'-(m,+1)) L (i) + (N2+L. (Nz+21)-Nz)}

my

Present Value of Annuity

] mm— 1 . 1 No+1)-N
mt 2 1)) (1 i)+ 1 Mt+)-M
2 1 ny 2
R0=r~ -
g - (1+ny-i)
Example:

Mrs. Penny deposits an amount of $500 each quarter in arrears into an
account. The interest rate is 2% p.a. How much money is in the account
after 10 years and 6 months?

N, =0.5-4=2

0.02 1.0210—1
Rios = $500- (12 el 124).7
105 =39 { + 5 ( ) 0.02

#2455 2512

Rip5 = $68,005.23

-(1+0.5-0.02)

After 10 years and 6 months there are $68,005.23 in the account.
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7.4.2.4 Sub-Annual Annuity with Sub-Annual Interest

Annuity and interest periods are shorter than one year.

(a) Annuity period = interest period

Annuity payment in arrears

N _ AN N
Amount of Ry =r-1° lzr.(H'J). lzr.q . !
Annuity J J J

N—1 1+ )N -1 N1
Present Value Ry =r- Nq :r.( J”?N . <
of Annuity q"-(g—1) (T )V Jq

Annuity payment in advance

q" -1
Amount of Ry=rq —
Annuity J
N
gV -1
Present Value Ry=r- A (,q ¥ )
of Annuity J°q

. i .
with j = — sub-annual interest rate
m;

N = m,-n period of annuity in the sub-annual periods
n = number of relevant years

m, = number of sub-annual interest periods

m, = number of sub-annual annuity periods

here m, = m, , since annuity periods = interest rates
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Example 1:

Camilla saves an amount of $100 at the end of each month, which earns
interest at 1.2% p.a. per month. What is her capital after 1.5 years?

Ry= ?
, 0.012
with = $100 j=—5 =000l N=12:15=18 g= 1001
(1.001)'8 —1
= Ry = 100- ———— = $1,815.
N 0.001 $1,815.38
Example 2:

Michelle inherits $20,000, which earns interest at her commercial bank
at 3% p.a. per month. She wants to withdraw a constant amount at the
beginning of each month for two years. How much is this monthly annu-
ity payment in advance?

r= 7
(¥ =1
RO:r.q('qNN )
j-q
- N
jq
=r=Ry
q-(g"—1)

with Ry = $20,000

0.03
= 22 0.0025
D)

g = 1.0025
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N=12-2=24

0.0025 - 1.0025%

— 20,000
T 0025 (1.0025% — 1)

= $857.48

Example 3:

Steven wants to deposit an amount of $500 into his account at the be-
ginning of each month, which will earn interest at 0.25% each month.
His goal is to have $10,000 at the end of the period of this annuity. How
long does Steven have to pay in?

q-(¢" 1)
J

Ry =r (in advance)

with N=m,-n
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with Ry = $10,000
r = $500
m, = 0.0025 bzw. j = 0.0025-12 =0.03 =3% p.a.
g =1.0025 N = m,-n with m, =12
N = period in months
n = period in years
500-1.0025

- ) ~ 1.6244 Jahr
& In1.0025-12 6244 Jahre

(10,000-0.0025

N = 12-1.6244 ~ 19.4929 months

(b) Annuity period < interest period

Annuity payment in arrears

A\ N
1 H\N 1 (1 + I%) —1
Amount of RN:r-( +J,*) =r- "l
Annuity J ny
with i* = conforming interest rate
o 0
J =
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me
discrete F=0+)"-1= (1+> -1

continuous i = ¢ —1

and j = relative interest rate
. 1
j=—
mg
or Jo= gyl —1
and N=mn
Example:

Nawid deposits an amount of $300 into a savings account at the end
of each quarter, which earns interest at 0.25% per month. What is his
capital after 1.5 years?

Ry= 7

with r=$300 m, =4 m, =12 n=1.5
N=m--n=4-15=6 j=0.0025
Jo = (U i —1 =

= (1.0025)'2/* —1 = 0.007519

(1N -1

RN:r J*



7.4 Annuity Calculation

199

Re = 300-

(1.007519)% —1

0.007519

= $1,834.18

The following table illustrates the development of the capital for the ex-

ample above.
Quarter Capital at the Interest | Annuity| Capital at the end
beginning of the of the quarter
quarter
1 0.00 0.00 300 300.00
2 300.00 300.00 - 300 602.26
-0.007519
=2.26
3 602.26 602.26 - 300 906.79
-0.007519
=4.53
4 906.79 906.79 - 300 1,213.61
-0.007519
= 6.82
5 1,213.61 1,213.61 - 300 1,522.74
-0.007519
=9.13
6 1,522.74 1,522.74 -] 300 1,834.19"1
-0.007519
=11.45

™ Rounding error above 1 cent.
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(149" =1 (1+%)N—1
Present Value Ry=r- — — = —
of Annuity Jo (14 %) ﬁ.(pri)

my my

with ji=—

Example:

Eva wins an amount of money that earns interest at 0.2% per month at
her commercial bank. She wants to be paid $6,000 at the end of each
half-year for two years, so that this amount of money will be used up at
the end of the 4" semester, i.e., after two years. What is the amount of
money she has won?

Ry= ?
with »=$6,000 m, =2 m;, =12 n=2
N=m-n=22=4 j=0.002
Jr= () =1 =
= (1.002)>2—1 = 0.01206

14+ 5V -1
R():r'(. +7) N
Jo (14 j%)

4
= 6,000- (1.01206) 1 7 = $23,293.49
0.01206 - (1.01206)
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The following table illustrates the development of the capital for the ex-
ample above.

Half-year| Capital at the Interest | Annuity| Capital at the
beginning of the end of the
half-year half-year

1 23,293.49 23,293.49 - | 6,000 23,293.49
0.01206 = +280.92

280.92 —6,000.00

=17,574.41

2 17,574.41 17,574.41 -| 6,000 17,574.41
0.01206 = +211.95

=211.95 —6,000.00

= 11,786.36

3 11,786.36 11,786.36 - | 6,000 11,786.36
0.01206 = +142.14

142.14 —6,000.00

= 5,928.50

4 5,928.50 5,928.50 | 6,000 5,928.50
-0.01206 +71.50

=71.50 —6,000.00

= 0.00
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Annuity payment in advance

1 3k N_l
Amount of RN:r.(l+j*).%

Annuity

or RN:r-(1+

with JL—

Example:

At the beginning of each quarter, Paul deposits an amount of $300 into
a savings account, which earns interest at a rate of 0.25% per month.
What is his capital after 1.5 years?

Ry= 7
with r=$300 m, =4 m;, =12 n=1.5
N=m-n=4-1.5=6 j=0.0025

J = (gl -1 =
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= (1.0025)"2/* —1 = 0.007519

(1 + 9N = (1+))

Ry=r- -
]*
1.007519)%! — (1.007519
Re = 300- ( ) ( )
0.007519
= $1,847.97

= R()in arrears . 1.007519 = $1,834.18-1.007519

14 )N —1
Present Value Ry=r-(1+;%)- 4+ =1 =

” N
of Annuity Jr (14 )

(M (1457

(Y

CET RS
J

N———

i* N
or Ry=r(14+—) " =

my i*
my




204 7 Financial Mathematics

with Jj=—

Example:

Maria wins an amount of money that earns her interest at her com-
mercial bank at 0.2 % per month. She wants to be paid $6,000 at the
beginning of each half-year for two years, so this amount of money will
be used up by the beginning of the fourth semester. What is the amount
of money she has won?

Ry= ?

with »=$6,000 m, =2 m;, =12 n=2

N=m,-n=2-2=4 j=0.002

J= (14 )"/ 1 = (1.002)*2 =1 = 0.01206

1+ =1
Ry = r. (LT _

j (!

4 p—
= 6,000 (1.01206)" 1 = $23,574.41

" 0.01206 - (1.01206)°

= Rg‘ arears . 1.01206 = $23,293.49-1.01206

(c) Annuity period > interest period

Annuity payment in arrears
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. L W1
Amount of RN=r~(mr+£-(m,—1)).(+]).
Annuity J
with j = relative interest rate

. 1

J P —

m;

and N=m,n

m, = number of sub-annual interest periods =
= number of interest periods p.a.

m, = number of annuity periods per interest periods

Example:

Nawid deposits an amount of $300 into a savings account at the end
of each month, which earns interest at 0.25 % per quarter. What is his
capital after 1.5 years?

Ry= "7

with r = $300

m, = number of annuity periods per interest periods = 3

m, = number of interest periods p.a. = 4
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j = 0.0025

e () 20

0.0025 1.0025% — 1
R6:300-<3+ -(3—1))-

= $5,438.39
0.0025 55,

Alternative Calculation Using the ICMA Method

In financial practice, it may be required by law to use a specific method
for a mixed interest rate (see chapter 7.1.2.3). As an example, the ICMA
method will be followed in the following.'?

The relative interest rate j is then to be adjusted to the annuity period
as follows:

(145" = (1+j)° = 1.0025

with j* = the relative interest rate emancipated over m, -m,-n periods
= ¢* = (14 %) = 1.0025'/3 = 1.00083264
= j* = 0.00083264 = 0.83264 %, monthly

#\M ez
Ry . 4

J*
(1.00083264)% 415 — 1

Rs = 300- 0.00083264

= $5,438.39

12 For Germany according to §16 PAngV.
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J 1+ )N -1
t val Ro=r-{m~+=-(m—1)) — :
Present Value 0 (m (m )) IR

of Annuity 2

with j = relative interest rate

=
my

and N=m; n

m; = number of sub-annual interest periods =
= number of interest periods p.a.

m, = number of annuity periods per interest periods

Example:

Eva wins an amount of money that earns interest at her commercial
bank at 1.2% per half-year, i.e. per semester. She would like to be paid
out $50 at the end of each month for two years, so that this amount
of money will be used up at the end of the 4" semester, i.e., after two
years. What is the amount of money she has won?

Ry =7

with r = $50

m, = number of annuity periods per interest periods = 6
m, = number of interest periods p.a. = 2

N=m,-n=2-2=4
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with n =2

j =0.012

RO:r'(mr+J'(mr_1)>'(._H)Jv:
2 J-(1+))

0.012 1.012%4 —1
>0 (6+ 2 (6 )) 0.012-1.0124 $1,

Alternative Calculation Using the ICMA Method
Cf. chapter 7.1.2.3

The relative interest rate j is then to be adjusted to the annuity period
as follows:

(145" = (1+))® = 1.012
with j* = the relative interest rate emancipated over m, -m,-n periods
= ¢ = (14 %) = 1.012"/ = 1.001990073
= j* = 0.001990073 = 1.990073 % monthly

()"~ 1

Ry=r-

(1.001990073)%22 — 1
0.001990073 - (1.001990073)° 22

Ry = 50 =1,170.66 '3

13 The difference from the original calculation using the formula
1)> ()Y -1

is 1 cent.
J(+ N

RO:r'<mr+%'(mr_
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Annuity payment in advance

Amount of Ry=r- (m,+ % - (my+ 1)) .
Annuity

with j = relative interest rate

j=—
m;

and N=m;-n

m, = number of sub-annual interest periods =
= number of interest periods p.a.

m, = number of annuity periods per interest periods

Example:

(1+ )V -1

Paul deposits an amount of $100 into a savings account at the begin-
ning of each month, which earns interest at 0.75 % each quarter. What

is his capital after 1.5 years?

Ry =?

with r = $100

m, = number of annuity periods per interest periods = 3

m, = number of interest periods p.a. =4
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N=m;n=4-15=6
with n = 1.5
Jj = 0.0075

J

I ),(1+1)N—1

Ry=r- (m,+J~(m,+1)

— $1,843.26

0.0075 1.0075% — 1
R6:100-<3+ 5 (3 1))-

0.0075

Alternative Calculation Using the ICMA Method
Cf. chapter 7.1.2.3

The relative interest rate j is then to be adjusted to the annuity period
as follows:

(1+ )™ = (1+j)* = 1.0075
with j* = the relative interest rate emancipated over m, -m,-n periods
= ¢ = (14 %) = 1.0075'/3 = 1.002493776
= j* = 0.002493776 = 2,493776%. monthly

¢ [(g")" " 1]
j*

RN:r~
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1.002493776 [(1.002493776)* 1% — 1]

—100- = $1,843.25 1
Rs =100 0.002493776 $1,
J (1+ )V =1
Present Val Ry=r-|m+=-(m+1)) ~—2—rn
esent Value 0= <m +2 (m, + )) FRETL

of Annuity

with j = relative interest rate

Jj=—
m

and N=m, n
m, = number of sub-annual interest periods=
= number of interest periods p.a.

m, = number of annuity periods per interest periods

Example:

Maria wins an amount of money that earns her interest at her commer-
cial bank at 0.6 % quarterly. She wants to be paid $50 at the beginning
of each month for two years, so that this amount of money will be used
up at the beginning of the 24" month. What is the amount of money she
has won?

4 The difference from the original calculation using the formula

; 1+)V -1,
RN:r-<m,+%-(mr+l))-%'31 cent.



212 7 Financial Mathematics

Ry=7?

with r = $50

m, = number of annuity periods per interest periods = 3
m; = number of interest periods p.a. =4

N=m,-n=4-2=28

mit n =2
i = 0.006
j (1+)" -1
ROZV'<m +5-(m +1)>'..:
2 J- (i)Y

0.006 1.0068 — 1
=50 (34+——-(B+1) ]~ =$1,17291
( TG )) 0.006-1.006° 1"

Alternative Calculation Using the ICMA Method
Cf. chapter 7.1.2.3

The relative interest rate j is then to be adjusted to the annuity period
as follows:

(14 5™ = (1+j)* = 1.006
with j* = the relative interest rate emancipated over m, -m;-n periods
= ¢* = (1+ /%) = 1.006'/3 = 1.001996013

= j* = 0.001996013 = 1.996013 %o monthly



7.4 Annuity Calculation 213

* * mr'mz'"_l
Ro — . 4[4) B ]
]*(q*) y oMz

1.001996013 - | (1.001996013)% 42 — |

Ry = 50- 5 = $1,172.91
0.001996013 - (1.001996013)

7.4.3 Finite, Variable Annuity

These are recurring payments which are made at regular intervals and
the extent of which changes over the course of time. The amount of the
annuity changes over time.
Changes of annuity can

+ vary without system (irregular annuity)

* be systematic (regular annuity)

— arithmetic progressive annuity
— geometric progressive annuity

7.4.3.1 Irregular Annuity

n

Amount of Annuity R, =q"- Z k- q*k

k=1
n
Present Value of Ro=Y ri-q*
Annuity k=1
n
Interest Rate f@)=—Rut+q" Y r-q*
(R, given) k=1
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Interest Rate f)=-Ro+ Y rn-qg*
(Ro given) k=1

n
fiy=—q"Y krn-q*
k=1

Example 1:

Camilla pays irregular amounts into her savings account at the begin-
ning of each year for three years:

1 year: $1,000
2" year:  $2,500
3 year: $3,200

The credit balance earns interest at 2% p.a.

What amount of money does Camilla have after three years?

r1 = $1,000 r = $2,500 r3 = $3,200

n=3years ¢g=1.02 k=3

Ro = $1,000-1.027! +$2,500-1.0272 4+ $3,200- 1.023 = $6,398.74
R, = R3 = 6,398.74-1.023 = $6,790.39

After three years, Camilla has $6,790.39.
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Example 2:

The conditions from example 1 (see above) apply. That means Camilla
pays the following amounts at the beginning of each year over three
years:

rp=$1,000 r, = $2,500 r; = $3,200

n = 3 years

Ry = $6,398.74

R, = Rz = $6,790.39

The interest rate i is not known and is to be determined approximately
using Newton’s method of approximation. The market suggests that this

interest rate is likely to be between 1% and 4 %. Therefore, i = 0.03 is
to be assumed as a fictitious initial value.

Newton’s Method of approximation'® is to be applied with

i)

eyl = g — i)

iy corresponds to the (fictitious) initial value = first (ficti-
tiously assumed) approximate value

Ik+1 corresponds to the next (calculated) approximate value

15 See chapter 4.5.2.
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a) at a given amount of annuity R,

j .

"—1 d "—1
f(i):—Rn—i-r-q, —|—i-<ql —n)

"1\, d "1
F=T (s T) 2 (g 1)
l l l l

b) at a given present value of annuity Ry

. g -1 d [(q"—1 B
= —R . —. —n. n
f(l) o+r i-q” Jrl‘ (i.qn n-q

) r n q'—1 d n ) q'—1
f/(l):l-'(qn-&-l_ iq" )+12<q"+1(1+q+ln)_2 iq" )

ir = 0.03 fictitiously assumed initial value within the interval
[1%; 4 %]
i1 =7
1. Deterine approximate value
i = 0.03 (estimated) ¢ =1.03 R, = $6,790.39

determine: £(0.03) determine: f/(0.03)
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n
Y g * Y (n—k)-re-g*
= =
k=1:1,000-1.03"" =970.874 k=1:(3—1)-1,000-1.03"" = 1,941.75

k=2:2500-1.03"2 =2,356.49 k=12:(3-2)-2,500-1.03"2 = 2,356.49

k=3:3200-1.0373 =292845 k=3:(3-3)-3,200-1.0373 =0

Y. 6,255.81 Y 4,298.24

1.03%-6,255.81 = 6,835.89

£(0.03) = —6,790.39 +6,835.89 = £'(0.03) = 1.03371.4,298.24 =
=455 = 4,560
45.5
inr1 = 0.03— —— = 0.020022
int1 = 0.03 2,560 00

i1 = 0.020022 = first approximate value = new initial value

2. Determine approximate value

ip = 0.020022 ¢ = 1.020022 R, = 6,790.39

determine: f(0.020022) determine: f(0.020022)

n

n
Ereqt £ -k reeg
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k=1:1,000-1.020022"! =980.371 k=1: (3—1)-1,000-1.020022~! = 1,960.74

k=12:2,500-1.02002272 =2,402.82 k=2: (3—2)-2,500-1.02002272 = 2,402.82

k=3:3,200-1.02002273 =3,015.24 k=3: (3—3)-3,200-1.020022~3 =0

¥.6,398.43 ¥.4,363.56

1.0200223 - 6,398.43 = 6,790.5

£(0.020022) = —6,790.39+6,790.5 =  £/(0.020022) = 1.0200223~! -4,363.56 =

—o.11 — 4,540.04
et = 0020022 — — 21— (019908

il = 2 4.540.04

i» = 0.019998

3. Determine approximate value
ip = 0.019998 ¢ = 1.019998 R, = 6,790.39
determine: £(0.019998) determine: f/(0.019998)
¥ gt k)i: (n—k)-ri-q*

1

k=1:1,000-1.019998"! =0980.384 k=1: (3—1)-1,000-1.019998"! = 1,960.79



7.4 Annuity Calculation 219

k=12:2,500-1.019998"2 =2402.93 k=2:(3-2)-2,500-1.01999872 = 2,402.93

k=3:3,200-1.0199983 =301545 k=3:(3—3)-3,200-1.0199983 =0

¥.6,398.77 ¥.4,363.72

1.0199983 - 6,398.77 = 6,790.39

£(0.019998) = —6,790.39+6,790.39 =  f/(0.019998) = 1.0199983! -4,363.72 =
-0 = 4,540

et = 0.019998 — —— — 0.019998

It = 5 4,540

iz = 0.019998

Solution

By (iteratively) continuing the determination of further approximate val-
ues, the following is obtained:

i1 = 0.020022
i = 0.019998 (= 0.02 — rounded to two decimal places)

iz = 0.019998 (= 0,02 — rounded to two decimal places)

— The result for the interest rate i is 0.019998, i.e. approximately
i=0.020rp=2%
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7.4.3.2 Arithmetic Progressive Annuity

The annuity payment increases from period to period by a predeter-
mined amount.

r equivalent to the annuity payment at point in time £ = 1

d equivalent to the difference between two successive
annuity payments d = ryy — 1y

Amount of r=r
Annuity
rp=r+d
r3 =r+2d

"1 d (g1
Present Value Ry=r-ZL —+ = (q. p —n-q_")
of Annuity S A

. . R,-i+d-n d
nnuity (R, n ==
Annuity (R, given) r 71 7
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. Ry-i-q"+d- d
Annuity (Ry given)  r = Xortq tdn

qgt—1 i
"1 d (¢ -1
Interest Rate fli) = —R,+r- 1 —+ - (q - —n>
(R, given) ! ! !
"1 d [(q'—1
Interest Rate f(i) = —Ro+r- 1 —+ - <q. Pl 61")
(Ro given) et

Period (R, given) f(n) = =R, +r- q 1 +?_ (61 —1 —n)

n_q n_ 1
Period (R, given) f(n)=—Ro+r- q.. + ? (q. —H'CI">

Example 1:

Mrs. Penny would like to save money for her newborn godchild, Camilla,
which she will receive on her 18™ birthday. She starts to deposit $500
in the first year, but would like to increase the amount by $50 each year.
The interest rate is 0.7 % p.a.

How much money will Camilla receive on her 18" birthday?

R, = $500-

1.007'8 — 1 N $50 1.007'8 —1 18
0.007 0.007 0.007

R, ~ $17,499.27

Camilla is entitled to $17,499.27 at the end of the 18 years, if Mrs. Penny
- as intended - deposits the increasing amount into the account each
year.
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Example 2:

Steven receives an annuity (= annuity payment) over 8 years. The first
annuity payment is $2,000, which is increased by $100 per year. The
interest rate is 5% p.a.

What is the present value of this annuity?

n=8 i=005 ¢g=1.05 r=2$2,000 4=3$100

Ry = 2,000

1.058—1+100 1.058 -1
0.05-1.058 ' 0.05 \0.05-1.058

—8- 1.058>

= $15,023.42

The present value of this arithmetic progressed annuity is $15,023.42.

Example 3:

Mrs. Pfennig saved a total of $9,736.46 (R,) for her grandson for 18
years. The money earned interest at 0.5 % p.a. and she increased the
amount by $50 annually.

How much was the first annuity payment of this annuity?

R, = $9,736.46 i=0.005 d=9$50 n=18 g = 1.005

_ 9,736.46-0.0054+50-18 50
B 1.005'8 —1 0.005

r = $100

The first annuity payment was $100.
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Example 4:

Given the present value of annuity of $15,023.42, the annuity payment
was increased by $100 per year for eight years at an interest rate of 5%

p.a.
How much was the first annuity payment of this annuity?

Ry = $15,023.42 i=0.05 ¢=1.05 d=8$100 n=38

15,023.42-0.05-1.058 +100-8 100
r= -
1.058 -1 0.05

r = 1,999.9998 ~ $2,000

The first annuity payment was $2,000.

Calculation of the Interest Rate i

Newton’s Method of approximation (see chapter 4.5.2) is to applied with

(i)

T )

i corresponds to the (fictitious) initial value =first (fictitiously
assumed) approximate value

I corresponds to the next (calculated) approximate value
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a) at a given amount of annuity R,

n__q n__q
F) = Ry tr T +‘f-(q. —n)

b) at a given present value of annuity Ry

"—1 d "—1
f(i):—Ro-i-r'q. + - q. —n-qg"
i-q" 1 .

Calculation of the Period n

Newton’s Method of approximation (see chapter 4.5.2) is to applied with

f ()
1 (i)

N1 = N —
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g corresponds to the (fictitious) initial value =first (fictitiously
assumed) approximate value

Mgt 1 corresponds to the next (calculated) approximate value

a) at a given amount of annuity R,

f(n) = —Ry+r-1 ._1+Cl.l-(q -1 —n)

1 l

7o) = =5+ (r9)

1

b) at a given present value of annuity Ry

"—1 d m—1
f(”)Z—Ro-H’-q + - q. —n-qg "
q" i :

— g
fln)=—q" (‘j - lan <r+nd+cl_l>)
Example 1:

Mrs. Pfennig wants to save money for her just-born godchild, Penny,
which she will receive on her 18™ birthday. She starts paying in $500 in
the first year, but would like to increase the amount by $50 each year.
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The interest rate is 0.7% p.a. On her 18" birthday, i.e., after 18 years
of life, Penny should have R, = $17,499.27 (see example above) at her
disposal.

r = $500
d = $50
i =0.007 (0.7%) g =1.007

As afictitious (estimated) initial value no = 20 are to be assumed with
q" = 1.007%0 ~ 1.1497

f(n)

Ny = N — )

nil d nil
f(n):*Rn“‘qi +i'<qi ")

1.00%0 — 1 50 1.007%0 — 1
£(20) = —17,499.27 4500 - ( — 20)

0007 10007 0.007

£(20) = 3,105.65

1 1

oy = -4 L0 4)

f'(20) =

50  1.007%-1n(1.007) ( 50 )

~0.007 0.007 300+ 57007

£/(20) = 1,613.62

f(x)
f'(x)

Njr1 = N —

I’l0=20
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3,105.65

:2 _—_—
=206

n; = 18.075352 = first approximate value = new initial value

The approximate value n; = 18.075352 is now inserted in place of the
initially fictitiously assumed initial value of ny = 20 into the following for-
mula

_ fw)
1 (ng)

Nk4+1 = Mg

This iterative procedure is continued until the approximate values change
only marginally and converge to a fixed value. In the example above, the
following values are obtained:

ny = 18.000114

n3 = 18.000000
ng = 18.000000

Thus, the resultis n = 18 years.

Example 2:

Michelle deposited money into her account each month. In the first
month she deposited $50, in the following months she increased her
deposit by $25 each. The balance earned exponential interest at 1%
per month. Now, at the end of the period of this savings plan, Michelle
gets R, =$1,678.64 paid out.

Over how many months » did this savings plan run?

The exact period n is no longer known to Michelle and is to be deter-
mined approximately using Newton’s method of approximation. Michelle
vaguely remembers that the period of this savings plan was between 8
and 13 months. Therefore, one year, i.e. 12 months, is to be assumed
as a fictitious initial value.
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f(n)

N1 = N — ()

"1d (¢ -1
f) = Ryt r T +.-(q. —n)

l l

f(12) = —1,678.64450-

1.01'2—-1 25 1.0112 -1
+ . — 12 =
0.01 0.01 0.01

= $661.734

25 1.01'2-In(1.01) 25
"(12) = — . 2 ) =
£(12) 001 0.01 (50+0.01)
= $359.132
N1 = N — f(X)
f'(x)
nyp = 12
o 1p. 661734
' T 350132

n; = 10.1574 = first approximate value = new initial value

The approximate value n; = 10.1574 is now inserted in place of the
initially fictitiously assumed initial value of ny = 12 into the following for-
mula

f(me)
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This iterative procedure is continued until the approximate values change
only marginally and converge to a fixed value. In the example above, the
following calculations and values are obtained:

2. Determine approximate value

1.0110.1574_] N 25
0.01 0.01

£(10.1574) = —1,678.64+50-

<1.0110.1574 -1

—10.1574 | = 48.0077
0.01 )

25  1.01'01574.141.01 25
/(10.1574) = — = 50+ =) =307.185
A )= 0ot 0.01 ( +o.o1)
48.0077
— 10.1574 —
M = 101574 = 30273
ny = 10.0011

3. Determine approximate value

1.01100011 _ 1 75

F(10.0011) = —1,678.64 450+ —————+ oo

1'0110.0011 -1
0.01

— 10.0011) = 0.335072

25 1.01100011 7,1 01 25
(10.0011) = ——— 504+ =) = 302.826
F/(10.0011) 001 0.01 < +0.01)
0.335072
=10.0011 — ——=
M = 100011 = =0

n3 = 9.99999 ~ 10
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4. Determine approximate value

1.019.99999 -1 25

£(9.99999) = —1,678.64+50- ot

( 1'019.99999 -1

—9.99999 | = —0.001048
0.01 999 )

25 1.019999%9.n1.01 25
(9. = 504+ =} =302.795
11(9.99999) 0.01 + 0.01 < + 0.01)
—0.001048

ng = 9.99999 =~ 10

5. Determine approximate value (test)

1.01°0—1 25 1.0110 -1
£(10) = —1,678.64+50- ( — 10)

001 Too0r

0.01
— 0.00198
25  1.01'9.7n1.01 25
'(10) = — 50+ -2 =302.796
Fa0) =-go1t 001 ( +0.01>
_ 1o 000198
Met1 = 302.796

ns = 9.99999 ~ 10

By continuing the approximation the following is obtained

n = 10.1574
np, = 10.0011
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n3 = 9.99999 ~ 10
ng = 9.99999 ~ 10
ns = 9.99999 =~ 10

The period n of this arithmetic progressive annuity was 10 months.

7.4.3.3 Geometric Progressive Annuity

The annuity payment increases annually by a given percentage.

g is equivalent to the growth factor of two successive annuity
payments

Ti+1
Tk

(a) Interest factor -~ growth factor (¢ # g)

qn 7gn
Amount of Annuity R,=r-
q—8
n__ .n
Present Value Ro=r- qign
of Annuity (a—28)-q
Annuity (R, given) r=R,- Z_gn
q —8
Annuity (R, given —R (a-8)-q"
Y (Ro given) r=Ro =
n__ .n
Interest Rate fli) = —Ry+r- L8

(R, given)
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Interest Rate Fl) = —Ro+r L8
(Ro given) (g—38)q
Period (R, given) f(n) = —Ry+r- qq :g
Period (R, given) fn) = —Ro+r —L—8 _

(g—28)-q
Example:

Mrs. Penny would like to know how the amount for her newborn god-
child will change if she increases the first amount of $500 by 10% in the
following years.

_$550
£ %500
1.007'8 —1.118
R, = S
n = $500 1.007 —1.1

R, =~ $23,796.41

If Mrs. Penny increases the annual amount by 10 % each year, Camilla
would receive $23,796.41 on her 18" birthday.

(b) Interest factor = growth factor (¢ = g)

Amount of Annuity R,=r-n-g"!

r-n
Present Value Ry = —

of Annuity q
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Annuity (R, given)

Annuity (R, given)

Interest Rate

(R, given)

Interest Rate

(Ro given)

Period (R, given)

Period (R, given)

Example:

Mrs. Penny wants to save $500 a year for Camilla again. This time, she
would like to increase each annual savings amount by 5 %. She is bud-
geting at a calculatory interest rate of 5% p.a.

R, = $500-18-1.118-1

R, ~ $45,490.23

Camilla would receive $45.490,23 on her 18! birthday.
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7.4.4 Perpetuity

A perpetuity is an annuity that can be generated from the interest in-
come of a fixed-interest investment without reducing the amount of the
invested capital. Accordingly, a perpetual annuity is characterized by an
infinitely long flow of payments. Consequently, the amount of annuity
becomes infinitely large. Since the capital is fully preserved, the result-
ing return is generated “eternally”.

(a) Annuity in arrears

n
-1 .
Present Value Ry=r- q, - withi >0
of Annuity ©q
"1
e (%)
i q"
" 1
Ry =~ <q _ >
i \q" ¢
1
Ro="- (1 - )
1 q"
ifg>1landi>0:
1
Ro = 1imr,-<1_> _r
n—eo | q" i
. .1
since lim — =0
n—eo gt
(b) Annuity in advance
(g"—1 .
Present Value Ry=r- M withi >0

of Annuity g
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. 1
Ro:rfl.<1_)
ifg>1landi>0:

. 1 .
Rozumr,q.(l_):r.q

n—yoo | q”

. 1
since lim— =0
n—oeo gt

Example:

Mrs. Penny owns a property that she wants to sell. She receives a net
annual income of $30,000 for renting out this property. At what price
should Mrs. Penny sell the property, assuming an interest rate of 2 %
p.a., if she assumes that alternatively the property would belong to her
or her family eternally?

~$30,000-1.02

— — $1,530,000
0 0.02 $1,530,

The “perpetual” value of the property is $1,530,000 assuming that the
interest rate is 2% p.a. on a permanent, i.e. “perpetual” basis.

7.5 Sinking Fund Calculation

The sinking fund calculation deals with the repayment of loans, credits
and mortgages. The debt is repaid in instalments within a period agreed
upon in advance. The creditor expects interest to be paid.
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7.5.1 Fundamental Terms

Annuity A; Total payment per period with
k=1,..,n.

Each annuity consists of an interest
rate and a repayment instalment.

Ay =T +7Z;

Repayment Instalment 7,  Amount that reduces the debt at the
end of the period by payment, with
k=1,...n.

Note: The principle amount is only
reduced by the repayment instalment.

Interest Amount 7z, Interest for the respective residual
debt C;, with k = 1,...,n. To determine
the interest for annual payments in
arrears, the interest rate is multiplied
by the residual debt of the previous
year.

Z=1i-Cy

Initial Debt C Equivalent to the original loan amount.
If n is the total number of all repay-
ment periods, the initial debt C is
equal to the total of all repayment
instalments 7;.

n
Co=T+hL+..+T1+T, = ¥ T;
k=1
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Residual Debt C;

Period &

Repayment Period

Equivalent to the remaining amount
after k periods, with k = 1,...,n. The
residual debt of the current period is
equivalent to the difference between
the residual debt amount of the
previous period and the repayment
instalment of the current period.

Co=C1—T;

The residual debt C; after k periods is
equal to the initial debt Cy minus the
sum of the repayment instalments 7;.

k

C=C—(T1+Th+..+T,)=Co— ¥ Tx
k=1

Duration for which an annuity A; is to
be paid.

Total duration of the loan.

1% year 2™ year 3 year
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7.5.2 Annuity Repayment

With the annuity repayment, the amount of the annuity is constant
during the entire period.

A constant annuity, A| = A, =...=4, =4

The interest portion decreases from period to period, while the repay-
ment portion increases by a corresponding amount. The payment of
annuities is equivalent to an annuity in arrears. Cy is the present value

of all annuities.

Co
A
1 2 4 (n-2)(n-1) n
_ no(g—1 _

Annuity A= CW% or A=T-¢"

q"—
annuity factor
in arrears
. "—1 -1

Initial Debt Co=A- . L or Co=T;- 9 -
q"-(g—1) i
\W—/ .

present value of annuity amount of annuity

Residual Debt

factor in arrears factor in arrears

k

—1 _
or CkZC()—Tl-qk !

q
CkZCO'qk—A' 1

qg—1
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k—1

Repayment Tk:CO-l'nq [ or T =Ti-(1+)*" or
Instalment -
i —
Ih=Ch-———— or 1 =A-qg"
A e T rea

Interest Amount Z, =A—T,-¢*! or Z=Ci_,-i or

Zi=A-(1-¢"+Co-i-d!

A A
Interest Factor 4" = = = =
A—Cy-i T
A A
() ()
Repayment n=-———> 0of n=

Example 1: Mrs. Penny has taken out a loan of $200,000. She com-
mits herself to pay interest at the end of each year at a
rate of 3.5% p.a. After 6 years she wants the loan to
be completely repaid. To keep the annual paid amount
constant, Mrs. Penny chooses the annuity repayment.

1.035°-0.035

A = $200,000 -
$200, 1.0356 —1

= $37,533.64
Z1 = $200,000-0.035 = $7,000

Ty = $37,533.64 — $7,000 = $30,533.64
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k | Residual Interest |Repayment| Annuity Residual

Amount | Amount |Instalment Amount at
at the

Beginning the End of

of the Year the Year
1| 200,000.00 7,000.00f 30,533.64| 37,533.64| 169,466.36
2| 169,466.36 5,931.32| 31,602.32| 37,533.64| 137,864.04
3| 137,864.04 4,825.24| 32,708.40| 37,533.64| 105,155.64
4| 105,155.64 3,680.45| 33,853.19| 37,533.64| 71,302.45
5 71,302.45 2,495.59| 35,038.05| 37,533.64| 36,264.40
6| 36,264.40 1,269.25| 36,264.39| 37,533.64 0.01

Note: The difference of $0.01 is due to rounding errors.

Example 2: Your bank grant you a loan of $30,000.00 and agrees with
you that the loan is to be repaid in the form of an annuity.
The initial repayment rate is 20 % and the annual interest
rate is 7 %.

a) Calculate the exact term of the loan in years, including
two decimal places.

b) Create an amortization schedule in form of a redemption

plan.
_ A
a) A=T ¢" & Tl:?
6,000+2,100
T = 2
(1.07)"
with 6,000 = 30,000 - 0.2(20%)

and 2,100 = 30,000 - 0.07

= A = 6,000+2,100 = $8,100
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n=717
8,100 8,100
1 n o_ 9 _ 9
(1,07) T 6,000
. 8,100
In(1.07)" = ln<6’000>
8,100
n-In(1.07) = ln(67000)
_In(8,100/6,000)
= In(1.07) ~ 4.436 years
b)
k | Account Interest | Repayment| Annuity Account
B;'?Rge Amount | Instalment Balance at
Beginning the End of
of the Year the Year
1 30,000 2,100 6,000 8,100 24,000
2 24,000 1,680 6,420 8,100 17,580
3 17,580 1,230.60 6,869.40 8,100| 10,710.60
4 10,710.60 749.74 7,350.26 8,100 3,360.34
5 3,360.34 235.22 3,360.34 3,595.56 0

7.5.3 Repayment by Instalments

In the case of repayment by instalments, a debt Cy is repaid by repay-
ment instalments T that remain constant each year.

constant repayment instalment, Ty =T = ... =T, =T
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The interest amount to be paid decreases from period to period.

— G
Repayment T =2
Instalment n
Initial Debt Co=n-T

Residual Debt C,=Cy—k-T or

k
CkC()~<1>
n

Interest Amount Z, = i-C,_; or

. k—1 C
Annuity Ak:i-Co-(l— )—i— =
n n
~—~
Z T

Ak:%~{l+(n—k+l)-i]

Example:  Mrs. Penny has a loan of $150,000 at an interest rate
of 2.25% p.a. payable in arrears. She agrees to repay
the loan in instalments over 5 years.

$150,000
5

T = = $30,000
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Z, = $150,000-0.0225 = $3,375
k | Residual Interest |Repayment| Annuity Residual
Aantlct)#gt Amount | Instalment Amount at

Beginning t?ﬁf?ga?f
of the Year

1] 150,000.00 3,375.00| 30,000.00f 33,375.00| 120,000.00

2| 120,000.00 2,700.00| 30,000.00f 32,700.00| 90,000.00

3| 90,000.00 2,025.00| 30,000.00f 32,025.00| 60,000.00

4| 60,000.00 1,350.00| 30,000.00{ 31,350.00f 30,000.00

5| 30,000.00 675.00| 30,000.00| 30,675.00 0.00

7.5.4 Repayment with Premium

If the repayment amount of a loan exceeds the nominal amount, it is re-
ferred to as a premium or agio a. The premium refers to the respective
repayment period and is expressed as a fixed percentage «. It is also
to be repaid. However, no interest may be paid on the premium, as the
creditor only receives interest on the nominal amount of the loan.

a premium or agio
o premium percentage

The opposite of an agio is a disagio (see chapter 7.5.5).

7.5.4.1 Annuity Repayment with Premium

(a) Annuity repayment with non-included premium

The premium or agio is paid in addition to the annuity. The annuity
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(= sum of repayment instalment and interest amount) remains constant
over the entire period. The premium or agio increases from year to year,
as it is calculated as a percentage of the repayment instalment, which
also increases. As a result, the annuity including premium (= sum of
repayment instalment, interest amount and premium) increases.

Aq annuity including premium

Example:  Mrs. Penny owes the bank a loan of $100,000, which
is to be paid off in 5 years at an interest rate of 1.5%
p.a. through annuity repayment. The bank charges Mrs.
Penny with a premium in form of an agio of 5 %.

A= qZ —i1

— $100,000- 1'31)51557'50;0115 — $20,908.93
. Zi;l .11'

— $100,000- 1'?.1051057'50;0115 — $19,408.93

Z) = Cy_1-i = $100,000-0.015 = $1,500
alternatively: Z; = A—T;

= $20,908.93 — $19,408.93 = $1,500
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1.015' —1

= $100,000 — $19,408.93 - T0I5-1 = $80,591.07
_ qk—l
alternatively: C; = Cy-¢ —A- p—
= $100,000 - 1.015' — $20,908.93 -
1.015' —1
1.015-1

= $80,591.07
a; = Ti - o = $19,408.93-0.05 = $970.45

Ag = A+a; = $20,908.93 +$970.45 = $21,879.38

k | Residual | Interest |Repayment| Annuity |Premium| Annuity

A:;‘t’#gt Amount | Instalment including
L Premium
Beginning
of the
Year

—_

100,000.00,1,500.00| 19,408.93|20,908.93| 970.45/21,879.38
80,591.07|1,208.87| 19,700.06/20,908.93| 985.00/21,893.93
60,891.01| 913.37| 19,995.56/20,908.93| 999.78/21,908.71
40,895.45| 613.43| 20,295.50{20,908.93| 1,014.78|21,923.71
20,599.95| 309.00| 20,599.93(20,908.93| 1,029.99|21,938.92

o A~ W N

Note: Differences are due to rounding errors.

(b) Annuity repayment with included premium

The premium or agio is already included in the annuity. This means that
the annual amount to be paid remains constant throughout the entire
period. One speaks of an annuity with included premium.
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Ay annuity with premium included
Cq replacement capital (= redemption value, notional debt)
io Replacement interest rate (= notional interest rate), which,
when applied to Cq, results in the same amount of interest as
the interest rate i charged on the initial capital Cy.
G notional accumulation factor
qo = (1 +ia)"
. — i-(L+ig)"
Annuit Ag = ———-Cy or
y “ = Uig) —1 0
_ . (1+ig)—1
Ag = (1 "Cyr
a=(14+ig)" Cq (1 +iq) —1
Notional Interest Rate i, = !
1+a
Co-i

Redemption Value

Repayment Instalment
with Premium

Repayment Instalment
without Premium

Co=Co-(1+a) =

la

Y}CZA(X_I'C](
T, = Ag—i-Cp
I+
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Example:

Mrs. Penny owes the bank a loan of $100,000, which
is to be paid off in 5 years at an interest rate of 1.5%
p.a. through annuity repayment. The premium or agio
of 5% is to be included in the repayment instalment, so
that the total annual payment remains constant during
the period.

0.015

= ——— = 0.01428571429
140.05

1207

—  0.015-(140.01428571429)°
% (140.01428571429)5 — 1

-$100,000

= $21,908.51

T — $21,908.51 —0.015 - $100,000

— $19.436.68
! 1+0.05 $19,

Z; = $100,000-0.015 = $1,500.00

a; = $21,908.51 —$19,436.68 — $1,500.00 = $971.83

Residual
Amount
at the Be-
ginning of
the Year

Interest
Amount

Repay-

ment In-
stalment
without
Premium

Premium

Repay-
ment In-
stalment
with
Premium

Annuity
including
Premium

a A WO N =

100,000
80,563.32
60,848.98
40,853.00
20,571.37

1,500.00
1,208.45
912.73
612.80
308.57

19,436.68
19,714.34
19,995.98
20,281.63
20,571.37

971.83
985.72
999.80
1,014.08
1,028.57

20,408.51
20,700.06
20,995.78
21,295.71
21,599.94

21,908.51
21,908.51
21,908.51
21,908.51
21,908.51
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7.5.4.2 Repayment of an Instalment Debt with Premium

In the case of repayment by instalments, the repayment amount re-
mains constant over the period. The annuity increases by the premium
or agio.

Premium a:ﬁwx:ﬂu
n
Repayment To = (1+0) Ty
Amount
including
Premium
. 1 k—1
including "
Premium
k—1 C C
Av=Co-i- (1—)+ 2420
NN

Ac=Z+Ti+(1+ )

Ay =Z+Ti+a

Example: Mrs. Penny owes the bank a loan of $100,000, which
is to be paid off in 5 years by means of repayment in
instalments at an interest rate of 1.5% p.a. The bank
charges Mrs. Penny a premium in form of an agio of
5%.

a = $20,000-0.05 = $1,000
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k | Residual | Interest | Repayment| Premium | Annuity
Aa"t‘?#gt Amount | Instalment including
L Premium
Beginning
of the Year
1| 100,000.00/ 1,500.00f 20,000.00| 1,000.00{ 22,500.00
2 80,000.00{ 1,200.00{ 20,000.00| 1,000.00| 22,200.00
3 60,000.00 900.00{ 20,000.00{ 1,000.00| 21,900.00
4 40,000.00 600.00{ 20,000.00{ 1,000.00| 21,600.00
5 20,000.00 300.00| 20,000.00| 1,000.00| 21,300.00

7.5.5 Repayment with Discount (Disagio)

A discount (disagio or debt discount) corresponds to a deduction from
the face value, which may be agreed in the case of a loan or the issue
of a security.

b discount or disagio

B discount rate in percent

The opposite of a disagio is the agio (see chapter 7.5.4).
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Annuity Repayment with Discount

The amount paid out is reduced by the amount 5 if a disagio is agreed
on. However, the discount, b, is fully included in the the full amount of
the repayment amount. The disagio can be interpreted quasi as inter-
est paid in advance. A disagio reduces the nominal interest rate for the
periodic instalment during the entire period of the loan.

A disagio can take the form of the amount paid or the issue price. (e.g.,
when securities are issued) in monetary units (e.g. $) or as a percent-
age of the loan amount: 5 %. disagio, 95 % amount paid or issue price.

For a loan with a disagio, only the loan amount reduced by the disagio
is disbursed, not the full loan amount. For example, with a loan amount
of $100,000 and a disagio of 5 %, the amount paid is $95,000.

However, the repayment sum is equal to the amount of the total loan
sum (100 % =$100,000). Accordingly, this liability must be reported in
the balance sheet in the full amount of the total loan sum, in this case
over $100,000.

Legally, the accounting for a disagio differs internationally. Often, as for
example in Germany,'® there is an option to capitalize the disagio for
companies required to prepare financial statements,

a) to record the disagio immediately, i.e. at the time the loan is
granted, in the full amount as an expense in the income state-
ment, or

b) to record prepaid expenses'” within the balance sheet and to
distribute it by scheduled depreciation over the entire period of
the loan.

16 |n Germany, the accounting of a disagio is regulated in § 250 para. 3 HGB.
7 In Germany pursuant to sec. § 266 para. 2 C. HGB (“prepaid expenses").
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7.5.5.1 Annuity Repayment with Discount when Immediately
Booked as Interest Expense

If the disagio is booked as interest expense immediately, the amount of
the discount, b, is attributed to that one period only.

Example:

A company takes out a loan for $100,000 with a period of five years. A
disagio of B = 5 % is agreed with the lending bank. The loan is to be
repaid in five years at an interest rate of 1.5 % p.a. on the amount paid
by annuity repayment.

Since the company needs the $100,000 in full, the lender increases the
principal amount to $105,263.16 due to the disagio.'®

A=K qZ _.il

= $100,000- 1?1)5155750_0115 = $20,908.93
Ty = Ko - z;,_l .11. =

= $100,000 - 1?1)5105750_0115 = $19,408.93

Zi = Ki_1 i = $100,000-0.015 = $1,500

alternatively: Z, = A—T, =

18 $100,000
0.95

= $105,263.16 or $105,263.16-0.95 = $100,000
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= $20,908.93 — $19,408.93 = $1,500

k1
K =K0—T1-q7 =
1.015" -1
= $100,000 — $19,408.93 - Tols 1 = $80,591.07
_ qk—l
alternatively: K; = Ky-g —A- =
q—
= $100,000 - 1.015' — $20,908.93 -
1.015" -1
CTo05-1 $80,591.07
B = Ko-B = $100,000-0.05 = $5,000.00
k | Residual |Interest| Repay- | Annuity |Discount/Expenses
Amount at [Amount| ment Including
the Instal- Discount
Beginning ment
of the Year
1 1100,000.00 |1,500.00 19,408.93|20,908.93| 5,263.16|26,172.09
(amount paid)
2| 80,591.07(1,208.87| 19,700.06|20,908.93 20,908.93
3| 60,891.01| 913.37| 19,995.56|20,908.93 20,908.93
4| 40,895.45| 613.43| 20,295.50(20,908.93 20,908.93
5| 20,599.95| 309.00| 20,599.93|20,908.93 20,908.93

Differences are due to rounding errors.
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7.5.5.2 Annuity Repayment with Discount when a Disagio is
Included in Prepaid Expenses

Are the legal requirements for such an action met'® the difference be-
tween the loan amount and the amount paid (disagio) is to be amortized
by annual scheduled depreciation, which can be spread over the entire

annual period of the liability.2°

For the example above the following is valid:

k | Residual |Interest| Repay- Annuity |Discount|Expenses
Amount at | Amount| ment (linearly  |Including
the Instal- distrib- | Discount
Beginning ment uted)?'
of the Year
1| 100,000.00{1,500.00 19,408.93|20,908.93| 1,052.63|21,961.56
2| 80,591.07|1,208.87| 19,700.06|20,908.93| 1,052.63(21,961.56
3| 60,891.01| 913.37| 19,995.56(20,908.93| 1,052.63|21,961.56
4| 40,895.45| 613.43| 20,295.50(20,908.93| 1,052.63|21,961.56
5| 20,599.95| 309.00| 20,599.93/20,908.93| 1,052.63|21,961.56

Differences are due to rounding errors.

7.5.5.3 Instalment Repayment with Discount when Immediately
Booked as Interest Expense

In the case of instalment repayment, the repayment amount remains
constant over the entire period.

19 |n Germany pursuant to § 250 (3) HGB.
20 |n Germany pursuant to § 250 (3) sentence 2 HGB.
21 $5263.16 / 5 = $1,052.63
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Example:

A company takes out a loan at $100,000 with a period of five years. A
discount of § = 5 % is agreed with the lending bank. The loan is to be
repaid in five years at an interest rate of 1.5 % on the amount paid p.a.
through instalment repayments.

Since the company needs the $100,000 in full, the lender increases the
nominal amount to $105,263.16 due to the disagio.??

k | Residual | Interest | Repayment|Discount| Expenses
Amount at | Amount | Instalment Including
the Discount
Beginning
of the Year
1| 100,000.00| 1,500.00| 20,000.00| 5,263.16| 26,500.00
2| 80,000.00{ 1,200.00| 20,000.00 21,200.00
3| 60,000.00 900.00| 20,000.00 20,900.00
4| 40,000.00 600.00| 20,000.00 20,600.00
5| 20,000.00 300.00| 20,000.00 20,300.00

Differences are due to rounding errors.

7.5.5.4 Instalment Repayment with Discount when a Disagio is
Included in Prepaid Expenses

Are the legal requirements for such an action met®? the difference be-
tween the loan amount and the amount paid (disagio) is to be amortized
by annual scheduled depreciation, which can be spread over the entire
annual period of the liability. 24.

22 $1209’(5)00 = $105,263.16 or $105,263.16-0.95 = $100,000

23 |n Germany pursuant to § 250 (3) HGB,
24 |n Germany pursuant to § 250 (3) sentence 2 HGB
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For the example above the following is valid:
k | Residual | Interest | Repayment| Discount | Expenses
Amount at | Amount | Instalment | (linearly Including
the distributed) | Discount
Beginning
of the Year
1| 100,000.00/ 1,500.00f 20,000.00| 1,052.63| 22,552.63
2 80,000.00{ 1,200.00{ 20,000.00| 1,052.63| 22,252.63
3 60,000.00 900.00f 20,000.00| 1,052.63| 21,952.63
4 40,000.00 600.00| 20,000.00| 1,052.63| 21,652.63
5 20,000.00 300.00{ 20,000.00f 1,052.63| 21,352.63

7.5.6 Grace Periods

If the credit period n,, exceeds the repayment period n,, i.e. n, > n,, this
is referred to as a grace period. Within this grace period, only interest is
payable on the debt. Repayment is suspended, thus the burden on the
borrower for this period is reduced.

The following applies: 7, =0 if k<n,—n,

credit period in years

np

ny repayment period in years
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Example:

(1) Grace Periods for Annuity Repayment

Camilla takes out a loan of $50,000. Since she is still in vocational train-
ing, she would like to postpone repayment for the first three years. After
that she can repay the loan within 5 years. The interest rate is 4% p.a.

np,=28; n,=35

The repayment period n, is key to calculating the annuity.

A = $50,000- lfgﬁ%’o{l = $11,231.36

k Residual Interest Repayment Annuity

Amount at the | Amount Instalment

Beginning of

the Year

1 50,000.00 2,000.00 0.00 2,000.00
2 50,000.00 2,000.00 0.00 2,000.00
3 50,000.00 2,000.00 0.00 2,000.00
4 50,000.00 2,000.00 9,231.36| 11,231.36
5 40,768.64 1,630.75 9,600.61 11,231.36
6 31,168.03 1,246.72 9,984.64| 11,231.36
7 21,183.39 847.34 10,384.02| 11,231.36
8 10,799.37 431.97 10,799.37| 11,231.36

(2) Grace Periods for Repayment by Instalments

Camilla would like to know what the annual burden would be if she were
to agree to an instalment repayment instead of an annuity repayment.

_ 50,000
T :$’7

x & = $10,000
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k Residual Interest Repayment Annuity
Amount at the Amount Instalment
Beginning of
the Year
1 50,000.00 2,000.00 0.00 2,000.00
2 50,000.00 2,000.00 0.00 2,000.00
3 50,000.00 2,000.00 0.00 2,000.00
4 50,000.00 2,000.00 10,000.00f 12,000.00
5 40,000.00 1,600.00 10,000.00f 11,600.00
6 30,000.00 1,200.00 10,000.00f 11,200.00
7 20,000.00 800.00 10,000.00f 10,800.00
8 10,000.00 400.00 10,000.00f 10,400.00

7.5.7 Rounded Annuities

In some cases, rounded amounts are desired as annuity, e.g. for per-
centage annuity and for the repayment of bonds. The calculation there-
fore deviates from the strict ideal of constant annuities over the entire
period.

7.5.7.1 Percentage Annuity

With percentage annuity, the repayment rate iz in the first year is given
as a percentage of the debt Cy. The annuity is calcualted together with
the interest rate i. The interest saved in the subsequent years is used
for repayment.

T =ir-Cy The repayment amount of the 15! year.

This results in crooked periods. Therefore the period is broken down
into two components n; and n,. A compensation payment is due be-
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cause the period does not occur in full years. If the compensation pay-
ment is paid at the end of the period, it is called a final payment. If it is
paid at the beginning of the period, it is called an advance payment.

ir repayment rate of the 15t year
n ny = int(n)
ny np =n—nj
Annuity A=Cy= (i+ir)
In <l+ ir )
. T .
Period n=————=" with n¢ Z
In(g) 7

ny 71
Final Payment A, ., = <C0~q"1 —A- ; )-q

ny __ 1
Advance Ay =Cy-q—A- a o
Payment bq

Example:

Camilla takes out a loan of $120,000. The loan is to be repaid in the
form of a percentage annuity repayment. The initial repayment rate is
7 %, the annual interest rate 3% p.a.

Co = $120,000; i = 0.03(3%); ir = 0.07(7%)

A = $120,000-(0.03 +0.07) = $12,000

(0.03 + 0.07)
In| ————

0.07
n in(1.03) 06 years
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(1) Final Payment

Camilla makes the compensation payment at the end of the period.

Az = <$120,000- 1.03'2 —$12,000- 1'0312_1> -1.03
0.03
= $810.56
k Residual Interest Repayment Annuity
Amount at the | Amount Instalment
Beginning of
the Year
1 120,000.00 3,600.00 8,400.00| 12,000.00
2 111,600.00 3,348.00 8,652.00| 12,000.00
3 102,948.00 3,088.44 8,911.56| 12,000.00
4 94,036.44 2,821.09 9,178.91 12,000.00
5 84,857.53 2,545.73 9,454.27| 12,000.00
6 75,403.26 2,262.10 9,737.90| 12,000.00
7 65,665.36 1,969.96 10,030.04| 12,000.00
8 55,635.32 1,669.06 10,330.94| 12,000.00
9 45,304.38 1,359.13 10,640.87| 12,000.00
10 34,663.51 1,039.91 10,960.09| 12,000.00
11 23,703.42 711.10 11,288.90f 12,000.00
12 12,414.52 372.44 11,627.56| 12,000.00
13 786.96 23.61 786.96 810.56

(2) Advance Payment

Camilla makes the compensation payment at the beginning of the
period.



260 7 Financial Mathematics

A; = $120,000-1.03 —$12,000 %

= e Y0.03-1.0312

= $4,151.95
k Residual Interest Repayment Annuity
Amount at the Amount Instalment
Beginning of
the Year

1 120,000.00 3,600.00 551.95 4,151.95
2 119,448.05 3,583.44 8,416.56| 12,000.00
3 111,031.49 3,330.94 8,669.06| 12,000.00
4 102,362.43 3,070.87 8,929.13| 12,000.00
5 93,433.30 2,803.00 9,197.00| 12,000.00
6 84,236.30 2,527.09 9,472.91 12,000.00
7 74,763.39 2,242.90 9,757.10| 12,000.00
8 65,006.29 1,950.19 10,049.81 12,000.00
9 54,956.48 1,648.69 10,351.31 12,000.00
10 44,605.17 1,338.16 10,661.84| 12,000.00
11 33,943.33 1,018.30 10,981.70f 12,000.00
12 22,961.63 688.85 11,311.15| 12,000.00
13 11,650.48 349.51 11,650.48| 12,000.00

7.5.7.2 Repayment of Bonds

When companies need to fund investments, it is often the case that the
required loan amount cannot be raised by a single creditor. The com-
pany then issues bonds so that a large number of creditors can partici-
pate.

The bonds issued are divided into rounded partial amounts w (e.qg.
$100, $500, $1,000, $5,000 and $10,000).
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The calculated repayment instalments 7; are broken down into round
partial amounts (final, rounded repayment instalment 7, and repayment
arrears Ry). Only repayment instalments that can be divided by the par-
tial amounts without a remainder are allowed. Partial repayment of an
integer unit of measure is not possible.

w value per bond
Pl number of bonds repaid
T final repayment instalment
Ry repayment arrears
ax number of bonds to be repaid
i.qn

Annui A=Cy-

uity 0
Interest Amount Zr = i-Cy_q
Preliminary T, =A—7 if k=1
Repayment
Instalment

To =A—Zy+(1+i)-Rey  if k>1

Number of Bonds ay = int (Tk>
to be Repaid v

Final T =w-a;
Repayment
Instalment
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Repayment Arrears R, =T, — T}

Residual Debt Co=C1—T¢

Examples:

(1) Repayment of Bonds with Equal Denomination

In bonds with equal denominations, the individual securities have the
same nominal value.

Co = $5,000,000; i = 0.06(6%); n=35; 5,000 bonds;
w = $1,000 per bond

0.06-1.06°

A = $5,000,000-
$5,000, 1.06° —1

= $1,186,982.00
Zi = 0.06-$5,000,000 = $300,000

Ty = $1,186,982.00 — $300,000 = $886,982.00

_($886,982)
ay =t ($L000> = 886

886-$1,000 = $886,000

~3
I

C1 = $5,000,000 — $886,000 = $4, 114,000

R; = $886,982 — $886,000 = $982.00
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T, = $1,186,982.00 — $246,840+ (1+0.06) - $982.00 = $941,182.92
—_——— ——

A 7 (1+i)-R,
k Ci1 Zy Tx a T; R Ag
1{5,000,000.00|300,000.00| 886,982.00 | 886 | 886,000.00 {982.00|1,186,000.00
214,114,000.00|246,840.00| 941,183.00 | 941 | 941,000.00 |182.92|1,187,840.00
313,173,000.00{190,380.00| 996,796.00 | 996 | 996,000.00 |795.90|1,186,380.00
412,177,000.00|130,620.00|1,057,206.00|1,057{1,057,000.00|205.66|1,187,620.00
511,120,000.00| 67,200.00 |1,120,000.00{1,120{1,120,000.00| 0.00 |1,187,200.00

(2) Repayment of Bonds with Unequal Denomination

In bonds with unequal denominations, the individual securities
have different nominal values.

Co = $5,000,000; i =0.06(6%); n=>5

Denomination:

a) 250 bonds at $10,000 each

b) 500 bonds at $5,000 each
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Repayment Schedule with Denomination for Partial Bond a):

k

Cr—1

Zy.

Tx

A

7}(*

R

Ay

—_

N

w

N

a

2,500,000.00
2,060,000.00
1,590,000.00
1,090,000.00

560,000.00

150,000.00
123,600.00
95,400.00
65,400.00

33,600.00

443,491.00
473,591.46
501,897.95
530,102.83

560,000.00

44

47

50

53

56

440,000.00
470,000.00
500,000.00
530,000.00

560,000.00

3,491.00

3,591.46

1,897.95
102.83

0

590,000.00
593,600.00
595,400.00
595,400.00

593,600.00

250

2,500,000

Repayment Schedule with Denomination for Partial Bond b):

k

Cr-1

Zy

Tk

Ak

T}{*

R

A

_

N

w

N

[%)]

2,500,000.00
2,060,000.00
1,590,000.00
1,090,000.00

560,000.00

150,000.00
123,600.00
95,400.00
65,400.00

33,600.00

443,491.00
473,591.46
501,897.95
530,102.83

560,000.00

88

94

100

106

440,000.00
470,000.00
500,000.00
530,000.00

560,000.00

3,491.00

3,591.46

1,897.95
102.83

0

590,000.00
593,600.00
595,400.00
595,400.00

593,600.00

500

2,500,000
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Total Repayment Schedule for Partial Bounds a) and b):

Ay = $2,500,000-

1.06° —

1.06°-0.06
1

= $593,491.00

Tiapp = $593,491 — $150,000 = $443,491.00

Toasp = $593,491 —$123,600 + 1.06 - $3,491 = $473,591.46

Tsasp = $593,491 —$33,600 + 1.06 - $102.83 = $560,000.00

) =88
)=

ay, = int (
as, = int (

Ci1

$443,491
$10,000

)=

$560,000
25 ) =56
$10,000 )

Z

ap =

asp =

7‘}(*

. <$443,491
mt| ————

$5,000

in $560,000
$5,000

Ag

1| 500,000.00
4,114,000.00
3,173,000.00
2,177,000.00
1,120,000.00

300,000.00
246,840.00
190,380.00
130,620.00
67,200.00

886,000.00

941,000.00

996,000.00
1,057,000.00
1,120,000.00

1,186,000.00
1,187,840.00
1,186,380.00
1,187,620.00
1,187,200.00

100
106
112

935,040.00

5,000,000.00

5,935,040.00

250

500
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7.5.8 Repayment During the Year

If there are several repayment and/or interest periods within one year,
this is known as repayment during the year.

m, number of repayment periods per year
m; number of interest periods per year
N total period of a loan/credit measured in

repayment periods
Ni Ny = ny;-m;

N, Ny = ny-my

7.5.8.1 Annuity Repayment During the Year

In the case of annuity repayments during the year, the burden of the re-
payment instalment and interest amount is constant for each repayment
period during the year.

The following applies: A=A, =A3=..=A,=A

(a) Equal number of interest and repayment periods (m, = m,)

Relative j=—
Interest Rate Mz

.' . N
Annuity A=C L (1+))

(14 )V -1
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Period of a N =n-m, (measured in repayment periods)
Loan

Example: Camilla takes out a loan of $12,000 at an interest rate
of 5% p.a. Interest and repayment payments are made
quarterly. The loan is expected to be repaid after three
years.

Co = $12,000; i =0.05(5%); n=3; m;,=m, =4

N = 3-4 = 12 quarters (repayment periods)

j= ? =0.0125

0.0125- (1+0.0125)"2

= $1,083.1
(140.0125)12 -1 $1,083.10

A = $12,000-
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Year | Quarter | Residual | Interest | Repayment| Annuity
Amount | Amount | Instalment
at the

Beginning

of the Year
1 12,000.00, 150.00 933.10/ 1,083.10
1 2 11,066.90| 138.34 944.76| 1,083.10
3 10,122.14 126.53 956.57| 1,083.10
4 9,165.57 114.57 968.53| 1,083.10
1 8,197.04 102.46 980.64| 1,083.10
5 2 7,216.40 90.21 992.89| 1,083.10
3 6,223.51 77.79 1,005.31 1,083.10
4 5,218.20 65.23 1,017.87| 1,083.10
1 4,200.33 52.50 1,030.60| 1,083.10
3 2 3,169.73 39.62 1,043.48| 1,083.10
3 2,126.25 26.58 1,056.52| 1,083.10
4 1,069.73 13.37 1,069.73| 1,083.10

(b) More interest than repayment periods (m, > m,)

Relative Jj= (1 + l> "

Interest Rate "z
. - j-(+ )N
Annuit A=Cyp- — 22—
y T -

Period of a Loan N =n-m, (measured in repayment periods)
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Example:  Camilla takes out a loan of $12,000 at an interest rate
of 5% p.a. Interest is paid monthly, while the repayment
is made quarterly. The loan should be repaid after three
years.

Co =$12,000; i=0.05(5%); n=3; m=4; m;, =12

N = 3.4 = 12 quarters (repayment periods)

12
0.05\ %
j=(1+—=—) —1=0.0126

0.0126- (1+0.0126)'2
(1+0.0126)12 — 1

A = $12,000- = $1,083.78
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Year | Quarter | Residual | Interest | Repayment| Annuity
Amount | Amount | Instalment
at the Be-
ginning
of the
Year
1 12,000.00 151.20 932.58| 1,083.78
1 2 11,067.42 139.45 944.33| 1,083.78
3 10,123.09 127.55 956.23| 1,083.78
4 9,166.86 115.50 968.28| 1,083.78
1 8,198.58 103.30 980.48| 1,083.78
5 2 7,218.10 90.95 992.83| 1,083.78
3 6,225.27 78.44 1,005.34| 1,083.78
4 5,219.93 65.77 1,018.01 1,083.78
1 4,201.92 52.94 1,030.84| 1,083.78
3 2 3,171.08 39.96 1,043.82| 1,083.78
3 2,127.26 26.80 1,056.98| 1,083.78
4 1,070.28 13.49 1,070.28| 1,083.77

Note: Differences are due to rounding errors.

(c) More repayment than interest periods (m, > m;)

If there are more repayment periods than interest periods, interest pay-
ments no longer accrue at the end of each repayment period, but only
if

+ an interest period has ended.

+ the end of the period has been reached.
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Calculated interest at the end of the k'" repayment period

Interest payments at the end of a repayment period

. k
0 |fk7£int() and k<N
my my
k
.k k
Zk = Y z; if —=inm (>
T=k—m,+1 my my
N Lk k
Y z; if —#im (> and k=N
T=np-mp+1 my my
Annuity
_ n.(q] .
i-c q" - (1+ny-i)

(mr+%'(mr_1))'qnli_1 (1+n21)+(N2+mL'M)

Period components

ny = int(n) np =n—ng
lenl-mr N2=n2-mr
Example:

Nawid, Camilla’s cousin, takes out a loan of $12,000 at an interest rate
of 5% p.a. Repayments are made quarterly while interest is paid annu-
ally. The loan is scheduled to be repaid after 2.5 years.
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Co = $12,000; i =0.05(5%); n1 =2; np =05, m,=4;, my=1
N, = 2-4 = 8 quarters (repayment periods)
N, = 0.5-4 = 2 quarters (repayment periods)

N = 2.5-4 = 10 quarters (repayment periods)

1.05%- (140.5-0.05)

A = $12,000-

(4+285 . (4— 1)) - 1071 (1105-0.05) + (24 05 C 1)

1.1300625
= e = $1,282.33
$12,000 10.57509375 3,

0.05
Zj = =~ 12,000 = $150

. 2 2
Z> = 0, since 3 = int (4) and 2 < 10

Z4y = $150+$133.974+$117.94+$101.91 = $503.82
Z ; : ;

since4—'t 4
1~ "\4

Zg = $92.18 +$76.15 +$60.12 + $44.09 = $272.54
e~ Y Y= =

z: z z z

since 8 _ int 8
4 4
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Zio = $31.47+$15.44 = $46.91,
S~ Y~
Z Ziy
since ? = int (T) andk =N (10 = 10)
Year | Quarter | Residual Interest Repay- | Annuity
Amount ment In-
at the Be- stalment
ginning of
the Year
calcul. payment
1 12,000.00f 150.00 0.00{ 1,282.33| 1,282.33
1 2 10,717.67| 133.97 0.00{ 1,282.33| 1,282.33
3 9,435.34| 117.94 0.00{ 1,282.33| 1,282.33
4 8,153.01| 101.91| 503.82 778.51| 1,282.33
1 7,374.50 92.18 0.00{ 1,282.33| 1,282.33
5 2 6,092.17 76.15 0.00{ 1,282.33| 1,282.33
3 4,809.84 60.12 0.00{ 1,282.33| 1,282.33
4 3,527.51 44.09| 272.54| 1,009.79| 1,282.33
3 1 2,517.72 31.47 0.00{ 1,282.33| 1,282.33
2 1,235.39 15.44 46.91| 1,235.39| 1,282.30

Note: Differences are due to rounding errors.
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7.5.8.2 Repayment by Instalments During the Year

In the case of repayment by instalments during the year, the repayment
instalments remain constant for each repayment period during the year.

The followingisvald: T1 = =T =..=T,=T
-  C
Repayment T = ﬁo
Instalment
Period of a N=n-m, (measured in repayment periods)
Loan

(a) Equal number of interest and repayment periods (m, = m,)

Relative Interest Rate  j = —
my

Example: Camilla takes out a loan of $12,000 at an interest rate
of 5% p.a. The loan has to be paid off in the form of
an instalment repayment. The interest payments and
repayments are made quarterly. The loan is scheduled
to be repaid after three years.

Co = $12,000; i=0.05(5%); n=3; m=m, =4

N = 3-4 = 12 quarters (repayment periods)

$12,000 ~0.05

T = = = —— =0.0125
T - $1,000 j==3
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Year | Quarter | Residual Interest | Repayment| Annuity
Amount Amount | Instalment
at the
Beginning
of the Year
1 12,000.00 150.00 1,000.00{ 1,150.00
1 2 11,000.00 137.50 1,000.00| 1,137.50
3 10,000.00 125.00 1,000.00| 1,125.00
4 9,000.00 112.50 1,000.00{ 1,112.50
1 8,000.00 100.00 1,000.00{ 1,100.00
5 2 7,000.00 87.50 1,000.00f 1,087.50
3 6,000.00 75.00 1,000.00) 1,075.00
4 5,000.00 62.50 1,000.00| 1,062.50
1 4,000.00 50.00 1,000.00| 1,050.00
3 2 3,000.00 37.50 1,000.00f 1,037.50
3 2,000.00 25.00 1,000.00| 1,025.00
4 1,000.00 12.50 1,000.00f 1,012.50

(b) More interest than repayment periods (i, > m,)

Relative Interest Rate j = (1 + l) "

Example:

mz

my

Co = $12,000; i =0.05(5%); n=3; m, =

Camilla takes out a loan of $12,000 at an interest rate
of 5% p.a. The loan is to be paid off in the form of an
instalment repayment. The interest payments are made
monthly while the repayments are made quarterly. The
loan is to be repaid after three years.

4 m, =12
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N = 3-4 = 12 quarters (repayment periods)

_ 12,000
T = $ 1’2 = $1,000
12
j= (1+0£5) C 12001255
Year | Quarter | Residual | Interest | Repayment| Annuity
Amount | Amount | Instalment
at the
Beginning
of the
Year
1 12,000.00 150.60 1,000.00| 1,150.60
1 2 11,000.00 138.05 1,000.00| 1,138.05
3 10,000.00 125.50 1,000.00| 1,125.50
4 9,000.00 112.95 1,000.00| 1,112.95
1 8,000.00 100.40 1,000.00| 1,100.40
5 2 7,000.00 87.85 1,000.00| 1,087.85
3 6,000.00 75.30 1,000.00| 1,075.30
4 5,000.00 62.75 1,000.00| 1,062.75
1 4,000.00 50.20 1,000.00| 1,050.20
3 2 3,000.00 37.65 1,000.00| 1,037.65
3 2,000.00 25.10 1,000.00| 1,025.10
4 1,000.00 12.55 1,000.00| 1,012.55
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(c) More repayment than interest periods (m, > m,)

If there are more repayment periods than interest periods, the interest
payments no longer accrue at the end of each repayment period. Inter-
est payments only accrue at the end of each repayment period if

+ an interest period has ended or

« the end of the period is reached.

Calculated interest at the end of the k" repayment period

k
0 if #im() and k<N
my my
k
Zk = Y z; fif LI int (k>
T=k—m,+1 my my
N
I 4 k
Y z i #int() and k=N
T=n;-my+1 my my

Example:  Camilla takes out a loan of $12,000 at an interest rate
of 5% p.a. The loan is to be paid off in the form of an
instalment repayment. Repayments are made quarterly
while interest payments are made annually. The loan is
scheduled to be repaid after 2.5 years.

Co = $12,000; i =0.05(5%); n=2.5 m,=4; m, =1
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N = 2.5-4 = 10 quarters (repayment periods)

$12,000

T:
10

= $1,200

0.05
Zj = =7~ +$12,000 = $150

Zy = $150+$135+$120+$105 = $510
N

Zg = $90 + $75 + $60 + $45 = $270
~ =~
z: z z z

. 10 10
since -~ # int <4> and k=N (10 =10)
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Year | Quarter | Residual Interest Repayment | Annuity
Amount Instalment
at the Be-
ginning
of the
Year
calcul. | payment
1 12,000.00( 150.00 0.00 1,200.00|1,200.00
1 2 10,800.00( 135.00 0.00 1,200.00|1,200.00
3 9,600.00| 120.00 0.00 1,200.00|1,200.00
4 8,400.00| 105.00| 510.00 1,200.00|1,710.00
1 7,200.00| 90.00 0.00 1,200.00|1,200.00
5 2 6,000.00| 75.00 0.00 1,200.00|1,200.00
3 4,800.00| 60.00 0.00 1,200.00|1,200.00
4 3,600.00| 45.00| 270.00 1,200.00|1,470.00
3 1 2,400.00| 30.00 0.00 1,200.00|1,200.00
2 1,200.00| 15.00| 45.00 1,200.00|1,245.00

7.6 Investment Calculation

In the investment calculation, alternative investment projects are as-
sessed and compared to each other. For this purpose, the information
relevant to the investment decision is condensed into an indicator, thus
enabling a recommendation to be made for one of the investment alter-

natives.

A distinction is made between static and dynamic methods:
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Static Methods

Dynamic Methods

« Amortisation calculation
* Return on investment

+ Cost comparison calculation * Annuity method
* Profit comparison calculation * Net present value method

¢ Return on investment

7.6.1 Fundamental Terms

Present Value of Capital C,

Amount of Capital C,

The present value of capital
corresponds to the value of an
investment at the point in time 7. It is
determined by adding the balances of
expected incoming and outgoing
payments (= series of payments)
discounted at the calculatory interest
rate i and related to the valuation time
0.

The amount of capital is the profit or
loss caused by an investment. It
corresponds to the sum of the
balances of incoming and outgoing
payments (= series of payments)
accrued with the calculatory interest
rate i to the final point in time of the
investment period.
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Final-Value of Assets V,

Tk

€k

Ak

Ik

The final-value of assets, unlike the
amount of capital, splits the

calculatory interest rate into the debit

interest rate (for the interest on the

capital invested in the investment) and

the credit interest rate (for the
reinvestment of the returns).

Present value of expenditures/disbursements
Present value of income/proceeds

Profit annuity

Expenditure annuity

Income annuity

Payment balance of the k" period
with k=1,2,...,n

Income/proceeds of the k" period
with k=1,2,...,n

Expenditures/disbursements of the k™ period
with k=1,2,...,n

Point in time of the k™ period with
k=1,2,...n

Total period
Interest rate, rate of discount

Internal rate of return (IRR), internal rate
of discount
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Ldebit Debit interest rate for the return on capital
invested

Leredit Credit interest rate for reinvestment of the
returns

Payment Series of an Investment

Point in Time to f t 13 th—1 1y
Income e ey e e3 en—_1 e
Expenditures ao a a az  |... n—1 an
Payment Series |eg —ag|e1 —aj |ex—az|es—az|...|en1 —an_1 | en—ay

Adequate Target Rate

The adequate target rate displays the return of the investment sum. In
this way, the real interest due for a (nominal shown) loan can be ac-
counted for. With the help of the interest rate, the payment series of an
investment is transformed into an indicator, on the basis of which the
advantageousness can be evaluated (comparatively).

The rate of discount:

* is the minimum interest rate used to calculate interest on outstand-
ing amounts;

+ is normally above the market interest rate;

» must be set higher, the higher the risk of an investment is;
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* is, when using borrowed capital (outside capital) > the interest rate
of the loan of the borrowed capital by a possible reinvestor.

7.6.2 Fundamentals of Financial Mathematics

Compound Interest Calculation

Accumulation factor (I+29)"
Discount factor L _ (I4n)™"
(e
Amount of capital Co=Co-(1+0)"
1
Net present value (NPV)  Cy = C,- =Cy,-(14+0)™"

Examples:

Accumulation factor/discount factor:

Discount Factor 8 %

End of Year | Accumulation Factor 8 %
1 1.0800
2 1.1664
3 1.2597
4 1.3605

0.9259

0.8573

0.7938

0.7350
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Amount of capital: Cop = $2,000; i = 0.08; n =5
Cy = $2,000- (1+0.08)° = $2,938.66
Net presentvalue: C, = $2,938.66; i = 0.08; n = 5

Co = $2,938.66- (1+0.08)° = $2,000

Annuity Calculation

(14i)"—1

Annuity present value
P Fiy

factor (1

1 ()i
annuity present value factor ~ (1+i)" — 1

Annuity factor

1

. - = () - annuity factor
annuity present value factor

Actual cash value R=0Cy
of an annuity

(1+i)-i
R=Cy ~—1 "0
i1
14+)"—1
Present value Co=R- %
. (L)
of an annuity
R
Present value Cy = 7

of a perpetuity
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Examples:

Annuity factor/annuity present value factor:

End of Year | Annuity Factor 10 % Annuity Present
Value Factor 10 %
1 1.1000 0.9091
2 0.5762 1.7355
3 0.4021 2.4869
4 0.3155 3.1699
Actual cash value Cy=$4,500;i=0.1;n=4
of an annuity
(14+0.1)*-0.1
R=%4 i —1 =9%1,419.62
$4,500 01 $1,419.6
Present value R=291,419.62;i=0.1;n=4
of an annuity
R = $1,419.62 (+0.0t -1 = $4,500
ST (400400 T
Present value R =9%$1,419.62; i = 0.1
of a perpetuity
co= 34975 _ 614 196,20

0.1
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7.6.3 Methods of Static Investment Calculation

In the static investment calculation, the reference to time or to temporal
(dynamic) changes is either not considered at all or only incompletely.

Cost Comparison Method

For the cost comparison method, the option with the lowest costs is
recommended. The procedure is used in practice for replacement and
rationalisation investments, since the revenues are not or only subordi-
nately relevant for the decision.

Profit Comparison Method

By definition, the profit comparison method considers not only costs but
also revenues (profit = revenues — costs). Here, the option with the
highest profit is recommended.

Amortisation Calculation
(Pay-back Method, Pay-off Method or Pay-out Method)

The amortisation calculation focuses on the question of when or within
which period of time the invested capital of an investment project will be
amortised. The project with the shortest amortisation period is recom-
mended.

Profitability Calculation

The decision criterion of an evaluation of investment alternative is the
period profitability within a certain period of time. The profitability puts
the profit in relation to the capital employed. The investment with the
highest period profitability is recommended.

7.6.4 Methods of Dynamic Investment Calculation

The dynamic methods of investment calculation are based on payment
series that are related to a specific point in time, i.e. they are based
on a specific date. A payment series corresponds to the balances of
proceeds and disbursements.
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7.6.4.1 Net Present Value Method
(Net Present Value, Amount of Capital, Final Asset Value)

With the net present value method, the decision criterion of an invest-
ment is the capital value (NPV or amount of capital).

Payment balance z; = e; —ax

21 22 Zn

Net present value Cy = zo + ~ 4+ — +...+ -
P U T A A+

=zo+z-(1+0) "z (1+) 2+ 4z (1+0) "
Amount of capital G, = zo-(1+i)"+z1-(1+)" ' +... 42,

Final-Value of Vo = 20 (14 igepit)" + 21 - (14 icreqis) '+

Assets . _
+z2- (1 +lcredil)” 2 +...F

According to the net present value method, an investment is consid-
ered appropriate if the capital value (i.e. the net present value, the
amount of capital or the final asset value) is greater than or equal to
zero (Cp; Cp; V,, > 0).

Capital value >0 = The investment is considered advantageous
compared to an alternative (financial) invest-
ment or an expected minimum return.

Capital value = 0 = The investment achieves (at least) the required
minimum return.

Capital value <0 = The investment is not appropriate.
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Example:

i = 0.08 (8%); n = 4 periods with the time points 7y to #4

Point in Time to 31 t 3 t4
Proceeds $0[{$100,000|$120,000|$150,000| $45,000
Disbursements $60,000( $30,000| $50,000|$105,000| $40,000

Payment Series —$60,000{ $70,000 $70,000| $45,000{ $5,000

Net Present Value

Co = —$60,000+$70,000- (1.08) ! 4-$70,000- (1.08) 2 + $45,000 -

-(1.08) 73 + $5,000- (1.08)~*

Co = $104,226.13

Amount of Capital

C, = —$60,000- (1.08)* +$70,000- (1.08)> +$70,000- (1.08)% + $45,000 -
-(1.08) + $5,000

C, = $141,798.50

The amount of capital corresponds to the net present value of capital,
which bears interest (at 8 %) over the entire period:

C,=Co-q"
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t, t, t, t, t,
-60,000.00 70,000.00 70,000.00 45,000.00  5,000.00
-1
64,814 81 1o |
-2
60,013.72 108
35,722.45 _ 1087
-4
3,675.15 « 108
T 104,226.13
C, -discount factor = G Cy -accumulation factor = C,
= $141,798.50-1.08 * = $104,226.13-1.08*
= $104,226.13 = $141,798.50
t, t, t, t, t,
-60,000.00 70,000.00 70,000.00 45,000.00 5,000.00
108 48,600.00
2
- 108 » 81,648.00
- 108’ » 88,179.84
108 > -81,629.34
—

141,798.50
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Final Asset Value

Debit interest rate = 10% Credit interest rate = 8%

t, t, t, t, t,
-60,000.00 70,000.00 70,000.00  45,000.00 5,000.00

- 108

48,600.00
- 1087

» 81,648.00

- 108’ 88,179.84

v

v

-87,846.00
Z
135,581.84

Capital values (net present value, amount of capital or final asset value)
express the respective monetary value, which results from the assumed
or expected incoming and outgoing payments of a time series (invest-
ment), calculated at an internal rate of discount, at the beginning or end
of a considered period.

7.6.4.2 Annuity Method

The annuity method expresses the (monetary) valuation of an invest-
ment in terms of periods. It compares the present value of the income
with the present value of the expenditures.

Present value of B, =Y o T
income o (1+1)
n ay
Present value of Bi=Y —
expenditures o (1+9)
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Income annuity A, =B, ‘I"ésq——ll)
Expenditure annuity A, =B, ‘1’1;‘1——1 D
Profit annuity?® Ay = A, —Ag

ord, = Gy ((11:1_)1")1"_'1

annuity factor
in arrears

If the profit annuity A, is greater than or equal to zero, the investment is
advantageous:
Ag=A,—A; >0

Profit annuity >0 = The investment is considered advantageous
compared to an alternative (financial)
investment or expected minimum return.

Profit annuity =0 = The investment achieves (at least) the
required minimum return.

Profit annuity <0 = The investment is not appropriate.

Example:

i =0.08 (8%); n = 4 periods with the time points 7, to #4

25 Profit in the sense of surplus revenue.
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Point in Time to H t 3 1y

Proceeds $0| $100,000| $120,000| $150,000| $45,000
Disbursements $60,000 $30,000 $50,000( $105,000| $40,000
Payment Series | —$60,000[ $70,000[ $70,000 $45,000, $5,000

$30,000  $50,000 $105,000  $40,000

e =

Ba = $60,000+ =52 1.082 1.083 1.08*
suom soow 0w s

Aq = $243,398.30- W — $73,487.01

A, = $347,624.43 W = $104,955.05

Ag = $104,995.05 —$73,487.01 = $31,468.04

or alternatively with A, = Cp-

Co

(14i)"-i
(1+i)n—1

-(1.08) 73 + $5,000- (1.08) ~*

Co = $104,226.13

— $243,398.30

,624.43

—$60,000 +$70,000- (1.08) " +$70,000- (1.08) % + $45,000 -
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(14-0.08)*-0.08

A, = $104,226.13 -
= A = $104, (1+0.08)* 1

= $31,468.04

The profit annuity of $31,468.04 corresponds to the annual surplus (av-
erage annual profit rate) of the investment at an interest rate of 8 %. The
investment thus appears to be economically reasonable due to the pos-
itive profit annuity.

7.6.4.3 Internal Rate of Return Method

The internal rate of return r is determined by an approximation method
and compared with the rate of discount i.

Discount Factor for the k" Year

g =(1+r*

Equation for Calculating the Internal Rate of Return

21 22 23 Zn
0= — e
S U s SR L G BEPS R G BT
n Zk
© k;1(1+”)k

Examples:

(1) One Period Case

Point in Time to ]

Payment Series —$100 $110
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110
= Internal rate of return: 0 = —100+ ——— = r = 0.1(10%)

(147r)!

profit  110—100
capital 100

= 10 % profit

(2) Payment Series Over Several Periods

Point in Time to I3l tH
Proceeds $0|  $82,100{ $73,000
Disbursements $50,000|  $55,000{ $43,000

Setting up the equation to calculate r:

$82,100 - $55,000 __$73,000 —$43,000

0 = —$50,000+ -
q q

q2

1,000

Multiplication of the equation by

0= (—$50,000+

2 2 2
_(_ q $27,100 ¢ $30,000 ¢
0_( $50,000 1,000)+( g 1000) T\ & 1000

$27,100  $30,000 7
7 1,000

0=—-50¢>+27.1q + 30 |+ (—50)
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Application of the p/g formula:

—0.542 —0.542\*
0=¢q*—0.542¢—0.6 :>q1/2:—( 5 )j:\/< 3 ) —(—0.6)

& q12 = 0.271 £v0.073441
= q1 = 0.2714+0.8206 = 1.0916
= g, = 0.271 —0.8206 = —0.5496
g1 corresponds to an internal rate of return of r =~ 0.0916 (9.16 %). If this
internal rate of return is above the (assumed) discount rate, the invest-
ment is advantageous.

No internal interest rate can be assigned to ¢, because of the negative
sign. No interest rate could be assigned to a g—value below 1 either.
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Chapter 8
Optimisation of Linear Models

By means of the Lagrange method or linear optimisation, the relative
extremes (minima or maxima) of a linear (target) function can be deter-
mined under restrictive linear constraints.

If the constraints are given in the form of an equation, the model can be
solved with the help of the Lagrange method. However, if the constraints
consist of inequalities, the model can be solvable using a linear pro-
gramming approach (linear programming, linear optimisation).

8.1 Lagrange Method
8.1.1 Introduction

The method of Lagrange multipliers! is a mathematical procedure that
determines the relative extremes of a linear mathematical model (= lin-
ear target function and linear constraints) if the constraints are given in
the form of equations.

8.1.2 Formation of the Lagrange Function
Given is a (target) function
f=7r,x,.0,x) x>0 with i=1,...,n

for which the local extremes are to be determined.

' Joseph-Louis Lagrange (1736 - 1813) was an ltalian mathematician.
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The function f is limited by the constraints
0 = 9j(x1,x2,...,%) j=1,..m

The Lagrange function L = L(xj,x2,...x,) additively links the (target)
function with the restrictions:

L= Fxr, .. x0)
+ llqbl(xl,...,xn) +

+ 7Lg¢2(x1,.. . ,x,,) +

+ )~n1¢m(x17---axn)

A;: Lagrange multiplier for the j* constraint ;€ R

8.1.3 Determination of the Solution

According to the necessary conditions for determining relative extremes,
the first partial derivatives of the Lagrange function are set to zero af-
ter the variables x; with i = 1,...,n, and after the Lagrange multipliers 4;
with j = 1,...,m. The result is a system of (n+m) equations with (n+m)
unknowns and thus a unique solution:

oL _ oL oL oL _ oL g
axl78)627.”78)@,733,178127”-791,”7

= (n+m) equations with (n+m) unknowns.
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From this system of equations, the solutions of the variables and thus
also the coordinates of the searched extrema are uniquely determined.

Example:

There are two different drinks to choose from. The total utility from con-
suming these drinks should be maximised with a limited budget. The
budget is $60 and the utility is presented with the following function:

U(x,y) = 2xy

The budget restriction can be formulated by the prices of goods as an
equation. One unit x (wine) costs $5 and one unit y (water) costs $1.

S5x+y = 60
60—5x—y = 0 (positive absolute term)
Note: If the restriction is transformed so that the absolute

term of this equation is positive, A can be directly
interpreted hereafter.

Target function: U(x,y) = 2xy

Constraint: 60—-5x—y=0

(1) Lx,yA) = 2xy + A-(60—5x—y)
—~~ —_—

target constraint
function
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(2) Necessary constraints for local extremes:

L'x=2y-54=0 () = 2y —5A =0
Ly=2x-1=0 (1 = 2x— A =0
L'A=60-5x—y=0 ay = 60—5x—y =0

= 3 equations with 3 unknowns

Solution of the equation system:

(I) and (ll) isolate A:

2

() A=y

(I) and (ll) are equated to each other:

2 2x & x !
200y _1
57 57

Insert x in (IlI):
60—5 ! =0
5)’ y=
y =30
=x=6; A=+12
The maximum utility is reached with a given utility function (= function-

alisation of the utility) and a limited budget of $60 within the considered
time, if x = 6 units wine and y = 30 units water are consumed.
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The maximum utility that is to be generated is defined as

Upax = 2-6-30 = 360 units (utility units)

With full use of the budget $60, no alternative x/y-combination can be
found which could provide a greater benefit than the local maximum
identified here.

8.1.4 Interpretation of 1

If the default ;" restriction is incremented/decremented by one unit, the
result of the target function varies approximately by A; units. The follow-
ing table gives an overview of the changes in the results of the target
function.

L A positive negative
A restriction
positive increment decrement
negative decrement increment

Interpretation of A from the example of chapter 8.1.3:

A = +12

Note: A ist nondimensional

S61 372 utility units

$60 \ 360 utility units

$59 348 utility units
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If the budget of currently $60 was increased ceteris paribus (c.p.) by $1
to $61, the maximum utility would go up absolutely by 12 utility units to
372 utility units. If instead the budget c.p. was reduced by $1 to $59, the
maximum utility would decrease by 12 utility units to 348 utility units.

If A = —12, then increasing the budget from current $61 c.p. by $1 to
$61, would decrease the maximum utility absolutely by 12 utility units to
348 utility units. If instead the budget c.p. were reduced by $1 to $59, the
maximum utility to be achieved would then increase by 12 utility units to
372 utility units.

S61 348 utility units

e
$60 \

360 utility units

S59 372 utility units

8.1.5 Identification of the Type of Optimum

In the classical solution of a Lagrangian problem, as also shown in chap-
ter 8.1.3, it is not yet clear what kind of extremum (minimum or maxi-
mum) is considered.

There are different solutions to this problem, which will be shown in the
following by three examples.

Example 1:
Target function: f(x,y) =4 —x> —y?

Constraint: g(x,y) =x+y=1

Step 1: Convert the constraint to 0

= x+y=1 & 1-x—y=0
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Step 2: Form Lagrange function

= L(x,y,A) = f(x,y)+ 21 -g(x,y) — The constraintis
multiplied by the variable.

L('xay7)’> :4_x2_y2+2’(] —)C—y)
Lix,y,A)=4—x>—y*+2A —Ax—Ay

Step 3: Building of all partial derivatives 15! order according to each
independent variable x, y and 4

= L=-2x—2
Ly=-2y—2

Ly =1-x—y

Step 4: Necessary condition — set all first order derivatives
equal to zero

= —2x—A=0
—2y—A=0
l—x—y=0

Step 5: Solve the equation system

() —2t=2=0|+4 = —2x=21]:(-2) = x:_%g

() —2y=A=0]+A = —2y=2]:(-2) = y:fég

(mH1-—x—y=0

insert x and y into equation (lll)

(|||)1+%x+%/1:0 o 14A=0 A=—I
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. . 1,1
Solution: There could be an extreme point at P(5 | 5).

Step 6: Building of all partial derivatives 2" order to identify the type of
the possible extreme point

Partial derivatives 15t order

Li=-2x—A Ly=-2y—-4 Lj=1-x-y

Partial derivatives 2" order
Li=-2 L,=0 Lj=-1
L=0 Ly=-2 1, =—I

Ly, =-1 Ly =-1 1Lj;=0

Step 7: Identifying the type of extreme point
= Set up Hessian matrix with A as the first variable and using
Sarrus’ Rule for a 3x3 matrix.
N " "
Lyy Ly, Ly
n v pr | Insert the concrete values of the derivatives of
A “xx “xy

LHJL " second order
Y, 'yX yy

) ey e | If there were variables here, for x = % and for

1 . .
= | == ¥ y=s5 would be used. All values inside the Hessian

-1 0-2 . . . .
matrix are then numerical (without variables).



8.1 Lagrange Method 305

Step 8: Calculate the determinant

— add the first two columns

det 22 — multiply the numbers on the
respective diagonal by each other

det =0+ (~2): (=2)+(~1)-0+ (=1)+ (~1) - (—1)-0— (~1)(=2) (1)
—0:0-0—(=1)-(=1)-(=2) =04+0+0+2—0+2 =4

Solution: 4 > 0, which means that there is an extremum at the point
P(0.5]0.5).

Since Ly,=-2<0 and Lj,=-2<0, thefunctionis concavely curved
in both directions, so that there is a maximum at the point P(0.5]0.5).

Alternative solution for identifying the type of optimum

The identification of the type of a possible extremum can also be done
by inserting adjacent values of the function value of the extremum un-
der the constraint x+y=1.

YL S AR TV S A SR S
fGo30) = f(5i5) = 4= (3= (30 = 4= ;-7 =35
Adjacent values (exemplary selection):

12 1 2

f(§’§) =4 (5)2— (5)2 =344<3.5
f(%;%) _ 4 (%)2_ (é)z —332<35

_ 1
= Maximum at the point (5 | 5)

Example 2:

Calculation of possible extrema with three unknown variables under two
constraints using the Sarrus’ Rule.
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Searched are the extrema of the function f(x,y,z) under the
constraints g;(x,y,z) and g(x,y,z).

f(x,y,2) = x> 4 3y* 427
g1(x,y,2) =4x+12y = 120
g2 (x,9,2) = 6y+ 127 =120

Step 1: Set constraints =0
g1(x,y,2) =120—4x— 12y =0

g(x,y,z) =120-6y—12z=0

Step 2: Calculate the determinant

f'(x) g5 (x) g5(x)
= | () &) &) | =0
f'(2) £\(2) &(2)

det = 2x- (—12)- (—12) + (~4) - (—6) -4z +0-6y-0—0- (—12) -4z —
—2x-(=6)-0— (—4)-6y- (—12) = 288x + 967 — 288y

Set zero: 288x 496z — 288y =0]:96
3x+z-3y=0

1
Solved for x,y,z: x= —32 +y

1
y=x+§z
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z=—3x+3y

Step 3: Insert in constraint to calculate x,y and z

. 1
g1(x,y,2) =120—4x— 12y =0 with y=x—|—§z

1
120 —4x — 12(x+=2) =0

- 3
& 120—4x—12x—4z=0
& 120—16x—4z=0
& 16x=120—-4z
x=75— %z and y=x+ %z (see above)

= insert into the second constraint:

g2(x,y,2) =120—6y—12z=0
1

= 120—6(x+52)—12:=0

= 120—6x—2z—127=0

120—6(7,5— %Z) —14z=0

3
< 120—45+§Z—14Z:0

12.5:=175
7=06
1 1
—75--2=75---6=6
* 4° 4

1 1
—x+-z=6+--6=8
YEATRE 3

Possible extremum at the point (6]8]6).
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Step 4: Determination of the type of extremum

Since f;,=2>0, f;;=6>0 and f;.!=4>0 the function is convexly
curved in all three directions, so there is a minimum here.

Step 5: Determination of lambda

L(x,,2,A1,A2) = x* +3y% + 222 + A1 (120 — 4x — 12y) + A,(120 — 6y — 127)

L;:2x—4/11:O L/y=6y—12},1—612=0
= 4A =2x = 6A;=6y—12-3
2 6-8—12-3
M=--6=3 =—=2
= 1 I = ),2 3
Example 3:

Determination of the extreme points with three unknown variables un-
der two constraints.

Searched are the extreme points of the function f(x;,x2,x3) under the
constraints g (x;,x2,x3) and ga(x,x2,x3).

Flrr,x,x3) = (x1 = 2)2 + (2 —3)? —x3 =27 —dx; +4+x3 —6x2+9 23

g1 (x1 ,XQ,X3) =x1+x+x3=2

82(x1ax2ax3) =3x1+x—x3=2

Step 1: Set constraints =0
g1(x1,x2,x3) =2 —x1 —x2—x3 =0

g2(x1,x2,x3) =2 —3x1 —x2+x3=0
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Step 2: Form Lagrange function

L(xl,)Cz,)C3,ll,},2) = (x1 —2)24—()@—3)2—)6%—"-)4(2—)61 — X —XxX3 = 0)—|—
+A(2-3x1 —x2+x3)

Step 3: Set all partial derivatives 15t order = 0 and convert to x;,x, and
X3

L, =2(x1-2)-4 34 =0
L, =2-(n—3)—A—A =0
L;3 =-2x3—-M+A =0
L;ll =2—x1—xp—x3=0

L/lz =2-3x1—x+x3=0

x;1 =2+0.54;+1.54,
X =3+0.54;+0.54,
x3 = —0.54; +0.51,

Step 4: Solve the equation system

L;ll =2—x1—x—x3=0

Ly =2—(240.54 +1.54) — (34+0.54 +0.5%) — (—0.541 +0.54,) = 0
—3—-0.54;-252,=0

A =-6-5A

insert into the derivatives converted to x;,x, and x3
x1=2+054+1.54,
x1=2405-(—6—-54)+1.54,

x1:—1—12
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X =34+0.54; +0.54,
X2 =340.5-(—6—54)+0.5
Xy = 72/12

x3 = —0.54; +0.54,
x3=-05-(—6-54,)+0.54
x3=3+3L

insertinto L}

Ly, =2-3x—x+x3=0
2—-3-(=1=2) = (=24) +(3+34) =0
8+84, =0

Xy = —2}1,2 =-2- (—l)

x2:2

X3=3+312=3+3'(—1)

X3=O
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Possible extremum at the point (2]0]2)

Interpretation of lambda: If both constraints ceteris paribus, i.e. under
otherwise equal conditions, are each increased
or decreased by one unit, the result of the
function f(x;,x2,x3) decreases or increases by
1 unit.

Determination of the type of extremum using the Sarrus’ Rule.
81 (x1,x2,)C3) =2—Xx1—X3—X3

gr(x1,x0,x3) =2—=3x1 —x2+x3

f'(xr) g (x1) g5(x1)
= | f(x2) gi(x2) gh(x2) | =0
f(x3) g\ (x3) g5(x3)
. oy
det 2 6 -1

det=(2x;—4)-(=1)-14+(=1)-(=1)- (=2x3) +(=3) - (2%, —6) - (—1) —
—(=3)- (1) (=2x3) = (2x1 =4) - (=1)- (=) = (1) - (2x2 - 6) - 1
Set zero: —2x1+4—2x3+6xp —18+6x3 —2x1 +4+2x, — 6
= —4dx;+8xp+4x3—16=0]:4
S —x1+2x0+x3—4=0

Solved for xi,x2,x3: x1 =x3+2x, — 4
xy = —0.5x; —0.5x3+2
xX3=x1—2x+4
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Insert into constraints to calculate x;,x;, and x3

g1 = (xl,XQ,)Q) =2—x1+x+x3=0 with  x; =x3+2x, —4
= 2—x3—2x+4—x—x3=0
& 630 —-2x3=0

& 3xp =6—2x3

2
<~ )C222—§X3

and x3 =x; —2x; +4 (see above)

= insert into second constraint:

gz(X1,XQ,X3) =2-3x1—x+x3=0

2
= 273x17(Zf§X3)+X3:0

2
=2 2—3X1—2+§X3+X3 =0

5
& —3x +§x3 =0

5
= —3~(X3+2XQ—4)+§X3=0
5
& —3X3—6)C2+12+§)C3=0
2 5
= —3)63—6-(2—§X3)+12+§X3=0

12 5
& 73x3712+?X3+12+ §X3 =0

8
~ 5)(:3:0
s x3=0

2
= )C2=2—§)C3=2
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= x1=x3+2x—-4=0+2-2—-4=0

= possible extreme at the point (0]2]0)
(= same result as via Lagrange)

Determination of the type of extremum

Since 7. =2>0, f/ =2>0 but f’ = -2<0, indifference

X1X1 x2X2 X3X3

prevails. In x; and x; directions, the function is convex and in x3 direction
the function is concave curved.

8.2 Linear Optimisation
8.2.1 Introduction

Linear optimisation or linear programming (linear planning) is to be used
for the determination of extreme values if the constraints of a linear
mathematical model are in the form of inequalities and/or equations.

8.2.2 The Linear Programming Approach

(1) Target function
7z = z(x1,x2,...,x,) = opt!

opt = optimisation = maximisation or minimisation

(2) Constraints
0; = @i(x1,x2,...,%,) <¢; with j=1,....m

Note: The < - restrictions can also be represented as
> - restrictions when multiplied with —1 and vice
versa.
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(3) Non-negativity conditions

x>0 with i=1,...)n

8.2.3 Graphical Solution

For clearer demonstration, the model discussed below will first be
limited to two variables, x; and x», and two restrictions.

The linear programming approach is demonstrated below:

(1) Target function

z = z(x1,x%2,...,X,) = opt!

(2) Constraints
anxi+ax; < ap aij € Ry i;j = 1;2 = constant

axnx)+axnx; < ap

(3) Non-negativity condition

x1,x >0

The solution set is the set of all ordered pairs of variates (x;,x;) € RxR
that satisfy the above-mentioned constraints:

Ss = {(x1,x2) | (x1,%2) ERXR A apxi +ainxy <ar A ayxi+anx <ar}



8.2 Linear Optimisation 315

Each restriction divides the coordinate system into the relevant half-
plane. Due to the non-negativity condition, only the fourth quadrant of
the coordinate system is relevant. The possible solutions are shown in
the following example by the hatched area. The target function marks
the corresponding straight line (contour line ) z = z(x;,x). The optimum
(= the searched value pair), (x{¥,x3""), is obtained, depending on the
task, by parallel shifting the target function z = z(x;,x2). In the case of
maximisation (minimisation), the target function is shifted outwards (in-
wards) - away from (towards) the origin - until it reaches the limited
plane due to the restrictions (hatched area).

The optimum is unique if the target function meets a corner of the rel-
evant area. The solution is ambiguous if the target function is parallel
(congruent) to one of the constraint lines.

Example:

Two products are manufactured with three different machines, whereby
the capacities of the machines are limited. x; has a contribution margin
of $150 per unit. x, has a contribution margin of $100 per unit. The ob-
jective is to maximise the contribution margin (CM), under consideration
of the limited machines capacities.

Decision variables: x1,Xx; = quantities of products produced
Target function: CM(x1,x2) = 150x; + 100x, = max!
Constraints: (1) 4x; +2x3 <200 with  x1,x <0

(2) 2x1 +4x, < 200

(3) 2x; +2x; < 120
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Interpretation of the constraint (1):
4 TU/QU-x; QU+ 2 TU/QU-x; QU <200 TU QU = quantity units

TU = time units

with 4;2 = production coefficients

200 = maximum capacity of the first machine

—— target function

- X

70

Calculation of the axis intercepts:

(1) 4x) +2xp; <200 TU
x =0 = x* =100 QU
=0 = % =50QU
(2) 2x1 +4xy <200 TU

X =0 = &% —50Qu

X =0 = ¥ = 100Qu
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(3) 2x1 +2x <120 TU

X1 0 = x* =60qQu

X =0 = % =60Qu

target function 150x; + 100x, = e.g. $1,500
= X =10QU
= ¥ =15Qu

= Shift of this straight line until it contacts the boundary surface
defined by the constraints.

The optimal distribution of the goods x; and x, can now be observed on
the axes. To maximise the total contribution margin, 40 units for x; and
20 units for x, are produced.

The following solution is obtained for the target function:

150x1 + 100x2 = max!

150-404100-20 = $8,000

If the optimal quantities of both products are selected, the amount
covered is $8,000.

8.2.4 Primal Simplex Algorithm

The primal (= original) simplex algorithm is an iteration method for the
gradual approach to the optimum. It is valid for at least two variables.
The maximum value (or minimum value) z,,; of the target function z =
z(x;) with i = 1, ..., n, is given if the underlying simplex tableau is in
canonical form and the coefficients of all non-basic variables > 0 (< 0).
The form of a linear mathematical model is canonical if one variable (=
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base variable) has the coefficient 1 in each constraint and this variable
does not arise in all other constraints.

8.2.5 Simplex Tableau (Basic Structure)

The simplex tableau is based on the following (basic) linear program-
ming approach:

Primal Simplex Algorithm | Linear Programming Approach

(1) Target function
z=z(x;) = bix1 +baxa,...,+ byxy, = max! or min!
b; € R = constant

i=1,...,n

(2) Constraints
anxy+apx+--+ax, < a aijER:constant
with j=1,...,m

A1 X1+ QX2 + -+ QX < Ay

(3) Non-negativity condition

xi >0 withi=1,...,n

If a simplex tableau exists in canonical form and all coefficients of the
non-basic variable > 0 (< 0) are within the target function, then z, cor-
responds to the minimum (maximum) value of the function.
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Example:

A firm manufactures two goods of the quantities x; and x, [measured in
quantity units (Qu)] using three machines, A, B and C, which are limited
in their capacities [time units/month (TU/month)]. The maximum available ca-
pacities [measured in TU/month] as well as the production coefficients for
the goods quantities [measured in TU/1 QU] are listed in the following ta-
ble:

. production coefficients max. capacities
machine
[Tu/Qu] [TU/month]
A 2TU/1QUx; | 1TU/1 QU X, 200
B ITU/1QUXx; | 1TU/1QU X, 120
C ITU/l1QUx; | 3TU/1QUX, 240
profit per unit| $2/1 QU x; $3/1QUx;

The total profit in $ has to be maximised.

Target function: P(x1,x2) = 2x1 + 3x = max!
Constraints: 2x1 +x <200 with  x;,x, >0
X1 +x <200
x1+3x <120

To set up the simplex tableau, auxiliary variables are introduced for the
unused machine capacities (y1,y2,y3) and the target function is set to
zero. The subsequent equations are as follows:



320 8 Optimisation of Linear Models

2x1 +x2 41 = 200
(1)
{0
(IV)

X1 +x2+yy = 120

x1+3x2+y3 = 240

I

—2x1—3x+P =0

From these equations, more precisely from the coefficients of the
variables, the simplex tableau is created in the next step.

X1 X2 ) y2 Y3 P available
capacities
2 1 1 0 0 0 200
1 1 0 1 0 0 120
1 3 0 0 1 0 240
-2 -3 0 0 0 1 0
non-basic variables basic variables

Since the first two columns in the 4" row contain negative values, the
simplex tableau or the “solution” shown here is not optimal. For the first
improvement step, the second column is selected as pivot column, be-
cause —3 represents the smallest value of all negative values within the
bottom row. To select the pivot row, the value of the pivot column for
each row is divided by the machine capacity. This identifies the (cur-
rent) bottleneck capacities of the machines. The following is obtained:



8.2 Linear Optimisation 321

200
. U
Machine A: %ﬂth = Q
1 —— month
QU
h
120 Qu
Machine B: %’“h =120 ——
n month
Qu
h
240 —— Qu
Machine C: 7’10””‘ =80
3 L month
QU

= Machine C is the first to reach its capacity limit, so the 3" row is
our pivot row. To get a 1 at the position of the 3™ row (pivot row)
and 2" column (pivot column), the third row is multiplied by the
corresponding inverse value (here 1).

It follows:
X1 X i 2 v3 P available
capacities
2 1 1 0 0 0 200
1 1 0 1 0 0 120
1/3 1 0 0 1/3 0 80
-2 -3 0 0 0 1 0

The next step is to create the unit vector for x; so that the pivot element
(3 row/2" column) equals one (and all other column elements equal
zero). This is achieved by adding the (—1)fold of the 3™ row to rows 1
and 2 and adding the 3fold of the 3™ row to the last row. The result is:
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X1 X3 1 2 3 P available
capacities

5/3 0 1 0 -1/3 |o 120

2/3 0 0 1 -1/3 |o 40

1/3 1 0 0 1/3 0 80

—1 0 0 0 1 1 240

basic variables

There is still a negative value in row 4/column 1, therefore this sim-
plex tableau or the solution shown here is not optimal. For the second
improvement step, the 1st column is the pivot column, because —1 rep-
resents the last negative value within the bottom row. To select the pivot
row, the value of the pivot column is divided by the machine capacity for
each row again. The result is:

Machine A: —month _ 4, QY
§ L month
3 Qu
h
40 Qu
Machine B: 2month =60
2 h month
3 QU
h
80 Qu
Machine C: —_month _ 949
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= Machine B is the first to reach its capacity limit, so the 2" row
is our current pivot row. To get a 1 at the position of the 2" row
(pivot row) and 15t column (pivot column), the second column
must be multiplied by the corresponding inverse value (here %).

It follows:
X X2 i 2 3 P available
capacities
5/3 0 1 0 -1/3 |0 120
1 0 0 3/2 -1/2 |0 60
1/3 1 0 0 1/3 0 80
—1 0 0 0 1 1 240

To create the unit vector for x; so that the pivot element 15t row/2"
column equals one (and all other column elements equal zero):

« add (—3)fold of the 2" row to the 15! row,
« add (—1)fold of the 15! row to the 3'¥ row,

« add the 2" row to the last row.
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It follows:
Xy X2 Y1 y2 y3 P available
capacities
0 0 1 -25 0.5 0 20
1 0 0 1.5 -0.5 0 60
0 1 0 -0.5 0.5 0 60
0 0 0 1.5 0.5 1 300

basic variables

There are no more negative elements in the 4™ row of the matrix. Now
the optimal solution is reached. To optimise this problem discussed
here, 60 units of x; and 60 units of x, have to be produced, whereby
a capacity of 20 hours remains unused with machine A. The maximum
profit is $300.

8.2.6 Dual Simplex Algorithm

The dual simplex algorithm is used if negative values exist in the far
right column of the simplex tableau. The aim is to replace all negative
values in the right column by iteration with positive values so that in a
first step a feasible solution is found. Afterwards, the primal (= original)
simplex method can be used to find the optimal solution.

The dual simplex algorithm starts with the definition of a minimisation
problem:?

2 If the values in the right column of the simplex tableau are negative, then the quantities
shown there are missing, i.e. they would have to be procured. Therefore, it inevitably
follows that this is a minimisation problem.
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Minimise 2= Y ¢jXj
j=1
. . n
by considering the dij-x; > b;
constraints =1
.xj > 0 CJ 2 0

(1)

Target function

n
z=2z(x) = X ocix = min!

i=1

¢; € R = constant with i=1,....n

Constraints

ayxy+apxy + ... +apx, > by

Am1X1 + AppX2 + .o+ QppXn 2> by

x>0 and a; €R = constant with j=1,...,m

Non-negativity condition

xi>0 with i=1,....,n

After transforming into a maximisation problem and the introduction of
slack variables yq, ..., y,, the initial simplex tableau is generally repre-
sented as follows:
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xl ... xn yl .« e ym Z b
am -+ A I -0 0 —by
aml  *°° Amn 0 -~ 1 0 —by,

cL o Cy 0o --- 0 1 z-value

Example: 3

A firm produces three goods in quantities x;, x», and x3 [QU] using two
machines, A and B, which are subject to minimum economic or techni-
cal utilization [zE/day].

The production coefficients for the quantities of goods xi, x;, and xs,
measured in [TU/ 1 QU], are summarized in the table below:

. produktion coefficients min. utilization
machine
[Tu/Qu] [Tu/day]
A 4TU/1QUx | 2TU/1QUx, | 5TU/1QUx; 12
B 2TU/1QUx | 3TU/1QUx | 1TU/1 QU 8
unit costs in| $0.8/1QUx | $1.0/1QUx | $0.75/1 QU x;
$100

The total costs in $ are to be minimised.

Target function:  K(x;, x2, x3) = 0.8x; +x,+0.75x3 = min!
Constraints: 4x1 +2xp +5x3 > 12
2x1 +3xp+x3 > 8

with x>0 =123

3 The following example is based on Zimmermann, H.-J. (2005), p. 102 ff.
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First the > constraints are to be transformed into < constraints by multi-
plication with -1. Furthermore, the minimisation problem has to be trans-
formed into a maximisation problem. The non-negativity conditions re-
main. Now the standard form, as known from the Linear Programming
Approach, exists:

—4dx; —2xp —S5x3 < —12
—2x1 —3x —x3 < —8

—0.8x; —x, —0.75x3 = —K = max!

with x>0 i=1,23

Slack variables y; are to be integrated so that equations can be achieved:

—4x1 —2x —5x3+y; = —12
—2x1 —3x—x3+y; = —8

—0.8x1 —x»—0.75x3 = - K = k = max!
with x>0 i=1,2,3
and y;>0 j=12

That equation system can be transformed into the following simplex
tableau:

x| X2 X3 %! » b;
| —4 -2 -5 1 0 —12
Il -2 -3 —1 0 1 -8

I 0.8 1 0.75 0 0 0
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The upper simplex tableau shows the non-basic variables x;, x, and x3
and the basic variables y; and y,. The only possible solution on a math-
ematical point of view could be x;,x;,x3 =0andy; = —12,y, = 8. It
is dual, but not primal feasible. Since there are negative values at the
right column the primal simplex algorithm cannot be used. The negative
values have to be eliminated first.

In contrast to the primal simplex algorithm, first the pivot row is selected
instead of the pivot column. For this, the row with the smallest negative
value in the b; column must be identified. If there are several rows with
the same smallest value, one of them can be chosen.

In the table below, this row is marked in grey. —12 is the smallest
negative value. In consequence the first row is the pivot row.

x| X x3 V1 2 bi
| —4 —2 -5 1 0 —12
Il -2 -3 —1 0 1 -8
1 0.8 1 0.75 0 0 0

Now each value from the target function row is to divide by the respec-
tive value in the pivot row, as illustrated at the following table:

target function | row | quotient
X1 0.8 —4 -0.2
X2 1 -2 -0.5

The column with the maximu negative value is determined as the pivot
column. The pivot element is located where the pivot row crosses the
pivot column. The pivot element is marked in dark grey at the table be-
low.
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X1 X2 X3 ! » b;
| —4 -2 1 0 —12
Il -2 -3 —1 0 1 -8
1 0.8 1 0.75 0 0 0

To get a 1 at the position of the 15t row (pivot row) and the 3™ column
(pivot column), the 15t row is multiplied with the corresponding inverse

value (—1).
It follows:
x| X2 X3 yi ) b;
| 0.8 = 0.4 1 —-0.2 0 2.4
4 (=)
Il -2 -3 —1 0 1 -8
1 0.8 1 0.75 0 0 0

The next step is to create the unit vector for x3. This is achieved by
adding the 15t row to the 2" row and adding the (-0.75)fold of the 1St
row to the 3 row. The result is:

x| X2 X3 i » b;
| 0.8 0.4 1 —-0.2 0 2.4
Il —1.2 —2.6 0 —-0.2 1 —-5.6
1l 0.8- 04- 1- —0.2- 0- 24.
(—0.75) +(=0.75) +|(=0.75) +{(—0.75) +|(~0.75) + | (~0.75) +
0.8=0.2 |1=0.7 0.75=0 10=0.15 [0=0 0=-1.8
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The right column still contains a negative value within the top two rows.

x| X x3 V1 2 bi
I 0.8 0.4 1 —-0.2 0 2.4
Il —-1.2 —-2.6 0 —-0.2 1 -
1 0.2 0.7 0 0.15 0 —1.8

In consequence the current status cannot be the optimal solution.

The following iteration starts with the identification of the next pivot ele-
ment. —5.6 is now the smallest negative value of the first two rows. The
second row is the pivot row.

target function | row Il quotient
X1 0.2 —-1.2 -
X2 0.7 —2.6 —0.269
X3 0 0 0

The column with the maximum negative value (= the minimum positive
absolute value) is determined as the pivot column. The pivot element
is located where the pivot row crosses the pivot column. The pivot ele-
ment is marked in dark grey at the table below.

x| x x3 i »2 bi
I 0.8 0.4 1 —0.2 0 2.4
1] 0.2 0.7 0 0.15 0 —1.8

To get a 1 at the position of the 2" row (pivot row) and the 15t column
(pivot column), the 2" row is multiplied with the corresponding inverse
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value (— ).
It follows:
x| ) x3 Vi »2 bi
I 0.8 0.4 1 —-0.2 0 2.4
Il 1 2.1667 0 0.1667 —0.8333 | 4.6667
] 0.2 0.7 0 0.15 0 —1.8

The next step is to create the unit vector for x;. This is achieved by
adding the (-0.8)fold of the 2" row to the 15! row and adding the (-
0.2)fold of the 2" row to the 3" row. The result is:

x| x x3 Vi »2 bi
I 0 —1.3333 | 1 —0.3333 | 0.6666 -
Il 1 2.1667 0 0.1667 —0.8333 | 4.6667
1 0 0.2667 0 0.1167 0.1667 —2.7333

The right column still contains a negative value within the top two rows.
In consequence the current status cannot be the optimal solution.

The following iteration starts with the identification of the next pivot el-

ement. —1,333 is now the smallest negative value at the first two rows.
The first row is the pivot row.

target function | row | quotient

X1 0 0 0

X3 0 1 0




332 8 Optimisation of Linear Models

The second column is determined as the pivot column. The pivot ele-
ment is located where the pivot row crosses the pivot column. The pivot
element is marked in dark grey at the table below.

X1 X2 X3 Y1 Y2 bi

I 0 - 1 —0.3333 | 0.6666 —1.3333
Il 1 2.1667 0 0.1667 —0.8333 | 4.6667
I 0 0.2667 0 0.1167 0.1667 —2.7333

To get a 1 at the position of the 15t row (pivot row) and the 2" column
(pivot column), the 15t row is multiplied with the corresponding inverse

value (—13533)-
It follows:
X X2 X3 Y 2 b;
| 0 1 —0.75 0.25 —-0.5 1
Il 1 2.1667 0 0.1667 —0.8333 | 4.6667
1 0 0.2667 0 0.1167 0.1667 —2.7333

The next step is to create the unit vector for x,. This is achieved by
adding the (-2.1667)fold of the 15t row to the 2" row and adding the
(-0.2667)fold of the 15t row to the 3 row. The result is:

X1 x2 X3 1 » b;
| 0 1 —0.75 0.25 -0.5 1
Il 1 0 1.625 —0.3751 0.25 2.5

] 0 0 0.2 0.05 0.3 -3
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The right column contains no more negative values at the first to rows.
So the optimal solution has been identified.

X1=2.5
x =1

k=-K=-3 = K =3-$%$100 = $300

To minimise the total costs, 2.5 QU of x;, 1 QU of x, and no QU of x; are
to be produced per day. The resulting minimum costs are $300 per day.
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Chapter 9

Functions
9.1 Introduction

A function f = f(x) is an unique assignment of “x to f of x”: x — f(x).
A function y = f(x)(x — y) has exactly one dependent value y assigned
to each independent value, also called “argument” x.

Set Notation

f={xy)y=f(x),xeX, yeY}
with X = set of all x-values (domain)

Y = set of all y-values (codomain)

Graphical Representation

In the graphical representation of the function y = f(x) in the rectan-
gular coordinate system, each pair of values (x,y) is uniquely assigned
to a point P(x,y) on the x-y-plane. This results in the so-called function
curve or function graph.

Domain Dy

D — also D(f) — contains the set of all (allowed or desired) x-values. In
the Cartesian coordinate system, D, describes the possible x-coordinates

of f.
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Codomain C;

Cy —also C(f) — contains the set of all function values (y-values).
Graphically, Cr describes the y-coordinates generated by the function f.

Function Value

f(xo) is the function value of the function f = f(x) located at x = xo.

Function Graph

Graphical representation of the function f in the Cartesian coordinate
system (function curve/function graph)

y = ax+b linear function

a corresponds to the (constant) slope of the function,
b corresponds to the y-intercept (point of intersection with the y-axis) of
the function.

Examples:

e y=2x+5 linear function
Slope:tana =2

y-intercept: y(0) =5

Function value at position xo = 4

yo=y4)=2-44+5=13 :
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e y=2x*> quadratic function

(stretched parabola)
(normal parabola)

(compressed parabola)

normal parabola opened downwards

Equality of Functions

The following two functions f = f(x) and g = g(x) are equal if f(x) = g(x)
forallxe Dwith D = Dy = D,.

Surjection, Injection, Bijection

A function f = f(x) with Dy = X and Cy =Y (X = set of all x-values;
Y = set of all y-values) is

surjective, if for every y € Y there is at least one x € X that applies:
y = f(x). A surjective function is a unique illustration.

X Y

— |
— . |a

A 0NN =
T
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injective, if for each y € Y there is at most one x € X (i.e. possibly none
at all) that applies: y = f(x). An injective function is also a unique illus-
tration.

x
<

— I ® M

bijective, if the function f = f(x) is injective and surjective. The function
is reversible, i.e. one-to-one. This means that each x € X is assigned
to exactly one y € Y and each y €Y is assigned to exactly one x € X.
The direction of causality is reversible, i.e. both variables can become
independent values (arguments). x = x(y) or y = y(x) applies. Both rep-
resentations are possible and thus each, by definition, forms a function,
i.e. each is an unique representation. It is therefore referred to as a one-
to-one function.

x
<

A W N =



9.1 Introduction 339

9.1.1 Composition of Functions

Given are the functions

f=r x— f(x) with x € Dy and f(x) € Cy
and
g =gk x> g(x) with x € D, and g(x) € C,

Compositions

o f(gx)) =fog=fs
read as “f of g” or “f about g"; x — f(g(x))

g as the inner function, f as the outer function, for the composition
f(s(x)) applies:

D(fog) =D, domain

W(fog) ={f(g(x))|x€Dg} CDs

Codomain = proper or improper subset of the domain of
the function f

o g(f(x)) =gof=gf
read as “g of f” or “g about f”; x — g(f(x))

f as the inner function, g as the outer function, for the composition
g(f(x)) applies:

D(gof) =Dy  domain

W(gof) ={g(f(x)) |x€Ds} C D,

Codomain = proper or improper subset of the domain of
the function g
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Note:

To compose two functions, the codomain of the inner function must be
(proper or improper) subset of the domain of the outer function.

Examples:

(1)

General Composition of (n+1)-Functions

= flgi(g(g3-.-8n(x))))

Example:
f(g1(g2(x))) =
with flx) =8 (power function)
g1(x) = Inx (logarithmic function)
o(x) =x*+1 (polynomial function/

polynomial of 4 degree)
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f(g1(x)) = (Inx)®
gi(ga(x)) = In(x*+1)
o(x) =x*+1

82 (01(£(x))) = (In(xH)* +1

Pl

9.1.2 Inverse Function

The independent and dependent values are reversed if the inverse func-
tion is formed:

The prerequisite is that the function f is one-to-one, i.e. that the unique
function is again unique after its reversal. Every strictly monotonic func-
tion is reversible.

Formation of the Inverse Function
y = f(x) solvingfor x: x= f~1(y)
fol = Cf Cf—l = Df

Graphically, the inversion of a function is a reflection of the original
function at the 45° angle bisector in an equally dimensioned Cartesian
coordinate system.
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Example:

fx):y=+x

D;=R; C;=R

Solving for x: x = y> and swapping the variable name:

fl)y =
fol = Cf =R

Cp = Dy =R
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9.2 Classification of Functions

(real) functions

rational functions

a) polynomial functions

b) broken rational functions

e proper broken functions

e improper broken functions

Real Functions

non-rational functions

a) power functions/
root function

b) transcendental functions

e exponential functions

e logarithmic functions

e trigonometric functions

e hyperbolic functions/
area functions

The domain Dy of real functions, f = f(x), includes the set of real

numbers or a subset thereof: Dy C R.
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9.2.1 Rational Functions

polynomial functions

broken rational functions

9.2.1.1 Polynomial Functions
= n'""- degree polynomials

n
f(x) = apx" +a, 1 X' Faxtag = ¥ ax*
k=0

with n€N; ¢, €R; a, #0

9.2.1.2 Broken Rational Functions

= a fraction of polynomial functions

= a fraction of polynomials

n
k
apXx
a g beraxta 5™
bmxm+bm71x)n71 + -+ bix+bg {’: blxl

—
I

0

with n,meN; a;,b; €R; an, by #0

Proper Broken Rational Functions

= proper broken rational functions with n < m

(degree of the numerator < degree of the denominator)

B X +6
T X24x

Example: f(x)
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Improper Broken Rational Functions

= improper broken rational functions with n > m
(degree of the numerator > degree of the denominator)

. x4 x

Characteristics
e constraints in the domain
e discontinuities

e poles
e asymptotes

Constraints in the domain

All x-values, for which the denominator is equal to 0, must be
excluded from the domain of the function.

D = R\{zeros of the denominator}

Example: f(x) =

Set the denominator to 0:

(x+1)? =0 RVA0)
= x+1 =0 | -1
& X =—1
fleny = 2 20 5D =R\{-1}

(—1+12 02
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Discontinuities

Discontinuities in broken rational functions usually refer to poles.
x3
Example: f(x) = 1 with Dy = R\{1}

= Poleatx =1

Exceptions are the so-called removable discontinuities.

A discontinuity is removable if it is possible to simplify the corresponding
function term. This means that the original function also has a zero at
this position, which is not defined.

Example:
1 —x?

&) =5—"—
- (I1+x)-(1-x) (1—x)

x=2)-(x+1) (x=2)
= zerosatx=—landx =1

discontinuities at x = —1 and x = 2
= Dy =R\{-1;2}
The discontinuity at x = —1 is removable; i.e. the term (x+ 1) can be

simplified. However, the initial function f(x) has a remaining discontinu-
ity at x = —1, which has to be excluded from the domain.

The discontinuity at x =2 is not removable; i.e. the term cannot be
simplified. There is a pole here.
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The type of pole can be determined by the left and right limits (limes) of
the function:

lim ~ £(1.9999) = +oo )
x—2~ Y
lim ~ £(2.0001) = —oo E X
xig1Jr f( ) E
1-x2 '
f(x)= -
®) X2 -x-2
2

There are four types of poles:
Example:
5 e
f(x) = = = 5x"" with Dy = R\{0}
X

The pole is at x = 0. In such case, the function graph of f(x) atx=0
could develop as follows:

f(x)

f(x)
L -
These four possibilities of a pole exist. In the given case for f(x) = 5x~!,

the graph displays the same behaviour shown in the first graph on the
left.

f(x) f (X)|
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9.2.2 Non-rational Functions

power functions/root functions/transcendental functions

9.2.2.1 Power Functions
f(x) =ax* with keR; acR; D;=R

The independent variable x of the function f = f(x) forms the basis (of
the exponential expression).

The Form of Power Functions

flx) = axt
positive
— -
negative
Sxponent |
negative
base

l

positive negative



9.2 Classification of Functions 349

Example:

k is positive:

flx) = x? normal parabola
flx) = —x? normal parabola opened downwards
la| <1 compressed parabola
la]>1 stretched parabola
fix) =2 fx)=x fix) == fx) = -2
f(x) f(x)
] x — %
L ¥ N —x?




350

9 Functions

k is negative:

even power function

= pole (hyperbola) without change of sign

fx) =x 2:;2’
f) ==

odd power function

= pole (hyperbola) with change of sign
f) =t = -

f(x)

—

X
1
f(x) =x’= x3.

[}
\
\
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9.2.2.2 Root Function

f(x) = aV/ak = axt with keR;
[ e Nwithn>1;
a € R with a #0;

The independent variable x is in the radicand. The root function is the
inverse function of the corresponding power function.

Examples:
flx) = Vi =a1
f(x)
fﬁl(x) — y2 g(X)
f’:
/9
g(x) = 8x7 = 8VxS '.o;
!:" f(x)

_ N /

g )= <§) X
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9.2.2.3 Transcendental Functions

Functions that are not algebraic are transcendental functions.

9.2.2.3.1 Exponential Functions

flx)=d" with aeRT, a#1
Df=R,  C;=R*

The independent variable x is in the exponent.

Characteristics:
a>1 f strictly monotonically increasing
0<a<l1 f strictly monotonically decreasing
x=0 f0) =1

Since a > 0 and therefore f(x) = a* are always positive, the following
applies:

e The values of each exponential function are positive.
e The value set of each exponential function is the set R*.

e There are no zeros. The horizontal asymptote corresponds to the
x-axis.

e The course of the exponential function is dependent on the base a.
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Examples:
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Compression/Stretch

Compressed towards the x-axis

= exponent is multiplied by
a number n, with n > 1

flx)=a"

- glx)=a""

Stretched towards the y-axis

)

= function f(x) is multiplied by
a number n, with n > 1

Stretched towards the x-axis

f(x)

= exponent is multiplied by
a number n, with0 <n <1

) =a

- glx)=ada""

Compressed towards the y-axis

f(x)

25
2.0}
1.5
1.0
0.5

= function f(x) is multiplied by
anumber n, with0 <n <1
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Reflections

355
Reflection across the x-axis

Y
<

multiplied by —1 equals:
_>

gx) = —a
y=—4.2%
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Reflection across the y-axis
f(x) f(x)
1 4 4 ‘. 4
IR | o
Lo Lol
bl L af
‘1‘2\_ \“%7
r— S e ra— e
-2l 21
1t possibility 2" possibility

Form the inverse of the base

Multiply the exponent by —1
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Shift

Upward shift

4

1ok gx) =2+ 5

= add a constant c to the
function, with ¢ > 0

f)=at = glx) = a'+c

Left shift

f(x)

8f  ok=2

= add a constant ¢ to the
exponent, with ¢ >0

fx)=a" — glx)=a""

Downward shift

f(x)

X

-3 -2 -1 0 1 2

= add a constant c to the
function, with ¢ < 0

fx)y=a" — gkx)=a"—c

Right shift

f(x)

= add a constant ¢ to the
exponent, with ¢ < 0

fo)=a" = gl) =
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Natural Exponential Function

flx) =¢€" Euler’s number

— e = 2.718281828459

Application

e when modeling continuous growth

e when modeling continuous decay

Requirements

e within the same time intervals

e with a constant growth factor

9.2.2.3.2 Logarithmic Functions

flx) =logex  with  acRY, a#l; Dy=R%; (/=R

read as “logarithm of x to the base a”.

The logarithmic function is the inverse function of the corresponding
exponential function.

Characteristics:
a>1 f strictly monotonically increasing
0<ax<l f strictly monotonically decreasing
x=1 fx)=0

The horizontal asymptote is the y-axis.
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Examples:

_f) =In(x)
-f(x) =log (x)

X

Calculation of an arbitrary logarithm

log 13 In13
loga 13 = -
o841 log 4711 In 4711

Logarithmizing

a'=c — a = base
x = exponent
c = power
loga(x) = ¢ — x = anti-logarithm

¢ = logarithm
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Example:
Searched: logs125 = x
Equivalent equation: 5 =125
In words: By which power x must 5 be
raised to obtain the number 1257
log12 In12
Solution: x=3= 2% > -0 >
log5 In5
Reflection

Reflection across the x-axis

f(x) =logac multiplied by —1, gives g(x) = —loguc
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Reflection across the y-axis

f(x) = logax
The anti-logarithm (x) is given a negative sign

8(x) = loga(—x)

Domainof g(x): Dy =R<0

fx)

4}
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Shift

Upward shift
f(x) =loga

= add a constant ¢ to the function,
with ¢ >0

8(x) = loga(x) +c

f(x)
4l
ax) =logy(x+2)  _____-
of  TEEEERETS
of
2L /
i !
R 0 2 N
Left shift
f(x) = loga

= add a constant ¢ to the anti-

logarithm, with ¢ > 0

8(x) = loga(x+c)

f(x)
Al

fi(x) =1
2 ( ) OQZ(X)

3
: o
3yt
2L S
-4 o - g(x) = logs(x) -3
1“!
X

Downward shift
f(x) =loga

= substract a constant ¢ from the
function, with ¢ > 0

8(x) = loga(x) — ¢

Right shift
f(x) =loga

= substract a constant ¢ from the
anti-logarithm, with ¢ > 0

8(x) = loga(x—c)
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Stretch/Compression

0o 2
Stretch toward the y-axis

f(x)=logax
= function is multiplied by a
factor n, with n > 1

g(x) =n-logax

Ak
l/g(x) =log;(0.5x)

|
N

2 3 4

Compression toward the y-axis

f(x) =log.x
= function is multiplied by a
factor n, with0 <n < 1

g(x) =n-logex

0 2 4 6 8
Stretch toward the x-axis

f(x) = logx

OF
b
1
[}
!
‘ I . ‘ . . X
20 % 00 05 10 15 20 25
Compression toward the x-axis
f(x) =logax

= anti-logarithm (x) is multiplied
by a factor n, with n > 1

= anti-logarithm (x) is multiplied
by a factor n, with0 <n < 1

g(x) = loga(n-x)

g(x)=logy(n-x)
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9.2.2.4 Trigonometric Functions (Angle Functions/Circular
Functions)

a is an arbitrary - counterclockwise - angle f(x)
in a circle of which the center is located at I I

the origin of a Cartesian coordinate system. P (U/V)
o defines the angle formed by the (bound-

ary) points A and P situated on the circle = o X
and the origin 0: << AOP. The (end) point P
has the coordinates (u/v), thus o can also

be written as <1 (u/v).

Angle oo =< (u,v) =<1 AOP

The so-called special case unit circle occurs when the circle has a
radius of one unit, x = f(x) = 1

In general, i.e. for any angle, the following applies:

o f(x) =sina =~ D;=R Crel-1,1]
w

of(x):cosa:% D;=R Cre[-1,1]
of(x):tana=£ Dy =R\{x|x= 7 +knr} Cr € (—o0,0) =R
of(x):cota:% Dy =R\{x|x = km} Cr € (—o0,00) =R
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On the unit circle (r = 1) applies:

sinag = v (y-coordinate of P)
coso = u (x-coordinate of P)
tana = 0% with o # (2k+1)-90° keZ
cos
1 a .
cota = = with o #k-180% ke Z

tan o sinQ

The following relationships also apply on the unit circle:

cos? o +sin*a = 1

tan o

+V1+tan? o

sino =

sinot = co0s(90° — )

1
+v1+tan’ o

cos o

coso = sin(90° — o)

sin

+/1—sin’a

tana = cot(90° — @)

tanox =

The sign of the root depends on whether it is located in the positive
(positive root) or negative (negative root) area of the coordinate system.
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In a right-angled triangle applies: (of @)

. a opposite
smet = — = ——————
¢ hypotenuse
b adjacent
Costf = — = ————
¢ hypotenuse
a opposite
t = — = T E—
ane=y adjacent
b  adjacent
cotox = — = ————
opposite

Representation of the Trigonometric Functions:

fla) =sina A — sin
or

fla) =cosa
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fla) =tana v
At
or 2t |
fla) = cota \

Characteristics of Trigonometric Functions (k € Z)

sino cos o tan o cotor
Domain R R R\{x|x =2 +kr}|R\{x|x = kn}
Codomain [-1.1] [-1.1] (—o0,00) =R (—o0,00) =R
Zeros km Ztkn km (A+k)-m
Poles - - (2k+1)-(3) kx
Extremes see below | see below - -
Inflection k-m Z+k-m k-m T+k-m
points see below | see below see below see below
Asymptotes - - (2k+1)-% k-m
see below see below
Periods 2n 2r T T
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Extremes

1

. 4k .
sinat: maxima: sin (;n> =1 with keZ

coso.

minima:

maxima:

minima:

. { 7t 3n ® 5nm 9m
ie. <...,

22 2

are maxima of sino

2

sin(4k_1-7t) — 1 with keZ

B R A R R

. or S nr 3n In
ie. <...,
are minima of sino

cos(2k-m) =1 with keZ

ie. {..., —4m, —2n, 0, 2x, 4z, ...}
are maxima of cos o

cos(k-m+1) = —1 with ke€Z

ie. {..., =3rm, —nx, &, 37, 57, ...}

are minima of cos«o

]

]
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Inflection Points

sino:

coso.

tano:

cota:

k-1

ie. {..., 2mn, —m 0, &, 27, ...}
There is a concave/convex inflection point at = which

switches left and right to convex/concave, then back again
to concave/convex.

T
—+k-z
2+

i.e —§7r E—n +x én
. e T , ) T

There is a concave/convex inflection point at g which

S
S

9

switches left and right to convex/concave, then back again
to concave/convex.

k-m
ie. {..., 2mn, —m O, &, 27, ...}

All inflection points are concave/convex.

i.e —§7r —§7r£§7r §7r
. Yoo ToT oM, S ST ST

All inflection points are convex/concave.
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Asymptotes

T

tano: (2k+1)-E
i.e —gn —ln r gn §7r
. Yoo ToT oW, S ST ST

cota: k-m
ie. {..., 2mn, —m O, &, 27, ...}

All asymptotes at tan o and cot o run vertically, i.e. are vertical
asymptotes.
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Trigonometric Values for Common Angles’
o(°)| o (rad) sina cosa tan o cota
0| o 0 1 0 +oo
150 & | 1(vV6—Vv2) | 1(V6+V2)| 2-V3 2+V3
182 & | 151 [1V10+2V5[1v/25-10v5] V54245
30°| 2 : V3 V3 V3
36°| I 10-2V5] H(1+5) 5-2V5 25+ 10V/5
45°| 2 V2 V2 1 1
5400 3 1 La4y5) [1V10-2v5(0V25110v5] V525
60°| % W3 : V3 3V3
72°| % 10+2v5| 1(V5-1) 5+2V5 25-10V/5
75° | i(Ve+Vv2) [ 1(V6-v2)| 2+V3 2-V3
90°| Z 1 0 Foo 0
1081 22 |1V104+2V5| 1(1-V5) 5+2V5 [—1V25-10V5
1200 % | 4V -4 V3 13
1359 3% V2 V2 ~1 -1
1807 = 0 -1 0 Foo
2709 3% -1 0 +oo 0
3600 27 0 1 0 Foo

' Cf. Stratosphere Digital (2020):

https://formula.amardesh.com/mathematics/trigonometric-functions-of-common-angles/,
accessed 24 June 2021.


https://formula.amardesh.com/mathematics/trigonometric-functions-of-common-angles/
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Phase Shifts of Trigonometric Functions
. T .
sin (x—|— 5) = cosx or sin(x4+90°) = cosx
T
cos <x+ 5) = —sinx or cos(x+90°) = —sinx
T
tan (x—l— E) = —cotx or tan(x+90°) = —cotx
T
cot (x+ 5) = —tanx or cot(x+90°) = —tanx
Relationships between Angle Functions
sin ¢ cos o tan o cota
tan o 1
sin ot sin o +v1—cos?a
+VI1+tan? o | £V 14cot?a
cosa | /1 —sin’ o coso ! cota
+v14tan?2 o | £v1+cot?
an sino +v1—cos?a an o 1
++/1 —sina cosQ cota
+v/1 —sin’ o cos o 1
cota - cota
sin & ++/1 —cos2 tan o
Conversion for any Arbitrary Angle
sin & cos o tan o cota
90° + o +cos Fsina Fcota Ftano
180°t+ a Fsina —cos« +tano +cota
270° —Ccos o +sina Fcota Ftano
360°+ o +sina +cosa +tano —coto
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Periodicity of Trigonometric Functions

sin o0 = sin (@ +k-27)

period 27
cos o = cos (a+k-2m)
tan o0 = tan (o + k)

period &
cot a = cot (& +km)

Symmetries in Trigonometric Functions

sin(—x) = —sinx

cos(—x) = +cosx

tan(—x) = —tanx
)

cot(—x) = —cotx
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Goniometric Transformations

Sums and Differences (o + f3)

sin(la+B) = sina cosf tcosa sinf3

cos(a+ ) = cosa cosf Fsina sinf

tan o ttan B sin(a+p)

tan(a £ p) = =
an(o ) lFtan o tan B cos (a £ )
t o cot 1 oE
cot(or+ B) = cot o cot B F _ c?s( B)
cot B cot & sin (£ f8)
o o—
sina+sin B = 2 sin P cos P
2 2
o o—
sina —sinf8 = 2 cos +h sin P
2 2
o o—
cosa+cosf3 = 2 cos +h cos P
2 2
o o—
cosa —cosf3 = 2 sin 2[3 sin Zﬁ

cosasina = /2 sin(45° + &) = v/2 cos(45° F )

in (o +
tanottan ff = sin(@£p)
cos a cos f3

in (o0
cota+cotff = sin(@£p)

sin  sin 8
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Double-Angle and Half-Angle Identities (204; %)

. . 2 tanQ
s1n2(x:2s1nac0sa:72
14tan” o
. . 1 —tan?
cos 2 = cos2 ot —sin o = 1 —2 sin? = 2 cos?a—1 = —
1+tan* o
2 tan o 2
tan 200 = F— =
1 —tan® o cot ¥ —tan «
cot? a—1 cot ¢ —tan
cot 200 = =

2 cot o 2

o 1—cos a 1—cos a sin o
tan — = + = - =

2 1+cos o sin o 1+cos &

o 14+cos a 1+4+cos sin o
cot— =+ = - =

2 1 —cos & sin o 1—cos &
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Other Multiple-Angle Identities (n - «)

sin 300 = 3 sin & —4sin® o

sin 40 = 8 sin o cos® @ —4 sin & cos o

sin 5 = 16 sin o cos* a — 12 sin o cos® o +sin o
cos 30 = 4 cos® a—3 cos o

cos 4ot = 8 cos* ot —8 cos? a+ 1

cos Sa = 16 cos® o0 —20 cos® o+ 5 cos o

sinna = nsina cos" ! o — (g’) sin’ & cos" 3 o + (’5’) sin® @ cos" S o+ ...

cos n @ = cos” o — ('2’) sin? o cos" 2 o+ (Z) sin* o cos" 4 a+ ...

3 tan a —tan® «

tan 300 =
1—-3tan?
4 tan o — 4 tan’ o
tan 400 = > T
1—6 tan® o +tan* o
3 cot® ot —3 cot &
CO = —-——
3cot2 ¢ —1
cot* a—6cot? a+1
cot 4o =

4 cot3 ¢ —4 cot o
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Products (o - )

sin o sin § = %(cos(a—ﬁ) — cos(ae+B))
cos @ cos B = %(cos(a—ﬁ) + cos(a+f3))

sin o cos § = %(sin(a—ﬁ) + sin(o+ )

tan o +tan 3 tan o — tan f3
tan o tan f = = -

cot a+cot 3 cot @ —cot

cot a + cot cot a — cot
cot a cot f = teot p = - p

tan o +tan 3 tan o —tan 3

tan o + cot tan o — cot
tan o cot f = footh - p

cot a+tan B cot o —tan fB
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Powers (o)

1
sin” o = 5(1fcos 2a)

1
cos? o = E(1+cos 2 )

1—cos2a

2
tan- ¢ = ——
l14+cos2a

1
sin® a = 2(3 sin ot —sin 3 @)

1
cos® o = 1(3 cos o +cos 3 o)

1
sin4a:§(cos4 oa—4cos2a +3)
4 1
cos Oc:§(cos4 o+4cos2o0 +3)
.5 1 . . :
sin azl—6(1051na—5 sin 3 & +sin 5 o)

1
cosd o = R(IO cos ¢+5cos3a +cosSa)

sin

32

1
cos® o« = — (10 + 15 cos 2 ¢ +6 cos 4 & +cos 6 @)

32

1
o=-—(10 —15cos 2 a¢+6 cos 4 ¢ —cos 6 &)
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Arcus Functions

Arcus functions (=cyclometric functions) are the inverse functions of the
trigonometric functions (=angle functions/circular functions). However,
this only applies to the so-called principal values, i.e. for certain co-
domains, since the arcus functions are strictly monotonous and thus
uniquely reversible only in certain intervals.

The following applies for the principal values:

. . T T .
siny=x  with —§§y§§ &y =arcsin x
cosy=x with 0<y<n &y = arccos x
. T T
tany =x with —§<y<§ &y = arctan x
coty=x with O<y<m &y = arccot x
3
big e
1

y = arcsin x y = arccos x
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Characteristics of Cyclometric Functions (in the principle values)

arcsin x | arccos x arctan x arccot x
Domain —1L1] | [-1:1] R R
. T T T

Codomain [—E, 5] [0, 7] [—5, E] [0, 7]
Zeros 0 1 0 -
Extremes - - - -
Inflection 0 0 0 0
points
Asymptotes - - y:g/\y:%n y=0Ay=1
Particular Function Values

. T . T
arcsin (0) = arctan (0) = 0 arccos (0) = — arcsin (+1) = if

arccos (1) =0

arccos (—1) ==

Arcus Functions of Negative x-Values

arcsin (—x)
arccos (—x
)

arctan (—x

arccot (—x)

)

— arcsin x

U — arccos x

— arctan x

T — arccot x

T
arctan (+1) = iz
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Hyperbolic Function

ef—e* L
sinh x = sh x = 2e read as “hyperbolic sine”
(“sine hyperbolicus”)
X —X
coshx =chx= ¢ —;e

e —e* e —1
tanh x = thx = =
ef+er e 41

Fte ™ X1 .
COthx:Cthx:ex_e—x:er_l with x # 0

2 .
sech x = read as “hyperbolic secant”
@x - e_x “* H ”
(“secans hyperbolicus”)
2 . 113 H ”
csch x = g with x # 0 read as “hyperbolic cosecant

(“cosecans hyperbolicus”)
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f(x) = cosh(x)
X f(x)

sinh(x)

f(%)

Hyperbolic Functions of Negative x-Values

sinh (—x) = —sinh x tanh (—x) = —tanh x

cosh (—x) = cosh x coth (—x) = —coth x
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Periodicity of Hyperbolic Functions

sinh x = sinh (x+ j2km) tanh x = tanh (x+ j2k7)

cosh x = cosh (x+ j2k) coth x = coth (x+ j2k7)

Characteristics of Hyperbolic Functions?

sinh x cosh x tanh x coth x

Domain R R R R
Codomain R (1;00) (=151)  [(—e0;—1)V (1;00)
Zeros 0 - 0 -
Extremes - Xmin = 0 - -
Inflection 0 - 0 -
points
Asymptotes y=e? y=e? y=1 x=0";y=1

y:—e’% y=—e’% y=—1 |[x=0";y=-1

2 Depiction in reference to Bartsch, H. (2004), p. 414.
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Particular Interconnections

sinh x4+ cosh x = ¢* sinh x —cosh x = ¢™*
cosh? x —sinh? x = 1 (hyperbolic Pythagorean theorem)
th !

coth x =

tanh x

inh h

tanh x = St X coth x = Cf)s al

cosh x sinh x

tanh th
sech x = E,m i csch x = coth x

sinh x cosh x

sech? x+tanh? x = 1 coth? x —csch? x = 1
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Sums and Differences (x; +x,)
sinh x; £x, = sinh x; cosh x; £ cosh x; sinh xp

cosh x; =x, = cosh x; cosh x; £ sinh xj sinh x;

tanh x; = tanh x;
1 £ tanh x; tanh x,

tanh x; £x; =

1 & coth xj coth xp
coth x £ coth x;

coth x| £x, =

+
sinh x; £ sinh x» = 2 sinh . : 2 osh 32Fx2
X1 +x2 X1 —X2
cosh x| +cosh x, = 2 cosh 5 cosh .
cosh x; —cosh xp = 2 sinh al —;xz sinh 2! gxz

sinh (x] +x7)

tanh x| 4 tanh x,
cosh xj cosh xp

sinh (x] £x7)

coth x; ==coth x, = — -
sinh x; sinh x;
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Double-Argument and Half-Argument Identities (2x; %)

sinh 2x = 2 sinh x cosh x

cosh 2x = sinh? x+cosh? x = 2 cosh? x—1 = 2 sinh? x+ 1

2 tanh
tanh 2x = L;
14 tanh“x
coth 2 1 +coth® x
X = ———
2 coth x
X coshx—1 sinh x
sinh- =/ ——— 'sgnx = —
2 2 /2 (cosh x+ 1)
X cosh x+1 sinh x
cosh— = =

2 2 ~ /2 (coshx—1)

. hx sinh x cosh x—1 cosh x—1

anh — = = =4/ —————-sgnx
2 cosh x+1 sinh x cosh x+1 &

coth{ _ sinh x _ cosh x+1 _ cosh x+1 son
2 coshx—1  sinhx | coshx—1 gnx
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Other Multiple-Argument Identities (n-x)

sinh 3x = sinh x (4 cosh®x — 1)

sinh 4x = sinh x cosh x (8 cosh?x —4)

sinh 5x = sinh x (1 — 12 cosh?x+ 16 cosh*x)
cosh 3x = cosh x (4 cosh®x —3)

cosh 4x = 1 —8 cosh’>x 48 cosh*x

cosh 5x = cosh x (5 — 20 cosh®x+ 16 cosh*x)

n n
sinh nx = 1 cosh "~ lx sinh x + 3 cosh "3x sinh? x +
n

cosh " Sx sinh® x + ...

n n
cosh nx = cosh™ x + 5 cosh "~2x sinh? x + A cosh "~*x sinh* x + ...
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Powers (x")
1
sinh?x = E(COSh 2x—1)
1
cosh?x = E(cosh 2x+1)
1
sinh®x = 1(—3 sinh x 4 sinh 3x)
1
cosh®x = 1(3 cosh x + cosh 3x)
1
sinh*x = §(3 —4 cosh 2x+ cosh 4x)
1
coshx = §(3 +4 cosh 2x+ cosh 4x)
1
sinh3x = 1—6(—10 sinh x+ 5 sinh 3x + sinh 5x)
1
cosh’x = E(lO cosh x+5 cosh 3x+ cosh 5x)
1
sinh®x = — (—10+ 15 cosh 2x — 6 cosh 4x 4 cosh 6x)

32

1
cosh®x = 5(104— 15 cosh 2x+ 6 cosh 4x+ cosh 6x)

Binomials (De Moivre’s Theorem)

(cosh x+sinh x)" = cosh nx = sinh nx n=2,3...
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Products (x; - x»)

1
sinh x; sinh x; = E(cosh (%1 +x2) —cosh (x; —x2))

1
cosh x; cosh xy = E(cosh (x1 +x2) +cosh (x] —x2))

1
sinh x; cosh x; = E(sinh (x1 +x2) + sinh (x; — x2))

tanh x; tanh x, =

Area Functions

tanh x; + tanh x;
coth xj +coth x;

In the codomain of the hyperbolic functions, the area functions form the
inverse functions of the corresponding hyperbolic functions.

y = arsinh x
y = arcosh x
y = artanh x

y = arcoth x

Xx = sinh y
x = cosh y
x =tanhy

x = coth y

read as “area hyperbolic sine”
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f(x)
1
’f
/! .
.'l —— f(x) = arsinh(x)
_'1 1' - X f(x) = arcosh(x)
“1F
f(x)
d
\
1
‘l
‘\
1 § ‘\\
R f(x) = arcoth(x)
X f(x) = artanh(x)

Area Functions of Negative x-Values

arsinh (—x) —arsinh x

artanh (—x) = —artanh x

arcoth (—x) = —arcoth x
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Characteristics of Area Functions 3

arsinh x arcosh x | artanh x arcoth x

Domain R (1;00) (—=1;1) |(—o0;—1) V (1500)
Codomain R (0;00) R R*
Zeros 0 1 0 -
Inflection 0 - 0 -
points
Asymptotes y=1In2x y=In2x | x=1 y=0";x=-1

y = —In(—2x) x=—-1| y=0";x=1

Sums and Differences (x| +x;)

arsinh x; = arsinh x, = arsinh (xl \/l —‘r—X% +x \/1 —|—x%>

arcosh x| £ arcosh x, = arcosh (xlxz /(3 —1)(x3— 1))

X1 tx
artanh x; & artanh x, = artanh ! 2
1 :txl)CQ
1£xx
arcoth xj £ arcoth x, = arcoth =
X1 txn

3 Cf. Bartsch, H. 2004, p. 419.
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9.3 Characteristics of Real Functions

9.3.1 Boundedness

If C; = R, the (real) function f is unconstrained; if Cy C R, it is

constrained.

upper bound

if f(x)<uandueR

— all elements are smaller/
equal than the upper bound

lower bound
if f(x) >landleR

— all elements are bigger/
equal than the lower bound

fx) =24

Supremum =

= X

flx) = —x*+4
f(x)
A
Supremum 4
------------- 7\" TTTTTTTTTTTm smalleftruprper Pound
f(x)
Infimum =

greatest lower bound

X
\/'"ﬁmum

4
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unbounded
f(x)
The function has no constraints.

Example: f(x) =5x—2 5l

bounded from below and above
f(x)

I<f(x)<u withu,leR al

Example: f(x) = sin (x)
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9.3.2 Symmetry

9.3.2.1 Axial Symmetry

Axial Symmetry to the y-Axis

If a function f(x) is axially symmetric to the y-axis, the graph of the
function y is mirrored at the y-axis:

f(=x) = f(x) for all x € Dy

The x-values of the function f(x), which are axially symmetric to the
y-axis, only have even exponents.

Example:

Prove that the function f(x) = —7x*+6x> + 10 is axially symmetric to the
y-axis.

Approach: fl=x) = fx)
=  f(—x) = =T(=x)*+6(—x)>+10 = —7x* +6x> 4+ 10

— The function f(x) = —7x*+6x% + 10 is axially symmetric to

the y-axis.

| | B
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Axial Symmetry to any Arbitrary Line with x = x;

Axial symmetry to a straight line, on which all x-values receive the value
Xp, is present if the following applies:

flxo+h) = f(xo—h) with h € R and & > 0.

Example:

Prove that the function f(x) = x>+ 6x+9 is axially symmetric to the
straight line xo = —3.

Insert (xo +h) into the function:  f(—=3+h) = (=3+h)>+6(—3+h)+9
=9—6h+h>—18+6hn+9
= h?

Insert (xo — ) into the function:  f(-3—h) = (=3—h)>+6(—3—h)+9

=94+6h+h—18—6h+9

The following applies:
f(=3+h) = f(=3—h)

— The function

f(x) = x> +6x+9

is therefore axially
symmetric to the
straight line xo = —3.
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9.3.2.2 Point Symmetry

Point Symmetry to the Point of Origin

If a function f(x) is symmetric to the point of origin, it is mirrored at the
point of origin of the coordinate system.

The following applies: f(—x) = —f(x) for all x € Dy
f(x) has only odd exponents.

Example:
Prove that the function f(x) = 3x® — 2x is point symmetric to the point of

origin.
Approach: f(=x) = —f(x)
3(—x)3 =2(—x) = —(3x° —2x)

= 33 4+2x = =33 +2x

— The function f(x) = 3x® — 2x is therefore point symmetric to the
point of origin.

f(x)
A
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Point Symmetry to any Arbitrary Point

Point symmetry to any arbitrary point (xo|yo) exists if the following
applies:

fxo+h)—yo = yo— f(xo—h).

xp and yp are the coordinates of the point of symmetry.

----% P x|y

ot e e e o e e

fxo + h)

—_—
&
I
>
Qx ke = - -
&
¥
>
y
x
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Example:
Is the function f(x) = x* +3x> symmetric to the point P(—1 | 2)?

Calculate f(xo+h) —

fxo+h)—yo = [(=1+h)3+3(~=1+h)*] -

= [(1=2h+h*)-(=1+h)+3(1—=2h+h?*)] -2
= [-142h—R*+h—2h" +h*>+3 —6h+3h*] —
= [P —3h+2] -2
=1 —3h

Calculate yo — f(xo — h):
Yo—flxo—h) = 2—[(=1—=h)> +3(=1—-h)?]
—[(1+2h+1) - (=1=h)+3(1+2h+h?)]
— [-1=2h—h*—h—2h* — 13 +3+6h+3h?*]
— [-F’ +3h+2]
= h3—3h

Compare the results of both steps:

— The function f(x) = x> + 3x* is symmetric to the point
P(—1 2) since the following applies: f(xo+h) —yo = yo — f(xo —h)

orh*—3h=h’-3h
(x)

[\ x
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9.3.3 Transformations

o Shift

If a function y = y(x) is shifted by b towards the y-axis, the original
function y = y(x) is transformed to a function g = g(x) as follows:

g(x) =y(x)+b with

beR

b = change of the absolute term

y _ y
/Y*X+2 y = x?
+2 y=x
4 2
=x=-2
// y=x-2 \ i
7 /s \ !
./ il , \ / .
P / X \ / X
% 7 \ /
/ \ /
\ /
“2, N
/ -2
/
7/

If a linear function y = y(x) is rotated at the intersection with the y-axis
(ordinate) by a constant factor ¢, the original function y = y(x) is trans-
formed to a function g = g(x) as follows:

gx)=y(c-x)withceR

/ -
=X+2
/ y
/
/ _/'/V: X+ 2
e

(¢ = change of the slope)

=2x+ 2
/y

N =
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e Stretch/Compression

If a quadratic function y = y(x) is d-foldly stretched/compressed, the
original function y = y(x) is transformed to a function g = g(x) as follows:

glx)=d-y(x) with beR

|d| >1 stretch towards the y-axis
|d| <1 compression towards the y-axis

d <0 reflection across the x-axis with stretch/compression
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9.3.3.1 Vertex Form

General form  ax? +bx+c = f(x)
Vertex form a-(x—d)*+e= f(x)

Quadratic functions have either a maximum or a minimum. This turning
point is the vertex. Quadratic functions have an axis of symmetry. It
runs parallel to the y-axis through the vertex. Quadratic functions have

either none, one or two zeros. These zeros can be determined using
the p/q formula.

This is as follows: x172:f§i (127)27(1
f(x)
\ Lo
\ L
80 L i
1 3!
\ ¥
60 \ I
\ I
1 L]
40 \ /e
\\ ‘,‘
20 kY /
\ K
llllkljlujnnjxln\h(,ullulxlllh-.x
-20 -10 10 20 30
-2

-40
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Shift along the y-axis:
f(x) =a-(x—d)*+e

For e > 0, the parabola is shifted upwards along the y-axis by e units.

f(x)

S(0/3)

For e < 0, the parabola is shifted downwards along the y-axis by e units.

f(x)

8
6
af
i

B 2 4 "

“Fs(0]-2)
4L
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Shift along the x-axis:
f(x) =a-(x—d)*+e

For d > 0, the parabola is shifted to the right along the x-axis by d units.
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9.3.4 Continuity

If a function f is differentiable in x, it is continuous there.

Discontinuities

See also Chapter 9.2.

There are three types of discontinuities: - infinite discontinuities
(poles),

- removable discontinuities

(singularities),

- jump discontinuities.

9.3.5 Infinite Discontinuities

An infinite discontinuity (pole) of a broken rational function f = f(x) at
xp always exists when the denominator is equal to zero (singularity):

lim f(x) = doo

X—X(

A pole cannot be removed.
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Example:

1—x2 7(1_’_)().(1—)()7(1—)6)
I = e T e ) - m2)
N Dy =R\ {-1;2}

The singularity at x = 2 cannot be removed; i.e. it cannot be simplified.

There is a pole here.

lim f(x) ~ £(1.9999) = oo

x—2-
lim f(x) & f(2.0001) = —oo
x—=2+
f(X)p

1

1

1

I

1

1

1

:

1 -x? :

f(x)= I

X2-Xx -2 !

1

|

1
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9.3.6 Removable Discontinuities

A removable discontinuity (singularity) of a broken rational function
f = f(x) at xo always exists when the numerator and denominator
simultaneously equal zero (singularity). The discontinuities can be
removed by assigning the limit xli_ff}of(x) to the discontinuities.

Example: see above

1—x? (I+x)-(1—-x) (1—x)

I = e 3 T ) k) =2)

= Dy =R\{-1;2}

The singularity at x = —1 can be removed; i.e. it can be simplified.
The corresponding limit exists:

2 2 .
lim f(x) = -3 lim+f(x) =-3 = There is a removable
=l r=-l discontinuity here.

Remark:

In the original function f(x), the discontinuity remains by definition a
singularity, which must be excluded from the domain.
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9.3.7 Jump Discontinuities

At a jump discontinuity xo of a function f = f(x), the left and right limits

are distinct:

lim f() # lim f(x) (£ =)

X=Xy X=X N——
cf. pole
Example:
-1 forx <1
flx) =
X2 forx>1

= jump discontinuity at x = 1

f(x)4
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9.3.8 Homogeneity

A function f with n independent variables xi,...,x,; f = f(x1,...,%,)
with Dy C R" is homogeneous of degree r if A > 0 applies to each real
number:

f(Ax1,...,xy) = A" f(x1,...,x2) - r = degree of homogeneity
Examples:
flxr,x) = x% +4x1x —|—5x§
= f(Ax;,Ax2) = (Ax1)? +4Ax1Ax2 +5(Ax2)?
= A2x3 + A% 4x1x0 + A25x3
= A2(x? +4x1x2 + 5x3)
=A% f(x1,x2)

= fis homogeneous of degree 2.
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9.3.9 Periodicity

A function f with f = f(x) is periodic with a period T if the following
applies:

f(x) = f(x£nT) with (x£nT)eD; neZ* T>0
The smallest period is also called the (primitive) period of f.

Example:

The sine function f(x) = sin x is a periodic function with the period
T =2rx:

sinx = sin (x+4k27w) with keR

9.3.10 Zeros

Zero is the intersection of a function f(x) with the x-axis.
= f(x)=0

Example:
fx)=x*-x—-6=0
1 1\?
= p/q formula: X1 /xp = +§ + —3 +6

x1 =05++v6.25=3

x =05-v6.25=-2
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9.3.11 Local Extremes

necessary condition: fx)=0

sufficient condition: f"(x) > 0= minimum

" (x) < 0= maximum

Example:
flx) = x> —8x>+8x—3
= fl(x) =32 —16x+8 =0

F(x) = 2 —53x+2.6667 = 0

53
2

= p/qformula: x;,x; ='i\/<—5'3

2

2
) —2.6667

X1 = 2.6667 + /4.4444 = 4.7749
Xy = 2.6667 — \/4.4444 = 0.5585
y1 = f(4.7749) = x> — 8x* + 8x—3 = —38.3320

y2 = £(0.5585) = x> —8x*> +8x—3 = —0.8532

The function has extremes at P;(4.7749 | —38.3320) and

P>(0.5585 | —0.8532).

= f(4.7749) = 6x— 16 = 12.649 >0

= f7(0.5585) = 6x—16 = —12.649 < 0

=

=

minimum
Py (4.7749 | —38.3320)

maximum
P1(0.5585 | —0.8532)
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9.3.12 Monotonicity

The monotonicity defines the slope of a function
(monotonic = uniform).

Applies to all x;,x, € I (I = interval) with x, > x; and I € Dy:

f(x1) > f(x2) = fis strictly monotonically increasing

~

X2 Xi

f(x1) > f(x2) = fis monotonically increasing

f(x1) < f(x2) = fis strictly monotonically decreasing

f(x1) < f(x2) = fis monotonically decreasing

f(x1) = f(x2) = fruns parallel to the x-axis
= the slope is always zero
= the monotonicity is always constant

T i

= The monotonic behaviour changes at the extremes
(= minimum or maximum).

= The monotonicity has no relation to the continuity;
a step function is for example also monotonically —
increasing/decreasing.
X Xy
= There is only one slope between two points;
not at one point.
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9.3.13 Concavity and Convexity | Inflection Points

f(x)
E E

AN TN

- - - > > —_———-—

X

concave convex concave

IP = inflection point

Forms of Curvature

. Convexity exists if the second derivative of a function is
greater than zero. (f”(x) > 0)

e  Concavity exists if the second derivative of a function is
smaller than zero. (f”(x) < 0)
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At the inflection points (IP), the curvature behaviour of a function changes
from concave to convex or from convex to concave.

e  concave/convex inflection point:

at the point where the slope is
negative, the slope is smallest

f'(x) = minimal 1P fminmal

f'(x) =0
fl// (x) > 0

e  convex/concave inflection point:

at the point where the slope is
positive, the slope is greatest

f'(x) = maximal .
f') =0
" (x) <0
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9.3.14 Asymptotes

An asymptote is a function that approaches another function without
intersecting or touching it.

There are four different types of asymptotes:

horizontal asymptote vertical asymptote

—10[

—-15L

oblique asymptote asymptotic curve

fix) f(x)

=)
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9.3.14.1 Horizontal Asymptotes

Determination of the asymptote using limiting behaviour (in Latin: limes)
or by comparing the degree of the numerator (rn) and the degree of the

denominator (m).

degree of the numerator =

degree of the denominator

1x* -3
f0 =3
Consideration of the highest ex-
ponents. The coefficients in front
of the bases with the highest ex-
ponents determine the level of
horizontal asymptotes.

Equation of asymptotes:

degree of the numerator <

degree of the denominator

Consideration of the highest ex-
ponents. The quotient of the
highest exponents - here 0/1 - is
zero. Thus the horizontal asymp-
tote is equal to the x-axis.

Equation of asymptotes:

g(x)=0

(The line is on the x-axis)

fx)

4

1N

-4}
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Example:
3x2—1

Division by x with the highest exponent, here divided by x>

-4
= fx) ==
5+
. - number
Forming the limits towards 4+ — oo ——
infinity
%
_ X
xgll]w <x> - 5+xi1
. 3-0
Jm f) =575

Equation of asymptotes:
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9.3.14.2 Vertical Asymptote

Asymptotes are determined by the poles.

(pole = vertical line)

plx) #0
q(x) =0
Example:
2—x=2
i) = (x—3)(x+5)

1. Determine the singularity:

(x=3)(x+5) =0

x1=3;x=-5

2. Insert the singularities into the numerator:

f(3)=3*-3-2=4

f(=5)=(-5)2+5-2=28

— both numerators # 0 — poles are at 3 and at —5.
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9.3.14.3 Oblique Asymptote

An obliqgue asymptote is a straight line with a slope # 0.

Note the degree of the numerator and the degree of the denominator:
degree of the numerator = degree of the denominator +1

2

X
eg.. flx) = T
Equation of asymptotes: glx) =mx+b

Approach: Step 1: determine the degree of the numerator and
of the denominator

Step 2: polynomial division

Step 3: observation of the limit

x2

1. ——
Step x+1

Step2: (F+0x")+(x+1)=x—1+1

Step 3: L“ll (X%) =0 = g(x) =x—1 (equation of asymptotes)
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9.3.14.4 Asymptotic Curve

The asymptotic curve is a function that is not a straight line (oblique
asymptote) but describes a curved function (curve).

Note the degree of the numerator and the degree of the denominator:
degree of the numerator > degree of the denominator +1

_x4—1

eg.: flx)=

X

Approach:  Step 1: determine the degree of the numerator and
of the denominator

Step 2: polynomial division

Step 3: observation of the limit

4
—1
Step 1: al
X
1
Step2: (A0 —1)+(x) =X ——
X
Step 3: EIE (1)=0 = g(x) = (equation of asymptotes)
X 5]
Key rules
denominator = 0 and numerator # 0 vertical asymptote = pole
n<m OF n=m horizontal asymptote
n=m+1 oblique asymptote

n>m+1 asymptotic curve
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9.3.15 Tangent Lines to a Curve

A tangent line to a curve is a straight line that touches a function f(x)
at a point Py. The slope of the tangent m,,, describes the slope of the
function f(x) at a point P, or at a position xo.

— Mign = f/(X())

Example:
given: f(x) = 3x* + 1 xo =1

tobe found:y =m-x+b  (equation of tangent line)

1. Determine the derivative of f(x)

= f'(x) = 6x

2. Insert the xj-value into f(x) to obtain the yy-value

=yo=3-12+1
yo =4

3. Insert the xp-value into f’(x) to obtain m

= f(1)=6-1 \ i //
fi(1)=6 f(x)

tangent

4. Insert m and y into the general \ s
form of the equation of a \
straight line to obtain b L“'\. . i

y=m-x+b

4=6-1+b
b=-2

=

5. Equation of the tangent

=y=06x—-2
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9.3.16 Normal Lines to a Curve

A normal line to a curve is perpendicular (orthogonal) to the correspond-
ing tangent at the meeting point with the function f(x). Its slope is equal
to the negative reciprocal of the corresponding tangent.

1 1
= - - =
inormm Myan f/ (XO)
Example:
given: f(x) = 3x>+1 xo=1

to be found: y =m-x+b  (equation of normal line)

1. Determine the derivative of f(x) and the slope of the tangent n,,
= f’(l) = 6 = Mygn

2. Determine the slope of the normal line

-1 _ -1
Myan 6

= Myuorm =

3. Insert my,m and P(1]4) into the form of the equation of a straight line
to obtain »

1 Y 7
=4=——.1+b i !
6 f(x) |
b — § ‘-";\tangent
6 ;
4. Equation of the normal line ) Pa
1 25 /
>y =—— — / norma
y 6x—|— 6 L mal
Note: - X
Mporm * Mign = —1 -2 - 0 2 3 3
must always apply.
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9.4 Exercises

Example 1:

The water level of the Hudson river in NYC from the 6! to the 121" of
January 2011 is modelled realistically by the function
h(t) = 2.5 e~ 2 +3.5.

t is given in days, r = 0 corresponds to January 6™, A(z) is measured in
metres.

1. Determine the time when the flood as well as the water level
reach their maximum.

2. Determine the times when the water level rises or falls the most.

Subtask 1:

Form the derivatives:

W (t) = e=2'(—1.25¢%+ 5¢)

1

H'(t) = e 2'(0.625t> — 5t +5)

1

R"(t) = e~ 2'(—0.3125¢> +3.75t —7.5)

1. Necessary condition  #'(r) =0

e 2 (—1.25¢2 +5¢) =0 le~2 £0forallr € R
—1.25t2 4 5¢ =0 | factorise

n=0 Vv (—1.25+5) =0 | -5
—1.25¢t =-5  |=(-125)
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2. Sufficient condition  H(t)=0 A K’'(t) #0

n'(0) =5 >0 local minimum
h'(4)~—-0.677 <0 local maximum

Determine the y—values
h(4) =~ 8.9

Answer: The water level of the Hudson river reached its peak of about
8.9 metres on January 10" at 12 a.m.

Subtask 2:
H'(t) = e~ 2(0.625¢2 — 5t +5)

1. Necessary condition  4"(t) =0

e 21(0.62512 — 5t +5) =0 le 2 £0forallr € R
0.625t> — 5t +5 =0 |: 0.625
> —8t+8 =0 | p/q formula
8 8
t172 = EZ‘Z (—5)2_8 |t1 'f-?ﬁ6828 tz",-?: 1172

2. Sufficient condition  #"(t) =0 A K"(t) #0

W' (t) = e 2'(—0.3125¢> +3.75t —1.5)

K" (6.828) = 0.1163 >0  changing point from concave to convex
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The derivative function #’ has a local minimum at r = 6.828. The water
level falls most sharply after about 6 days and 20 hours, i.e. on January
12 at around 8 p.m.

KH"(1.172) = —1.968 <0  changing point from convex to concave

The derivative function 4’ has a local maximum atz = 1.172. The
water level rises most significantly after about one day and 4 hours,
i.e. on January 12" at around 4 a.m.

Example 2:

High ozone concentration can cause irritation of the respiratory tract, as
well as coughing and lung diseases in human beings. Its extent is mainly
determined by the duration spent in the contaminated air. According to
the forecast for the following day, the ozone concentration in a German
city between 7 a.m. (r = 0) and 9 p.m. (+ = 14) is measured by the func-
tion £ with the equation f(r) = 0.06- (0.25¢* — 10.6¢> 4+ 101.2t%) + 55 with
0<r<14.

1. Determine the time when the highest ozone concentration in the city
is predicted.

2. Determine the times when the ozone concentration in the city
increases and decreases the most.

Subtask 1:
Form the derivatives:

f'(t) = 0.06- (£ —31.8¢> +202.41)
f"(t) = 0.06- (3t> — 63.6t +202.4)
f"(t) = 0.06- (6t — 63.6)
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1. Necessary condition  f/(r) =0

0.06- (> —31.8¢>+202.4t) =0

00640 Vv  (3—31.8t>+202.41) =0
(> —31.8t% +202.4¢) =0 | factorise ¢
t(t?> —31.8t +202.4) =0
n=0 Vv (2-31.8+202.4) =0 | p/qformula

(> —31.8t+202.4) = 0

h3= 15.9++/(—15.9)2—202.4
= 23>14; 1n¢D
13 = 8.8

2. Sufficient condition  f'(r) =0 A f"(r) #0

F7(0) = 12.144 >0 local minimum
/"(8.8) = =7.4976 <0 local maximum

At the time ¢ = 8.8, the maximum is reached. This corresponds to 3:48
p.m. (0.8% = 0.8 - 60mins = 48mins). The 0zone concentration in the city
reaches its peak at 3:48 p.m.
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Subtask 2:

1. Necessary condition  f”(r) =0

0.06- (3t> —63.6t+202.4) =0
00640 Vv (3t>—63.6r+202.4) =0
(32 — 63.6t +202.4) =0 |:3
2 =212t + 1’:)512 =0 |p/qformula
ty= 10.6% \/(—10.6)2— 1’10512
H~173>14¢D
Hh~39

2. Sufficient condition  f"(r) =0 Vv (1) #0
f7(3.9) = —2.412#£0  changing point from convex to concave

At the time ¢ = 3.9, there is an inflection point.
The slope at this time: f/(3.9) ~21.9

Examine the slope in the neighbourhood of the time interval [0; 14]:

f(0)=0
f/(14) = —39.312

The moment of the strongest increment ist = 3.9, i.e. at 10:54 a.m.
The moment of the strongest decrement is r = 14, i.e. at 9 p.m.
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Chapter 10

Differential Calculus

10.1 Differentiation of Functions with One Independent
Variable

10.1.1 General
Difference Quotient

= average slope of the function f = f(x) between the points By and P
or between xp and x;.

= the quotient (the relation) of the differences Ay and Ax (Fig. 10.1).

Ay _y—yo _ fxo+Ax) - f(x)

Ax  x—Xxg Ax

f=1(x)

Xo X

Fig. 10.1: The Difference Quotient of a Function f = f(x)
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Differential Quotient

= derivation (= slope) of the function f = f(x) at the position x, or
at/around the point F.

d
Ti(xo) = f'(x0)
A
— lim =2
Ax—0 Ax

_ iy {0+ A%) = f(x0)

o Ax—0 Ax

The progression from the difference quotient to the differential quotient
is shown graphically in Fig. 10.2.

(x)

A

Yo |77

Fig. 10.2: Progression from the Difference Quotient to the
Differential Quotient
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Remark:

A . .
lim =2 means geographically, that the slope triangle gets progres-

Ax30 Ax sively smaller, theoretically so small that Ax converts to 0.
Finally, the slope triangle at the point of interest By is so
small that it approximately measures the slope of the function
f = f(x) infaround Fy.

Derivative Function

If the function f = f(x) is differentiable in the entire domain, the deriva-
tive function exists (15! derivative of f).

flx) = % with x€ Dy

Differential
df = f'(x)dx with f=fx);xeDy

df is called the differential of the function f.
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10.1.2 First Derivative of Elementary Functions

f(x) () Remarks
c 0 ¢ = constant
x" n-x""! nelR
c-x* con-x"!
| |
x 2
1 _ n g
E:x *W*(”)'xnl
1
v o
1
\"‘/;C — .x%_l
n
g(x) = chain rule
1
1 Z
(2 .
In(g(x)) = chain rule
1
log, x i (@) a?1l a, x>0
e* e
c *In(c) c>0
st = chain rule
sin x COoS X
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f(x) () Remarks
CoS X —sin x
1
cot x - = —(1+-cot’x) x#kn, keR
sin“ x
. 1
arcsin x x| <1
1—x2
1
arccos x - x| <1
1—x2
1
arctan x
1+x2
. 1
arccot x —
V1+x2
sinh x cosh x
cosh x sinh x
1 2
tanh x 7 = 1 —tanh” x
cosh” x
1
coth x — = 1—coth® x x#0
sinh“ x
1
arsinh x
1+x2
1
arcosh x x> 1
x2—1
1
artanh x x| <1
1—x2
1
arcoth x — |x] > 1
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10.1.3 Derivation Rules

Constant Factor Rule  f(x) = c¢-g(x) with c=constant ceR

Sum Rule

Product Rule

Quotient Rule

In general:
J(x) = filx)- fo(x) .. ful)
) =A@ L&) )+ filx) fox)

Su(X) + f1(x) - fa(x) - (%)

flx) = 1:83 with v(x) #0
Pl = W (x)v(x) — u(x)v'(x)




10.1 Functions with One Independent Variable 433
Chain Rule fx) =u-v=u(v(x)) with xeD, C,CD,
f'(x) = (v(x)) -V (x)
= outer times inner derivative
In general:
f(g1(g2(83---8n(x))))
df _ df dg dgr - dgn
dx  dgi dg, dg3 = dx
Examples:
Constant Factor Rule:  f(x) = 5x*°

Sum Rule:

Product Rule:

Quotient Rule:

= f'(x) = 520227
= f'(x) = 100x"

2
f(x) =2¢"+4Inx— 7
1

4
= fI(x) = 2e"+ —
fx) =2+ =

f(x) =x"-Inx

1
= f(x) = a8 Inx+x7 - -
x
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1 0.5
Chain Rule: flx) = {ln}

10.1.4 Higher Derivations

/ (n)
genUammwadammm1Lﬂ“”u):(ﬂ”@o _ A

dx
with neZz*

2
2nd derivative (x) = (f’(x))/ _ ddfx(zx)

3
31d derivative (%) = (f//(x))/ _ dd];gx)

4
41 derivative ) = (7)) = ddj;(‘x)
nt" derivative W (x) = (f(n—l)(x)>' _ d';f;ix)
Examples:
(1) (2)
f(x):i 4—éx3+2x+1 f(x) = Inx
1
ﬂﬂ=f—%%a f) =
f"(x) =36 —1x f(x) = _%
-2

f///(x) — 6)(-1 f///(x) — 173
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A =6 Oy = 123
1-2-3:4

I =0 ) = x5

f<n>(x) =0 f(”)(x) — ( 1)}1—1 (n_ 1)!

10.1.5 Differentiation of Functions with Parameters

f = f(x) indicates that x is the (only) independent variable of the func-
tion f. If other placeholders appear in the function term, these are pa-
rameters, not variables. Accordingly, f cannot be differentiated with re-
spect to them.

Example:

flx) = 2x%7— 22 +2Plnx

) = dxg— 21

X

f'(z) not possible, as z is a parameter.

10.1.6 Curve Sketching

An analysis of the function f = f(x) generally includes the complete
examination of the following criteria:

Domain Dy

including discontinuities; check for possible removable discontinuities.
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Codomain C;

is usually recommended as the last point of sketching.

Symmetry
f(x) = f(—x) [ is axially symmetric to the y-axis

f(x) = —f(—x) fis point symmetric to the point of origin

Axial Symmetry

If the function f, with f = f(x), is axially symmetric to the axis of sym-
metry x = a, the following applies to all x € Dy:

f
fla+) = fla—x) ® f

with ¢ = constant |
(= axis of symmetry) |
|

If a = 0, a is equivalent to the y-axis.

Then the following is valid: f(x) = f(—x)

A polynomial function f, whose graph is axially symmetric to the y-axis,
has the form

f(x) = @ux" + qu2xX" 7+ .+ g2 +q0

with ¢ = constant and n = even.
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Point Symmetry

If the function f, with f = f(x), is point symmetric to an arbitrary point
P = P(a,b), the following applies for all x € D;:

()

flatx)=fla) = ~fla=x)+fla)  ==---5bn-ommezo--

with a = const. = x-coordinate of P | ———
I

with b = const. = y-coordinate of P ! «
1

Zeros = Intercepts with the x-Axis

fx) =0

Intercepts with the y-Axis

x=0 (periodicity)

fx)=fxxn-T) T =periodof f; neZ*; T>0

Continuity/Differentiability

If the function f, with f = f(x), can be differentiated in D (or in intervals
of Dy), it is also continuous here.

Incl. discontinuities (poles, gaps, jumps).

Pole at x = xp lim f(x); lim f(x)

.X—)XP .X—)XP

Removable discontinuity at x = xp;;  These discontinuities are
removable by definition;

with Dy = R\ {xpis }
Jump at x = x; lim f(x) # lim f(x)
X=Xy x%x}

Clearly allocate limits of intervals
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Extrema

f has a relative/local maximum at position xo, if the following is valid:

fl(x) =0 necessary condition

f(x0) <0 sufficient condition

f has a relative/local minimum at position xy, if the following is valid:

f'(x0) =0 necessary condition

" (x0) >0 sufficient condition

In the extrema the function changes its monotonic behaviour.

Inflection Points
f has an inflection point at position xy, if the following is valid:
f(x0) =0 necessary condition

/" (x0) #0 sufficient condition

In the inflection points the function changes its curvature behaviour:

" (x0) <0 convex/concave inflection point
" (x0) >0 concave/convex inflection point
Furthermore, if f’(xy) = 0, then this is a special kind of inflection point,

namely a saddle point. The saddle point is an inflection point with a
slope of zero and, therefore, it has a horizontal tangent.



10.1 Functions with One Independent Variable 439

Monotonicity

f(x0) >0 f (in the interval) monotonically increasing

f(x0)>0 f (in the interval) strictly monotonically increasing

f(x) <0 f (in the interval) monotonically decreasing

f(x0) <0 f (in the interval) strictly monotonically decreasing

Curvature f(x)

f"(x0) >0 f (in the interval) convex \-/
(curvature left) X

f(x)

f"(x0) <0 £ (in the interval) concave /\

(curvature right) X
(1+(f'(x))*)?

Curvature radius: p = with  f"(x) #0

f"(x)
Centre C(xc; yc) of the osculating circle with the coordinates:

S0+ (%))
f"(x)

Xc =

1+ (F()?)

Yc :f(xC) :f(x)+ f//(x)

Behaviour at the Boundaries

1_i>111 f(x) left boundary of f
lim f(x) right boundary of f

X—>o0
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The respective optimum optimorum (smallest minimum/ largest maxi-
mum) can lie in a relative/ local extremum as well as at one or both
boundaries.

Asymptotes

An asymptote is a function to which another function increasingly con-
verges.

Asymptotes of broken rational functions:

n = degree of numerator m = degree of denominator
n<m x-axis is horizontal asymptote

n=m line parallel to the x-axis is an asymptote
n=m+1 skewed asymptote

n>m+1 curved asymptote

Numerator =0  perpendicular x-axis (at discontinuities/ poles)
even multiplicity of the zero
=- with change of sign
odd multiplicity of the zero

= without change of sign

Graph of the Function

The graphic plane f = f(x) is spanned by T |
a two-dimensional Cartesian coordinate
system. >y
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Example of Curve Sketching:

5x—4
f('x) = (2_3x)2
Domain: Dy = R\{%}
Codomain: Cr=]-o; 2]
Symmetry:

(a) Axial symmetry to the y-axis f(x) = f(—x)

(b) Point symmetry to the origin fx) = —f(=x)

S5x—4 B 5(—x)—4
@ 3p 7" <<2—3<—x>>2)

= f is neither axially nor point symmetric (also seen in graph of
function).

Zeros: fx)=0

Intercepts with x=0
the y-Axis:
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5:0-4 -4 4
(2-3-02 4
Periodicity: FX)#£ f(x£tn-T) with neZ* T >0

= f is not periodic

Continuity: f is continuous in Dy = R\{%} as differentiable.
I . . 2
= f is discontinuous in x = 3

= pole

lirglJr f(x) = f(0.6667) = —oo

lim f(x) ~ £(0.6665) = —oo

) —

Extrema: flx) = (25)1_3;1)2 = 1:8))
Floy =" (x)V(EcV)(;)L)tg)C)v (x)
, 5-2—3x)2—((5x—4)-2(2—3x)- (-3
7o) = ( ) (((2_3)1)4( )-(=3))
_5:(2-30) —((5x—4)-2-(-3))
(2—3x)3
10— 15x+30x—24  15x—14
N (2—3x)3 - (2—3x)3
15x—14 14

1
S L0 I5x— 4= 0= x= —
:(2_3)()3 = 15x =X = 13
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von 15-(2-3x)% — (155 — 14)-3(2 — 3x)%- (—3))
f'(x)'_ (2——3X)6

15-(2—3%) — (15— 14)-3-(=3))
(2—3x)4

_ 30—45x— (—135x+126)
N (2 —3x)4

~90x—96
- (2-3x)4

11 (14 . 4
=) = ——— 0=m num = Tz
( ) < aximu at x 1

f
f(ﬂ) = 0.452 = maximum at E,,,., (% | %*5)

. . 90x — 96 16
Inflection Points: f”(x) = (2i73x)4 20 =90x—96=0 =x= s
~ 810x—972

f/// (x) _ W

—108

0)s ~43.403 >0

) -

—
L

= concave/convex inflection point at 7P, (12 | £)

Monotonicity: | —oo; %[ f decreases strictly monotonically

]% ; %[ f increases strictly monotonically

|14 . 1] fdecreases strictly monotonically
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Curvature:

Behaviour at

the Boundaries:

Asymptotes:

Graph of
Function:

] —e;2[  concave
13 18] concave
48 +oo[  convex

lim f(x) ~ £(1000) = 0"

x—-oo
lim f(x)~ f(—1000) = 0~
X——o0
—4 —1
flx) = ox = - =n<m

2-3x)?2 "m=2

= x-axis (abscissa) is horizontal asymptote

denominator = 0
(2—-3x)%=(2—3x)-(2—3x) =0
2

=2-3x=0=x= 3
= perpendicular asymptote at x = %

no change of signs because of even multiplicity

f(x)
A

N

— :
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10.2 Differentiation of Functions with More Than One
Independent Variable

f = f(xl, XD yeuny Xfggoens xn)
10.2.1 Partial Derivatives (15! Order)

Partial differential operator ng (read “f partially derived
k

with respect to x;”)
with

ﬁ y lim FOxry ey e+ Axpy ooy X)) — f(X1, oey Xn)

ox I Axp—0 Axk
k

k=12,...n

Geometrically, of is equivalent to the slope function of f in the di-

8xk
rection of the x;-axis. If the slope of f at point Py with the coordinates
(x10, X20, - .., Xk0, ---, Xno) iN the direction of x; is of interest, the function

f is to be partially derived with respect to x;, g—xf The coordinates of Ry
k

are to be inserted within this slope function. With the partial derivation
of f with respect to x;, all other variables are regareded as constants,
ceteris paribus.

If f(x,y) is differentiable in Py(xo,y0), the following is valid:

df(xo,y0) Odf f(xo+ Ax, yo) — f(x0, Yo)

= fl(x0, yo) lim

3x o a (x:X07)’0) Ax—0 Ax
af(x07 yO) — ﬁ _ f/(x0 yO) lim f(x07 YO+AY) _f(x07 YO)
dy dy (30, Y=0) I Ay S0 Ay
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Examples:
(1) f(x,y) = x> —6x+42xy? — 7 = for point Py (7]2)
af . . N )
P slope of f in x-direction = 2x— 6+ 2y
X
fx(7]2)=2-7-64+2-22 = 16
af - o
a—y: slope of f in y-direction = 4xy

fy(7]2) =4-7-2 =56

(2)  flayz) :x.eyz+—”lzy'zz>for point P» (1|2]1)

of - ., 1 1

ox ¢ Ty 2yt

1 1

(12| =+ — . ——.1=28.1104
F12]1) RN

af .

anyC: x-e%z+/xz- (1) (Iny) =2 =

ﬁ; Yz _A'_LLX

dz Iny 2./xz

/ 2-1 1 1

fz(12|1) =124+ —  ———-1 = 15.4995
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Geometrical Interpretation

(1)

The slope of the function f = f(x,y) at point Py (x=7; y=2)
is 16 units in the direction of the x-axis and 56 units in direction
of the y-axis.

The slope of the function f = f(x,y,z) at point Po(x = 1;

y=2; z=1)is 8.1104 units in the direction of the x-axis,
6.3484 units in the direction of the y-axis and

15.4995 units in the direction of the z-axis.

Economic Interpretation

(1)

If, starting from the status quo in P;, the x-value is

increased (decreased) ceteris paribus (c.p.) by one unit,

the function value f increases (decreases) by approximately
16 units. If the y-value is increased (decreased) c.p. by

one unit, f increases (decreases) by approximately 56 units.

If, starting from the status quo in Py, the x-value is
increased (decreased) c.p. by one unit, the function value f
increases (decreases) by approximately 8.1104 units. If the
y-value increases (decreases) c.p. by one unit, f increases
(decreases) by approximately 6.3484 units. If the z-value

is increased (decreased) c.p. by one unit, f increases

(decreases) by approximately 15.4995 units.
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10.2.2 Partial Derivatives (2" Order)

9% f 9 f
aZf 1/ . 82f _ 1/ ; ; : :
oy fo s Box fix = mixed partial derivative

Schwarz’ Theorem'

Provided that the function f = f(x,y) is partially differentiable with re-
spect to x and y and that the two mixed partial derivatives (in the rele-
vant interval) are continuous, the following applies:

I2f  0f
oxdy dyox
o =

equality of the mixed partial derivatives

Example:  f(x;y) = 2x*y? —x3y®

aif .,
E_fx_

aif .,
oy N

azf £ —

(9)62 - Jxx

8)c3y3 — 3)c2y6
x4y2 _ 6)(3 yS

24x2y3 — 6xy6

' Hermann Amandus Schwarz (1843 - 1921) was a German mathematician and

university lecturer in Berlin.
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82
a—y]; = fyy = 12x*y — 30x3y*
azf 1 3.2 2.,5
Ixdy oy = 24x7y" — 18x7y
azf 1/
_ — 24 3,,2 —1 2.5
Fyox T X7y 8x°y
an 11!
= " — 48x3y — 2.4
929x Ty 8x’y —90x~y
o*f 4
I Fie = 48x3 — 360223
Partial Derivative of /" Order
If the function f, with f = f(x1, ..., x,), is partially differentiable r times,

with r > 2 (r = order of partial derivatives; number of differentiations),

the order of the partial derivatives can be arbitrarily interchanged.

Example:  For f = f(x,y) the following 3 order

partial derivatives generally apply:

Number of 3@ order partial derivatives:

/1 1! 11! /11 11 11

xxxr Jxxyr Jxyxo Jyxxo Jxyyr Jyxys
" el el

Where xxy — Jxyx T Jyxx

and e/ ——

yyx yxy T JXyy
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10.2.3 Local Extrema of the Function f = f(x, y)

= |dentification of relative maxima and minima of a function f = f(x, y)
with two independent variables, x and y, in three-dimensional space.

10.2.3.1 Relative Extrema without Constraint of the Function
f=rfxy)

A local relative extremum of a function f = f(x, y) with two variables
x, y € R at a point Py(xo, yo) With Dy C R? exists if the following applies:

necessary conditions

%(my yo) = fi(x0, y0) =0  and gjyf(m’ o) = fy(x0, y0) =0

The tangent plane to Py is parallel to the (x,y)-plane.

sufficient conditions

The sufficient conditions are derived from the so-called Hessian matrix .
The Hessian matrix arranges all second partial derivatives of a function
f = f(x1, ...,x,) in a way defined by Hesse? and Jacobi 3. It describes
the local curvature behaviour of the function f = f(x, ..., x,) with sev-
eral variables, x; e Rand i =1, ..., n, around a point P = (xi, ..., x,) € Dy
with Df Cc R".

If the function f = f(xi, ..., x,) iS a twice continuously differentiable func-
tion the Hessian matrix of f = f(x1, ..., x,) ata pointx = (xi, ..., x,) €Dy
with Dy C R", Hy(x), in general is defined as follows:

Hy(x) = ((gij(”),,,j,,...,n B

2 Ludwig Otto Hesse (1811 - 1874) was a German mathematician.

3 Carl Gustav Jacobi, originally Jacques Simon Jacobi, (1804 - 1851) was a German
mathematician.
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A TN
0x10x] * dx10x2 * 0x10xy, x
o*f 9*f 9
_ 0x20x1 * 0x20x2 > 0x20x, x
’f ’f ’f

0x,0x1 o 0x,0x2 x) 0x,0x, (x

For a function f = f(x, y) with two independent variables, x and y,
in a three-dimensional space, the Hessian matrix, H(x, y), at a point
(x0, y0) € Dy with D C R?, is defined as follows:

92 f o*f

55, (0. 30) m(Xo, ¥0) Li(xo, yo)  fiy(x0, Y0)
Hf(-XOa YO> = -

92 9°

S0 S |\ fat o) Syt 0)

The determinant of the Hessian matrix, Hy(x),
det Hy(xo, yo) = fix(x0, Y0) - fi(x0, Y0) — (fiy(x0, ¥0))*

describes the curvature behavior of the function f = f(x, y) at the
coordinate (xo, yo) as follows:
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e det Hy(xo, yo) >0 = extremum at point Py(xo, yo, zo) With
z0 = f(x0, yo0)

if fix(x0, ¥0) <0 and £y (xo, yo) <0 = maximum at point
Py(x0, Yo, 20)

if frx(x0, y0) >0 and fyi(x0, yo) >0 = minimum at point
P()()C(), Yo, ZO)

e det Hy(xo, yo) <0 = saddle point at point Py(xo, yo, zo) With
z = f(xo, y0)

with f{\(xo, yo) > 0 and £}, (xo, yo) < 0 = saddle point, convex in
x direction and concave in y direction

or fyy(x0, yo) <0 and f(xo, yo) > 0 = saddle point, concave in
x direction and convex in y direction

e detH¢(xo, y0) =0 = Indifference, i.e. a decision whether a
relative extremum or a saddle point is
present at Py(xo, o, zo) is not possible. In
this case, either the curvatures in x and y
directions are to be measured separately or
the function value at Py with zo = f(x0, y0),
must be compared to neighbouring values.

In other notation, the procedure can be described as follows:
o fl(x0, yo)- fi(x0, y0) > (2 (x0, Y0))?
= extremum at point Py(xo, yo, zo) With z = f(x0, o)

if frv(x0, Y0) <0 and fy(xo, yo) <0 = maximum at point
Py(x0, Yo, 20)
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if fix(x0, Y0) >0 and £y (xo, yo) >0 = minimum at point
Py(x0, Yo, 20)

o fl(x0, yo)- i (x0, o) < (f2(x0, Y0))?
= saddle point at point Py(xo, o, zo) With zo = f(x0, o)

with f1%.(xo0, yo) >0 and fy;(xo, yo) < 0 = saddle point, convex in
x direction and concave in y direction

or fi(x, y) <0Oand £/ (x, y) > 0 = saddle point, concave in

x direction and convex in y direction

o fl(x0, yo)- f(x0, y0) = (fs(x0, 0))?

= Indifference, i.e. a decision whether a relative extremum or
a saddle point is present at Py(xo, yo, zo) is not possible. In this
case, either the curvatures in x and y directions are to be mea-
sured separately or the function value at Py with zo = f(xo, y0),
must be compared to neighbouring values.

Example 1: Flxy) =23 +3x%y —3x? = 21x+y> — 3y
1%t step: F(x) = 32+ 6xy— 3y> — 21

[} =3x—6xy+3y* -3

= 6x+ 6y

f)"y = —6x+ 06y

oy = 6x—6y

equation | f/(x, y) = 3x +6xy—3y2 —21 = 0

equation Il fi(x, y) = 3x2 —6xy+3y> -3 L0

Addition method, since all y's cancel out.
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I 3x2 4 6xy — 3y> — 21
Il 3x2—6xy+3y° -3 +

6x2 —24=0
6x% =24
=4

=x1 =2 and x; = -2

Insert the values for x; and x; in one of the first order derivatives (f'x or
f'y) to determine the corresponding y-values.

(1) forxo = 2 : (insertin I)
0=3-2246-2y—3y* 21
0= 12412y —3y> - 21
0=—-3y>+12y—9|:(-3)

0=y>—4y+3 =24+4-3
2+1
yii =3 and y;; =1

$P1(2|3); P2(2|])

(2) for xo = —2 : (insertin I)
0=3-(-2)2+6-(-2)y—3y*-21
0=12—12y—3y*—-21
0=—-3y>—12y—9|:(-3)

0=12+4y+3 = -2+./4-3
—2+1
y21 = =3 and yp = —1

= Py(=2| —1); P(=2] -3)
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2nd step:

Pi(2]3)
= (6:2+6-3) (—6-2+6-3) = (6:2—6-3)

W (213) fiy (213) o (213)

30 . 6 > 36
180 > 36 = extremum at P,
=30>0;6>0 = minimum at P,
Py(2]1)

= (6-2+6-1)-(=6-2+6-1) < (6:2—6-1)>

—108 < 36 = saddle point at P,
Py(=2|—1)

= [6-(=2)+6-(=1)]-[(=6)- (=2)+6 (=1)] < [6-(—=2) =6- (= 1)
—108 < 36 = saddle point at P;
Py(—-2|-3)

= [6-(=2)+6-(=3)]-[(~6)- (=2) +6- (=3)] Z[6-(—2) — 6 (-3)]°
108 > 36 = extremum at P,

= -30<0; -6<0 = maximum at P4
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Example 2: A manufacturer of bicycles produces two different
types A and B of a bicycle. The price of a type A
bicycle is $1,200 per unit and the price of a type B
bicycle is $700 per unit. The costs of producing x
units of type A and y units of type B are descripted
by following cost function:

C(x, y) = 15022 — 100xy + 60y — 400x — 500y — 10,000

a) Determine the production level that maximizes the bicycle
manufacturer’s profit.

b) What is the maximum profit in $?

a) 1. set up profit function
P()C7 y) = R(xa y) - C(x7 y)
determine revenue function

R(x, y) = 1,200x + 700y

set up profit function

P(x, y) = 1,200x + 700y — (150x> — 100xy + 60y> — 400x — 500y —
—10,000) =

= 1,200x + 700y — 150x% + 100xy — 60y? -+ 400x + 500y +
+10,000 =

= 1,600x + 1,200y — 150x2 + 100xy — 60y” + 10,000
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2. necessary condition
P(x, y) = 1,600x + 1,200y — 150x% + 100xy — 60y> + 10,000
P'x(x, y) = 1,600 —300x+ 100y = 0
P'y(x, y) = 1,200+ 100x — 120y = 0| -3
| 1,600 —300x + 100y = 0

Il 3,600 +300x — 360y = 0 (addition method)
I+11 5,200 —260y =0

solve fory

5,200 —260y = 0 | 4260y
5,200 = 260y |:260
20=y

insert result in |

1,600 —300x+100-20 = 0
1,600 —300x+2,000 = 0
3,600 —300x= 0 | +300x
3,600 = 300x |:300
12 =x

— potential extremum at P(12]20)
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3. sufficient condition

P'xx = —300
P'yy = —120
P'xy = 100

= identical cross derivatives
G"yx = 100

calculate determinant
P'xx-P"yy — P'xy - P"yx
—300-(—120) — 100- 100 > 0
P'xx<0 Plyy<0 — P(12]20) maximum

The profit is maximal at a production mix of 12 units of type A
and 20 units of type B.

b) Calculation of the maximum possible profit

Insert point (12]20) in P(x, y)

P'y(x,y) = 1,600-12+1,200-20 — 150- 122 +100-12-20 — 60- 20> +
+10,000 =

= 31,600

The maximum profit possible is $31,600.
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10.2.3.2 Relative Extrema with m Constraints of the Function
f=f(x1, ..., xy) Withm <n

= multiplication method according to Lagrange*

previously: f=flx, o x)
now: (target) function

+ constraints

= model

The system of equations (model) to be solved consists of a so-called
target function and of one or multiple constraints that limit the solution
set of the (target) functions.

target function: f=flx, ., x)
constraints: g1 =gi1(x1, ..., xn)

g = g(x2, ..., xn)

8&m = gm(xnu cees xn)

precondition: m<n

The constraints are formatted as equations. If the constraints consist of
inequalities, then the method of linear optimisation (LP model) is to be
chosen for the solution (cf. Chapter 8).

4 Joseph-Louis de Lagrange (1736 - 1813) was an ltalian mathematician and
astronomer.
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Solution of the equation model:

1. Formation of the so-called Lagrange function
L(xy, ooy %0) = fx1y ooy x0) + A-gi(xny ovey x0) +
+ Aa-gi(xt, ooy X)) +
+ ... +

+ A'm'gm(xlv ceey xn)

A; = Lagrange multiplier of the i1 constraint, with

AjeRforall j with j=1,...,n

2. Set first partial derivative equal to zero

oL JL
w0 !
L | aL
Txnzo N TAW_O

= clearly definable system of equations with (n+m)

unknowns and (n+m) equations

3. Addition, substitution or equalisation method
(cf. Chapter 4.2.4)

= x;-coordinates of possible extrema;

i=1,...,n

Aj-values with j=1,....,m
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4. Kind of extremum

To decide whether maxima, minima or saddle points are present
at the localized spots, the corresponding function values of f
must be formed and compared to neighbouring values.

5. Interpretation of the Lagrange multiplier A,

A; specifies the amount by which the optimum of the target
function (absolute) changes if the (absolute) value of the
(corresponding) constraint varies by one unit (absolute).

Example: Recipe planning of animal feed
target function:  f = f(x;y;z) = x> + 3y +27°

1 unit input contains each

f = animal feed fat protein

x = green flour 1 /

y = soy meal 3 1

z = whey powder / 2

x+3y =30 units of fat constraints in form
y+2z =20 units of protein of equations

The two (quality) restrictions are specified externally (as demands on
the feed to be optimised).
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L(x,y, z, M, &2) = x2+3y2+2z2+2~1(30—x—3y)+12(20—y—2z)

target function 1. constraint 2. constraint

Remark:

In practice, the constraints should be formed in such a way that
the absolute element is positive, so that the corresponding links
to A; can also be positive, which a posteriori facilitates the
economic or technical interpretation of the resulting values
(with regard to their signs).

=22 20 ()
|
L;=6y—33,1—2,2 =0 (||)
L =4z-22 20 (I
Ly, =30-x-3y =0 (V)

|
Ly, =20-y-2 =0 (V)

= 5 equations with 5 unknowns

from (1) Al =2x
from (IIl) A =2z
insert in (I1) 6y—3-(2x)—2z=0

6y—6x—2z=0 (1
30—-x—3y=0 (IV)
20—-y—2z=0 (V)

(IV) x=30-3y
(V) z=10-0.5y
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insert xand zin (ll):  6y—6(30—3y)—2(10—0.5y) =0
25y =200
y=28
insertyin (IV) and (V):x =6 =30—-3-8
z=6=10-0.5-8

insertyandzinA;and A,: 4 =12 =26
Mh=12=2-6
= £(68]6) = 300

4. Interpretation
With the recipe x = 6 unitsgreen fiour, ¥ = 8 UNitSgoy meal @aNd z =6
UnNitSwhey powder, the animal feed f = f(x, y, z) reaches its
(local) maximum taking into consideration the two restrictions
that the feed must have exactly 30 units of fat and 20
units of protein.

10.2.4 Differentials of the Function f = f(xi, ..., x,)

Requirements: n > 2 and f is continuous, i.e. differentiable, at the point
under consideration (xio, ..., X0)-

Partial Differential (15! Order)

dfy, = g—fdxi i=1,....n

Xi

dfy, is the partial differential of the function f with respect to the inde-
pendent variable x;.

specifically valid for f = f(x,y): df. = % dx
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Interpretation

dx; measures the (partial) change of the function value of f at a certain
position (xio, ..., Xx0), if the coordinate of the independent variable x;
with i = 1,...,n, changes ceteris paribus by dx; units.

Total Differential (15! Order)

_df af
df = Godn + ot 5

dx,

df is the total (complete) differential of the function f (with respect to all
independent variables x; with i = 1, ..., n).

specifically valid for f = f(x, y): df = % dx+ g dy

Interpretation

df measures the (total absolute) change of the function value of f at a
certain position (x9, -.., xn0), if the coordinates of all independent vari-
ables x; with i = 1, ..., n change by dx; units.

Example: The input level of the production process f = 2y*e* of
currently xo = 5 units and yy = 6 units changes by plus
2 units each. Then the (output) level of the production
process f changes by (approximately) 1,282,289.695
units. The calculation is based on the total differential

of f:

_9f of
df—gdx + gydy
8f_ 4 x f_ 3 x
Z—Zye a—y—Sye

dx =2 dy =2
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=df =2y*" 24 8y%¢* -2 = dy*e" 4 16y3e"
=df(xo=5; yo=06)=1,282,289.695 units.

10.3 Theorems of Differentiable Functions

10.3.1 Mean Value Theorem for Differential Calculus

If f = f(x) is continuous in the interval [a; b] and differentiable in ]a; ],
there is at least one position ¢ with a < ¢ < b, so that:

f(b) — f(a)

LD~ pe)

f(x)
f(b)

f(a)

Geometric Interpretation

Under the above mentioned conditions, there is at least one position ¢
in [a; b] where the slope of f is equal to the slope of the secant (chord)
between the end points of the considered interval. The tangent of f at
point c is parallel to the secant (chord) between « and b.
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10.3.2 Generalized Mean Value Theorem for Differential
Calculus

If two functions f = f(x) and g = g(x) are continuous in the interval [a; b]
and differentiable in |a; b], there is at least one position ¢ with a < b < ¢,
so that:

fb)—fla) _ f'() with  g/(c) #0
(c)

g(b)—gla) g'(c

10.3.3 Rolle’s Theorem®

If f = f(x) is continuous in the interval [a; b] as well as differentiable in
la; b[ and f(a) = f(b) is also valid, there is at least one position ¢ with
a < c < b, so that:

f'(e)=0
f(x)

f(a)
f(b)

Geometric Interpretation

Under the aforementioned conditions, there is at least one position ¢ in
[a; b] where the slope of f equals 0. The tangent of f at position ¢ is
parallel to the x-axis.

5 Michel Rolle (1652 - 1719) was a French mathematician.
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10.3.4 L'Hospital’s Rule®

If two functions f = f(x) and g = g(x) are continuously differentiable in
Dy = Dg, then xo € Dy (= D,) and f(xo) = g(xo) = 0 as well g'(xo) # 0
are valid, so that:

x~>x0 x)  x—xo g'(x)

WS

Practical Relevance

. 0 e
If lim A(x) = lim G becomes an undefined expression, i.e. —, T or
xﬁxo X—X() g( ) 0 —00

(the function is divergent at these positions), the solution can be

found with the help of L'Hospital’s Rule. It is applied accordingly to the
limit values x — +e0 and x — —eo.

Remark:
!
If lim f/Ex; again results in an undefined expression, repeat the proce-
X—X( g X
/ 1/
dure: lim F(x) = lim F7) etc.

=0 g'(x) w0 g (x)

Example:
h(x) = @ _ 1 —cosx
g(x) sinx
0 . .
h(0) = o undefined expression
!
lim A(x) = lim 209 L'Hospital’s Rule
X=X x—xo g'(x)

6 Guillaume Frangois Antoine, Marquis de L'Hospital or LH6pital (1661 - 1704) was a
French mathematician.
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Remark:

Numerator and denominator are to be derived separately according to
L'Hospital’s Rule. No application of the quotient rule.

/! s 0
tim £ i S0X 0 Ss = {0}
X—X( g’ (x) X—Xx9 COSX 1

with S = solution set

10.3.5 Bounds Theorem for Differential Calculus

If f = f(x) is continuous in the interval [a; b] as well as differentiable in
la; b] and ¢ < f’(x) < d is valid, then also:

c(b—a) < f(b) - fla) <d(b—a)



®
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Chapter 11
Integral Calculus

11.1 Introduction

While differential calculus deals with the determination of the deriva-
tive (absolute gradient) f/(x) of a given function f(x), integral calculus
- starting from a given derivative function f’(x) - is interested in the
underlying original function f(x). The original function is called the an-
tiderivative, inverse derivative or primitive function. The return from the
derivative function to the antiderivative is called integration.

Example:

A one-product-company knows its marginal cost function:
C'(x) = 3x> —4x+21

The total cost function C = C(x) is being searched for.

Thus a function C(x) is searched for in such a way that its 15! derivative
C'(x) again represents exactly the marginal cost function C’(x).

Observation of the individual summands:

(1) The 18t derivative of f(x) = x> is f'(x) = 3x°.

(2)  The 18! derivative of x? is 2x; accordingly —4x is the
18! derivative of —2x2.

(3)  The 18t derivative of cx is ¢, ¢ = constant; accordingly
21 is the 18t derivative of 21x.

Thus one receives as (preliminary) result: C(x) = x* —2x> +21x

Check the result by using the 1! order derivation: C'(x) = 3x> —4x+21
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However, there are still fixed costs, Cy = const., which have to be
added as well, in order to clearly determine the total cost function:

C(x) = x> =282 +21x+Cy

11.2 The Indefinite Integral
11.2.1 Definition/Determining the Antiderivative

Antiderivative

f is the given continuous function in the interval [a,b]. A differentiable
function F in [a,b] is called antiderivative (inverse derivative, primitive
function) of f, if:

Indefinite Integral

The set of all antiderivatives of f in [a,b] is called the indefinite integral:

[f(x)dx = F(x)+c¢  with F'(x) = f(x); c = const.;ceR

Examples: What is the indefinite integral for:

(1) fx) =+
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(2)

flx) = 453
= [ f(x)dx = [4x%dx = x*+¢

since F'(x) = 4x3

f(x) = ax®> +bx+q

3 b 2
= [ f(x)dx = [(ax®+bx+q)dx = %+%+qx+c
3 2b.
since F'(x) = %—i—%—i—q—ax +bx+gq
(4) f)y =021
= [f(t)dt = [(2-D)dt = [(t%-13)dr
10
t3 3
—ft3+3dt ft*dtz W+CZE'W+C
3
10,1
V3 5
3 A
since F'(t) o =13
3
f(x) J f(x)dx Remarks
0 c c=const.,, ceR
+1
X! al +c n# -1
n+1 .
ifneN: xeR, ax+beR
n+1 ifneZ: x#0, ax+b#R
(s | BT
a n+l ifneR: x>0, ax+b>0
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1
- Inx+c x>0
X
! lln( +b)+ +b>0, a#0
b P ax c ax , a
e* e +c xeR
eax+b leax-H;JrC a#o
a
sinx —CcoSx—+c¢ xeR
COSX sinx +c¢ xeR
Examples:
1
(1) [xTdx = §x8+c
(2) fdx= [ldx =x+c
1 23
(3) Jydy = [y2dy = 7y> +c¢
(@) fatae = 1. 20,
x)*dx = 5 s c
5
(5) f% = fx*%dx: gx%—i—c
1 (3z-2)° 1
©) fae-2dz =+ B2 o= Ly

9
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1
~(2x—1)% +c= g\/(Zx—1)3+c

[SSII S

(7) [V2Ix—Tdx = [(2x— 1)} dx = %

(8) [edt =2-% +¢

11.2.2 Elementary Calculation Rules for the Indefinite
Integral

For integrating a function f multiplied by a constant factor and the inte-
gration of a sum of two functions f(x) + g(x), the following rules apply:

Let f, g be continuous functions. Then the following is valid:
(1) Ja-f(x)dx = a- [ f(x)dx
(2) [(f(x) £g(x))dx = [ f(x)dx=+ [ g(x)dx

Examples:

1
(1) f6x2dx:6fx2dx:6~§x3+c:2x3+c

12
2 8 —dx+2+ —=)d
= [(8x° —4x+2)dx+ [ 12 dx
V4x+9

= [(8x3 —4x+2)dx+ 12 [(4x+9)"2dx

1
S SR B 1 (4x+9)2
—84x 42x +2x+12 (4 % +c

1
= 2x4—2x2+2x+12-1~2~(4x+9)%+c

=2 =232 4+ 2x+6V/4x+9+¢
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11.3 The Definite Integral
11.3.1 Introduction

The other task of integral calculus is to determine the area F of the
surface piece, which is bounded by the function graph, the x-axis and
the two perpendiculars x = a and x = b. First, the surface area, i.e. the
surface measure F, of the gray marked area in the figure below shall be
determined. Since not all boundary lines of the grey area are straight,
elementary geometric methods fail.

Example:

fx)
A

BN
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The interval [a,b] can be deconstructed into n arbitrary subintervals
[xi; xi+1] with the (variable) width Ax; = x;41 x;, i = 1,...,n. The area
below and above the function is divided into (equal width) rectangles,
whose heights are tangent to the function f(x) once on the left and
once on the right. The surface area below f(x) in the interval [a,b] then
clearly lies between the sum of all surfaces of all rectangles above and
the sum of all surfaces of all rectangles below f(x).

f(x)
f(x)
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To determine the area below the function f(x) in the interval [2; 5], the in-
terval is, for example, divided into three equal rectangles whose heights
touch the graph on the left. The sum of the areas of these rectangles is:
4-14+5-14+6-1 = 15LU? (LU = length units).

Then the area is again divided into three rectangles of equal width, but
their heights touch the graph on the right (equal abscissa intervals).
Their areais: 5-1+6-1+7-1 = 18 LU%.

The area F, which is being searched for, is between the sum of the
areas of the first rectangles and the sum of the areas of the second
rectangles: 15 LU? < F < 18 LU?

If the problem, or rather the procedure, is transferred to an arbitrary,
continuous function f(x) over the interval [a, b], the following applies:

Y f(x)-A% < F < ¥ flxier)-Ax

=

WithAxini+]—xi i:l,...,n

This approximation becomes more accurate the smaller the width of the
intervals Ax; is.

For the borderline case, where the width of the interval Ax; converges
towards zero (Ax; — 0), f(x;+1) strives towards f(x;). The height of the
rectangles below and above the graph of f(x) are then nearly identical.

The sum of all areas of the rectangles above the function converges to
the sum of all areas of the rectangles below the function, so that the
desired area F with Ax; — 0 becomes more and more unambiguously -
in borderline cases unambiguously - determinable.

Ax; — O with Ax; = x;1 —x The width of the formed rectangles be-
low and above the function f(x) be-
come smaller and smaller; the differ-
ence between the two areas converges
to zero.
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f(x) ‘
; w0

>x P X

The smaller Ax; is selected, i.e. the more intervals are formed, the
clearer the wanted area F can be determined.

It can be determined (in borderline cases) if Ax; — 0 or n — oo.

n n
F=lim Y f(x)Axi = lim ¥ f(x1)Ax = [ f(x)dx
Ax;—0 i=1 4)1:)0 i=1

The areas above and below the function f(x) practically coincide. The
above mentioned limiting value of a function f(x), which is continuous
in the interval [a,b], is called definite integral of the function f(x) in the
limits @ and b.

Remark:

b
+ The definite integral [ f(x)dx is not a function but a fixed number.
The value of the definite integral can also be negative.
» The definition of the definite integral can also be applied to discon-

tinuous functions. So e.g. every piecewise continuous function with
a finite number of jump discontinuities xi,...,x, can be integrated.

b
The integral [x is the sum of the integrals over the single function
a

sections.
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11.3.2 Relationship between the Definite and the Indefinite
Integral

The value of the definite integral is equal to the difference of the values
of the antiderivative of the integrand f(x), F(x); value of the upper limit
of the antiderivative F(x), F(b), minus value of the lower limit, F(a).

Fundamental theorem of differential and integral calculus:

Examples:

(1) Determination of the area below the function f(x) = x

between x; = 1 and x, = 3:

3 1,17 1 1 27 1 26
2dx = | =53 — (233 ) (Z13) =22 = ==
{x * |:3x:|1 <3 > <3 ) 3 3 3
2
= 8- AU
3

AU = area units = LU?

f(x)
3
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(2) f(x) =+/x lower/upper limit: x; = 1, x, = 4
4
4 4 1 2 51 ‘ :
f\/}dx:fx%dx: ?x% = {xg :%4%7%1%:5
| | ), B 3 3
2
=4Z AU
3

f(x)

Variation of the Upper Limit

If the lower integration limit a is kept constant and only the upper limit »
b
is varied, there is exactly one area value F with F = [ f(x)dx for each

value of the upper limit 5. That means, there is a clear relation between
f and b.

To clarify this unique relationship, b is usually replaced by the indepen-
dent variable x and the previous integration variable x is combined with
another letter, for example ¢.

Thus the value F of the integral from a to the upper (variable) limit x is
written as:

F:F(x;t):ff(t)dt t€la,x] a,x>0

a
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The function F(x) is called integral function of f(¢) in the interval/area
[a,x].

Example:

x 1 1 .
[tdt = [F(t)]f = F(x) —F(a) = =x* — Eaz with a = const.

Depending on the definition of the lower integration limit a, the following
integral functions are obtained:

0: ftdt 1o 1 02 )
== V. = — —_ —. = —X
¢ 0 2" 72 2
2: jx'tdt L] 22 I 2 2
= 4. = — —_ —. = —x* —
¢ 0 2" 72 2
X 1 1 1
= 10: ,ldt:72_7.102:72_50
¢ g 2" T2 2*
Remarks:

» The different integral functions of the example shown last merely
differ by an additive constant.

 During the formation of the definite integral, areas, which are above
the x-axis, are valued positive and those, which are below the x-
axis, are valued negative, thus on balance a value of zero or less
than zero can result.
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Addition of the Absolute Values

b X1 b
= [f(x)dx = | [ f(x)dx|+---+ | [ f(x)dx
with x; = zeros of the function f(x), i=1,...,n
Example:

b
Solving the integral [ f(x)dx is done by adding the absolute values of

a
the corresponding single areas A;, with j = 1,...,5.



11 Integral Calculus

482
Example:
f(x)
a(x)
A
//_\ f(x)
\
/_\Eﬁ;r*
a b =
Remark:

» The surface area of the piece of area, which is located between two
function graphs f and g (with f > g), is calculated as the difference
between the two pieces of area located below the graphs:

Flx) = ﬂf@»—ﬂmﬁu

In case f(x) and g(x) intersect within [, b] with the points of intersection
X1,X%2,...,%,, the total area enclosed by the functions must be integrated
from intersection point to intersection point to determine the total area

enclosed by the functions:

FU) - g

Xn

X1

J(f(x) —g(x))dx

a

F(x) =

with x; = point of intersection between the areas fand g, i = 1,...,n.
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To avoid negative area dimensions, the absolute values are used again.

f(x)
a(x)
A f(x)

11.3.3 Special Techniques of Integration

Unlike in differential calculus, integration rules do not exist for all inte-

grable functions, i.e. there is no kind of "product rule", "quotient rule" or
"chain rule".

Instead, it is attempted to transform the integrand by suitable conver-
sions into a form, which can be integrated in closed form by using basic
integrals.

11.3.3.1 Partial Integration

If the integrand is given as a product, the integral can often be trans-
ferred into a simpler form:

[ 1) ¢ (¥)dx = f(x)-g(x) — [ f'(x) - g(x)dx |

with f, f', g, & = continuous functions
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This integration technique is related to the product rule of differential
calculus:

h(x) = f(x)-g(x)
= (x) = f'(x) - g(x) + f(x) - &' (x)

Example of an indefinite integral:

Find the solution for: [ inx-xdx with Dy = R*

1 1
= f(x) =Inx g'(x) =x = f'(x) = T 8= 5}62
X _ 1, 11,
:>jlnx-2xdx—lnx 7% fx 5% dx
X 1
= lnx~§ —fixdx
2 11
= lnx~%— <2~2x2+c>
21 2
Inx- 5 Zx —c
Example of a definite integral:
3
Find the solution for: [x-e*dx
2
=fx)=x gx) =e =f(x)=1 gx)=e

3 3
= [x-e'dx = [x-&]3— [1-edx
2 2

= [x-exfex]% =[(x— 1)6X]%

= (B-1)) = ((2—1)e*) = 2¢° —e* = 3278 AU
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11.3.3.2 Integration by Substitution

When integrating by substitution, the variable x in | f(x)dx is replaced
by a suitable function g(z). Provided that g(z) is differentiable and re-
versible, the following is valid:

[ f(x)dx = [ £(2(z)) ¢ ()dz with x = g(z) |

Example of an indefinite integral:

Find the solution for: [xv/'1 —x2dx

- 1
= Substitution: 1 —x2 = z = dz = —2xdx ordx = _ﬂdz

1 1
= [xV1—x%dx = —%fﬁdz = —Efz%dz

1 1 3
:—§~§'Z2+C

2
1
= —5\2/Z>3+C

- 1
= Resubstitution: [xv/'1 —x?dx = ~3 (1—x2)3+c

Example of a definite integral:

2
Find the solution for: [x3v/x* — ldx
1

- 1
= Substitution: z = x* — 1 = dz = 4x3dx or dx= Fdz
X

The original transformation limits x; = 1 and x, = 2 transform
accordingly:

g=gx)=1*-1=0
w=gx)=2-1=15
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f Vot dx—fx3\f dz—f \fdz
1
I

Il
o
=
N
=
QU
I\l
Il
—
=
DIW| —
I\l

PN

11.4 Multiple Integrals

A function with several independent variables f = f(x,...,x,) can be
integrated by partially integrating c.p. (= if the remaining variables are
constant) successively after all variables:

oo f] f(x1,22, .. x0) dxy dxy ... dx,.

Remark:

The innermost integral symbol belongs to dx;, the next following symbol
to dx, and the outer symbol to dx,.

The integration is done from inside to outside.

Example of an indefinite double integral:

[[xydxdy = [ [;xzerC(y)} dy = %x2y2+C(y) +d(x)
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Example of a definite double integral:

5

53 5 5
[ [ldxdy = [([x]3)dy = [(3—1)dy = [2dy
21 2 2 2

= [2y]5 = 10—4 = 6 AU (here in three-dimensional space)

11.5 Integral Calculus and Economic Problems

The relationship between total economic functions and marginal
economic functions is illustrated by means of the definite integral.
Remark:

By definition, total economic functions are always antiderivatives of the
corresponding marginal economic functions.

11.5.1 Cost Functions

Let C'(x) be the marginal cost function of the total cost function C(x).

= OfC’(q)dq =C(x)+Cy or OfC’(q)dq = C,(x)

= C(x)zOfC’(q)qurCf or C(x) =Cy(x)+Cy

with C,(x) = variable costs; C; = fixed costs

The integral of the marginal function thus corresponds to the variable
costs C,(x).

The following relationships apply between the total costs C(x), the
marginal costs C'(x), the variable costs C,(x) and the fixed costs Cy:
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C,(x) = g'C/(q)dq or

Clx) = gc%q)dwcf

Graphically, the variable costs C,(x) for the output x correspond to sur-
face area of the area below the marginal costs between zero and x.

Example:

The fixed costs Cy of $4,000 and the marginal cost function
C'(x) = 0.03x* — 3x+ 120 [$/unit] are known.

What are the total costs with an output x of 400 QU (quantity units)?
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C(x) =Cy(x)+Cy
400
= [ (0.03x* — 3x+120) dx+4,000
0
400

1
x33-2'x2+120x} +4.,000
0

1

= {0.03 '3

- (0.01 - (400)* — 1.5-4002 + 120-400) — (0) +4,000

= $452,000

11.5.2 Revenue Function (= Sales Function)

R'(x) is the marginal revenue function of the revenue function R(x).

Graphically, the total revenue R(x) for the quantity sold x corresponds to
the surface area underneath the curve of the marginal revenue between
0 and x.

Note:

The areas located below the x-axis are negative.

R+




490 11 Integral Calculus

Example:
The marginal revenue function is R'(x) = 1,044 —0.6x [$/unit].

What is the revenue function and what is the associated inverse de-
mand function (demand function)?

X
Revenue function: R(x) = (1,044 —0.6q) dq
0

1
= [1,044g—0.6- = ¢*
2 0

1,044x —0.3x> [9]

Inverse demand function: R(x) = x- p(x)

< plx) = @ = 1,044 —0.3x [$/unit]

11.5.3 Profit Functions

The (total) profit P(x) is determined by the difference between revenue
R(x) and total costs C(x), so that:

X

P(x) =mm—aw=gwme—@0@mﬁw@

:Qw@fO@waf

This results in the contribution margin Pes(x)

PCM (x) =

O —x

(R'(9) —C'(q))dq

Graphically the contribution margin Py, (x) is obtained for the sold quan-
tity x as a measure of the area between the marginal revenue and the
marginal cost curve.
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Note:

If R is below C’, the surface pieces are evaluated as negative, so that
the total contribution margin is the difference of the positive and nega-
tive evaluated areas.

Pcy(x) = contribution margin for quantity x

Example:
The marginal cost function C’(x) = 3x> —24x + 60 as well as the

marginal revenue function R'(x) = —18x+ 132 are given.
The total costs for the output of 10 QU (quantity units) amount to $498.

Determine the following: (1) the revenue function,
(2) the total cost function,
(3) the inverse demand function,

(4) the profit function.
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for (1): R(x) = [R(q)dg = [ (—18q+132)dg
0

|
o

X

= |-18 = -¢*+132¢

1
2 0

—9x% —132x [8]

X X

for (2): C(x) = [C'(q)dq+K; = [ (3¢* —24q+60)dq+Cy
0 0
1 3 1 2 )
=|3-2-¢°—24---q°+60q| +Cy
3 2 0

= x> —12x> +60x+Cy [9]

= C(10) = $498

= 10°—12-10>+60- 10+ Cy = $498
= Cy = 498 — 400 = $98

= C(x) = x> — 12x% +-60x +98 [$]

R(x)  —9x%+132x
x x

= —9x+ 132 [$/unit]
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for (4): P(x) = R(x) — C(x) = (f ®(q) —C/(‘I))dq—cf>

0

= P(x) = —9x% + 132x — (x® — 12x* + 60x -+ 98)

= x> +3x2+72x—98 [9]
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Chapter 12
Elasticities

12.1 Definition of Elasticity

The subject of this chapter is the analysis of the relative rate of change
of economic variables when there is a functional relationship between
them, for example y = y(x).

Absolute Changes
Ay(x)

= Difference quotient ——
Ax

= average absolute slope of the function y(x) in a specific interval

df(x)

= Differential quotient 7(xo) = 18! derivative at the point x,

= slope of the function y(x) at any point,
at any position x( that relates to an infinitesimal area around x

Interpretation/Question:

By how many units does the dependent variable y change when the in-
dependent variable x varies by 1 unit?

Relative Changes

By what percentage does the dependent variable change if the
independent variable varies by 1%?

(1) related to a certain interval = arc elasticity

(2) related to a certain point (at a certain location) = point elasticity
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12.2 Arc Elasticity

The given function is y = y(x). The ratio of the relative (= percentage)
changes is called arc elasticity €4 (= the average elasticity) of y with ref-
erence to x:

'y relative change of y .
== = - with =
AT Ax T relative change of x y =y

= the relative (= percentage) change of the dependent variable is put
into relation to the relative (= percentage) change of the independent
variable.

g4 is dimensionless.

Example:
The inverse demand function is:

p=p(x)=20-0.2x or

x=x(p) = 100—-5p (demand function = inverse function solved for x)

100
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General question: By what percentage does the dependent vari-
able (here the quantity demanded of a good x)
change, on average if the independent variable
(here the price of good p) changes by one per-

cent ?
Ax
relative quantity change
relative price change ~ Ap
p

The quotient is called arc elasticity (in the considered interval/arc Ap).

Examples of absolute changes:

Case 1 Case 2
Previous price: p 15 2
Price change: A p -1 -1
= new price: p+Ap 14 1
Previous quantity: x 25 90
Quantity change: Ax +5 +5
= new quantity: x+ Ax 30 95

= In both cases, a price reduction of $1 per unit determines an absolute
change in demand by +5 Qu.

= 15t derivative: dx _ -5

dp

The (absolute) slope of the demand function is the same for all x. If the
price is reduced by $1 per unit, the quantity demanded is (constantly)
reduced by 5 QuU. An absolute price reduction of for example $15 to $14
by $1 per unit is assessed relatively differently (—6.67 %) than the same
absolute change about $1 per unit from e.g. $2 to $1 per unit (—50 %).
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Examples of absolute changes:

Case 1 Case 2
price change Ap —6.67 % —50%
14 1
—<15—1>-100% —(2—1>-100%
quantity change +20 % +5.56 %
30 95
—(=_-1)1 ~(Z_1).1
(25 ) 00 % (90 ) 00 %
arc elasticity ¢ F20% 15.56%
Y e ~6.67% 50%
~ -3 ~ —0.11
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Example:
Ax  x(p+Ap)—x(p)  30-25
g = M) _ x(p) 25 _ 4
Ap (p+Ap)—p 14—15
p p 15
X

|

Y
-

p+;'_\.p

b o N A

Interpretation of g4 = 3 :

If the price of the good p rises or falls by 1%, demand x falls or rises by
an average of 3 % in the price range between $14 and $15 per unit.



500 12 Elasticities

Example:
() =27 +1
&4 between x; = 3 and x, = 4?
x1=3 AN x=4 = Ax = +1

= y(xl):y(3)=32+l =10

y(x) =y4) = 4241=17

= Ay = +7

A 7
2 2 r0%)
—x _ 10 ~
e =4 =2 ~2.1
= (= +33%)
X 3

i.e.: If the independent variable x increases or decreases by 1%, the
value of the function y rises or falls on average by about 2.1 % in the
interval between x; = 3 to x, = 4.
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12.3 Point Elasticity

While the arc elasticity indicates the average rate of change within an
interval, in economic sciences it is usually the elasticity around a certain
point that is of interest, i.e. at a certain place xo.

= determination of the limit value of the arc elasticity for Ax — 0

Ay
y A
=  lim g = lim 2 = lim = - =
Ax—0 Aax—0 Ax  Ax0 y  Ax
X
A d
— lim—y-{:—y-{:y/(x)-fze
Ax—0Ax y dx y y

e(x) = (point) elasticity function

e(x = x9) = (point) elasticity or, in other words, elasticity
of the function y = y(x) at the point x = xo.

€ is dimensionless.

Definition
y is a differentiable function with the independent variable x.

This means then

dy

vy dy x X .
E(x:xo):%:d—i;:y’(x); with  x,y#0

x

is called (point) elasticity € of the function y = y(x) at the point x = xo. The
numerical value of the (point) elasticity € of y related to x at a specific
point x = x, indicates (approximately) by what percentage the depen-
dent variable y changes if the independent variable x (at this point xo)
varies marginally by 1 %; with y = y(x).



502 12 Elasticities

Note:

The sign of elasticity € plays an important role (Tab. 12.1):
dy

(1) If € >0 with y=y(x) then % > 0 applies by definition,
x

i.e. the relative changes of the considered variables are either both
positive or both negative. Thus a relative increase (decrease) of x
causes a relative increase (decrease) of y. y and x are positively
correlated.

(2) If € <0, arelative increase (decrease) of x causes a relative de-
crease (increase) of y. y and x are negatively correlated.

(3) If € =0, y remains constant with an increase (decrease) of x.
y and x are not correlated.

Example:
fx) =x*—x+10

What is the (point) elasticity of f at xyp = 10?

df(x)
o S Ay x X
e=t= T = e i Y e T
X
o (2x—1)x  2P—x - .
= P xt10 - 2 —xi10 elasticity function
2-102—10 , .
= —a = .Y = :1
£(10) 02— 10510 1.9 = (point) elasticity at x = 10

Interpretation:

If x is increased (decreased) by 1% at the position x = 10, the value of
the function f(10) will then be increased (decreased) by 1.9 % (dispro-
portionately). The relation between x and f(x) is “elastic”. f(x) and x are
positively correlated.
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Value of | General Definition | Example:

Elasticity Demand Function x = x(p)
with p = price and x = quantity

&g |< 1 x is inelastic Relatively low reaction of the
consumer to price changes.

0<e<1 |(xchanges relatively| Example: goods that can hardly be

or less than p) substituted: bread, medicine.

-1<e<0

| & > 1 x is elastic Relatively strong reaction of the
consumers to (small) relative price
changes.

e>1lor (x changes relatively| Example: substitutable goods

e>—1 stronger than p)

Special x is proportionally | A price change of 1 % causes a

case: elastic; isoelastic proportional quantity change of

| gxp ‘: 1 1%.

e=1lor (the relative

e=-1 changes of x and p

are equal)

Borderline | x is perfectly elastic | Borderline case: The price is

case: constant, regardless of the level of

| &p | 00 demand.

€ — o 0Or (x reacts infinitely Example: fixed-price substitutable

€— —oo strong to small goods (branded articles in the

relative changes
of p)

polypoly).
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Borderline | x is perfectly Borderline case: The demand is
case: inelastic; rigid constant, i.e. independent of the
e=0 price.

(x does not react to | Example: indispensable goods
insignificant relative | such as essential medicines.
changes of p)

Tab. 12.1: Elasticities | Case Distinction

12.4 Price Elasticity of Demand ¢,,
Definition

The price elasticity of demand &,, measures the relative change in
demand in consequence of a relative change of the price by 1% at
a specific point (xo|po)-

@

£y = X = dx(p) p
dp dp x
p

Attention:

e dependent varibale quantity demanded x

e independent variable price p

= inverse demand function: x = x(p)

Note:

If the inverse demand function p = p(x) is used, the price elasticity of
demand &,, would be required analogously.



12.4 Price Elasticity of Demand ¢, 505

Example:

Given, the inverse demand function is p(x) = 10 — 0.5x. Searched is the
price elasticity of demand at a price of pg = $6/Qu.

Since in this case, p is the independent variable and x the dependent
variable, the demand function x = x(p) must be formed.

= ap) = oL =20-2p
dx

& = é = d);(;) % = x'p(x) )ﬁ
P

x(p)  =20-2p

X(p) =-2

Po = $6/QuU

x6) =20-2.6=8qu

Eup :—2-2:—1.5

Interpretation:

With regard to the basic price py = $6/QU, an increase (decrease) in
price by 1% causes a demand decrease (increase) by approximately
1.5%. Consumers react elastically at a price of pg = $6/QU (| &, |> 1).
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Example:

Given, the inverse demand function is p(x) = 10 — 0.5x. The price or
quantity intervals are to be found, where the demand is

a) elastic,

b) inelastic,

(a)
(b)
(c) proportionally elastic (isoelastic),
(d) perfectly inelastic,

(e)

e) perfectly elastic.

@
e = x _dx(p) p
P dp dp x
p
= x(p) =?
p=10—0.5x

& 05x=10—-p & x(p)=20-2p

(a) The demand is price elastic if the following applies: &, < —1.
Since the slope of the inverse demand function is negative (quantity
and price are here negatively correlated), the case of elasticity is not
applicable. Hence, g, > 1.

p p —Pp

&p=X(p) —= =

2. = <-1
x(p) 20—-2p 10—p

< —p <—-1(10—p)
& —p <—-10+p
& —2p< —10

& 2p > 10

< p >$5/qu
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Interpretation:
The demand is price elastic for prices between $5 and $10 per unit. The
corresponding quantity range is between 0 and 10 units.

(b) The demand is price inelastic, if: &, > —1

exp:m
& —p >—-1(10—p)
& —p >—10+4p
& —2p>—10

& 2p <10

< p <$5/Qu

Interpretation:

The demand is price inelastic for prices between $0 and $5 per unit. The
corresponding quantity interval is between 10 and 20 units.

(c) The demand is isoelastic, if: &,, = —1

—P
EXPZE = —
< p = $5/Qu
=x =10Qu

Interpretation:

The demand is isoelastic if the price is $5 per unit. If that price changes
by 1% ($4.95 or $5.05), a proportional quantity change of 1% (9.90 Qu or
10.10 Qu) is affected.
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(d) The demand is perfectly price inelastic, if: &, =0

8xp: lo_fp =0

< p — $0/Qu

=x=20QuU

Interpretation:

If the price converges towards zero or even becomes zero, all 20 QU are
sold. Consumers do not react at all to (marginal) relative price changes.

(e) The demand is perfectly price elastic, if: &, =~ or —oo

Ep =

—p
R Ty

< p — $10/QU

=x=0QuU

Interpretation:

If the price converges towards $10/QU or even becomes $10/Qu, noth-
ing can be sold. Consumers react perfectly elastic to (marginal) relative
price changes.
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12.5 Cross Elasticity of Demand ¢,, ,,

The quantity demanded x4 of a good A depends not only on the (rela-
tive) changes of its own price p4 but also on the price changes of other
goods, such as good B: x4 = x4(pa, ps)-

This relationship is known as the cross elasticity of demand (or cross-
price elasticity of demand), &, ,:

c __ relative change in quantity of good A
“APE " relative change in price of good B

Related to an infinitesimal range at a specific point x4 = xa(pa, ps), the
following applies:

8xA
xa _ 9% pp
dpp  dpp xa(pa,ps)

PB

Exapp =
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Example:

The demand x,, for the type of notebook “Alpha” depends on the price
pe Of its own system and the price pg of the competitors’ system “Beta”.
The corresponding demand function is:

Xo = 10,000 —2pq +3pg

The system prices are currently at:

Pa = $2,000 perunit o« and pg = $2,200 per unit B

What is the cross elasticity of o in relation to the price of 8 at the current
price situation?

0xqy

Exapp = axia = aﬂ' - =
P Ipg Xa(pa,rp)
bp

Pg B 32,200
10,000 —2pq +3ps 10,000 —2-2,000+ 3 -2,200

~ 0.5238

Interpretation:

A price increase (decrease) of the system “Beta” by 1 % causes a de-
mand increase (decrease) for “Alpha” by 0.52%. xo and pg are positively
correlated, however in an inelastic case. There is no significant substi-
tution effect.
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12.6 Income Elasticity of Demand ¢,,

The quantity demanded x of a good depends on the changes of the con-
sumers’ income y: x = x(y). This relationship (regarding relative changes
of the relevant variables) is known as the income elasticity of demand

Exy-
= d
y

Example:

The saleable quantity x of a certain vehicle depends on the net monthly
income y in relation to a certain region. The consumption function is:
x=5,500+ 50y

Last year, the total sales in that region were 100,500 vehicles and the
average net monthly income was $2,600.

What was the income elasticity of demand?

Ly 502,600
=X () = ~ +0.96
& =x0) 357 = 5.500550.2,600 = T

Interpretation:

An increase of the net income by 1% (= $26) results in an increase in
demand of that vehicle by 0.96 %. This indicates an isoelastic case.
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Chapter 13

Economic Functions

13.1 Supply Function

The supply function represents the relationship between the market
price of a good (independent variable) and the quantity supplied (de-
pendent variable) in the form of a unique graph (function).

Typically, a high price indicates a large quantity of goods supplied. If the
price falls, the quantity offered is also usually reduced. This is depicted
by the supply function

x = x(p) with x = quantity supplied and p = offer price.

An analogous explanation can be given for the inverse function p = p(x),
the inverse supply function (Fig. 13.1). A large supply exists at a high,
realizable price. The supply is small when the prices of this tradable
good or service offered are low and thus unattractive for the supplier.

In macroeconomics, a distinction is made between an individual sup-
ply function and the aggregate of individual supplies. If the state of
perfect competition exists, the marginal costs correspond to the offer
price and the marginal cost function coincides with the supply function.

The supply function runs strictly monotonically increasing. It can be
linear, as shown in the figure, or partially or completely curved (concave
or convex). If the supply function is flat, the price elasticity of the supply
or price elasticity of the suppliers is expected to be high. Relative price
changes then cause disproportionately high, relative quantity changes.
This means that the reaction of suppliers to price changes is dispro-
portionately strong. A (tendentially) steep course of the supply function
indicates a relatively low supply elasticity.
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p = offer price
3

» X = quantity demanded

Fig. 13.1: Inverse Supply Function

Example 1:

The (inverse) supply function, which reflects the behaviour of suppli-
ers in relation to price, is: x(p) = 4p — 10.

If one wants to estimate the quantity supplied at a currently prevailing
price of $20, the following calculation is to be made:

x(20) =4-20—10=70QU QU = quantity unit(s)

With an offer price of $20, the corresponding quantity supplied that is
offered is 70 Qu.

Example 2:

Suppliers’ behaviour of a manufacturing firm can be described using
the supply function p(x) = 12.5x+4.

The corresponding offer price for a quantity supplied of 5 Qu shall be
calculated as follows:

p(5) =12.5-5+4 = $66.5
With a quantity supplied of 5 Qu, the offer price is $66.5.
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13.2 Demand Function / Inverse Demand Function

The demand function x(p) represents the quantity demanded x (Qu) for
a good or a service depending on the market price p ($/QU = $ per unit):

x = x(p) with x = quantity demanded and p = asking price

The inverse demand function p(x) is the inverse function of a demand
function: p(x) = f~'(x(p)). p(x) views the price p as a function of quan-
tity x. The inverse demand function p(x) treats the price as a function of
quantity demanded. It is also called the price function.

In contrast to the supply function, the inverse demand function (Fig.
13.2) is usually strictly monotonically decreasing. If the market price
rises/falls, the quantity demanded falls/increases.

p = asking price
A
prohibitive price

saturation
quantity

» X = quantity demanded

Fig. 13.2: Inverse Demand Function

For certain goods or services, e.g. luxury goods or services, the rela-
tionship between demanded quantity and price can also be reversed,
i.e. when the price rises/falls, quantity demanded rises/falls (Giffen’s
paradox, snob effect).

Similar to the supply function, a distinction is made between an individ-
ual and an aggregated demand function.
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The graphical representation of the inverse demand function is marked
by two significant points: the saturation quantity and the prohibitive
price.

The saturation quantity is determined at a price of $0 per unit; in the
graph, the saturation quantity corresponds to the intersection of the in-
verse demand function with the x-axis. This corresponds to the highest
possible quantity demanded for a good or service.

Analogously, the prohibitive price is determined by setting the quantity
demanded to zero. This state occurs when the price is so high that no
one demands this good or service. Graphically, the amount of the pro-
hibitive price is determined by the y-intersect of the inverse demand
function.

Example 1:

The demand function for a manufacturer of coffee cups is
x(p) = —2p+717. If the price per cup is set at $3, the quantity
demanded is determined as follows:

x(3)=—2-3+7=1aqu

One coffee cup is demanded at $3.

Example 2:

If the prohibitive price of the inverse demand function is
p(x) = —0.2x+ 10, the quantity demanded x is equated to zero
and the following is obtained:

p(0) = —0.2-0+ 10 = $10/QU

At a price of $10, no quantity is demanded.
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Example 3:

For the inverse demand function p(x) = —0.25x+ 17, the direction of
causality is changed. p(x) = —0.25x+ 17 must be calculated in terms of
x as follows:

p—17 = —-0.25x
p—17

025
—4p+68 = x

x=x(p) = —4p+68

13.3 Market Equilibrium

When the supply and demand of a good or service in the market coin-
cide, the market is in equilibrium. In the market equilibrium (Fig. 13.3)
the quantity supplied is completely demanded or sold on the market.
The market is “cleared”. Therefore, it is also called market clearing.

The equilibrium price and the equilibrium quantity represent the perfect
market. The quantity supplied corresponds exactly to the demanded
quantities of the consumers. There is no waste of this good. Also, a fur-
ther exchange would not be an improved alternative. In reality, this state
is often not reached due to insufficient transparency. If goods or ser-
vices are (also) traded online, transparency is usually improved, which
in turn should bring trade closer to market equilibrium.

Graphically, the market equilibrium is described by the intersection of
the supply and inverse demand function.
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p = price
}inverse demand function  supply function

equilibrium price |----------—---2

|
|
|
|
|
| ~
|
1
|
I
|

- X = quantity
equilibrium quantity

Fig. 13.3: Market Equilibrium

13.4 Buyer’s Market and Seller’s Market

The position in which a buyer or seller is situated determines the market
situation in comparison to the market equilibrium.

If supply is greater than demand at a given price, the buyer is in a rel-
atively better position than the seller. The market surplus defines the
market as the buyer’s market. A market surplus exists when the supply
of a good or service exceeds the demand. The supplier(s) can manage
this imbalance to their benefit by reducing their supply and minimising
their surplus.

Likewise, a market shortage leads to a seller's market. If the demand
is greater than the supply, this strengthens the position of the seller in
relation to the buyer. In a monopolistic market, higher prices can usually
be set so that the seller can dominate the market. Also, a densification
of the market as a result of mergers can lead to the fact that substi-
tute goods are rarely or never found on the market. Even in the case
of emergency goods, such as medicines, a certain (temporary) depen-
dence of the buyer on the seller can arise and shift the price away from
the market equilibrium at the expense of the buyer. Other reasons for
the occurrence of a seller's market can be an overregulated market,
paucity of information of the buyer or a lack of competition.
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13.5 Supply Gap

A supply gap exists if the quantity supplied is smaller than the quantity
demanded for a particular good or service in a specific market.

13.6 Demand Gap

Unlike the supply gap, the demand gap is a phenomenon where the
quantity supplied is greater than the quantity demanded for a good or
service in a specific market.

Both the supply gap and the demand gap refer to an imperfect market
condition.

Example 1:

The market equilibrium between supply and demand should be identi-
fied. The supply can be described by the supply function p(x) = 0.5x+9
and the demand by the inverse demand function p(x) = —0.75x + 13.
Thus, the point is being searched, i.e. the quantity and the price, where
the supply function and the inverse demand function intersect:

supply function = inverse demand function
0.5x+9 = —0.75x+ 13

—4 = —1.25x

x=32Qu

p(32) =0.5-3.2+9 = $10.6/QU

The market equilibrium is located at the point (3.2]10.6).
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Example 2:

Supposedly, the inverse demand function shifts due to an increase in
income. The question to be discussed is how the initial equilibrium con-
sequently develops.

The inverse demand function is shifted upwards to the right in response
to the increased income because at any given price p, a larger quantity

x can now be demanded. A new point (p(xo)|xo) arises which describes
the new market equilibrium.

Example 3:

To protect a firm’s production, a lower price limit of $5/QuU is imple-
mented. With the inverse demand function pp(x) = —6x+ 17 and the
supply function pg(x) = 2x—3, it is to be determined whether a price of
$5/Qu leads to a surplus/a demand gap or to a shortage/a supply gap.

The fixed price $5/Qu can be placed in both functions:

Inverse demand function: 5= —-6x+17 — xp=2QU

Supply function: 5 =2x-3 — xg=4Qu

With a lower price limit of $5/Qu, the supply is greater than the demand.
In this case, there is a surplus/a demand gap of 2 Qu.
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13.7 Revenue Function

The revenue function describes the behaviour of the revenue R in rela-
tion to the quantity sold x. The quantity sold x depends on the price
p, Which can either be constant or vary depending on the quantity
p = p(x). If the inverse demand function p(x) is multiplied by the quan-
tity x, the revenue function is obtained depending on the quantity x:

R(x) = p(x)-x with p = selling price

x = quantity purchased / sold

Similarly, the revenue function can also be modeled in relation to the
price p:

R(p) =x(p)-p with p = selling price
x = quantity purchased / sold

Two different cases must be distinguished:
1. The price p is constant

The quantity sold x does not change in response to price alterations
(Fig. 13.4). It is not influenced by discounts or other price alterations.
There is no causal relationship between the selling price p and quantity
sold x. The revenue (R = R(x) = p-x) is proportional to the quantity. In
other words, the revenue function is linear. The slope of the revenue
function, i.e. the first derivative of R(x), corresponds to the constant
price p. The intercept is zero. If no sales are generated (x = 0) the
revenue is also zero. A relative maximum in revenue does not exist be-
cause the revenue grows constantly, i.e. linearly, along with the quantity
sold x, so that the maximum is at the right edge of the revenue function,
i.e. at x = x,4. The minimum in revenue is zero and is located at the
origin of the revenue function at the point (0|0) where there are no sales
generated, i.e. at x = x,,;, = 0. If the good or service is not sold, no
revenue is generated, Ry, = R(0) = 0.
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R = revenue
p = price

X = quantity

Fig. 13.4: Behaviour of Revenues Based on a Linear Revenue
Function

2. The price p = p(x) is variable

The quantity sold x = x(p) changes due to price alterations p (Fig. 13.5).
There is a causal relationship between the selling price p = p(x) and
the quantity sold x = x(p). The revenue R = R(x) = p(x)-x is now gen-
erated according to the inverse demand function at variable prices with
p(x) = —mx+b. This is modeled by a quadratic revenue function:

R(x) = p(x)-x = (—mx+b)-x = —mx*> +bx

The revenue function resembles a parabola opening downwards that
starts at the origin (0|0) and ends at the point (x,x|0). xmax repre-
sents the saturation quantity, i.e. the maximal quantity sold at a price
of Pmin = 0.
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The two zeros are calculated as follows:
—mx®4bx =0
x(—mx+b) =0

x=0V —mx+b=0

b
x=0Vx=—

The relative maximum of the revenue function is calculated as follows:

R(x) = —mx*> +bx

dR(x)/dx = —2mx+b =0
_b

T 2m

d*R(x)/dx* = —2m < 0

. . b
— the maximumis atx = —
2m

The maximum in revenue (maximum of the revenue function) is located
at the point with the coordinates

b b b \? b b P2
x—% and R(Zm)__m(Zm) +b<2m)_4m+2m'
The first zero is derived from a quantity sold of x,,;; = 0. The second

b . . .
zero at x,.,. = — describes the scenario where the price p = pyin = 0,
m

i.e. the saturation quantity is reached. The market is flooded with this
good or service to such an extent that the price becomes zero. The
quantity inflates until it reaches the price p = 0. The saturation quan-
tity is the quantity that is reached at a price of 0. Half of the saturation
quantity is the quantity sold that generates the maximum revenue.
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R =revenue
p = price
i

prohibitive price

relative maximum
-

e \\\

/ b

/ S R(¥)=x . p(x)

» X = quantity

Fig. 13.5: Behaviour of Revenues Based on a Quadratic Revenue

Function

Example 1:

A manufacturer offers a product at a fixed price of $5/QuU; p = $5/Qu.
In a given period, 300 units of this product are sold; x = 300 Qu. The
revenue of this company with an output quantity of 300 Qu is therefore
R(x) = $5/Qu-300 Qu = $1,500.

Example 2:

An inverse demand function is given as p(x) = —2x+20. In order to
determine the revenue function, the inverse demand function must be
multiplied by x. The revenue function is calculated as follows:

R(x) = (—2x+20)-x = —2x% +20x.

The two zeros of the revenue function are calculated below:

R(x) =0

—2x24+20x =0



13.7 Revenue Function 525

x1 =54+v25-0
x1=54+5=10
The first zero is at (10]0).
R(x) =0

The second zero is at (0/0).

With the quantities produced of 0 QU and 10 Qu, there is no revenue
generated.

Test: The two zeros of a revenue function that are dependent on the
. b .
price are x = 0 and x = — (see above). In this case, the zeros are
m
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20 . .
atx=0QUu and at x = 5 = 10 Qu, which corresponds to the solution

shown above. The saturation quantity is 10 Qu.

To determine the maximum of the revenue function, the derivation of
this function is required. The first derivative of the revenue function

. dR

R(x) = —2x* +20x is d(x)
X

revenue function is set to zero:

= —4x+ 20. Following this, the marginal

dR(x)
dx

=0

—4x+20=0
4x =120
x=5

d’R(x)
dx?

=—-4<0

The maximum of the revenue is located at x = 5 QU at a price of

p(5) = —2-5420 = $10/Qu. The maximal revenue that can be achieved

is R(5) = 10-5 = 50 Qu.

Test: The maximal revenue (peak of a revenue function which is depen-
. . . . . b

dent on the price) is located at the point with the coordinates x = -

2 2
and R ((;m)> = % + é)—m (see above):

X = =5Qu;

2)

b —202 202

— = — = —50+100 = 50 Qu.
R( ) ~#(F) - 35 +35 — —S0+100-500
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13.8 Cost Functions

The total cost function shows the relationship between the total produc-
tion costs within a particular process or for manufacturing a product C
and the quantity produced or (externally) purchased x (Fig. 13.6). The
total cost function usually contains a fixed cost portion, the fixed total
costs Cy and a variable cost portion, the variable total costs C,(x):

C(x) = Cy+C,(x) with x = produced or (externally) purchased

C(x)
3

7 Gy

Fig. 13.6: Behaviour of the Total Costs Based on a Linear Cost
Function
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The unit costs c(x) can be calculated with ¢(x) = @ (Fig. 13.7).

ot

X
A

> X

Fig. 13.7: Behaviour of the Unit Costs Based on a Linear Cost
Function

The fixed costs C; are independent of any business activities (Fig.
13.8), i.e. of production or quantity produced. The fixed costs remain
unaffected by any change in the quantity produced. Fixed costs are, for
example, warehouse rental costs.

fixed costs = C;

X = quantity

Fig. 13.8: Behaviour of the Fixed Costs Based on a Linear Cost
Function
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If the fixed costs are distributed linearly over the produced or purchased

. . . . C . .
quantity x, the result is the fixed unit costs Tf The fixed unit costs de-

crease as the quantity increases (Fig. 13.9). There is a so-called fixed
cost degression, since the fixed costs per unit decrease (degressively)
with each unit that is additionally produced/purchased.

fixed unit costs
G
X

fixed cost degression

= X = quantity

Fig. 13.9: Behaviour of the Fixed Unit Costs Based on a Linear Cost
Function

The variable costs C,(x) cover the portion of the total cost function
that varies with the quantity produced (Fig. 13.10). Examples of vari-
able costs are commissions or the material or energy costs incurred
for production. According to the costs-by-cause principle, variable costs
can be assigned to every single unit that is produced/purchased in form

Co(x)

of variable unit costs c,(x) with ¢,(x) = ——. For a linear cost function,
X
. . ) dC
the variable unit costs correspond to the marginal cost dEcX) = ¢y(x)

and are constant (Fig. 13.11).
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Fig. 13.10: Behaviour of the Variable Costs Based on a Linear Cost
Function

@]
<

-

Fig. 13.11: Behaviour of the Variable Unit Costs Based on a Linear
Cost Function
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The marginal cost function is the first derivative of the total cost func-
tion:
dC(x)
dx

=W

The marginal cost function describes the slope of the total cost function
in dependence of the quantity x (Fig. 13.12). The marginal cost x = xy
measures the expense incurred in producing or procuring one additional
unit of that good, or the reduction in total costs that results from reduc-
ing the production or procurement of that good by one unit, x = xo.

In a linear cost function, the behaviour of the marginal costs corre-
sponds exactly to that of the variable unit costs.

dc(x)
ax - oW

» X

Fig. 13.12: Behaviour of the Marginal Costs Based on a Linear
Cost Function
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If the total cost function is not linear, it can also behave alternately, as
shown graphically in Fig. 13.13. The mathematical principles of alterna-
tive cost trends are given in Tab. 13.1.

—— proportional
..... regressive
.......... degressive
J— progressive
——- step-fixed

Fig. 13.13: Alternative Cost Trends

» Degressive cost trend: As the production/procurement increases,
the total cost C(x) has a disproportionately slow increase with a
growing quantity x. For example, if the quantity produced increases
by 5%, the production costs increase by only 3%. A degressive ten-
dency of the total costs is known, for example, in the (continuous)
offering of discounts. The procurement costs per unit (unit costs)
decrease with the increasing quantity procured.

» Progressive cost trend: As the production/procurement increases,
the total cost C(x) has a disproportionately fast increase with a grow-
ing quantity x. For example, if the quantity produced increases by
5%, the production costs increase by 7 %. Labour costs can rise pro-
gressively if, for instance, overtime is paid at a rate that increases
disproportionately over time. The labour costs per unit (unit labour
costs) then rise progressively with an increasing amount of overtime
hours.

* Regressive cost trend: As the production/procurement increases,
the total cost C(x) has a disproportionately slow decrease with a
growing quantity x.
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+ Step-fixed cost trend: As the production/procurement increases,
the fixed costs Cy(x) included in the total costs C(x) grows rapidly
(step-fixed) with an increasing quantity x at a certain position x = xy.
This can occur during the course of development to the same or a
different extent. A sharp (step-fixed) decrease of the fixed costs at
a certain position x = x is also possible.

see example

250 for
10 <x <20
500 for x > 20

interval; not
differentiable at
the jump
discontinuities

Behaviour C(x) Example Marginal Unit costs
costs c(x)
dC(x)/dx
proportional bx X b b
. b b b_q b_q
degressive |xd with b <d VX i xd
progressive bx? X2 dbx?-1 bxd-1
- —d 1 —d—1 —d-1
regressive bx - (—d)bx bx
X
fixed a 100 0 -
step-fixed exemplary 100 for x < 10 zero in every the following

applies to the
example:

190 for x < 10
250

== for
10<x <20
30 for x > 20

Table 13.1: Alternative Cost Trends witha e R >0; b€ R > 0;

deN>1
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Example 1:

A company manufactures stuffed toys. The material costs to produce a
stuffed toy are $6/QU. The rental costs for the operation of the facility
including administration are $300 per month. In a considered period, 80
stuffed toys are made. The total costs with fixed costs of $300 and vari-
able costs of $6/Qu are therefore:

C(x) = Cy+Cy(x) = $300 + $6/QU -80 QU = $780

Example 2:

The costs incurred every day of a manufacturing company are as listed:
$1,462.50 at 375 QU and $2,400 at 1,000 Qu. In order to identify the to-
tal cost function, it is necessary to first determine how high the variable
costs are. The variable costs represent the non-constant part of the total
costs and can therefore be measured between the two different produc-
tion levels by the difference in production costs:

$2,400 - $1,462.50 = $937.50

A change in quantity of 1,000 QU — 375 QU = 625 QU results in an in-
crease in costs of $937.50. The (average) variable unit costs, which cor-
respond to the variable unit costs (= marginal costs) in a linear cost
function, are obtained by assigning the change in cost to the change in
quantity (linear).

$937.50

= $1.50/Qu
625 QU $1.50/0

If the variable unit costs are multiplied by the quantity produced in one
of the two scenarios, the variable costs of this output quantity are cal-
culated as follows:

$1.50/QuU - 375 QU = $562.50
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From a total $1,462.50 of the production costs, $562.50 comprises the
variable (total) costs. Therefore, the fixed costs are: $1,462.50 — $562.50
= $900. In other words, the total cost function is:

C(x) =900+ 1.5x

As a test, the alternative production level should again be analyzed in
the same way:

$1.50 /Qu - 1,000 QU = $1,500

From a total $2,400, $1,500 comprises the variable (total) costs.

The fixed costs are therefore: $2,400 — $1,500 = $900.

13.9 Neoclassical Cost Function

A neoclassical cost function is a cost function of 2" degree and is char-
acterized by a disproportionate growth of the total costs C(x) while the
quantity produced x increases. The function is convex and strictly mono-
tonically increasing (Fig. 13.14).

A distinction is also made between fixed and variable costs in the neo-
classical cost function. The variable costs C,(x) increase disproportion-
ately (progressive; convex) with an increasing quantity x. The fixed costs
Cy remain unchanged (constant) at any production level.
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C(x)
\ Clx) C,

’

e
—
-

Fig. 13.14: Behaviour of the Total Costs Based on a Neoclassical
Cost Function

: . od .
The marginal cost function ac _ C’(x) which can be calculated based

X
on the first derivative of the total cost function C(x) forming a straight

line from the origin. This straight line is proportionally increasing. The
2

second derivative of the neoclassical cost function fl—f = ("(x) also
X

forms a straight line, but parallel to the x-axis (Fig. 13.15).
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C(x)
A

dc _ ~,
x - C'x)

Fe=C')

dxz ~

Fig. 13.15: The First and Second Derivatives of a Neoclassical
Cost Function

The fixed unit costs — are reduced with every unit that is additionally
X
produced (fixed cost degression). Meanwhile, the variable unit costs

Ci(x)

——= increase strictly monotonously (Fig. 13.16).
X
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Clx)

G .
o fixed unit costs

Cix)

~ - variable unit costs

Fig. 13.16: Behaviour of the Variable and Fixed Unit Costs Based
on a Neoclassical Cost Function

. C(x) . . . .
The total unit cost ) is at first degressively decreasing and then pro-

X
gressively increasing once the (relative) minimum is reached. Since the
increasing rate of the variable unit costs is stronger than the decreasing

C(x)

rate of the fixed unit costs, the total unit cost function ——= is increasing
X
after the (relative) minimum, as graphically shown in Fig. 13.17.

C(x)

Fig. 13.17: Behaviour of the Total Unit Costs Based on a
Neoclassical Cost Function
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The operational optimum describes the output quantity x, where the av-

C(x)

erage total costs (unit costs) —= are minimal. The corresponding unit

price $/QU determines the longx-term lower price limit since this price,
according to the full-cost accounting principle, should not fall below this
limit (in the long term) in order to avoid losses. If the losses are per-
manent, (private-sector) production is not a viable option. If the long-
term lower price limit is undercut, a direct-cost accounting must be per-
formed to examine whether the price that can be realized in the market
is still above the short-term lower price limit and whether it still ensures
a positive contribution margin.

With a unit price equivalent to the operational optimum, the production
of this good generates no profit/loss in the long term. It can be mean-
ingful for a manufacturer to choose the selling price that corresponds to
the price at the operational optimum if the manufacturer faces cut-throat
competition with this product or if he wants to produce or distribute this
product with no intention of making a profit.

The operational optimum can be calculated by setting the first deriva-

. . .o d . C
tive of the unit cost function, % with ¢(x) = % to zero. If the x-
X

value calculated with this method is inserted into the unit cost function,
the minimum unit cost can be determined and hence also the long-
term lower price limit. Alternatively, the same result can be achieved by

- . . . dc .
defining the intersection of the marginal cost curve % = C'(x) with

Cx)

the unit cost curve c(x) = ——= by equating these two functions to each
X
other.

The developments of the total costs, unit costs and marginal costs of a
neoclassical cost function are graphically shown in Fig. 13.18.
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C(x)

Fig. 13.18: Total Costs, Unit Costs and Marginal Costs of a
Neoclassical Cost Function

Example 1:

A jewelry company produces necklaces with a manufacturing process
that can be represented by the total cost function C(x) = 10+0.5x%. Due
to an increase in demand for this product, the company decides to pro-
duce more to satisfy the demand. Before the increase in demand, a
total cost of $1,810 per month was generated at a quantity produced
of 60 Qu per month. However, the demand has now increased by 20 %.
How much does the current production cost?

60 QU-1.2 = 72 QU
C(72) = 104+0.5-72% = $2,602

With a demand increase of 20 %, the total production costs are now
$2,602, i.e. they have increased by $792 (disproportionately).
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Example 2:

A watch manufacturer thinks that the average costs he has to pay
monthly seem to be relatively high. The (total) cost function for the pro-
duction of his watches is C(x) = 4,200 +x.

To get a more precise overview of the average costs for each watch
produced (unit costs), he divides the (total) costs by 60 QU, the average
amount of watches that are produced monthly.

(60) 4,200+ 607
60 60

c(60) = < — $130/QU

The unit costs of 60 manufactured watches per month are therefore
$130/Qu.

If, however, he wants to produce according to the operational optimum,
the minimum of the unit cost function must be identified:

C(x)  4,2004+x* 4,200 N

c(x) = . . ; X
det) 4200 x241
dx

—4,200-x24+1=0
x2 = 4,200
x = /4,200 = 64.81 QU

c(64.81) = $129.61/QU
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Test: At the operational optimum, the function value at the minimum of
the average total costs corresponds to the function value of the corre-
sponding marginal costs:

dC(x)
dx

(64.8074) = 2-64.8074 = $129.61/QU

If the watch manufacturer had wanted to optimise the (average) unit
costs for this month, he should have produced 64.8074, i.e. 65 watches,
instead of 60. His average cost saving per watch would then have been
$0.39/Qu (= $130/QuU — $129.61/Qu).

Example 3:

The finance department of ProductionX Ltd. wants to find out when the
average total costs in the company are minimised. Based on a given
cost function of C(x) = 200+ 0.2x?, the operational optimum can be de-
termined as shown below:

2004+0.2x% 200
k) _ o ="—402x
X

=

X

de(x)

=—-200-x240.2
dx ot

—200-x2402=0

200
2= 2" =1,000
T2 T

x =+/1,000 = 31.62 QU

¢(31.62) = $12.65/QuU

Test: At the operational optimum, the function value at the minimum of
the average total costs corresponds to the function value of the corre-
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sponding marginal costs:

dC(x)
dx

(31.62) = 0.4-31.62 = $12.65/QU

With an output quantity of 31.62 Qu, the average total costs of the pro-
duction discussed here are minimised.

13.10 Cost Function According to the Law of
Diminishing Returns

A (total) cost function according to the law of diminishing returns repre-
sents a cubic function. It begins at the y-intercept, which is determined
by the fixed costs, and increases degressively from the y-intercept on-
wards. It then increases progressively from the (concave/convex) inflec-
tion point onwards. Typically, this development of the total cost curve
that models diminishing returns can be explained by decreasing growth
rates (degressive) at first and increasing growth rates (progressive) of
the total costs after the inflection point. The spot at which the inflec-
tion point is located is also called the point of diminishing returns. The
graph of the (total) cost function in accordance with the law of diminish-
ing returns is first concave and then, from the inflection point, changes
to convex.

The (total) cost function according to the law of diminishing returns only
assumes positive values and does not contain any local (relative) ex-
tremes. The curve of this function with the general form C(x) = ax’+

+ bx? +cx—1|—d can be graphically represented as graphically shown in
Fig. 13.19.

1 If there are local extremes in a cubic total cost function, there is a relative maximum on
the left of the inflection point and a local minimum on the right. However, the total cost
function based on the law of diminishing returns actually has no local extremes by
definition. It is strictly monotonically increasing, as long as the inflection point is not a
saddle point.
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C(x)

Fig. 13.19: Behaviour of the Total Costs Based on a Cost Function
According to the Law of Diminishing Returns

A cost function based on the law of diminishing returns with

C(x) = ax® +bx? +cx+d consists of a variable part C,(x) = ax® +bx> +cx
(function of the variable costs) and a fixed part Cy = d (fixed costs). The
variable costs in this case also first behave degressively with increas-
ing quantity x and then progressively starting from the inflection point
of C,(x). The variable cost function C,(x) starts at the origin. The fixed
costs Cy are constant and form a parallel line to the x-axis and has a
value of d (Fig. 13.20).
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C(x)
i C.(x)

Cy

Fig. 13.20: Behaviour of the Variable and Fixed Costs Based on a
Cost Function According to the Law of Diminishing Return

The marginal cost function dfi(x) = C'(x) that associates with the (to-

X
tal) cost function based on the law of diminishing returns also has only
positive values. In contrast to the total costs, the marginal cost function
has a local minimum:

dC(x)

y Pl 3ax? +2bx+c (marginal cost function)

with
C(x) = ax® +bx* +cx+d  (total cost function)

The minimum of the marginal cost function:

3ax2 +2bx+c =0
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First, the formula must be converted to the normal form so that, for ex-
ample, by means of the p/q formula the zeros can be determined:

2b c
2 = — =0
* +3ax+3a
2
X :_§+ (g) —q with >+ px+g =0

0].

A zero is at P; —£+ 2 2—5
! 3a 3a 3a

_ P (PN e 2 _

n=-3 (2> qg Wwith x*+px+¢g=0
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The behaviour of the marginal cost function C’(x) changes from degres-
sively decreasing before the minimum to progressively increasing after
the minimum (Fig. 13.21). It corresponds to a parabola that opens up-
wards. The total cost function C(x) has a inflection point at the position
where the marginal cost function C’(x) has a minimum.

C'(x)
A

Fig. 13.21: Behaviour of the Marginal Costs Based on a Cost
Function According to the Law of Diminishing Return

. C d
In the case of the total unit costs ﬁ = ax?+bx+c+ —, the cost trend

X X
is degressively decreasing until it reaches the (relative) minimum and
increases then progressively (Fig. 13.22).
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o)

Fig. 13.22: Behaviour of the Unit Costs Based on a Cost Function
According to the Law of Diminishing Return

At the operational optimum, the average total costs (unit costs)

C)

= ¢(x) are minimal:

. d

Necessary condition: Z(x) =d(x)=0
2

Sufficient condition: % = (x)>0

If the x-value, at which the unit costs are minimal, is inserted into the
unit cost function ¢(x), the value of the minimum unit costs (y-value)
determines the long-term lower price limit in $/QU. This lower price limit
should not be undercut in the long term, otherwise losses would be
sustained. If a company is at the operational optimum, the entire unit
costs including fixed costs are covered. At the operational optimum, the
marginal costs of the total cost function are equal to the unit costs:
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dC(x)
dx
optimum.

= ¢(x). The corresponding x-value determines the operational

The operational minimum describes the output quantity x, where the

variable unit costs CV)EX) = ¢,(x) are minimal:
Necessary condition: di;)(cx) =¢/(x)=0
Sufficient condition: dz;‘;gx) =¢"(x)>0

The corresponding value of the variable unit costs (y-value) determines
the short-term or absolute lower price limit (Fig. 13.23). At the opera-
tional minimum, only the total variable unit costs are covered, not the
fixed costs. The x-value of the operational minimum can be determined
alternatively by equating the marginal costs of the total cost function
dC(x)

T cy(x).

with the variable unit costs:
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X, = operational minimum = short-term price lower limit
X, = operational optimum = long-term price lower limit
1

\ Cx)

C(x)
A

oW

X
Cy(x)
x

Fig. 13.23: Presentation of the Short-term and Long-term Price
Lower Limit

Example 1:

A production company has a cost function in accordance with the law of
diminishing returns C(x) = 0.3x* —2x?> +7x+ 16. The head of department
wants to find out when exactly the point of diminishing returns occurs,
i.e. the point at which the graph changes from degressively increasing
to progressively increasing.

To determine this, the total cost function must be derived three times:
C(x) =0.3x> —2x> +7x + 16
C'(x) =0.9x> —4x+7
C'"(x) = 1.8x—4

C”(x) =138
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To identify the inflection point (point of diminishing returns), the second
derivative must be set to zero (necessary condition):

C’"x)=0
1.8x—4 =0

1.8x =4

200U
xX=—
9

This x-value must now be inserted into the 3™ derivative as a check
whether the sufficient condition that the 3 derivative is not equal to

zero is fulfilled:
c” (29()) =18>0

. 20 . . . .
If the 15! derivative x = 5 QU is equal to zero, it is a saddle point. This
is not the case here because:

20 20 20 23
"= ) =09-( =) —4.(= 7 ===
“(5)-00-(5) ~+(5)+7-3
The value of the 3 derivative at the examined position is greater than

. " 20 . . .
0, i.e. at the position x = 5 Qu, there is a concave/convex inflection
point (point of diminishing returns).
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Example 2:

A production company wants to find out when the short-term lower price
limit (operational minimum) and the long-term lower price limit (opera-
tional optimum) are reached. The production can be represented by the
cost function in terms of the law of diminishing returns:

C(x) = x* — 6x> 4 60x + 100.

To determine the operational optimum, the unit cost function c(x) is re-
quired:

C 3 — 6x% 4 60x+ 100 100
o(x) = ix):(x X - X ):x2—6x—|—60+7

The x-value at the operational optimum is then determined by the mini-
mum of the total unit cost function:

necessary condition: d(x)=0
100
2x—6—— =0
X

The left term of this equation can be converted to a standard form by
extending the equation on both sides with x:

233 —6x2—-100=0

Since this is a cubic function, it requires e.g. a polynomial division. The
first zero is x; = 5.

(2 — 6x* — 100) : (x—5) = 2x* +4x+20



13.10 Cost Function According to the Law of Diminishing Returns 553

Afterwards, for instance, the p/q formula can be implemented:

_ P (5)2_
X2 2+ ) q
2x24+4x+20 =0

X 4+2x+10=0
2 2\?
x = —1+1/(1)>=10

There are no solutions for x, and x3 because there is a negative value
in the radicand in both cases.

The sufficient condition for a minimum of the unit cost function at x; = 5

2.
ddcx(zx) =c"(x)>0

200

/1
— 2 -
(x) =24 3

200
C”(S) = 2+573 =36>0

The operational optimum is found at x = 5.
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Alternatively, the operational optimum can also be identified by equating
the marginal costs C'(x) to the unit costs c(x):

100
33 —12x+ 60 = x2 —6x+ 60+ —
X

100
2% —6x = —
X

233 —6x2—-100=0

The calculation procedure is the same as above. There is a zero at
x=5Qu.

To determine the operational minimum, the variable unit cost function
cv(x) is required:

3 (42
c(x) = C”)Ex) == 6); HO0X 2 6xt60

The x-value of the operational minimum is determined by the minimum
variable unit costs:

Necessary condition: ¢,/(x) =0 = 2x—6=0 < 2x =6
x=3Qu
Sufficient condition: ¢,”(x) > 0
o (x) =2>0

The necessary condition is thus fulfilled and the operational minimum
corresponds to the quantity produced x = 3 Qu.
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Similarly, the operational minimum can also be identified by equating
the marginal costs of the total cost function with the variable unit costs.

3x2 — 12x+ 60 = x2 — 6x+ 60
222 —6x=0

2=3x=0

__r (3)2_
X1 2+ ) q

-3 -3\?
a=-(3)H/(F) o
x;1 =15++v225-0

x1=15+1.5

x; =3Qu

-3 —3)\?
v (3)/(3) -0
x=15-1225-0

x=15-15

x» =0QuU
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The operational minimum describes the output quantity x where the vari-

C(x)

able unit costs = ¢,(x) are minimal:

cy(x) = x* — 6x+60
cy(3) =32 - 18460 = $51/Qu

¢,(0) = 02— 0+60 = $60/QU

The operational minimum is at 3 Qu.

13.11 Direct Costs versus Indirect Costs

In cost accounting, a distinction is made not only between fixed and
variable costs, but also between direct costs and indirect costs.

Direct costs can be:

* Direct manufacturing costs: non material-related manufacturing costs
that arise directly during the production process and can be directly
allocated to the manufactured product (cost object). Examples of
the direct manufacturing costs are labour costs that can be directly
assigned to the cost object (direct labour costs per unit, piecework
wages), as well as machine costs (machine unit costs) or construc-
tion costs.

 Direct material costs: material costs that are included in the prod-
uct that is to be manufactured and can be directly allocated to the
product that is manufactured (cost object). Examples of direct ma-
terial costs are raw materials, auxiliary materials, purchased parts
or (preliminary) products.

 Special direct costs: special direct costs that are related to the pro-
duction and distribution. They cannot be directly allocated to a prod-
uct or (sales-related) service, but to a specific contract or project, for
instance. Special direct manufacturing costs are, for example, costs
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for licenses or for special tools required for this (particular) produc-
tion. Special direct distribution costs can be, for example, (special)
packaging costs or commission costs.

Direct costs are characterized by their direct and clear allocation to a
cost object, e.g. a product or service, or to a cost centre, e.g. a depart-
ment, a plant or a company. Accordingly, direct costs are differentiated
between direct costs of cost object or direct costs of cost centre.

In contrast to direct costs, indirect costs cannot be directly assigned to
the reference object. Indirect costs are incurred for multiple end prod-
ucts or orders. They are also called overhead costs. Similar to direct
costs, indirect costs can be divided into indirect costs of cost object and
indirect costs of cost centre.

The following differences in definition are also significant for indirect
costs:

* False indirect costs / false overheads: indirect costs that could
theoretically be allocated directly as direct costs to the cost ob-
jects or cost centres, but due to reasons of economic efficiency,
are assigned proportionately using classification keys (classification
based on indirect costs), e.g. incidentals, electricity costs, lubricant
costs.

» Primary indirect costs / primary overheads: indirect costs that are
generated in the cost centres or cost centre areas themselves due
to external acquisitions, i.e. resources or services (e.g. material,
personnel, external services) are purchased on the external market.
Since the corresponding market prices are known, the primary indi-
rect costs can be clearly identified; there is no problem with value
assessment. Consumption documentation, purchase invoices or ac-
count statements allow the primary indirect costs to be measured
accurately and assigned directly to the cost centres or responsible
cost centre areas.

» Secondary indirect costs / secondary overheads: While the primary
indirect costs are incurred by resources or services outside the com-
pany, secondary indirect costs arise from internal service relation-
ships (for example, services provided by the company health insur-



558

13 Economic Functions

ance funds). Secondary indirect costs are first determined during
internal cost allocation; only then can they be assigned to cost cen-
tres or cost centre areas in monetary form. Usually, market prices do
not apply to internal activities, so therefore, internal transfer prices
must be calculated.

Indirect manufacturing costs / manufacturing overheads: that part
of production costs which cannot be directly allocated. The produc-
tion costs are composed of direct manufacturing costs (e.g. direct
labour costs, direct material costs), indirect manufacturing costs
(e.g. salaries for supervisor and technical staff, auxiliary labour
costs, costs of auxiliary materials and supplies used in produc-
tion, electricity costs, imputed depreciation or imputed interest) and
special direct manufacturing costs (e.g. special tools, construction
plans, patents, licenses). Normally, indirect manufacturing costs
cannot be allocated to a single unit produced, but rather to an order
or a lot. In the full-cost accounting, the direct manufacturing costs
usually form the reference value for the allocation of the indirect
manufacturing costs (cost-plus pricing; cost-plus indirect manufac-
turing costs).

Indirect material costs / material overheads: that part of the ma-
terial costs that cannot be directly allocated to specific cost ob-
jects (products) in the production (e.g. procurement costs, appraisal
costs, collective warehousing costs, personnel costs for employ-
ees in warehouses or in the purchasing process, depreciation for
collective warehouses, i.e. warehouses where other materials are
also stored). Indirect material costs are taken into account in (an-
nual) cost center planning. In full-cost accounting, the direct mate-
rial costs usually form the reference value for the allocation of the
indirect material costs (cost-plus pricing; cost-plus indirect material
Costs).

Indirect administrative costs / administrative overheads: that part of
the administrative costs which is incurred in the administration of a
company but cannot be allocated to specific products (cost objects)
(e.g. salaries for the board of managers, salaries of administrative
staff, office supplies, depreciation on business equipment). The in-
direct administrative costs can be determined within the framework
of cost centre accounting as part of the cost distribution sheet. In
the unit-based cost unit accounting, the manufacturing costs per
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unit produced forms the reference value for the allocation of the
indirect material costs; in the time-based cost unit accounting, the
manufacturing costs per unit sold, i.e. the revenue during the ob-
served period (usually annually) forms the reference value for the
allocation of the indirect material costs (cost-plus pricing; cost-plus
indirect administrative costs).

There are various cost allocation principles for assigning costs to
the corresponding reference values. A distinction is made between
one-dimensional and multi-dimensional cost allocation principles:

13.11.1 One-Dimensional Cost Allocation Principles

The (only) reference value here is the activity, i.e. in the case of a (total)
cost function C(x) it is the quantity x which is produced or performed.

Principle of Causation

Only the costs that are additionally incurred in the process of producing
this (one) unit can be allocated to the cost object. The costs assigned to
a (single) unit of the cost object therefore correspond to their marginal
costs. According to the causation principle, the direct costs as well as
the variable activity-based indirect costs are allocated to the cost ob-
ject. An allocation of the fixed activity-based indirect costs is not pos-
sible. The causation principle is applied in a German costing method-
ology, Grenzplankostenrechung, translated as either marginal planned
cost accounting or flexible analytic cost planning and accounting.

Principle of Utilisation

The costs that are additionally incurred in the process of producing this
(one) unit can be allocated to the cost object. The costs assigned to a
unit of the cost object thus correspond to their marginal costs and their
used capacity costs. The used capacity costs comprise the part of the
fixed costs that is allocated to the capacity under usage. The unused
part of the fixed costs is called idle capacity costs. The utilisation prin-
ciple is applied in the activity-based accounting (ABC).
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Principle of Averages

In addition to direct costs, the average indirect costs are allocated to
the cost object. The average indirect costs are calculated by distributing
the total indirect costs linearly by the means of division to the units x
which are produced. If the costs cannot be allocated to the cost objects
according to the principle of causation in full-cost accounting, they can
be distributed according to the principle of averages. The variable costs,
which are activity-independent costs, are divided by the number of units
produced x and distributed linearly to the units produced. In the case of
a single-product company, the total costs C(x) are divided by the total
number of units produced x. However, in the case of a multi-product
company, the distribution of the indirect costs to the cost objects must
be carried out by using a classification based on indirect costs.

Principle of Plausibility

Those costs that are (plausibly) associated with a (different) cost type
are assigned to the cost object. For example, the allocation of the, e.g.,
indirect material costs, can be oriented to the direct material costs (lin-
ear) if there seems to be a plausible (linear) relationship between the
direct material costs and the associated indirect material costs. Usually,
such an allocation is linear, but a nonlinear relationship between direct
costs and indirect costs can also be plausible.

Principle of Financial Viability

The (pro rata) costs are allocated to the cost object according to its
(pro rata) sales revenue. High-revenue (low-revenue) products should
be charged with a higher (lower) proportion of the indirect costs or of
the total costs (direct and indirect costs). Instead of the sales revenue,
either the price or the contribution margin can be chosen for the (pro-
portional) allocation of indirect or total costs.
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13.11.2 Multi-Dimensional Cost Allocation Principles

Principle of Decision

According to the principle of decision, costs and revenues can only be
clearly allocated to each other or to another reference object if they are
related to the same (business or operational) decision as the reference
object itself. According to this principle, costs are only allocated to a
product or service if they are directly caused by the decision to manu-
facture this product or provide this service.?

Principle of Identity

The principle of identity is a further development of the principle of de-
cision. It forms the cost-accounting basis for the relative calculation of
direct costs. According to the principle of identity, a business decision is
based on three dimensions:?

+ Performance | What is to be produced or performed in what quanti-
ties?

» Organisation | Who is supposed to produce the product(s) or per-
form the service(s)?

« Time | When or to what point in time is this to be produced or per-
formed?

In contrast to the one-dimensional cost allocation principles, the refer-
ence objects here are defined in three dimensions, e.g. in the production
of goods in the dimensions:

» Operational performance (product unit, product type, product group,
product line),

2 Cf. Riebel, P. (2013): Einzelkosten- und Deckungsbeitragsrechnung. Grundfragen einer
markt- und entscheidungsorientierten Unternehmensrechnung, 6" Edition, Wiesbaden;
Schweitzer, M.; Klpper, H.-U.; Friedl, G.; Hofmann, C.; Pedell, B. (2015): Systeme der
Kosten- und Erldsrechnung, 11™ Edition, Munich.

3 Cf. ibid.
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+ Organisational area (company, plant, group, department),

» Time period (month, quarter, year).

Within these dimensions, the hierarchies of reference objects can pos-
sibly be observed through relationships of superordination and subordi-
nation. Therefore, the direct costs at a higher decision-making level can
also represent indirect costs at a lower decision-making level.

Example 1:

An employee of ToyFactoryX Ltd. manages to produce a customised toy
car in 20 minutes. The costs for the required material are $3/Qu and the
machine costs are $5/Qu. The gross hourly wage for this employee is
$24/h.

The direct manufacturing costs which are directly allocable to the pro-
duction of a toy car can be calculated as shown below:

20min/QU min - $24/60 min = $8/QuU

The direct manufacturing costs are therefore $8/QU + $5/Qu = $13/Qu.
The direct material costs are $3/Qu.

Example 2:

The rent to be paid per day for the production hall of ToyFactoryX Ltd. is
$60/day. These costs cannot be directly allocated to every toy car man-
ufactured and therefore represent indirect costs.

The direct costs of $16/QU can be directly assigned to the model pro-
duced here; direct manufacturing costs of $13/Qu and direct material
costs of $3/qu.

50 units of this toy car are made every day. According to the cost-plus
pricing, the indirect costs, in this case the rental costs, should be dis-
tributed proportionally to the direct costs of this model produced here.
The corresponding cost-plus ratio is calculated as shown below:
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$60/day: rent for the production hall (indirect costs per day)

$16/Qu: direct costs (direct manufacturing costs and direct material
costs) per toy car x

50 QU = $300/day (direct costs per day)
indirect costs

Surcharge of total costs = — - 100%
direct costs
$60
= ——-100% = 20%
$300 0 ’

The total manufacturing costs of these toy cars can thus be calculated
ceteris paribus, i.e. without taking other costs into account. The calcu-
lation is $16/QuU - 1.2 = $19.20/Qu.

Example 3:

The company ToyFactoryX Ltd. would now like to find out how high the
total manufacturing costs are a) per toy car produced and b) per day.
The direct manufacturing costs of a toy car are $13/Qu. The company is
known for the special spray paint for toy cars. This paint is the unique
selling proposition (USP) of the company. The cost of painting a toy car
is $3/Qu. In addition, the total indirect manufacturing costs account for
30% of the direct manufacturing costs. On a working day, 50 toy cars
are made.

a) Manufacturing costs for each toy car that is produced:

Direct manufacturing costs $13/Qu
+ Special direct manufacturing costs 3/Qu

+ Indirect manufacturing costs $13/Qu - 0.3 = $3.9/Qu

= Manufacturing costs $19.9/Qu

The manufacturing costs for each toy car that is produced are
$19.9/Qu.
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b) Manufacturing costs per day:

50 toy cars are produced daily.
$19.9/Qu - 50 QU = $995
At ToyFactoryX Ltd., the manufacturing costs are $995 per working day.

13.12 Profit Function

A profit function P(x) represents the profit of a company, which depends
on the quantity x which is produced or sold. The profit P(x) can be cal-
culated by subtracting the (total) cost C(x) from the revenues R(x):

with p = (selling) price and x = quantity produced or sold.

If the revenues R(x) exceed the total costs C(x), profits are generated,
P(x) > 0. The company is profitable.

However, if the total costs C(x) exceed the revenues R(x), negative prof-
its, i.e. losses, are generated, P(x) < 0. The company is unprofitable.

The position, i.e. the x-value, at which a profit is earned for the first
time, is called the break-even point (BEP). The break-even point is de-
termined by the first zero of the profit function P(x) and marks the be-
ginning of the profit zone. The profit limit is located at the end of the
profit zone. There is another zero of the profit function P(x) here. At the
break-even point as well as at the profit limit, the costs and the revenues
coincide.
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The break-even point and the profit limit can be determined by:

At the profit maximum, the x-value of the profit function is where the
highest possible profit is made. The profit maximum can be calculated
as shown below:

necessary condition: P'(x) = 0

sufficient condition: P”(x) < 0

A distinction must be made as shown below for the profit function:
I. The price p is constant:

This means that the price is fixed, i.e. there is no causality between the
selling price p and the quantity sold x, p = constant, p # p(x). The in-
verse demand function is parallel to the x-axis and the revenue function
is represented by a straight line from the origin (Fig. 13.24). See also
the chapter on the revenue function.

P(x)
| C(x) R(x)

- N

Fig. 13.24: Behaviour of Profit Based on a Linear Revenue Function
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[Il. The price p = p(x) is variable:

There is a causality between the selling price, p = p(x), and the quantity
sold x = x(p). The inverse demand function p = p(x) = —mx+ b corre-
sponds to a strictly monotonically decreasing straight line, of which the
y-intercept b is determined by x = 0 (prohibitive price) and which in-
tersects the x-axis at p = 0 (saturation quantity). The profit function is
represented by a parabola opening downwards, starting at the origin,
i.e. at the point (0/0) and ending at the point (x,4¢|0) (Fig. 13.25). xax
corresponds to the saturation quantity at a price of p,,;, = 0. The maxi-

mum of the profit function is at the point with the coordinates x =

andR((zbm)) :_m'<(2€n))2+b((2bm)> :%:124_%

See also the chapter on the profit function.

P(x)
| C(x)

R(x)

P(x)

7 \ N

Fig. 13.25: Behaviour of Profit Based on a Quadratic Revenue
Function

b
(2m)
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When a company is in a monopolistic position, the Cournot point - which
is named after the French economist Antoine Augustin Cournot (1801-
1877) - describes the price-quantity-combination that maximises a mo-
nopolist’s profit. The Cournot point represents the monopolistic pricing.
Typically, it is located on the left side of the revenue maximum. A smaller
quantity of the good x is sold when the profit is maximised than when
the revenue is maximised (Fig. 13.26).

P(x)
\ C(x)
R(x)
PO
D(X)é :
/ Cournot \ \ =X
Point

Fig. 13.26: The Cournot Point

Example 1:

The process of producing a quantity of goods x is described as shown
below:

- The selling price of a good is constant and is $100//Qu.

- The total costs are calculated with the cost function in accordance
with the law of diminishing returns: C(x) = x* — 3x* +52x+50 [$].
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A manufacturer wants to find out when the firm reaches the break-even
point and the highest possible profit.

To determine the break-even point, the profit limit and the profit maxi-
mum, the first step is to define the profit function:

P(x) = 100x — (x> — 3x? 4+ 52x + 50)

P(x) = —x> 4 3x% +48x— 50

Calculation of the break-even point and the profit limit:
P(x)=0

X3 +3x24+48x—50=0

As the profit function is a cubic function, a polynomial division, for ex-
ample, can reveal the possible zeros. A zero is found at x = 1.

(=3 +3x% +48x—50) : (x—1) = —x* +2x+50

To determine other possible zeros, the p/q formula can be used:

p 1A%
=—== (—) —
X233 B ) q

the following applies for —x2 +2x+50 = 0,
which is also x% —2x—50 = 0:

-2 —2\?
= — | — | + —
X23 ( > ) ( ) ) +50

X3 = 1+4/(=1)>+50
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x =14+v51~8.14

x3 = 1—+/51=~—6.14 (not economically relevant)

If the positive zeros of the break-even point are interpreted economi-
cally, the break-even point is positioned at x = 1 QU. The profit limit is
reached at approximately x = 8.14 Qu.

Calculation of the profit maximum:

necessary condition: P'(x) =0

P(x) = -3x>+6x+48 =0

2—2x—16=0

-2 —2\?
X172=—<2):|: <2> +16
x;=14VI+16; xo=1-+1+16

x1 =14+vV17~5.12; x, =1—+/17~—3.12 (not economically
relevant)

sufficient condition: P”(x) < 0
P'(x) = —6x+6=0

—6-(14+V17) +6~ —24.74 <0

The profit-maximising quantity is approximately 5.12 Qu.

The profit maximum is,
P(14+V17) = P(5.12) = =5.12%+3-5.122 + 48 -5.12 — 50 ~ $140.19.
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Example 2:

The monopolist XProducts wants to find out at what quantities the
break-even point, the profit limit, the profit maximum and the Cournot
point of their current production are located. The process of producing
a quantity of goods x is described as shown:

» The selling price of a good is variable and is calculated according
to the inverse demand function: p(x) = —2x+ 100 $/Qu.

» The total costs are calculated with the cost function in accordance
with the law of diminishing returns: C(x) = x* — 5x% +52x+50 [§].

To determine the break-even point, the profit limit and the profit maxi-
mum, the first step is to define the profit function:

P(x) = (—2x+100) - x — (x3 — 5x2 +52x+50)

P(x) = —x> +3x2 +48x— 50

Since P(x) is equal to the profit function of the first example with con-
stant prices, the calculation of the break-even point, the profit limit and
the profit maximum is done exactly as demonstrated in the first ex-
ample (see above). The break-even point is at x = 1 [QU]. The profit
limit is reached at circa x = 8.14 QuU. The profit-maximising quantity is
1++/17 =~ 5.12 Qu. The maximum profit is:

P(1++17) = P(5.12) = —5.123+3-5.122 + 48 -5.12 — 50 ~ $140.19.

Calculation of the Cournot point:

The Cournot point describes the price-quantity-combination that max-
imises a monopolist’s profit. The Cournot point represents the monopo-
listic pricing.
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The profit-maximising quantity is at x2%/" = 1+ /17 ~ 5.12 Qu.
The profit-maximising price is calculated as shown below:

phmefit — 2. (14 /17) + 100 ~ $89.76 /QU
Puax = P(1+V/17) = 2173 ~ $140.19
The Cournot point is therefore found at:
(x%f;f” Ip%f”) = (14 V17| =2 (1+V17) 4 100) ~ (5.12 | 89.76).

The x-value of the Cournot point is typically on the left side of the x-
value at the revenue maximum:

R(x) = (—2x+100)x = —2x* 4 100x
necessary condition: R'(x) = —4x+100 = 0=x = 25
sufficient condition: R” (25) = -4 <0
The revenue-maximising quantity is at:

xrevenue — 95 QU > bl = 14 /17~5.12 Qu.

A smaller quantity of the good x is sold when the profit is maximised
than when the revenue is maximised.

The revenue-maximising price is calculated as follows:

revenie — _2.25+100 = $50/QuU

pmax

Ryax = R(25) = —2-252 410025 = $1,250
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Chapter 14

The Peren Theorem
The Mathematical Frame in Which We Live

Synopsis

Humans consume the natural resources of the Earth faster than the
Earth is able to regenerate them. Mankind on the whole lives above
its means and often at the expense of future generations. Current
economic activity, with the aim of maximising monetary profits and
generating quantitative growth and prosperity, cannot be continued.
The Peren Theorem demonstrates that the consumption of natural re-
sources within a closed system, as represented by Earth, is only possi-
ble if their consumption is able to naturally regenerate. If this balance is
disturbed for too long a period, this will then result in the natural death
of the planet. With an increasing global population, the per capita con-
sumption of natural resources of all humans living on or from the Earth
must be proportionately reduced.

The Current Human Lifestyle Cannot be Continued

Humans consume the natural resources of the Earth faster than the
Earth is able to regenerate them. For many years now, human demand
for natural resources has exceeded the Earth’s capacity to regenerate
these resources. According to the Global Footprint Network', the Earth
Overshoot Day in the year 2017 took place on August 2" of that year.?
In the year before, it was on August 131, 2016.

Mankind on the whole lives above its means and at the expense of
future generations. The entire natural resources consumed after Earth
Overshoot Day can no longer be replenished by the Earth in the same
year concerned. If such an imbalance remains over the long term, then
the natural resources of the Earth will be consumed up to the natural
death of the planet.

' Cf. Global Footprint Network (2017): http://www.footprintnetwork.org/, accessed
12 August 2023.

2 Cf. ibid.
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The Living Planet Report 2012 of the World Wide Fund For Nature
(WWF)® shows that roughly up to the year 2030 humans would re-
quire two planets in order to cover their need for natural resources if
mankind continues to live as it has largely deemed proper thus far. Nat-
ural resources are wasted particularly within and for so-called highly de-
veloped economies; however, the definition of this concept is mislead-
ing because development that results in a human lifestyle that permits
the Earth to bear homo sapiens only for approximately seven months
per year with itself being consumed for the remaining five months of
the same year — both at the expense of other organisms as well as
future generations of its own species — can hardly be regarded as
“highly developed.” Current economic activity with the aim of maximising
monetary profits and generating quantitative growth and prosperity for
the companies and citizens of participating national economies already
takes place today at the expense of those who either do not or are only
partially able to benefit from this predatory ecological exploitation, or
who consciously choose to not take part.

The Peren Theorem

In the year 2012, the author developed the Peren Theorem* in discus-
sion with Wiltrud Terlau, director of the International Centre for Sus-
tainable Development (IZNE)°, and Reiner Clement, professor of eco-
nomics at Bonn-Rhein-Sieg University in Sankt Augustin, Germany:

“If the users within a closed system employ
its natural resources in such measure that its
natural regeneration is exceeded over the long term,
then the natural environment of this system will be
completely exhausted.”

3 World Wide Fund For Nature - WWF (Ed.) (2017):
http://wwf.panda.org/about_our_Earth/all_publications/living_planet_report_timeline/lpr_
2012/, accessed 9 December 2022.

4 Peren, FW. (2012): The Peren Theorem, New York, unpublished manuscript;

Peren, FW. (2018): Das Peren-Theorem, in: Gadatsch, A. et al. (ed.): Nachhaltiges
Wirtschaften im digitalen Zeitalter, Berlin, p. 419-424.

5 International Centre for Sustainable Development — IZNE (2017):
https://www.h-brs.de/en/izne, accessed 9 December 2022.
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For a closed system stability is®:

RT < Rregen
where Rr = Ry +Rp

N
and Ry = ZUZVHN
=1

Yri Ry
S FrH = —{—/— = —
N N
with
Ry = consumption of natural resources as a whole

Reqen = regeneration of natural resources as a whole

Ry = human consumption of natural resources

Ro = consumption of natural resources not caused by humans

rr = individual per capita consumption of natural resources by
humans

rgy = average per capita consumption of natural resources by
humans

N = number of people who live on Earth or access its natural
resources

1 = human individuals who live on Earth or access its natural
resources; 1, ..., N

6 Stability is to be understood here as emancipatory in its meaning, i.e. if within a
well-defined, temporal interval the inequation Ry < Ry, is temporarily violated, then it is
nevertheless valid altogether during this period. The scope and location of such a time
period are to be selected in such a way that they contain the respectively current point in
time and so that the strategic aim of a stable balance between consumed and
regenerated natural resources is achieved not only over the longer term, but also for the
benefit of those directly affected within the system taken into consideration.
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Options for Securing Human Livelihood

In relation to mankind and the closed system of the Earth, this mathe-
matical relationship implies that humans have the following options’ in
order to secure their existence on Earth:

1. Other consumers of natural resources on this planet are reduced; a
practice that mankind already pursues. The habitats of animals and
plants are diminished by humans with the consequence that plants
and animals are decimated.

2. Mankind reduces itself until this theorem inverts into a positive bal-
ance, i.e. until terrestrial consumption caused by humans lies below
the natural regeneration of the Earth over the long term.

3. Substantial numbers of mankind leave the Earth. Accordingly, these
humans do not use any or hardly any terrestrial natural resources.

4. Mankind modifies the scope and quality of its consumption of nat-
ural resources so that this permits a regeneration of natural re-
sources to the extent required. This would require substantial aban-
donment of the luxury that is understood by large parts of mankind
today as prosperity. Individuals would then be entitled to far less
natural resources on average than currently claimed and consumed
on the average per capita.

5. The recourse to natural resources, i.e. the use, respectively the con-
sumption, of water, soil, air, natural energies and/or sources of en-
ergy, plants and animals are put at a clearly higher price than the
currently irrational case of disparity in relation to the true value of
natural resources. Individual mobility would require a different qual-
ity and a clearly higher price. The consumption of meat would have
to be more expensive and thus reduced. Global output chains would
largely have to be shifted to local production because transportation
would have to be priced in accordance with the demand for natural
resources. Travel (over long-distances) would also have to be made
substantially more expensive and limited.

7 The following list is by no means exhaustive.
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6. Mankind substitutes natural resources in favor of synthetic materi-
als; whereas the ecological requirements for the manufacture, trans-
port, recycling and/or disposal of such plastics would also have to
be attributed to human consumption of natural raw materials.

7. A more intensive circular economy, i.e. more efficient recycling of
already used natural resources could slow down the process of ex-
haustion of the natural environment of the Earth. However, if in-
creases in efficiency or technical progress results in rebound ef-
fects so that increases in efficiency mean that the consumer uses
any savings obtained in order to demand more products or services
which again consume (additional) natural resources, then increases
in efficiency can also result in a so-called backfire, i.e. to rebound
effects of more than one hundred percent.

Individual Prosperity Effects

The Peren Theorem mathematizes and emancipates a life cycle mat-
ter of course. Like every mathematical statement, this theorem is also
logically true and thus indisputable in rational terms. If mankind within
its terrestrial existence should be interested in a natural environment so
that it secures a required (minimum) measure of quality of life for hu-
mans — that is certainly evaluated differently by each individual — then
operational implementation of this theorem as soon as possible is im-
perative.

Conversely, this theorem also implies that an increasing global popu-
lation® has to be accompanied with a proportionate reduction in the
average per capita consumption of natural resources if it is to continue
to be true that:

Rr =Ry +Ro

where Ry = ZI"] =ryN.

8 A generally comprehensible overview on population development can be found, for
example, on Wikimedia Foundation Inc. (Ed.) (2020):
https://en.wikipedia.org/wiki/Population_growth, accessed 12 August 2023, and the
literature cited therein.
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Given p percent increase in the global population and unchanged aver-
age per capita consumption, then ceteris paribus, i.e. unchanged con-
sumption of natural resources not caused by humans R, the entire con-
sumption of natural resources caused by mankind Ry would likewise

exhibit proportionate by a factor of (1 + lpﬁ)

P p
R (1+505) =N (14 365)-
1 {1 100) =N (1 100

If human consumption of natural resources is meanwhile to be kept
constant even with an increasing global population, then the formal re-
lationship of the Peren Theorem®

Ry = N(1+L)
H=TH 100

determines the following average per capita consumption of natural
resources ry

Ry P )’1
TH=N <1+100

where human consumption of natural resources as a whole Ry would
remain unchanged in relation to the original state prior to the respec-
tively considered period of increase in the global population.

Concomitant with positive population growth of p percent during a cer-
tain period, the average per capita consumption of natural resources ry
would have to be proportionately reduced by the factor

p 7]
150
( 100

In particular, the inhabitants of wealthy national economies, above all
the industrialized countries, whose individual human consumption of
natural resources r; is clearly above the average per capita consump-

9 The aim is that human consumption of natural resources altogether Ry remains
unchanged despite world population growth. Therefore Ry is to be equated with

raN(1+ {§5), whereby average human per capita consumption of natural resources ry is
ultimately reduced by the growth factor of the world population (1 + ﬁ)*' within the
period under consideration.
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tion worldwide rgy could by no means continue to maintain their prospe-
rity and lifestyle.

If the global population grows meanwhile with unchanged or even in-
creasing (average) prosperity, as understood and lived today, then the
consumption of natural resources would additionally accelerate through
an (exponentially) increasing global population with simultaneous short-
ening of the period of total exhaustion of the natural resources of the
Earth.
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582 A Financial Mathematical Factors

Accumulation Factors q" = (1+1i)"

1
; 0.03 0.0375 0.04 0.0425 0.05 0.06
1/ 1.0300 1.0375 1.0400 1.0425 1.0500 1.0600
2| 1.0609 1.0764 1.0816 1.0868 1.1025 1.1236
3| 1.0927 1.1168 1.1249 1.1330 1.1576 1.1910
4| 1.1255 1.1587 1.1699 1.1811 1.2155 1.2625
5] 1.1593 1.2021 1.2167 1.2313 1.2763 1.3382
6] 1.1941 1.2472 1.2653 1.2837 1.3401 1.4185
7] 1.2299 1.2939 1.3159 1.3382 1.4071 1.5036
8| 1.2668 1.3425 1.3686 1.3951 1.4775 1.5938
9| 1.3048 1.3928 1.4233 1.4544 1.5513 1.6895
10] 1.3439 1.4450 1.4802 1.5162 1.6289 1.7908
11] 1.3842 1.4992 1.5395 1.5807 1.7103 1.8983
12| 1.4258 1.5555 1.6010 1.6478 1.7959 2.0122
13| 1.4685 1.6138 1.6651 1.7179 1.8856 2.1329
14| 1.5126 1.6743 1.7317 1.7909 1.9799 2.2609
15| 1.5580 1.7371 1.8009 1.8670 2.0789 2.3966
16| 1.6047 1.8022 1.8730 1.9463 2.1829 2.5404
17| 1.6528 1.8698 1.9479 2.0291 2.2920 2.6928
18| 1.7024 1.9399 2.0258 2.1153 2.4066 2.8543
19| 1.7535 2.0127 2.1068 2.2052 2.527 3.0256
20| 1.8061 2.0882 2.1911 2.2989 2.6533 3.2071
21| 1.8603 2.1665 2.2788 2.3966 2.7860 3.3996
22| 1.9161 2.2477 2.3699 2.4985 2.9253 3.6035
23| 1.9736 2.3320 2.4647 2.6047 3.0715 3.8197
24| 2.0328 2.4194 2.5633 2.7153 3.2251 4.0489
25| 2.0938 2.5102 2.6658 2.8308 3.3864 4.2919
26| 2.1566 2.6043 2.7725 2.9511 3.5557 4.5494
27| 2.2213 2.7020 2.8834 3.0765 3.7335 4.8223
28| 2.2879 2.8033 2.9987 3.2072 3.9201 5.1117
29| 2.3566 2.9084 3.1187 3.3435 4.1161 5.4184
30| 24273 3.0175 3.2434 3.4856 4.3219 5.7435
31| 2.5001 3.1306 3.3731 3.6338 4.5380 6.0881
32| 2.5751 3.2480 3.5081 3.7882 4.7649 6.4534
33| 2.6523 3.3698 3.6484 3.9492 5.0032 6.8406
34| 2.7319 3.4962 3.7943 4.1171 5.2533 7.2510
35| 2.8139 3.6273 3.9461 4.2920 5.5160 7.6861
36| 2.8983 3.7633 4.1039 4.4744 5.7918 8.1473
37| 2.9852 3.9045 4.2681 4.6646 6.0814 8.6361
38| 3.0748 4.0509 4.4388 4.8628 6.3855 9.1543
39| 3.1670 4.2028 4.6164 5.0695 6.7048 9.7035
40| 3.2620 4.3604 4.8010 5.2850 7.0400 10.2857




A Financial Mathematical Factors

583

Accumulation Factors q" = (1+1i)"

0.07 0.08 0.09 0.10 0.12 0.125
1] 1.0700 1.0800 1.0900 1.1000 1.1200 1.1250
2| 1.1449 1.1664 1.1881 1.2100 1.2544 1.2656
3| 1.2250 1.2597 1.2950 1.3310 1.4049 1.4238
4| 1.3108 1.3605 1.4116 1.4641 1.5735 1.6018
5| 1.4026 1.4693 1.5386 1.6105 1.7623 1.8020
6/ 1.5007 1.5869 1.6771 1.7716 1.9738 2.0273
7| 1.6058 1.7138 1.8280 1.9487 2.2107 2.2807
8| 1.7182 1.8509 1.9926 2.1436 2.4760 2.5658
9| 1.8385 1.9990 2.1719 2.3579 2.7731 2.8865
10] 1.9672 2.1589 2.3674 2.5937 3.1058 3.2473
11| 2.1049 2.3316 2.5804 2.8531 3.4785 3.6532
12| 2.2522 2.5182 2.8127 3.1384 3.8960 4.1099
13| 2.4098 2.7196 3.0658 3.4523 4.3635 4.6236
14| 2.5785 2.9372 3.3417 3.7975 4.8871 5.2016
15| 2.7590 3.1722 3.6425 4.1772 5.4736 5.8518
16| 2.9522 3.4259 3.9703 4.5950 6.1304 6.5833
17| 3.1588 3.7000 4.3276 5.0545 6.8660 7.4062
18| 3.3799 3.9960 4.7171 5.56599 7.6900 8.3319
19| 3.6165 4.3157 5.1417 6.1159 8.6128 9.3734
20| 3.8697 4.6610 5.6044 6.7275 9.6463 10.5451
21| 4.1406 5.0338 6.1088 7.4002 10.8038 11.8632
22| 4.4304 5.4365 6.6586 8.1403 12.1003 13.3461
23| 4.7405 5.8715 7.2579 8.9543 13.5523 15.0144
24| 5.0724 6.3412 7.9111 9.8497 15.1786 16.8912
25| 54274 6.8485 8.6231 10.8347 17.0001 19.0026
26| 5.8074 7.3964 9.3992 11.9182 19.0401 21.3779
27| 6.2139 7.9881 10.2451 13.1100 21.3249 24.0502
28| 6.6488 8.6271 11.1671 14.4210 23.8839 27.0564
29| 7.1143 9.3173 12.1722 15.8631 26.7499 30.4385
30| 7.6123 10.0627 13.2677 17.4494 29.9599 34.2433
31| 8.1451 10.8677 14.4618 19.1943 33.5551 38.5237
32| 8.7153 11.7371 15.7633 21.1138 37.5817 43.3392
33| 9.3253 12.6760 17.1820 23.2252 42.0915 48.7566
34| 9.9781 13.6901 18.7284 25.5477 47.1425 54.8512
35| 10.6766 14.7853 20.4140 28.1024 52.7996 61.7075
36| 11.4239 15.9682 22.2512 30.9127 59.1356 69.4210
37| 12.2236 17.2456 24.2538 34.0039 66.2318 78.0986
38| 13.0793 18.6253 26.4367 37.4043 74.1797 87.8609
39| 13.9948 20.11583 28.8160 41.1448 83.0812 98.8436
40| 14.9745 21.7245 31.4094 45.2593 93.0510 111.1990




584 A Financial Mathematical Factors

Accumulation Factors q" = (1+1i)"

i

; 0.03 0.0375 0.04 0.0425 0.05 0.06
41| 3.3599 4.5239 4.9931 5.5096 7.3920 10.9029
42| 3.4607 4.6935 5.1928 5.7437 7.7616 11.5570
43| 3.5645 4.8695 5.4005 5.9878 8.1497 12.2505
44| 3.6715 5.0522 5.6165 6.2423 8.5572 12.9855
45| 3.7816 5.2416 5.8412 6.5076 8.9850 13.7646
46| 3.8950 5.4382 6.0748 6.7842 9.4343 14.5905
47| 4.0119 5.6421 6.3178 7.0725 9.9060 15.4659
48| 4.1323 5.8537 6.5705 7.3731 10.4013 16.3939
49| 4.2562 6.0732 6.8333 7.6865 10.9213 17.3775
50| 4.3839 6.3009 7.1067 8.0131 11.4674 18.4202
51| 4.5154 6.5372 7.3910 8.3537 12.0408 19.5254
52| 4.6509 6.7824 7.6866 8.7087 12.6428 20.6969
53| 4.7904 7.0367 7.9941 9.0789 13.2749 21.9387
54| 4.9341 7.3006 8.3138 9.4647 13.9387 23.2550
55| 5.0821 7.5744 8.6464 9.8670 14.6356 24.6503
56| 5.2346 7.8584 8.9922 10.2863 15.3674 26.1293
57| 5.3917 8.1531 9.3519 10.7235 16.1358 27.6971
58| 5.5534 8.4588 9.7260 11.1792 16.9426 29.3589
59| 5.7200 8.7760 10.1150 11.6543 17.7897 31.1205
60| 5.8916 9.1051 10.5196 12.1497 18.6792 32.9877
61| 6.0684 9.4466 10.9404 12.6660 19.6131 34.9670
62| 6.2504 9.8008 11.3780 13.2043 20.5938 37.0650
63| 6.4379 10.1684 11.8332 13.7655 21.6235 39.2889
64| 6.6311 10.5497 12.3065 14.3505 22.7047 41.6462
65| 6.8300 10.9453 12.7987 14.9604 23.8399 44.1450
66| 7.0349 11.3557 13.3107 15.5963 25.0319 46.7937
67| 7.2459 11.7816 13.8431 16.2591 26.2835 49.6013
68| 7.4633 12.2234 14.3968 16.9501 27.5977 52.5774
69| 7.6872 12.6818 14.9727 17.6705 28.9775 55.7320
70| 7.9178 13.1573 15.5716 18.4215 30.4264 59.0759
71| 8.1554 13.6507 16.1945 19.2044 31.9477 62.6205
72| 8.4000 14.1626 16.8423 20.0206 33.5451 66.3777
73| 8.6520 14.6937 17.5160 20.8715 35.2224 70.3604
74| 8.9116 15.2447 18.2166 21.7585 36.9835 74.5820
75| 9.1789 15.8164 18.9453 22.6832 38.8327 79.0569
76| 9.4543 16.4095 19.7031 23.6473 40.7743 83.8003
77| 9.7379 17.0249 20.4912 24.6523 42.8130 88.8284
78| 10.0301 17.6633 21.3108 25.7000 44.9537 94.1581
79| 10.3310 18.3257 22.1633 26.7922 47.2014 99.8075
80| 10.6409 19.0129 23.0498 27.9309 49.5614 105.7960




A Financial Mathematical Factors 585
Accumulation Factors q" = (1+1i)"
n
0.07 0.08 0.09 0.10 0.12 0.125

41| 16.0227 | 23.4625 | 34.2363 | 49.7852 | 104.2171 | 125.0989
42| 17.1443 | 253395 | 37.3175 | 54.7637 | 116.7231 | 140.7362
43| 18.3444 | 27.3666 | 40.6761 | 60.2401 | 130.7299 | 158.3283
44| 19.6285 | 29.5560 | 44.3370 | 66.2641 | 146.4175 | 178.1193
45| 21.0025 | 31.9204 | 48.3273 | 72.8905 | 163.9876 | 200.3842
46| 22.4726 | 34.4741 | 52.6767 | 80.1795 | 183.6661 | 225.4322
47| 24.0457 | 37.2320 | 57.4176 | 88.1975 | 205.7061 | 253.6113
48| 257289 | 40.2106 | 62.5852 | 97.0172 | 230.3908 | 285.3127
49| 27.5299 | 43.4274 | 68.2179 | 106.7190 | 258.0377 | 320.9768
50| 29.4570 | 46.9016 | 74.3575 | 117.3909 | 289.0022 | 361.0989
51| 31.5190 | 50.6537 | 81.0497 | 129.1299 | 323.6825 | 406.2362
52| 33.7253 | 54.7060 | 88.3442 | 142.0429 | 362.5243 | 457.0157
53| 36.0861 | 59.0825 | 96.2951 | 156.2472 | 406.0273 | 514.1427
54| 38.6122 | 63.8091 | 104.9617 | 171.8719 | 454.7505 | 578.4106
55| 41.3150 | 68.9139 | 114.4083 | 189.0591 | 509.3206 | 650.7119
56| 44.2071 | 74.4270 | 124.7050 | 207.9651 | 570.4391 | 732.0509
57| 47.3015 | 80.3811 | 135.9285 | 228.7616 | 638.8918 | 823.5572
58| 50.6127 | 86.8116 | 148.1620 | 251.6377 | 715.5588 | 926.5019
59| 54.1555 | 93.7565 | 161.4966 | 276.8015 | 801.4258 | 1042.3146
60| 57.9464 | 101.2571 | 176.0313 | 304.4816 | 897.5969 | 1172.6039
61| 62.0027 | 109.3576 | 191.8741 | 334.9298 | 1005.3086 | 1319.1794
62| 66.3429 | 118.1062 | 209.1428 | 368.4228 | 1125.9456 | 1484.0769
63| 70.9869 | 127.5547 | 227.9656 | 405.2651 | 1261.0591 | 1669.5865
64| 75.9559 | 137.7591 | 248.4825 | 445.7916 | 1412.3862 | 1878.2848
65| 81.2729 | 148.7798 | 270.8460 | 490.3707 | 1581.8725 | 2113.0704
66| 86.9620 | 160.6822 | 295.2221 | 539.4078 | 1771.6972 | 2377.2042
67| 93.0493 | 173.5368 | 321.7921 | 593.3486 | 1984.3009 | 2674.3547
68| 99.5627 | 187.4198 | 350.7534 | 652.6834 | 2222.4170 | 3008.6490
69| 106.5321 | 202.4133 | 382.3212 | 717.9518 | 2489.1070 | 3384.7301
70| 113.9894 | 218.6064 | 416.7301 | 789.7470 | 2787.7998 | 3807.8214
71| 121.9686 | 236.0949 | 454.2358 | 868.7217 | 3122.3358 | 4283.7991
72| 130.5065 | 254.9825 | 495.1170 | 955.5938 | 3497.0161 | 4819.2740
73| 139.6419 | 275.3811 | 539.6775 |1051.1532 | 3916.6580 | 5421.6832
74| 149.4168 | 297.4116 | 588.2485 | 1156.2685 | 4386.6570 | 6099.3936
75| 159.8760 | 321.2045 | 641.1909 |1271.8954 | 4913.0558 | 6861.8178
76| 171.0673 | 346.9009 | 698.8981 | 1399.0849 | 5502.6225 | 7719.5450
77| 183.0421 | 374.6530 | 761.7989 |1538.9934 | 6162.9372 | 8684.4882
78| 195.8550 | 404.6252 | 830.3608 | 1692.8927 | 6902.4897 | 9770.0492
79| 209.5648 | 436.9952 | 905.0933 | 1862.1820 | 7730.7885 | 10991.3054
80| 224.2344 | 471.9548 | 986.5517 | 2048.4002 | 8658.4831 | 12365.2185




586 A Financial Mathematical Factors

Accumulation Factors q" = (1+1i)"

0.03 0.0375 0.04 0.0425 0.05 0.06

81| 10.9601 19.7259 23.9718 29.1180 52.0395 112.1438

82| 11.2889 20.4656 24.9307 30.3555 54.6415 118.8724

83| 11.6276 21.2331 25.9279 31.6456 57.3736 126.0047

84| 11.9764 22.0293 26.9650 32.9905 60.2422 133.5650

85| 12.3357 22.8554 28.0436 34.3926 63.2544 141.5789

90| 14.3005 27.4745 34.1193 42.3493 80.7304 189.4645

95| 16.5782 33.0271 41.5114 52.1466 103.0350 | 253.5463

100/ 19.2186 39.7018 50.5049 64.2105 131.5010 | 339.3021

105| 22.2797 47.7260 61.4470 79.0650 167.8300 | 454.0630

110] 25.8282 57.3710 74.7600 97.3570 214.2000 | 607.6380

Accumulation Factors q" = (1+1i)"

0.07 0.08 0.09 0.10 0.12 0.125
81| 239.9308 | 509.7112 | 1075.3413 | 2253.2402 | 9697.5011 | 13910.8708
82| 256.7260 | 550.4881 | 1172.1220 | 2478.5643 | 10861.2012 | 15649.7297
83| 274.6968 | 594.5272 | 1277.6130 | 2726.4207 |12164.5453 | 17605.9459
84| 293.9255 | 642.0893 | 1392.5982 | 2999.0628 |13624.2908 | 19806.6891
85| 314.5003 | 693.4565 | 1517.9320 | 3298.9690 | 15259.2057 | 22282.5253
90| 441.1030 | 1018.9151 | 2335.5266 | 5313.0226 | 26891.9342 | 40153.8341
95| 618.6697 | 1497.1205 | 3593.4971 | 8556.6760 |47392.7766 | 72358.5129
100| 867.7163 [2199.7613 | 5529.0408 [13780.6123|83522.2657 | 130392.3900
105| 1217.02 3232.17 8507.11 22193.8 147194.8 234971.3
110] 1706.93 4749.12 13089.25 35743.4 259407.5 423425.9




A Financial Mathematical Factors 587
Discount Factors q " = (1+i)™"
n
0.03 0.0375 0.04 0.0425 0.05 0.06
1| 0.97087 0.96386 0.96154 0.95923 0.95238 | 0.94340
2| 0.94260 0.92902 0.92456 0.92013 0.90703 | 0.89000
3| 0.91514 0.89544 0.88900 0.88262 0.86384 | 0.83962
4| 0.88849 0.86307 0.85480 0.84663 0.82270 | 0.79209
5| 0.86261 0.83188 0.82193 0.81212 0.78353 | 0.74726
6| 0.83748 0.80181 0.79031 0.77901 0.74622 | 0.70496
7| 0.81309 0.77283 0.75992 0.74725 0.71068 | 0.66506
8| 0.78941 0.74490 0.73069 0.71679 0.67684 | 0.62741
9| 0.76642 0.71797 0.70259 0.68757 0.64461 | 0.59190
10| 0.74409 0.69202 0.67556 0.65954 0.61391 | 0.55839
11| 0.72242 0.66701 0.64958 0.63265 0.58468 | 0.52679
12| 0.70138 0.64290 0.62460 0.60686 0.55684 | 0.49697
13| 0.68095 0.61966 0.60057 0.58212 0.53032 | 0.46884
14| 0.66112 0.59726 0.57748 0.55839 0.50507 | 0.44230
15| 0.64186 0.57568 0.55526 0.53562 0.48102 | 0.41727
16| 0.62317 0.55487 0.53391 0.51379 0.45811 | 0.39365
17| 0.60502 0.53481 0.51337 0.49284 0.43630 | 0.37136
18| 0.58739 0.51548 0.49363 0.47275 0.41552 | 0.35034
19| 0.57029 0.49685 0.47464 0.45348 0.39573 | 0.33051
20| 0.55368 0.47889 0.45639 0.43499 0.37689 | 0.31180
21| 0.53755 0.46158 0.43883 0.41726 0.35894 | 0.29416
22| 0.52189 0.44490 0.42196 0.40025 0.34185 | 0.27751
23| 0.50669 0.42882 0.40573 0.38393 0.32557 | 0.26180
24| 0.49193 0.41332 0.39012 0.36828 0.31007 | 0.24698
25| 0.47761 0.39838 0.37512 0.35326 0.29530 | 0.23300
26| 0.46369 0.38398 0.36069 0.33886 0.28124 | 0.21981
27| 0.45019 0.37010 0.34682 0.32505 0.26785 | 0.20737
28| 0.43708 0.35672 0.33348 0.31180 0.25509 | 0.19563
29| 0.42435 0.34383 0.32065 0.29908 0.24295 | 0.18456
30| 0.41199 0.33140 0.30832 0.28689 0.23138 | 0.17411
31| 0.39999 0.31942 0.29646 0.27520 0.22036 | 0.16425
32| 0.38834 0.30788 0.28506 0.26398 0.20987 | 0.15496
33| 0.37703 0.29675 0.27409 0.25322 0.19987 | 0.14619
34| 0.36604 0.28603 0.26355 0.24289 0.19035 | 0.13791
35| 0.35538 0.27569 0.25342 0.23299 0.18129 | 0.13011
36| 0.34503 0.26572 0.24367 0.22349 0.17266 | 0.12274
37| 0.33498 0.25612 0.23430 0.21438 0.16444 | 0.11579
38| 0.32523 0.24686 0.22529 0.20564 0.15661 | 0.10924
39| 0.31575 0.23794 0.21662 0.19726 0.14915 | 0.10306
40| 0.30656 0.22934 0.20829 0.18922 0.14205 | 0.09722




588 A Financial Mathematical Factors

Discount Factors q " = (1+i)™"

i
" 0.07 0.08 0.09 0.10 0.12 0.125
1| 0.93458 0.92593 0.91743 0.90909 0.89286 0.88889
2| 0.87344 0.85734 0.84168 0.82645 0.79719 0.79012
3| 0.81630 0.79383 0.77218 0.75131 0.71178 0.70233
4| 0.76290 0.73503 0.70843 0.68301 0.63552 0.62430
5] 0.71299 0.68058 0.64993 0.62092 0.56743 0.55493
6] 0.66634 0.63017 0.59627 0.56447 0.50663 0.49327
7| 0.62275 0.58349 0.54703 0.51316 0.45235 0.43846
8| 0.58201 0.54027 0.50187 0.46651 0.40388 0.38974
9| 0.54393 0.50025 0.46043 0.42410 0.36061 0.34644
10 0.50835 0.46319 0.42241 0.38554 0.32197 0.30795
11| 0.47509 0.42888 0.38753 0.35049 0.28748 0.27373
12| 0.44401 0.39711 0.35553 0.31863 0.25668 0.24332
13| 0.41496 0.36770 0.32618 0.28966 0.22917 0.21628
14| 0.38782 0.34046 0.29925 0.26333 0.20462 0.19225
15| 0.36245 0.31524 0.27454 0.23939 0.18270 0.17089
16/ 0.33873 0.29189 0.25187 0.21763 0.16312 0.15190
17| 0.31657 0.27027 0.23107 0.19784 0.14564 0.13502
18| 0.29586 0.25025 0.21199 0.17986 0.13004 0.12002
19| 0.27651 0.23171 0.19449 0.16351 0.11611 0.10668
20| 0.25842 0.21455 0.17843 0.14864 0.10367 0.09483
21| 0.24151 0.19866 0.16370 0.13513 0.09256 0.08429
22| 0.22571 0.18394 0.15018 0.12285 0.08264 0.07493
23| 0.21095 0.17032 0.13778 0.11168 0.07379 0.06660
24| 0.19715 0.15770 0.12640 0.10153 0.06588 0.05920
25| 0.18425 0.14602 0.11597 0.09230 0.05882 0.05262
26| 0.17220 0.13520 0.10639 0.08391 0.05252 0.04678
27| 0.16093 0.12519 0.09761 0.07628 0.04689 0.04158
28| 0.15040 0.11591 0.08955 0.06934 0.04187 0.03696
29| 0.14056 0.10733 0.08215 0.06304 0.03738 0.03285
30| 0.13137 0.09938 0.07537 0.05731 0.03338 0.02920
31| 0.12277 0.09202 0.06915 0.05210 0.02980 0.02596
32| 0.11474 0.08520 0.06344 0.04736 0.02661 0.02307
33| 0.10723 0.07889 0.05820 0.04306 0.02376 0.02051
34| 0.10022 0.07305 0.05339 0.03914 0.02121 0.01823
35| 0.09366 0.06763 0.04899 0.03558 0.01894 0.01621
36| 0.08754 0.06262 0.04494 0.03235 0.01691 0.01440
37| 0.08181 0.05799 0.04123 0.02941 0.01510 0.01280
38| 0.07646 0.05369 0.03783 0.02673 0.01348 0.01138
39| 0.07146 0.04971 0.03470 0.02430 0.01204 0.01012
40| 0.06678 0.04603 0.03184 0.02209 0.01075 0.00899




A Financial Mathematical Factors 589
Discount Factors q " = (1+i)™"
n
0.03 0.0375 0.04 0.0425 0.05 0.06

41| 0.29763 0.22105 0.20028 0.18150 0.13528 | 0.09172
42| 0.28896 0.21306 0.19257 0.17410 0.12884 | 0.08653
43| 0.28054 0.20536 0.18517 0.16700 0.12270 | 0.08163
44| 0.27237 0.19794 0.17805 0.16020 0.11686 | 0.07701
45| 0.26444 0.19078 0.17120 0.15367 0.11130 | 0.07265
46| 0.25674 0.18389 0.16461 0.14740 0.10600 | 0.06854
47| 0.24926 0.17724 0.15828 0.14139 0.10095 | 0.06466
48| 0.24200 0.17083 0.15219 0.13563 0.09614 | 0.06100
49| 0.23495 0.16466 0.14634 0.13010 0.09156 | 0.05755
50| 0.22811 0.15871 0.14071 0.12479 0.08720 | 0.05429
51| 0.22146 0.15297 0.13530 0.11971 0.08305 | 0.05122
52| 0.21501 0.14744 0.13010 0.11483 0.07910 | 0.04832
53| 0.20875 0.14211 0.12509 0.11015 0.07533 | 0.04558
54| 0.20267 0.13698 0.12028 0.10566 0.07174 | 0.04300
55| 0.19677 0.13202 0.11566 0.10135 0.06833 | 0.04057
56| 0.19104 0.12725 0.11121 0.09722 0.06507 | 0.03827
57| 0.18547 0.12265 0.10693 0.09325 0.06197 | 0.03610
58| 0.18007 0.11822 0.10282 0.08945 0.05902 | 0.03406
59| 0.17483 0.11395 0.09886 0.08580 0.05621 0.03213
60| 0.16973 0.10983 0.09506 0.08231 0.05354 | 0.03031
61| 0.16479 0.10586 0.09140 0.07895 0.05099 | 0.02860
62| 0.15999 0.10203 0.08789 0.07573 0.04856 | 0.02698
63| 0.15533 0.09834 0.08451 0.07265 0.04625 | 0.02545
64| 0.15081 0.09479 0.08126 0.06968 0.04404 | 0.02401
65| 0.14641 0.09136 0.07813 0.06684 0.04195 | 0.02265
66| 0.14215 0.08806 0.07513 0.06412 0.03995 | 0.02137
67| 0.13801 0.08488 0.07224 0.06150 0.03805 | 0.02016
68| 0.13399 0.08181 0.06946 0.05900 0.03623 | 0.01902
69| 0.13009 0.07885 0.06679 0.05659 0.03451 0.01794
70| 0.12630 0.07600 0.06422 0.05428 0.03287 | 0.01693
71| 0.12262 0.07326 0.06175 0.05207 0.03130 | 0.01597
72| 0.11905 0.07061 0.05937 0.04995 0.02981 0.01507
73| 0.11558 0.06806 0.05709 0.04791 0.02839 | 0.01421
74| 0.11221 0.06560 0.05490 0.04596 0.02704 | 0.01341
75| 0.10895 0.06323 0.05278 0.04409 0.02575 | 0.01265
76| 0.10577 0.06094 0.05075 0.04229 0.02453 | 0.01193
77| 0.10269 0.05874 0.04880 0.04056 0.02336 | 0.01126
78| 0.09970 0.05661 0.04692 0.03891 0.02225 | 0.01062
79| 0.09680 0.05457 0.04512 0.03732 0.02119 | 0.01002
80| 0.09398 0.05260 0.04338 0.03580 0.02018 | 0.00945




590 A Financial Mathematical Factors

Discount Factors q " = (1+i)™"

0.07 0.08 0.09 0.10 0.12 0.125

41| 0.06241 0.04262 0.02921 0.02009 0.00960 0.00799
42| 0.05833 0.03946 0.02680 0.01826 0.00857 0.00711
43| 0.05451 0.03654 0.02458 0.01660 0.00765 0.00632
44| 0.05095 0.03383 0.02255 0.01509 0.00683 0.00561
45| 0.04761 0.03133 0.02069 0.01372 0.00610 0.00499
46| 0.04450 0.02901 0.01898 0.01247 0.00544 0.00444
47| 0.04159 0.02686 0.01742 0.01134 0.00486 0.00394
48| 0.03887 0.02487 0.01598 0.01031 0.00434 0.00350
49| 0.03632 0.02303 0.01466 0.00937 0.00388 0.00312
50( 0.03395 0.02132 0.01345 0.00852 0.00346 0.00277
51| 0.03173 0.01974 0.01234 0.00774 0.00309 0.00246
52| 0.02965 0.01828 0.01132 0.00704 0.00276 0.00219
53| 0.02771 0.01693 0.01038 0.00640 0.00246 0.00194
54| 0.02590 0.01567 0.00953 0.00582 0.00220 0.00173
55| 0.02420 0.01451 0.00874 0.00529 0.00196 0.00154
56| 0.02262 0.01344 0.00802 0.00481 0.00175 0.00137
57| 0.02114 0.01244 0.00736 0.00437 0.00157 0.00121
58| 0.01976 0.01152 0.00675 0.00397 0.00140 0.00108
59| 0.01847 0.01067 0.00619 0.00361 0.00125 0.00096
60| 0.01726 0.00988 0.00568 0.00328 0.00111 0.00085
61| 0.01613 0.00914 0.00521 0.00299 0.00099 0.00076
62| 0.01507 0.00847 0.00478 0.00271 0.00089 0.00067
63| 0.01409 0.00784 0.00439 0.00247 0.00079 0.00060
64| 0.01317 0.00726 0.00402 0.00224 0.00071 0.00053
65| 0.01230 0.00672 0.00369 0.00204 0.00063 0.00047
66| 0.01150 0.00622 0.00339 0.00185 0.00056 0.00042
67| 0.01075 0.00576 0.00311 0.00169 0.00050 0.00037
68| 0.01004 0.00534 0.00285 0.00153 0.00045 0.00033
69| 0.00939 0.00494 0.00262 0.00139 0.00040 0.00030
70| 0.00877 0.00457 0.00240 0.00127 0.00036 0.00026
71| 0.00820 0.00424 0.00220 0.00115 0.00032 0.00023
72| 0.00766 0.00392 0.00202 0.00105 0.00029 0.00021
73| 0.00716 0.00363 0.00185 0.00095 0.00026 0.00018
74| 0.00669 0.00336 0.00170 0.00086 0.00023 0.00016
75| 0.00625 0.00311 0.00156 0.00079 0.00020 0.00015
76| 0.00585 0.00288 0.00143 0.00071 0.00018 0.00013
77| 0.00546 0.00267 0.00131 0.00065 0.00016 0.00012
78| 0.00511 0.00247 0.00120 0.00059 0.00014 0.00010
79| 0.00477 0.00229 0.00110 0.00054 0.00013 0.00009
80| 0.00446 0.00212 0.00101 0.00049 0.00012 0.00008




A Financial Mathematical Factors 591
Discount Factors q " = (1+i)™"

n i

0.03 0.0375 0.04 0.0425 0.05 0.06

81| 0.09124 0.05069 0.04172 0.03434 0.01922 | 0.00892

82| 0.08858 0.04886 0.04011 0.03294 0.01830 | 0.00841

83| 0.08600 0.04710 0.03857 0.03160 0.01743 | 0.00794

84| 0.08350 0.04539 0.03709 0.03031 0.01660 | 0.00749

85| 0.08107 0.04375 0.03566 0.02908 0.01581 | 0.00706

90| 0.06993 0.03640 0.02931 0.02361 0.01239 | 0.00528

95| 0.06032 0.03028 0.02409 0.01918 0.00971 | 0.00394
100| 0.05203 0.02519 0.01980 0.01557 0.00760 | 0.00295
105| 0.04488 0.02095 0.01627 0.01265 0.00596 | 0.00220
110| 0.03872 0.01743 0.01338 0.01027 0.00467 | 0.00165
Discount Factors ¢ " = (1+i)™

n

0.07 0.08 0.09 0.10 0.12 0.125

81| 0.00417 | 0.00196 | 0.00093 | 0.00044 | 0.00010 0.00007

82| 0.00390 | 0.00182 | 0.00085 | 0.00040 | 0.00009 0.00006

83| 0.00364 | 0.00168 | 0.00078 | 0.00037 | 0.00008 0.00006

84| 0.00340 | 0.00156 | 0.00072 | 0.00033 | 0.00007 0.00005

85| 0.00318 | 0.00144 | 0.00066 | 0.00030 | 0.00007 0.00004

90| 0.00227 | 0.00098 | 0.00043 | 0.00019 | 0.00004 0.00002

95| 0.00162 | 0.00067 | 0.00028 | 0.00012 | 0.00002 0.00001
100/ 0.00115 | 0.00045 | 0.00018 | 0.00007 | 0.00001 0.00001
105| 0.00082 | 0.00031 | 0.00012 | 0.00005 | 0.00001 0.00000
110| 0.00059 | 0.00021 | 0.00008 | 0.00003 | 0.00000 0.00000




592 A Financial Mathematical Factors

-1 _ i
Repayment Factor o1 = TR
n i
0.03 0.0375 0.04 0.0425 0.05 0.06

1.00000 1.00000 1.00000 1.00000 1.00000 1.00000

0.49261 0.49080 0.49020 0.48960 0.48780 0.48544

0.32353 0.32114 0.32035 0.31956 0.31721 0.31411

0.23903 0.23637 0.23549 0.23462 0.23201 0.22859

0.18835 0.18555 0.18463 0.18371 0.18097 0.17740

0.15460 0.15171 0.15076 0.14982 0.14702 0.14336

0.13051 0.12757 0.12661 0.12565 0.12282 0.11914

0N O|O|H (WIN|=

0.11246 0.10950 0.10853 0.10756 0.10472 0.10104

9] 0.09843 0.09547 0.09449 0.09353 0.09069 0.08702

10/ 0.08723 0.08426 0.08329 0.08233 0.07950 0.07587

11| 0.07808 0.07512 0.07415 0.07319 0.07039 0.06679

12| 0.07046 0.06751 0.06655 0.06560 0.06283 0.05928

13| 0.06403 0.06110 0.06014 0.05920 0.05646 0.05296

14| 0.05853 0.05561 0.05467 0.05374 0.05102 0.04758

15| 0.05377 0.05088 0.04994 0.04902 0.04634 0.04296

16/ 0.04961 0.04674 0.04582 0.04491 0.04227 0.03895

17| 0.04595 0.04311 0.04220 0.04130 0.03870 0.03544

18| 0.04271 0.03990 0.03899 0.03811 0.03555 0.03236

19| 0.03981 0.03703 0.03614 0.03526 0.03275 0.02962

20| 0.03722 0.03446 0.03358 0.03272 0.03024 0.02718

21| 0.03487 0.03215 0.03128 0.03043 0.02800 0.02500

22| 0.03275 0.03006 0.02920 0.02836 0.02597 0.02305

23| 0.03081 0.02815 0.02731 0.02649 0.02414 0.02128

24| 0.02905 0.02642 0.02559 0.02478 0.02247 0.01968

25| 0.02743 0.02483 0.02401 0.02321 0.02095 0.01823

26| 0.02594 0.02337 0.02257 0.02178 0.01956 0.01690

27| 0.02456 0.02203 0.02124 0.02047 0.01829 0.01570

28| 0.02329 0.02080 0.02001 0.01925 0.01712 0.01459

29| 0.02211 0.01965 0.01888 0.01813 0.01605 0.01358

30[ 0.02102 0.01859 0.01783 0.01710 0.01505 0.01265

31| 0.02000 0.01760 0.01686 0.01614 0.01413 0.01179

32| 0.01905 0.01668 0.01595 0.01524 0.01328 0.01100

33| 0.01816 0.01582 0.01510 0.01441 0.01249 0.01027

34| 0.01732 0.01502 0.01431 0.01363 0.01176 0.00960

35| 0.01654 0.01427 0.01358 0.01291 0.01107 0.00897

36| 0.01580 0.01357 0.01289 0.01223 0.01043 0.00839

37| 0.01511 0.01291 0.01224 0.01160 0.00984 0.00786

38| 0.01446 0.01229 0.01163 0.01100 0.00928 0.00736

39| 0.01384 0.01171 0.01106 0.01044 0.00876 0.00689

40| 0.01326 0.01116 0.01052 0.00992 0.00828 0.00646




A Financial Mathematical Factors
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Repayment Factor J— — i

1)1

0.07 0.08 0.09 0.10 0.12 0.125

1| 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000

2| 0.48309 0.48077 0.47847 0.47619 0.47170 0.47059

3| 0.31105 0.30803 0.30505 0.30211 0.29635 0.29493

4| 0.22523 0.22192 0.21867 0.21547 0.20923 0.20771

5/ 0.17389 0.17046 0.16709 0.16380 0.15741 0.15585

6/ 0.13980 0.13632 0.13292 0.12961 0.12323 0.12168

7| 0.11555 0.11207 0.10869 0.10541 0.09912 0.09760

8| 0.09747 0.09401 0.09067 0.08744 0.08130 0.07983

9| 0.08349 0.08008 0.07680 0.07364 0.06768 0.06626
10/ 0.07238 0.06903 0.06582 0.06275 0.05698 0.05562
11| 0.06336 0.06008 0.05695 0.05396 0.04842 0.04711
12| 0.05590 0.05270 0.04965 0.04676 0.04144 0.04019
13| 0.04965 0.04652 0.04357 0.04078 0.03568 0.03450
14| 0.04434 0.04130 0.03843 0.03575 0.03087 0.02975
15/ 0.03979 0.03683 0.03406 0.03147 0.02682 0.02576
16| 0.03586 0.03298 0.03030 0.02782 0.02339 0.02239
17| 0.03243 0.02963 0.02705 0.02466 0.02046 0.01951
18| 0.02941 0.02670 0.02421 0.02193 0.01794 0.01705
19| 0.02675 0.02413 0.02173 0.01955 0.01576 0.01493
20| 0.02439 0.02185 0.01955 0.01746 0.01388 0.01310
21| 0.02229 0.01983 0.01762 0.01562 0.01224 0.01151
22| 0.02041 0.01803 0.01590 0.01401 0.01081 0.01012
23| 0.01871 0.01642 0.01438 0.01257 0.00956 0.00892
24| 0.01719 0.01498 0.01302 0.01130 0.00846 0.00787
25| 0.01581 0.01368 0.01181 0.01017 0.00750 0.00694
26| 0.01456 0.01251 0.01072 0.00916 0.00665 0.00613
27| 0.01343 0.01145 0.00973 0.00826 0.00590 0.00542
28| 0.01239 0.01049 0.00885 0.00745 0.00524 0.00480
29| 0.01145 0.00962 0.00806 0.00673 0.00466 0.00425
30| 0.01059 0.00883 0.00734 0.00608 0.00414 0.00376
31| 0.00980 0.00811 0.00669 0.00550 0.00369 0.00333
32| 0.00907 0.00745 0.00610 0.00497 0.00328 0.00295
33| 0.00841 0.00685 0.00556 0.00450 0.00292 0.00262
34| 0.00780 0.00630 0.00508 0.00407 0.00260 0.00232
35| 0.00723 0.00580 0.00464 0.00369 0.00232 0.00206
36| 0.00672 0.00534 0.00424 0.00334 0.00206 0.00183
37| 0.00624 0.00492 0.00387 0.00303 0.00184 0.00162
38| 0.00580 0.00454 0.00354 0.00275 0.00164 0.00144
39| 0.00539 0.00419 0.00324 0.00249 0.00146 0.00128
40| 0.00501 0.00386 0.00296 0.00226 0.00130 0.00113




594 A Financial Mathematical Factors

q-1 _ i
Repayment Factor o1 = TR
n i
0.03 0.0375 0.04 0.0425 0.05 0.06
41| 0.01271 0.01064 0.01002 0.00942 0.00782 | 0.00606

42| 0.01219 0.01015 0.00954 0.00896 0.00739 0.00568

43| 0.01170 0.00969 0.00909 0.00852 0.00699 0.00533

44| 0.01123 0.00925 0.00866 0.00811 0.00662 0.00501

45| 0.01079 0.00884 0.00826 0.00772 0.00626 0.00470

46| 0.01036 0.00845 0.00788 0.00735 0.00593 0.00441

47| 0.00996 0.00808 0.00752 0.00700 0.00561 0.00415

48| 0.00958 0.00773 0.00718 0.00667 0.00532 0.00390

49| 0.00921 0.00739 0.00686 0.00636 0.00504 0.00366

50| 0.00887 0.00707 0.00655 0.00606 0.00478 0.00344

51| 0.00853 0.00677 0.00626 0.00578 0.00453 0.00324

52| 0.00822 0.00649 0.00598 0.00551 0.00429 0.00305

53| 0.00791 0.00621 0.00572 0.00526 0.00407 0.00287

54| 0.00763 0.00595 0.00547 0.00502 0.00386 0.00270

55| 0.00735 0.00570 0.00523 0.00479 0.00367 0.00254

56| 0.00708 0.00547 0.00500 0.00458 0.00348 0.00239

57| 0.00683 0.00524 0.00479 0.00437 0.00330 0.00225

58| 0.00659 0.00503 0.00458 0.00418 0.00314 0.00212

59| 0.00636 0.00482 0.00439 0.00399 0.00298 0.00199

60| 0.00613 0.00463 0.00420 0.00381 0.00283 0.00188

61| 0.00592 0.00444 0.00402 0.00364 0.00269 0.00177

62| 0.00571 0.00426 0.00385 0.00348 0.00255 0.00166

63| 0.00552 0.00409 0.00369 0.00333 0.00242 0.00157

64| 0.00533 0.00393 0.00354 0.00318 0.00230 0.00148

65| 0.00515 0.00377 0.00339 0.00304 0.00219 0.00139

66| 0.00497 0.00362 0.00325 0.00291 0.00208 0.00131

67| 0.00480 0.00348 0.00311 0.00279 0.00198 0.00123

68| 0.00464 0.00334 0.00299 0.00266 0.00188 0.00116

69| 0.00449 0.00321 0.00286 0.00255 0.00179 0.00110

70/ 0.00434 0.00308 0.00275 0.00244 0.00170 0.00103

71| 0.00419 0.00296 0.00263 0.00233 0.00162 0.00097

72| 0.00405 0.00285 0.00252 0.00223 0.00154 0.00092

73| 0.00392 0.00274 0.00242 0.00214 0.00146 0.00087

74| 0.00379 0.00263 0.00232 0.00205 0.00139 0.00082

75| 0.00367 0.00253 0.00223 0.00196 0.00132 0.00077

76| 0.00355 0.00243 0.00214 0.00188 0.00126 0.00072

77| 0.00343 0.00234 0.00205 0.00180 0.00120 0.00068

78| 0.00332 0.00225 0.00197 0.00172 0.00114 0.00064

79| 0.00322 0.00216 0.00189 0.00165 0.00108 0.00061

80| 0.00311 0.00208 0.00181 0.00158 0.00103 0.00057




A Financial Mathematical Factors
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Repayment Factor J— — i

1)1

0.07 0.08 0.09 0.10 0.12 0.125
41| 0.00466 0.00356 0.00271 0.00205 0.00116 0.00101
42| 0.00434 0.00329 0.00248 0.00186 0.00104 0.00089
43| 0.00404 0.00303 0.00227 0.00169 0.00092 0.00079
44| 0.00376 0.00280 0.00208 0.00153 0.00083 0.00071
45| 0.00350 0.00259 0.00190 0.00139 0.00074 0.00063
46| 0.00326 0.00239 0.00174 0.00126 0.00066 0.00056
47| 0.00304 0.00221 0.00160 0.00115 0.00059 0.00049
48| 0.00283 0.00204 0.00146 0.00104 0.00052 0.00044
49| 0.00264 0.00189 0.00134 0.00095 0.00047 0.00039
50| 0.00246 0.00174 0.00123 0.00086 0.00042 0.00035
51| 0.00229 0.00161 0.00112 0.00078 0.00037 0.00031
52| 0.00214 0.00149 0.00103 0.00071 0.00033 0.00027
53| 0.00200 0.00138 0.00094 0.00064 0.00030 0.00024
54| 0.00186 0.00127 0.00087 0.00059 0.00026 0.00022
55| 0.00174 0.00118 0.00079 0.00053 0.00024 0.00019
56| 0.00162 0.00109 0.00073 0.00048 0.00021 0.00017
57| 0.00151 0.00101 0.00067 0.00044 0.00019 0.00015
58| 0.00141 0.00093 0.00061 0.00040 0.00017 0.00014
59| 0.00132 0.00086 0.00056 0.00036 0.00015 0.00012
60| 0.00123 0.00080 0.00051 0.00033 0.00013 0.00011
61| 0.00115 0.00074 0.00047 0.00030 0.00012 0.00009
62| 0.00107 0.00068 0.00043 0.00027 0.00011 0.00008
63| 0.00100 0.00063 0.00040 0.00025 0.00010 0.00007
64| 0.00093 0.00058 0.00036 0.00022 0.00009 0.00007
65| 0.00087 0.00054 0.00033 0.00020 0.00008 0.00006
66| 0.00081 0.00050 0.00031 0.00019 0.00007 0.00005
67| 0.00076 0.00046 0.00028 0.00017 0.00006 0.00005
68| 0.00071 0.00043 0.00026 0.00015 0.00005 0.00004
69| 0.00066 0.00040 0.00024 0.00014 0.00005 0.00004
70| 0.00062 0.00037 0.00022 0.00013 0.00004 0.00003
71| 0.00058 0.00034 0.00020 0.00012 0.00004 0.00003
72| 0.00054 0.00031 0.00018 0.00010 0.00003 0.00003
73| 0.00050 0.00029 0.00017 0.00010 0.00003 0.00002
74| 0.00047 0.00027 0.00015 0.00009 0.00003 0.00002
75| 0.00044 0.00025 0.00014 0.00008 0.00002 0.00002
76| 0.00041 0.00023 0.00013 0.00007 0.00002 0.00002
77| 0.00038 0.00021 0.00012 0.00007 0.00002 0.00001
78| 0.00036 0.00020 0.00011 0.00006 0.00002 0.00001
79| 0.00034 0.00018 0.00010 0.00005 0.00002 0.00001
80| 0.00031 0.00017 0.00009 0.00005 0.00001 0.00001




596 A Financial Mathematical Factors

Repayment Factor J— — e

0.03 0.0375 0.04 0.0425 0.05 0.06

85| 0.00265 0.00172 0.00148 0.00127 0.0008 0.00043

90| 0.00226 0.00142 0.00121 0.00103 0.00063 0.00032

95| 0.00193 0.00117 0.00099 0.00083 0.00049 0.00024

100/ 0.00165 0.00097 0.00081 0.00067 0.00038 0.00018

105| 0.00141 0.00080 0.00066 0.00054 0.00030 0.00013

Repayment Factor 34— = T

0.07 0.08 0.09 0.10 0.12 0.125
85| 0.00022 0.00012 0.00006 0.00003 0.00001 0.00001
90| 0.00016 0.00008 0.00004 0.00002 0.00000 0.00000
95| 0.00011 0.00005 0.00003 0.00001 0.00000 0.00000

100 0.00008 0.00004 0.00002 0.00001 0.00000 0.00000

105| 0.00006 0.00002 0.00001 0.00000 0.00000 0.00000
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Annuity Value Factors (in advance) qn‘??;fl) q= <11(+1')+"1)‘,,1 (1+i)
n
0.03 0.0375 0.04 0.0425 0.05 0.06
1] 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000
2| 197087 | 1096386 | 1.96154 | 1.95023 | 1.95238 | 1.94340
3| 291347 | 289287 | 2.88609 | 2.87936 | 2.85941 | 2.83339
a| 382861 | 378831 | 3.77509 | 3.76198 | 3.72325 | 3.67301
5| 471710 | 4.65138 | 4.62990 | 4.60861 | 4.54595 | 4.46511
6| 557971 | 548326 | 545182 | 542073 | 532048 | 521236
7| 641719 | 6.28507 | 6.24214 | 619974 | 6.07569 | 5.91732
8| 7.23028 | 7.05790 | 7.00205 | 6.94699 | 6.78637 | 6.58238
9| 801969 | 7.80280 | 7.73274 | 7.66378 | 7.46321 | 7.20979
10| 8.78611 | 852077 | 8.43533 | 835135 | 8.10782 | 7.80169
11] 953020 | 921279 | 911090 | 9.01089 | 872173 | 8.36009
12| 10.25262 | 9.87979 | 9.76048 | 9.64354 | 9.30641 | 8.88687
13| 10.95400 | 10.52269 | 10.38507 | 10.25039 | 9.86325 | 9.38384
14| 11.63496 | 11.14236 | 10.98565 | 10.83251 | 10.39357 | 9.85268
15| 12.29607 | 11.73962 | 11.56312 | 11.39090 | 10.89864 | 10.29498
16] 12.93794 | 1231530 | 12.11839 | 11.92652 | 11.37966 | 10.71225
17| 1356110 | 12.87017 | 12.65230 | 12.44031 | 11.83777 | 11.10590
18| 1416612 | 13.40498 | 13.16567 | 12.93315 | 12.27407 | 11.47726
19| 14.75351 | 13.92046 | 13.65930 | 13.40590 | 12.68959 | 11.82760
20| 15.32380 | 14.41731 | 14.13394 | 13.85938 | 13.08532 | 12.15812
21| 15.87747 | 14.89620 | 14.59033 | 14.20437 | 13.46221 | 12.46992
22| 16.41502 | 15.35779 | 15.02916 | 14.71162 | 13.82115 | 12.76408
23| 16.93692 | 15.80269 | 15.45112 | 15.11187 | 14.16300 | 13.04158
24| 17.44361 | 16.23151 | 15.85684 | 1549580 | 14.48857 | 13.30338
25| 17.93554 | 16.64482 | 16.24696 | 15.86407 | 14.79864 | 13.55036
26| 18.41315 | 17.04320 | 16.62208 | 16.21734 | 15.09394 | 13.78336
27| 18.87684 | 17.42718 | 16.98277 | 1655620 | 15.37519 | 14.00317
28| 19.32703 | 1779720 | 17.32959 | 16.88124 | 15.64303 | 14.21053
20| 19.76411 | 18.15401 | 17.66306 | 17.19304 | 15.89813 | 14.40616
30| 20.18845 | 18.49784 | 17.98371 | 17.49213 | 16.14107 | 14.59072
31| 20.60044 | 18.82925 | 18.20203 | 17.77902 | 16.37245 | 14.76483
32| 21.00043 | 19.14867 | 18.58849 | 18.05421 | 16.59281 | 14.92909
33| 21.38877 | 19.45655 | 18.87355 | 18.31819 | 16.80268 | 15.08404
34| 21.76579 | 19.75330 | 19.14765 | 18.57141 | 17.00255 | 15.23023
35| 22.13184 | 20.03933 | 19.41120 | 18.81430 | 17.19290 | 15.36814
36| 22.48722 | 20.31501 | 19.66461 | 19.04729 | 17.37419 | 15.49825
37| 2083225 | 2058074 | 19.90828 | 19.27078 | 17.54685 | 15.62099
38| 2316724 | 20.83685 | 20.14258 | 19.48516 | 1771129 | 15.73678
39| 2349246 | 21.08371 | 20.36786 | 19.69080 | 17.86789 | 15.84602
40| 2380822 | 21.32165 | 20.58448 | 19.88806 | 18.01704 | 15.94907




598 A Financial Mathematical Factors

Annuity Value Factors (in advance) i -q = <11(+1')+"1)‘,,1 (1+1i)

0.07 0.08 0.09 0.10 0.12 0.125
1.00000 1.00000 1.00000 1.00000 1.00000 1.00000
1.93458 1.92593 1.91743 1.90909 1.89286 1.88889
2.80802 2.78326 2.75911 2.73554 2.69005 2.67901
3.62432 3.57710 3.53129 3.48685 3.40183 3.38134
4.38721 4.31213 4.23972 4.16987 4.03735 4.00564
5.10020 4.99271 4.88965 4.79079 4.60478 4.56057
5.76654 5.62288 5.48592 5.35526 5.11141 5.05384
6.38929 6.20637 6.03295 5.86842 5.56376 5.49230

9| 6.97130 6.74664 6.53482 6.33493 5.96764 5.88205
10| 7.51523 7.24689 6.99525 6.75902 6.32825 6.22848
11| 8.02358 7.71008 7.41766 7.14457 6.65022 6.53643
12| 8.49867 8.13896 7.80519 7.49506 6.93770 6.81016
13| 8.94269 8.53608 8.16073 7.81369 7.19437 7.05348
14| 9.35765 8.90378 8.48690 8.10336 7.42355 7.26976
15| 9.74547 9.24424 8.78615 8.36669 7.62817 7.46201
16| 10.10791 9.55948 9.06069 8.60608 7.81086 7.63289
17| 10.44665 | 9.85137 9.31256 8.82371 7.97399 7.78479
18| 10.76322 | 10.12164 | 9.54363 9.02155 8.11963 7.91982
19| 11.05909 | 10.37189 | 9.75563 9.20141 8.24967 8.03984
20| 11.33560 | 10.60360 | 9.95011 9.36492 8.36578 8.14652
21| 11.59401 | 10.81815 | 10.12855 | 9.51356 8.46944 8.24135
22| 11.83553 | 11.01680 | 10.29224 | 9.64869 8.56200 8.32565
23| 12.06124 | 11.20074 | 10.44243 | 9.77154 8.64465 8.40058
24| 12.27219 | 11.37106 | 10.58021 9.88322 8.71843 8.46718
25| 12.46933 | 11.52876 | 10.70661 9.98474 8.78432 8.52638
26| 12.65358 | 11.67478 | 10.82258 | 10.07704 | 8.84314 8.57901
27| 12.82578 | 11.80998 | 10.92897 | 10.16095 | 8.89566 8.62578
28| 12.98671 | 11.93516 | 11.02658 | 10.23722 | 8.94255 8.66736
29| 13.13711 | 12.05108 | 11.11613 | 10.30657 | 8.98442 8.70432
30| 13.27767 | 12.15841 | 11.19828 | 10.36961 9.02181 8.73717
31| 13.40904 | 12.25778 | 11.27365 | 10.42691 9.05518 8.76638
32| 13.53181 | 12.34980 | 11.34280 | 10.47901 9.08499 8.79234
33| 13.64656 | 12.43500 | 11.40624 | 10.52638 | 9.11159 8.81541
34| 13.75379 | 12.51389 | 11.46444 | 10.56943 | 9.13535 8.83592
35| 13.85401 | 12.58693 | 11.51784 | 10.60857 | 9.15656 8.85415
36| 13.94767 | 12.65457 | 11.56682 | 10.64416 | 9.17550 8.87036
37| 14.03521 | 12.71719 | 11.61176 | 10.67651 9.19241 8.88476
38| 14.11702 | 12.77518 | 11.65299 | 10.70592 | 9.20751 8.89757
39| 14.19347 | 12.82887 | 11.69082 | 10.73265 | 9.22099 8.90895
40| 14.26493 | 12.87858 | 11.72552 | 10.75696 | 9.23303 8.91906

N |G| (WN |=




A Financial Mathematical Factors 599
Annuity Value Factors (in advance) i -q = <11(+1')+"1)‘,,1 (1+1i)
n

0.03 0.0375 0.04 0.0425 0.05 0.06
41| 2411477 | 2155099 | 20.79277 | 20.07727 | 18.15909 | 16.04630
42| 24.41240 | 21.77204 | 20.99305 | 20.25878 | 18.20437 | 16.13802
43| 2470136 | 21.98510 | 21.18563 | 20.43288 | 18.42321 | 16.22454
44| 24.98190 | 22.19046 | 21.37079 | 2059988 | 18.54591 | 16.30617
45| 2525427 | 22.38830 | 21.54884 | 2076008 | 18.66277 | 16.38318
46| 2551871 | 2257917 | 21.72004 | 20.91375 | 18.77407 | 16.45583
47| 2577545 | 2276306 | 21.88465 | 21.06115 | 18.88007 | 16.52437
48| 26.02471 | 22.94030 | 22.04294 | 21.20254 | 18.98102 | 16.58903
49| 2626671 | 23.11113 | 2219513 | 21.33817 | 19.07716 | 16.65003
50| 26.50166 | 23.27579 | 22.34147 | 21.46827 | 19.16872 | 16.70757
51| 26.72976 | 23.43449 | 2248218 | 21.59306 | 19.25593 | 16.76186
52| 26.95123 | 23.58746 | 22.61749 | 21.71277 | 19.33898 | 16.81308
53| 2716624 | 23.73490 | 22.74758 | 21.82760 | 19.41807 | 16.86139
54| 27.37499 | 23.87702 | 22.87267 | 21.93774 | 19.49340 | 16.90697
55| 2757766 | 24.01399 | 22.99296 | 22.04340 | 19.56515 | 16.94998
56| 27.77443 | 24.14602 | 23.10861 | 2214475 | 19.63347 | 16.99054
57| 27.96546 | 24.27327 | 2321982 | 2224196 | 19.69854 | 17.02881
58| 2815004 | 24.39502 | 23.32675 | 22.33522 | 19.76052 | 17.06492
50| 2833101 | 24.51414 | 2342057 | 2242467 | 19.81954 | 17.09898
60| 28.50583 | 24.62809 | 23.52843 | 2251047 | 19.87575 | 17.13111
61| 28.67556 | 24.73792 | 23.62349 | 22.59278 | 19.92929 | 17.16143
62| 28.84035 | 24.84377 | 23.71489 | 22.67173 | 19.98028 | 17.19003
63| 29.00034 | 24.94581 | 23.80278 | 2274746 | 20.02883 | 17.21701
64| 2015567 | 25.04415 | 23.88720 | 22.82011 | 20.07508 | 17.24246
65| 29.30648 | 25.13894 | 23.96855 | 22.88979 | 20.11912 | 17.26647
66| 2945280 | 2523030 | 24.04668 | 22.95664 | 20.16107 | 17.28912
67| 29.59504 | 25.31837 | 24.12181 | 23.02075 | 20.20102 | 17.31049
68| 29.73305 | 25.40324 | 24.19405 | 23.08226 | 20.23907 | 17.33065
69| 29.86704 | 25.48505 | 24.26351 | 2314125 | 20.27530 | 17.34967
70| 29.99712 | 25.56391 | 24.33030 | 23.19785 | 20.30981 | 17.36762
71| 3012342 | 25.63991 | 24.39451 | 23.25213 | 20.34268 | 17.38454
72| 30.24604 | 2571317 | 24.45626 | 23.30420 | 20.37398 | 17.40051
73| 30.36509 | 25.78378 | 24.51564 | 23.35415 | 20.40379 | 17.41558
74| 30.48067 | 25.85183 | 24.57273 | 23.40206 | 20.43218 | 17.42979
75| 3059288 | 2591743 | 24.62762 | 23.44802 | 20.45922 | 17.44320
76| 30.70183 | 2598065 | 24.68041 | 23.49211 | 20.48497 | 17.45585
77| 30.80760 | 26.04159 | 24.73116 | 23.53440 | 20.50950 | 17.46778
78| 3091029 | 26.10033 | 24.77996 | 2357496 | 20.53285 | 17.47904
79| 31.00999 | 26.15695 | 24.82689 | 23.61387 | 20.55510 | 17.48966
80| 31.10679 | 26.21151 | 24.87201 | 23.65119 | 20.57628 | 17.49968




600 A Financial Mathematical Factors

Annuity Value Factors (in advance) i -q = <11(+1')+"1)‘,,1 (1+1i)

0.07 0.08 0.09 0.10 0.12 0.125

41| 14.33171 | 12.92461 | 11.75736 | 10.77905 | 9.24378 8.92806
42| 14.39412 | 12.96723 | 11.78657 | 10.79914 | 9.25337 8.93605
43| 14.45245 | 13.00670 | 11.81337 | 10.81740 | 9.26194 8.94316
44| 14.50696 | 13.04324 | 11.83795 | 10.83400 | 9.26959 8.94947
45| 14.55791 | 13.07707 | 11.86051 | 10.84909 | 9.27642 8.95509
46| 14.60552 | 13.10840 | 11.88120 | 10.86281 9.28252 8.96008
47| 14.65002 | 13.13741 | 11.90018 | 10.87528 | 9.28796 8.96451
48| 14.69161 | 13.16427 | 11.91760 | 10.88662 | 9.29282 8.96846
49| 14.73047 | 13.18914 | 11.93358 | 10.89693 | 9.29716 8.97196
50| 14.76680 | 13.21216 | 11.94823 | 10.90630 | 9.30104 8.97508
51| 14.80075 | 13.23348 | 11.96168 | 10.91481 9.30450 8.97785
52| 14.83247 | 13.25323 | 11.97402 | 10.92256 | 9.30759 8.98031
53| 14.86212 | 13.27151 | 11.98534 | 10.92960 | 9.31035 8.98250
54| 14.88984 | 13.28843 | 11.99573 | 10.93600 | 9.31281 8.98444
55| 14.91573 | 13.30410 | 12.00525 | 10.94182 | 9.31501 8.98617
56| 14.93994 | 13.31861 | 12.01399 | 10.94711 9.31697 8.98771
57| 14.96256 | 13.33205 | 12.02201 | 10.95191 9.31872 8.98907
58| 14.98370 | 13.34449 | 12.02937 | 10.95629 | 9.32029 8.99029
59| 15.00346 | 13.35601 | 12.03612 | 10.96026 | 9.32169 8.99137
60| 15.02192 | 13.36668 | 12.04231 | 10.96387 | 9.32294 8.99232
61| 15.03918 | 13.37655 | 12.04799 | 10.96716 | 9.32405 8.99318
62| 15.05531 | 13.38570 | 12.05320 | 10.97014 | 9.32504 8.99394
63| 15.07038 | 13.39416 | 12.05798 | 10.97286 | 9.32593 8.99461
64| 15.08447 | 13.40200 | 12.06237 | 10.97532 | 9.32673 8.99521
65| 15.09764 | 13.40926 | 12.06640 | 10.97757 | 9.32743 8.99574
66| 15.10994 | 13.41598 | 12.07009 | 10.97961 9.32807 8.99621
67| 15.12144 | 13.42221 | 12.07347 | 10.98146 | 9.32863 8.99663
68| 15.13219 | 13.42797 | 12.07658 | 10.98315 | 9.32913 8.99701
69| 15.14223 | 13.43330 | 12.07943 | 10.98468 | 9.32958 8.99734
70| 15.15162 | 13.43825 | 12.08205 | 10.98607 | 9.32999 8.99764
71| 15.16039 | 13.44282 | 12.08445 | 10.98734 | 9.33034 8.99790
72| 15.16859 | 13.44706 | 12.08665 | 10.98849 | 9.33066 8.99813
73| 15.17625 | 13.45098 | 12.08867 | 10.98954 | 9.33095 8.99834
74| 15.18341 | 13.45461 | 12.09052 | 10.99049 | 9.33121 8.99852
75| 15.19010 | 13.45797 | 12.09222 | 10.99135 | 9.33143 8.99869
76| 15.19636 | 13.46108 | 12.09378 | 10.99214 | 9.33164 8.99883
77| 15.20220 | 13.46397 | 12.09521 | 10.99285 | 9.33182 8.99896
78| 15.20767 | 13.46664 | 12.09653 | 10.99350 | 9.33198 8.99908
79| 15.21277 | 13.46911 | 12.09773 | 10.99409 | 9.33213 8.99918
80| 15.21755 | 13.47140 | 12.09883 | 10.99463 | 9.33226 8.99927




A Financial Mathematical Factors 601

Annuity Value Factors (in advance) ity q = i - (1+)

0.03 0.0375 0.04 0.0425 0.05 0.06
85| 31.55009 26.45616 25.07287 23.81619 20.66801 17.54188
90| 31.93248 26.65967 25.23797 23.95019 20.73987 | 17.57342
95| 32.26234 26.82897 25.37367 24.05902 20.79619 | 17.59699

100| 32.54687 26.96981 25.48520 24.14740 20.84031 17.61460

105| 32.79232 27.08696 25.57687 24.21917 20.87488 | 17.62776

Annuity Value Factors (in advance) q 1) q= <11(+1‘)+"1)‘,,1 -(141)

0.07 0.08 0.09 0.10 0.12 0.125
85| 15.23711 | 13.48053 | 12.10313 | 10.99667 | 9.33272 8.99960
90| 15.25106 | 13.48675 | 12.10593 | 10.99793 | 9.33299 8.99978
95| 15.26101 | 13.49098 | 12.10774 | 10.99871 9.33314 8.99988

100 15.26810 | 13.49386 | 12.10892 | 10.99920 | 9.33322 8.99993

105| 15.27315 | 13.49582 | 12.10969 | 10.99950 | 9.33327 8.99996




602 A Financial Mathematical Factors

Q-1 _ (1+)"-1
"(q—1) — i(1+i)"

Annuity Value Factors (in arrears) a

0.03 0.0375 0.04 0.0425 0.05 0.06

0.97087 0.96386 0.96154 0.95923 0.95238 0.94340

1.91347 1.89287 1.88609 1.87936 1.85941 1.83339

2.82861 2.78831 2.77509 2.76198 2.72325 2.67301

3.71710 3.65138 3.62990 3.60861 3.54595 3.46511

4.57971 4.48326 4.45182 4.42073 4.32948 4.21236

5.41719 5.28507 5.24214 5.19974 5.07569 4.91732

6.23028 6.05790 6.00205 5.94699 5.78637 5.58238

N |G| (WN |=

7.01969 6.80280 6.73274 6.66378 6.46321 6.20979

9| 7.78611 7.52077 7.43533 7.35135 7.10782 6.80169

10| 8.53020 8.21279 8.11090 8.01089 7.72173 7.36009

11| 9.25262 8.87979 8.76048 8.64354 8.30641 7.88687

12| 9.95400 9.52269 9.38507 9.25039 8.86325 8.38384

13| 10.63496 10.14236 9.98565 9.83251 9.39357 8.85268

14| 11.29607 10.73962 10.56312 10.39090 9.89864 9.29498

15/ 11.93794 11.31530 11.11839 10.92652 10.37966 9.71225

16| 12.56110 11.87017 11.65230 11.44031 10.83777 | 10.10590

17| 13.16612 12.40498 12.16567 11.93315 11.27407 | 10.47726

18| 13.75351 12.92046 12.65930 12.40590 11.68959 | 10.82760

19| 14.32380 13.41731 13.13394 12.85938 12.08532 | 11.15812

20| 14.87747 13.89620 13.59033 13.29437 12.46221 11.46992

21| 15.41502 14.35779 14.02916 13.71162 12.82115 | 11.76408

22| 15.93692 14.80269 14.45112 14.11187 13.16300 12.04158

23| 16.44361 15.23151 14.85684 14.49580 13.48857 | 12.30338

24| 16.93554 15.64482 15.24696 14.86407 13.79864 | 12.55036

25| 17.41315 16.04320 15.62208 15.21734 14.09394 | 12.78336

26| 17.87684 16.42718 15.98277 15.55620 14.37519 | 13.00317

27| 18.32703 16.79729 16.32959 15.88124 14.64303 | 13.21053

28| 18.76411 17.15401 16.66306 16.19304 14.89813 | 13.40616

29| 19.18845 17.49784 16.98371 16.49213 15.14107 | 13.59072

30| 19.60044 17.82925 17.29203 16.77902 15.37245 13.76483

31| 20.00043 18.14867 17.58849 17.05421 15.59281 13.92909

32| 20.38877 18.45655 17.87355 17.31819 15.80268 | 14.08404

33| 20.76579 18.75330 18.14765 17.57141 16.00255 | 14.23023

34| 21.13184 19.03933 18.41120 17.81430 16.19290 14.36814

35| 21.48722 19.31501 18.66461 18.04729 16.37419 | 14.49825

36| 21.83225 19.58074 18.90828 18.27078 16.54685 | 14.62099

37| 22.16724 19.83685 19.14258 18.48516 16.71129 14.73678

38| 22.49246 20.08371 19.36786 18.69080 16.86789 | 14.84602

39| 22.80822 20.32165 19.58448 18.88806 17.01704 | 14.94907

40| 23.11477 20.55099 19.79277 19.07727 17.15909 | 15.04630




A Financial Mathematical Factors

603

Annuity Value Factors (in arrears) q,,‘?';(;}l) = (ll(ﬂ':)‘,,l
n
0.07 0.08 0.09 0.10 0.12 0.125
1] 093458 | 092593 | 091743 | 0.90909 | 0.89286 | 0.88889
2| 1.80802 | 1.78326 | 1.75911 | 1.73554 | 1.69005 | 1.67901
3| 262432 | 257710 | 253129 | 2.48685 | 2.40183 | 2.38134
4| 338721 | 331213 | 323072 | 3.16987 | 3.03735 | 3.00564
5] 410020 | 3.99271 | 3.88965 | 3.79079 | 3.60478 | 3.56057
6| 4.76654 | 4.62288 | 4.48592 | 4.35526 | 4.11141 | 4.05384
7| 538929 | 520637 | 5.03295 | 4.86842 | 456376 | 4.49230
8| 597130 | 574664 | 553482 | 533493 | 4.96764 | 4.88205
9| 651523 | 6.24689 | 599525 | 575902 | 5.32825 | 5.20848
10| 7.02358 | 6.71008 | 6.41766 | 6.14457 | 565022 | 553643
11] 749867 | 7.13896 | 6.80519 | 6.49506 | 5.93770 | 581016
12| 7.94269 | 7.53608 | 7.16073 | 6.81369 | 6.19437 | 6.05348
13| 8.35765 | 7.90378 | 7.48690 | 7.10336 | 6.42355 | 6.26976
14| 874547 | 8.24424 | 7.78615 | 7.36669 | 6.62817 | 6.46201
15| 910791 | 8.55948 | 8.06069 | 7.60608 | 6.81086 | 6.63289
16] 944665 | 8.85137 | 8.31256 | 7.82371 | 6.97399 | 6.78479
17| 976322 | 9.12164 | 854363 | 8.02155 | 7.11963 | 6.91982
18| 10.05909 | 9.37189 | 8.75563 | 8.20141 | 7.24967 | 7.03984
19| 10.33560 | 9.60360 | 8.95011 | 8.36492 | 7.36578 | 7.14652
20| 10.59401 | 9.81815 | 0.12855 | 851356 | 7.46944 | 7.24135
21| 10.83553 | 10.01680 | 9.20224 | 8.64869 | 7.56200 | 7.32565
22| 11.06124 | 10.20074 | 9.44243 | 8.77154 | 7.64465 | 7.40058
23| 11.27219 | 10.37106 | 958021 | 8.88322 | 7.71843 | 7.46718
24| 11.46933 | 10.52876 | 970661 | 8.98474 | 7.78432 | 7.52638
25| 11.65358 | 10.67478 | 9.82258 | 9.07704 | 7.84314 | 7.57901
26| 11.82578 | 10.80998 | 9.92897 | 9.16095 | 7.89566 | 7.62578
27| 11.98671 | 10.93516 | 10.02658 | 9.23722 | 7.94255 | 7.66736
28| 12.13711 | 11.05108 | 10.11613 | 9.30657 | 7.98442 | 7.70432
20| 1227767 | 11.15841 | 10.19828 | 9.36961 | 8.02181 | 7.73717
30| 12.40904 | 11.25778 | 10.27365 | 9.42691 | 8.05518 | 7.76638
31| 12.53181 | 11.34980 | 10.34280 | 9.47901 | 8.08499 | 7.79234
32| 12.64656 | 11.43500 | 10.40624 | 952638 | 8.11159 | 7.81541
33| 12.75379 | 11.51389 | 10.46444 | 956943 | 8.13535 | 7.83592
34| 12.85401 | 11.58693 | 1051784 | 9.60857 | 8.15656 | 7.85415
35| 1204767 | 11.65457 | 10.56682 | 9.64416 | 8.17550 | 7.87036
36| 13.03521 | 11.71719 | 10.61176 | 9.67651 | 8.19241 | 7.88476
37| 13.11702 | 11.77518 | 10.65299 | 9.70592 | 8.20751 | 7.89757
38| 13.19347 | 11.82887 | 10.69082 | 9.73265 | 8.22099 | 7.90895
39| 13.26493 | 11.87858 | 1072552 | 9.75696 | 8.23303 | 7.91906
40| 13.33171 | 11.92461 | 10.75736 | 9.77905 | 8.24378 | 7.92806




604 A Financial Mathematical Factors

Q-1 _ (1+)"-1
"(q—1) — i(1+i)"

Annuity Value Factors (in arrears) a

0.03 0.0375 0.04 0.0425 0.05 0.06

41| 23.41240 20.77204 19.99305 19.25878 17.29437 | 15.13802

42| 23.70136 20.98510 20.18563 19.43288 17.42321 15.22454

43| 23.98190 21.19046 20.37079 19.59988 17.54591 15.30617

44| 24.25427 21.38839 20.54884 19.76008 17.66277 | 15.38318

45| 24.51871 21.57917 20.72004 19.91375 17.77407 | 15.45583

46| 24.77545 21.76306 20.88465 20.06115 17.88007 | 15.52437

47| 25.02471 21.94030 21.04294 20.20254 17.98102 | 15.58903

48| 25.26671 22.11113 21.19513 20.33817 18.07716 | 15.65003

49| 25.50166 22.27579 21.34147 20.46827 18.16872 | 15.70757

50| 25.72976 22.43449 21.48218 20.59306 18.25593 | 15.76186

51| 25.95123 22.58746 21.61749 20.71277 18.33898 | 15.81308

52| 26.16624 22.73490 21.74758 20.82760 18.41807 | 15.86139

53| 26.37499 22.87702 21.87267 20.93774 18.49340 | 15.90697

54| 26.57766 23.01399 21.99296 21.04340 18.56515 | 15.94998

55| 26.77443 23.14602 22.10861 21.14475 18.63347 | 15.99054

56| 26.96546 23.27327 22.21982 21.24196 18.69854 | 16.02881

57| 27.15094 23.39592 22.32675 21.33522 18.76052 | 16.06492

58| 27.33101 23.51414 22.42957 21.42467 18.81954 | 16.09898

59| 27.50583 23.62809 22.52843 21.51047 18.87575 | 16.13111

60| 27.67556 23.73792 22.62349 21.59278 18.92929 16.16143

61| 27.84035 23.84377 22.71489 21.67173 18.98028 | 16.19003

62| 28.00034 23.94581 22.80278 21.74746 19.02883 | 16.21701

63| 28.15567 24.04415 22.88729 21.82011 19.07508 | 16.24246

64| 28.30648 24.13894 22.96855 21.88979 19.11912 | 16.26647

65| 28.45289 24.23030 23.04668 21.95664 19.16107 | 16.28912

66| 28.59504 24.31837 23.12181 22.02075 19.20102 | 16.31049

67| 28.73305 24.40324 23.19405 22.08226 19.23907 | 16.33065

68| 28.86704 24.48505 23.26351 22.14125 19.27530 | 16.34967

69| 28.99712 24.56391 23.33030 22.19785 19.30981 | 16.36762

70| 29.12342 24.63991 23.39451 22.25213 19.34268 | 16.38454

71| 29.24604 24.71317 23.45626 22.30420 19.37398 | 16.40051

72| 29.36509 24.78378 23.51564 22.35415 19.40379 | 16.41558

73| 29.48067 24.85183 23.57273 22.40206 19.43218 | 16.42979

74| 29.59288 24.91743 23.62762 22.44802 19.45922 16.44320

75| 29.70183 24.98065 23.68041 22.49211 19.48497 | 16.45585

76| 29.80760 25.04159 23.73116 22.53440 19.5095 16.46778

77| 29.91029 25.10033 23.77996 22.57496 19.53285 | 16.47904

78| 30.00999 25.15695 23.82689 22.61387 19.55510 | 16.48966

79| 30.10679 25.21151 23.87201 22.65119 19.57628 | 16.49968

80| 30.20076 25.26411 23.91539 22.68700 19.59646 | 16.50913




605

A Financial Mathematical Factors
Annuity Value Factors (in arrears) q,,‘?';(;}l) = (ll(ﬂ':)‘,,l
n

0.07 0.08 0.09 0.10 0.12 0.125
41| 13.39412 | 11.96723 | 10.78657 | 9.79914 | 8.25337 | 7.93605
42| 13.45245 | 12.00670 | 10.81337 | 9.81740 | 8.26194 | 7.94316
43| 13.50696 | 12.04324 | 10.83795 | 9.83400 | 8.26959 | 7.94947
44| 13.55791 | 12.07707 | 10.86051 | 9.84909 | 8.27642 | 7.95509
45| 13.60552 | 12.10840 | 10.88120 | 9.86281 | 8.28252 | 7.96008
46| 13.65002 | 12.13741 | 10.90018 | 9.87528 | 8.28796 | 7.96451
47| 13.69161 | 12.16427 | 10.91760 | 9.88662 | 8.29282 | 7.96846
48| 13.73047 | 12.18914 | 10.93358 | 9.89693 | 8.29716 | 7.97196
49| 1376680 | 12.21216 | 10.94823 | 9.90630 | 8.30104 | 7.97508
50| 13.80075 | 12.23348 | 10.96168 | 9.91481 | 8.30450 | 7.97785
51| 13.83247 | 12.25323 | 10.97402 | 9.92256 | 8.30759 | 7.98031
52| 13.86212 | 12.27151 | 10.98534 | 9.92960 | 8.31035 | 7.98250
53| 13.88984 | 12.28843 | 10.99573 | 9.93600 | 8.31281 | 7.98444
54| 13.91573 | 12.30410 | 11.00525 | 9.94182 | 8.31501 | 7.98617
55| 13.93994 | 12.31861 | 11.01399 | 9.94711 | 831697 | 7.98771
56| 13.96256 | 12.33205 | 11.02201 | 9.95191 | 8.31872 | 7.98907
57| 13.98370 | 12.34449 | 11.02937 | 9.95629 | 8.32029 | 7.99029
58| 14.00346 | 12.35601 | 11.03612 | 9.96026 | 8.32169 | 7.99137
50| 14.02192 | 12.36668 | 11.04231 | 9.96387 | 8.32204 | 7.99232
60| 14.03918 | 12.37655 | 11.04799 | 0.96716 | 8.32405 | 7.99318
61| 14.05531 | 12.38570 | 11.05320 | 9.97014 | 8.32504 | 7.99394
62| 14.07038 | 12.39416 | 11.05798 | 9.97286 | 8.32593 | 7.99461
63| 14.08447 | 12.40200 | 11.06237 | 9.97532 | 8.32673 | 7.99521
64| 14.09764 | 12.40926 | 11.06640 | 9.97757 | 8.32743 | 7.99574
65 14.10994 | 12.41598 | 11.07009 | 9.97961 | 8.32807 | 7.99621
66| 14.12144 | 12.42221 | 11.07347 | 9.98146 | 8.32863 | 7.99663
67| 14.13219 | 12.42797 | 11.07658 | 9.98315 | 8.32013 | 7.99701
68| 14.14223 | 12.4333 | 11.07943 | 0.98468 | 8.32958 | 7.99734
69| 14.15162 | 12.43825 | 11.08205 | 9.98607 | 8.32099 | 7.99764
70| 14.16039 | 12.44282 | 11.08445 | 9.98734 | 8.33034 | 7.99790
71| 14.16859 | 12.44706 | 11.08665 | 9.98849 | 8.33066 | 7.99813
72| 14.17625 | 12.45098 | 11.08867 | 9.98954 | 8.33095 | 7.99834
73| 14.18341 | 12.45461 | 11.09052 | 9.99049 | 8.33121 | 7.99852
74 14.19010 | 12.45797 | 11.09222 | 9.99135 | 8.33143 | 7.99869
75| 14.19636 | 12.46108 | 11.09378 | 9.99214 | 8.33164 | 7.99883
76| 14.20220 | 12.46397 | 11.09521 | 9.99285 | 8.33182 | 7.99896
77| 14.20767 | 12.46664 | 11.09653 | 9.99350 | 8.33198 | 7.99908
78| 14.21277 | 12.46911 | 11.09773 | 9.99409 | 8.33213 | 7.99918
79| 14.21755 | 12.47140 | 11.09883 | 9.99463 | 8.33226 | 7.99927
80| 14.22201 | 12.47351 | 11.00985 | 9.99512 | 8.33237 | 7.99935




606 A Financial Mathematical Factors

Q-1 _ (1+)"-1
"(q—1) — i(1+i)"

Annuity Value Factors (in arrears) a

0.03 0.0375 0.04 0.0425 0.05 0.06

85| 30.63115 25.49991 24.10853 22.84527 19.68382 | 16.54895

90| 31.00241 25.69607 24.26728 22.97381 19.75226 16.57870

95| 31.32266 25.85925 24.39776 23.07820 19.80589 | 16.60093

100| 31.59891 25.99499 24.50500 23.16297 19.84791 16.61755

105| 31.83720 26.10792 24.59315 23.23182 19.88083 | 16.62996

Annuity Value Factors (in arrears) q,,‘?'('(:l) = (11(+1'f1>‘“1

0.07 0.08 0.09 0.10 0.12 0.125
85| 14.24029 | 12.48197 | 11.10379 | 9.99697 8.33279 7.99964
90| 14.25333 | 12.48773 | 11.10635 | 9.99812 8.33302 7.99980
95| 14.26262 | 12.49165 | 11.10802 | 9.99883 8.33316 7.99989

100]| 14.26925 | 12.49432 | 11.10910 | 9.99927 8.33323 7.99994

105| 14.27398 | 12.49613 | 11.10981 9.99955 8.33328 7.99997




A Financial Mathematical Factors 607
Accumulation Factors of Annuity (in advance)
n s\n__
217_11(1: (I-Hi) 1(1—|—i)
n
0.03 0.0375 0.04 0.0425 0.05 0.06
1] 1.03000 1.03750 1.04000 1.04250 1.05000 1.06000
2| 2.09090 2.11391 2.12160 2.12931 2.15250 2.18360
3| 3.18363 3.23068 3.24646 3.26230 3.31013 3.37462
4| 4.30914 4.38933 4.41632 4.44345 4.52563 4.63709
5| 5.46841 5.59143 5.63298 5.67480 5.80191 5.97532
6| 6.66246 6.83861 6.89829 6.95848 7.14201 7.39384
7| 7.89234 8.13255 8.21423 8.29671 8.54911 8.89747
8| 9.15911 9.47503 9.58280 9.69182 10.02656 | 10.49132
9| 10.46388 | 10.86784 | 11.00611 11.14622 | 11.57789 | 12.18079
10| 11.80780 | 12.31288 | 12.48635 | 12.66244 | 13.20679 | 13.97164
11 13.19203 | 13.81212 | 14.02581 14.24309 | 14.91713 | 15.86994
12| 14.61779 | 15.36757 | 15.62684 | 15.89092 | 16.71298 | 17.88214
13| 16.08632 | 16.98135 | 17.29191 17.60879 | 18.59863 | 20.01507
14| 17.59891 18.65565 | 19.02359 | 19.39966 | 20.57856 | 22.27597
15| 19.15688 | 20.39274 | 20.82453 | 21.26665 | 22.65749 | 24.67253
16| 20.76159 | 22.19497 | 22.69751 23.21298 | 24.84037 | 27.21288
17| 22.41444 | 24.06478 | 24.64541 25.24203 | 27.13238 | 29.90565
18| 24.11687 | 26.00471 26.67123 | 27.35732 | 29.53900 | 32.75999
19| 25.87037 | 28.01739 | 28.77808 | 29.56250 | 32.06595 | 35.78559
20| 27.67649 | 30.10554 | 30.96920 | 31.86141 34.71925 | 38.99273
21| 29.53678 | 32.27200 | 33.24797 | 34.25802 | 37.50521 | 42.39229
22| 31.45288 | 34.51970 | 35.61789 | 36.75648 | 40.43048 | 45.99583
23| 33.42647 | 36.85168 | 38.08260 | 39.36113 | 43.50200 | 49.81558
24| 3545926 | 39.27112 | 40.64591 42.07648 | 46.72710 | 53.86451
25| 37.55304 | 41.78129 | 43.31174 | 44.90723 | 50.11345 | 58.15638
26| 39.70963 | 44.38559 | 46.08421 47.85829 | 53.66913 | 62.70577
27| 41.93092 | 47.08755 | 48.96758 | 50.93477 | 57.40258 | 67.52811
28| 44.21885 | 49.89083 | 51.96629 | 54.14199 | 61.32271 | 72.63980
29| 46.57542 | 52.79924 | 55.08494 | 57.48553 | 65.43885 | 78.05819
30| 49.00268 | 55.81671 58.32834 | 60.97116 | 69.76079 | 83.80168
31| 51.50276 | 58.94734 | 61.70147 | 64.60494 | 74.29883 | 89.88978
32| 54.07784 | 62.19536 | 65.20953 | 68.39315 | 79.06377 | 96.34316
33| 56.73018 | 6556519 | 68.85791 72.34236 | 84.06696 | 103.1838
34| 59.46208 | 69.06138 | 72.65222 | 76.45941 89.32031 | 110.4348
35| 62.27594 | 72.68868 | 76.59831 80.75143 | 94.83632 | 118.1209
36| 65.17422 | 76.45201 80.70225 | 85.22587 | 100.6281 | 126.2681
37| 68.15945 | 80.35646 | 84.97034 | 89.89047 | 106.7095 | 134.9042
38| 71.23423 | 84.40733 | 89.40915 | 94.75331 113.0950 | 144.0585
39| 74.40126 | 88.61010 | 94.02552 | 99.82283 | 119.7998 | 153.7620
40| 77.66330 | 92.97048 | 98.82654 | 105.10780 | 126.8398 | 164.0477




608 A Financial Mathematical Factors

Accumulation Factors of Annuity (in advance)
q"-1 q= w.(1+i)

1 i
n i
0.07 0.08 0.09 0.10 0.12 0.125
1| 1.07000 | 1.08000 | 1.09000 | 1.10000 | 1.12000 | 1.12500
2| 221490 | 224640 | 227810 | 2.31000 | 237440 | 2.39063
3| 3.43994 | 350611 | 357313 | 3.64100 | 3.77933 | 3.81445
4| 475074 | 4.86660 | 4.98471 | 510510 | 535285 | 541626
5| 615320 | 6.33593 | 6.52333 | 6.71561 | 7.11519 | 7.21829
6] 7.65402 | 7.92280 | 8.20043 | 8.48717 | 9.08901 | 9.24558
7| 9.25980 | 9.63663 | 10.02847 | 10.43589 | 11.20969 | 11.52628
8| 10.97799 | 11.48756 | 12.02104 | 12.57948 | 13.77566 | 14.09206
9| 12.81645 | 13.48656 | 14.19293 | 14.93742 | 16.54874 | 16.97857
10| 14.78360 | 15.64549 | 16.56029 | 17.53117 | 19.65458 | 20.22589
11| 16.88845 | 17.97713 | 19.14072 | 20.38428 | 23.13313 | 23.87913
12| 19.14064 | 20.49530 | 21.95338 | 2352271 | 27.02911 | 27.98902
13| 21.55049 | 23.21492 | 25.01919 | 26.97498 | 31.39260 | 32.61264
14| 2412902 | 26.15211 | 28.36092 | 30.77248 | 36.27971 | 37.81422
15| 26.88805 | 29.32428 | 32.00340 | 34.94973 | 41.75328 | 43.66600
16| 29.84022 | 32.75023 | 35.97370 | 39.54470 | 47.88367 | 50.24925
17| 32.99903 | 36.45024 | 40.30134 | 44.50917 | 54.74971 | 57.65541
18| 36.37896 | 40.44626 | 45.01846 | 50.15909 | 62.43968 | 65.98733
19| 39.99549 | 44.76196 | 50.16012 | 56.27500 | 71.05244 | 75.36075
20| 43.86518 | 49.42292 | 55.76453 | 63.00250 | 80.69874 | 85.90584
21| 48.00574 | 54.45676 | 61.87334 | 70.40275 | 91.50258 | 97.76908
22| 52.43614 | 59.89330 | 68.53194 | 78.54302 | 103.6029 | 111.1152
23| 57.17667 | 65.76476 | 75.78981 | 87.49733 | 117.1552 | 126.1296
24| 62.24904 | 72.10594 | 83.70090 | 97.34706 | 132.3339 | 143.0208
25| 67.67647 | 78.95442 | 92.32398 | 108.1818 | 149.3339 | 162.0234
26| 73.48382 | 86.35077 | 101.7231 | 120.0999 | 168.3740 | 183.4013
27| 79.69769 | 94.33883 | 111.9682 | 133.2099 | 189.6989 | 207.4515
28| 86.34653 | 102.9659 | 123.1354 | 147.6309 | 213.5828 | 234.5079
29| 93.46079 | 112.2832 | 135.3075 | 163.4940 | 240.3327 | 264.9464
30| 101.0730 | 122.3459 | 148.5752 | 180.9434 | 270.2026 | 299.1897
31| 109.2182 | 133.2135 | 163.0370 | 200.1378 | 303.8477 | 337.7135
32| 117.9334 | 144.9506 | 178.8003 | 221.2515 | 341.4294 | 381.0526
33| 127.2588 | 157.6267 | 195.9823 | 244.4767 | 383.5210 | 429.8092
34| 137.2369 | 171.3168 | 214.7108 | 270.0244 | 430.6635 | 484.6604
35| 147.9135 | 186.1021 | 235.1247 | 298.1268 | 483.4631 | 546.3679
36| 159.3374 | 202.0703 | 257.3759 | 329.0395 | 542.5987 | 615.7889
37| 171.5610 | 219.3159 | 281.6298 | 363.0434 | 608.8305 | 693.8875
38| 184.6403 | 237.9412 | 308.0665 | 400.4478 | 683.0102 | 781.7485
39| 198.6351 | 258.0565 | 336.8824 | 441.5926 | 766.0914 | 880.5920
40| 213.6096 | 279.7810 | 368.2919 | 486.8518 | 859.1424 | 991.7910




A Financial Mathematical Factors 609
Accumulation Factors of Annuity (in advance)
n s\n__
217_11(1: (I-Hi) 1(1—|—i)
n

0.03 0.0375 0.04 0.0425 0.05 0.06
41| 81.02320 | 97.49437 | 103.8196 | 110.6174 | 134.2318 | 174.9505
42| 84.48389 | 102.1879 | 109.0124 | 116.3611 141.9933 | 186.5076
43| 88.04841 107.0575 | 114.4129 | 122.3490 | 150.1430 | 198.7580
44| 91.71986 | 112.1096 | 120.0294 | 128.5913 | 158.7002 | 211.7435
45| 9550146 | 117.3512 | 125.8706 | 135.0989 | 167.6852 | 225.5081
46| 99.39650 | 122.7894 | 131.9454 | 141.8831 177.1194 | 240.0986
47| 103.4084 | 128.4315 | 138.2632 | 148.9557 | 187.0254 | 255.5645
48| 107.5406 | 134.2852 | 144.8337 | 156.3288 | 197.4267 | 271.9584
49| 111.7969 | 140.3584 | 151.6671 164.0153 | 208.3480 | 289.3359
50| 116.1808 | 146.6593 | 158.7738 | 172.0284 | 219.8154 | 307.7561
51| 120.6962 | 153.1965 | 166.1647 | 180.3821 231.8562 | 327.2814
52| 125.3471 159.9789 | 173.8513 | 189.0909 | 244.4990 | 347.9783
53| 130.1375 | 167.0156 | 181.8454 | 198.1697 | 257.7739 | 369.9170
54| 135.0716 | 174.3162 | 190.1592 | 207.6344 | 271.7126 | 393.1720
55| 140.1538 | 181.8906 | 198.8055 | 217.5014 | 286.3482 | 417.8223
56| 145.3884 | 189.7490 | 207.7978 | 227.7877 | 301.7157 | 443.9517
57| 150.7800 | 197.9020 | 217.1497 | 238.5112 | 317.8514 | 471.6488
58| 156.3334 | 206.3609 | 226.8757 | 249.6904 | 334.7940 | 501.0077
59| 162.0534 | 215.1369 | 236.9907 | 261.3447 | 352.5837 | 532.1282
60| 167.9450 | 224.2420 | 247.5103 | 273.4944 | 371.2629 | 565.1159
61| 174.0134 | 233.6886 | 258.4507 | 286.1604 | 390.8760 | 600.0828
62| 180.2638 | 243.4894 | 269.8288 | 299.3647 | 411.4699 | 637.1478
63| 186.7017 | 253.6578 | 281.6619 | 313.1302 | 433.0933 | 676.4367
64| 193.3328 | 264.2074 | 293.9684 | 327.4808 | 455.7980 | 718.0829
65| 200.1627 | 275.1527 | 306.7671 342.4412 | 479.6379 | 762.2278
66| 207.1976 | 286.5085 | 320.0778 | 358.0374 | 504.6698 | 809.0215
67| 214.4436 | 298.2900 | 333.9209 | 374.2965 | 530.9533 | 858.6228
68| 221.9069 | 310.5134 | 348.3177 | 391.2466 | 558.5510 | 911.2002
69| 229.5941 323.1952 | 363.2905 | 408.9171 587.5285 | 966.9322
70| 237.5119 | 336.3525 | 378.8621 427.3386 | 617.9549 | 1026.008
71| 2456672 | 350.0032 | 395.0566 | 446.5430 | 649.9027 | 1088.629
72| 254.0673 | 364.1658 | 411.8988 | 466.5636 | 683.4478 | 1155.006
73| 262.7193 | 378.8595 | 429.4148 | 487.4350 | 718.6702 | 1225.367
74| 271.6309 | 394.1043 | 447.6314 | 509.1935 | 755.6537 | 1299.949
75| 280.8098 | 409.9207 | 466.5766 | 531.8767 | 794.4864 | 1379.006
76| 290.2641 426.3302 | 486.2797 | 555.5240 | 835.2607 | 1462.806
77| 300.0020 | 443.3551 506.7709 | 580.1762 | 878.0738 | 1551.634
78| 310.0321 461.0184 | 528.0817 | 605.8762 | 923.0274 | 1645.792
79| 320.3630 | 479.3441 550.2450 | 632.6685 | 970.2288 | 1745.600
80| 331.0039 | 498.3570 | 573.2948 | 660.5994 | 1019.790 | 1851.396




610 A Financial Mathematical Factors

Accumulatiqn Factors of Annuity (in advance)
‘}17_*11 q= % S(1+i)

0.07 0.08 0.09 0.10 0.12 0.125

41| 229.6322 | 303.2435 | 402.5281 | 536.6370 | 963.3595 1116.890
42| 246.7765 | 328.5830 | 439.8457 | 591.4007 | 1080.083 1257.626
43| 265.1209 | 355.9496 | 480.5218 | 651.6408 | 1210.813 1415.954
44| 284.7493 | 385.5056 | 524.8587 | 717.9048 | 1357.230 1594.074
45| 305.7518 | 417.4261 | 573.1860 | 790.7953 | 1521.218 1794.458
46| 328.2244 | 451.9002 | 625.8628 | 870.9749 | 1704.884 2019.890
47| 352.2701 | 489.1322 | 683.2804 | 959.1723 | 1910.590 2273.501
48| 377.9990 | 529.3427 | 745.8656 | 1056.190 | 2140.981 2558.814
49| 405.5289 | 572.7702 | 814.0836 | 1162.909 | 2399.018 2879.791
50| 434.9860 | 619.6718 | 888.4411 | 1280.299 | 2688.020 3240.890
51| 466.5050 | 670.3255 | 969.4908 | 1409.429 | 3011.703 3647.126
52| 500.2303 | 725.0316 | 1057.835 | 1551.472 | 3374.227 4104.142
53| 536.3164 | 784.1141 | 1154.130 | 1707.719 | 3780.255 4618.284
54| 574.9286 | 847.9232 | 1259.092 | 1879.591 | 4235.005 5196.695
55| 616.2436 | 916.8371 | 1373.500 | 2068.651 | 4744.326 5847.407
56| 660.4506 | 991.2640 | 1498.205 | 2276.616 | 5314.765 6579.458
57| 707.7522 | 1071.645 | 1634.134 | 2505.377 | 5953.656 7403.015
58| 758.3648 | 1158.457 | 1782.296 | 2757.015 | 6669.215 8329.517
59| 812.5204 | 1252.213 | 1943.792 | 3033.816 | 7470.641 9371.831
60| 870.4668 | 1353.470 | 2119.823 | 3338.298 | 8368.238 10544.44
61| 932.4695 | 1462.828 | 2311.698 | 3673.228 | 9373.547 11863.61
62| 998.8124 | 1580.934 | 2520.840 | 4041.651 | 10499.49 13347.69
63| 1069.799 | 1708.489 | 2748.806 | 4446.916 | 11760.55 15017.28
64| 1145.755 | 1846.248 | 2997.288 | 4892.707 | 13172.94 16895.56
65| 1227.028 | 1995.028 | 3268.134 | 5383.078 | 14754.81 19008.63
66| 1313.990 | 2155.710 | 3563.357 | 5922.486 | 16526.51 21385.84
67| 1407.039 | 2329.247 | 3885.149 | 6515.834 | 18510.81 24060.19
68| 1506.602 | 2516.667 | 4235.902 | 7168.518 | 20733.22 27068.84
69| 1613.134 | 2719.080 | 4618.223 | 7886.470 | 23222.33 30453.57
70| 1727.124 | 2937.686 | 5034.953 | 8676.217 | 26010.13 34261.39
71| 1849.092 | 3173.781 | 5489.189 | 9544.938 | 29132.47 38545.19
72| 1979.599 | 3428.764 | 5984.306 | 10500.53 | 32629.48 43364.47
73| 2119.241 | 3704.145 | 6523.984 | 11551.69 | 36546.14 48786.15
74| 2268.657 | 4001.557 | 7112.232 | 12707.95 | 40932.80 54885.54
75| 2428.533 | 4322.761 | 7753.423 | 13979.85 | 45845.85 61747.36
76| 2599.601 | 4669.662 | 8452.321 | 15378.93 | 51348.48 69466.91
77| 2782.643 | 5044.315 | 9214.120 | 16917.93 | 57511.41 78151.39
78| 2978.498 | 5448.940 | 10044.48 | 18610.82 | 64413.90 87921.44
79| 3188.063 | 5885.935 | 10949.57 | 20473.00 | 72144.69 98912.75
80| 3412.297 | 6357.890 | 11936.13 | 22521.40 | 80803.18 111278.0




A Financial Mathematical Factors 611
Accumulation Factors of Annuity (in advance)

n_1 1+i)"—1 .

n i

0.03 0.0375 0.04 0.0425 0.05 0.06

85| 389.1927 | 604.6663 | 703.1337 | 819.1016 | 1307.341 | 2483.561

90| 456.6494 | 732.4606 | 861.1027 | 1014.273 | 1674.338 | 3329.540

95| 534.8502 | 886.0822 | 1053.296 | 1254.596 | 2142.728 | 4461.651
100| 625.5064 | 1070.751 1287.129 | 1550.518 | 2740.526 | 5976.670
105| 730.6017 | 1292.741 1571.622 | 1914.899 | 3503.485 | 8004.108

Accumulation Factors of Annuity (in advance)

n \n_
LS MNCELLS W
n i

0.07 0.08 0.09 0.10 0.12 0.125
85| 4792.076 | 9348.163 | 18371.73 | 36277.66 | 142409.9 | 200533.7
90| 6727.288 | 13741.85 | 28273.71 | 58432.25 | 250982.1 | 361375.5
95| 9441.523 | 20197.63 | 43509.13 | 94112.44 | 442323.2 | 651217.6
100| 13248.38 | 29683.28 | 66950.72 | 151575.7 | 779531.8 | 1173522.5
105| 18587.69 | 43620.81 | 103018.5 | 244121.0 | 1373809 | 2114732.9




612 A Financial Mathematical Factors

Accumulation Factors of Annuity (in arrears) 11 = a1
. i
0.03 0.0375 0.04 0.0425 0.05 0.06
1] 1.0000 1.0000 1.0000 1.0000 1.0000 | 1.0000
2| 2.0300 2.0375 2.0400 2.0425 2.0500 | 2.0600
3| 3.0009 3.1139 3.1216 3.1203 31525 | 3.1836
4| 4.1836 4.2307 4.2465 4.2623 43101 | 4.3746
5/ 5.3001 5.3893 5.4163 5.4434 5.5256 | 5.6371
6| 6.4684 6.5914 6.6330 6.6748 6.8019 | 6.9753
7| 7.6625 7.8386 7.8983 7.9585 8.1420 | 8.3938
8| 8.8923 9.1326 9.2142 9.2967 9.5491 | 9.8975
o| 101591 | 104750 | 105828 | 10.6918 | 11.0266 | 11.4913
10| 114639 | 11.8678 | 12.0061 | 12.1462 | 125779 | 13.1808
11] 12.8078 | 13.3129 | 13.4864 | 13.6624 | 14.2068 | 14.9716
12| 141920 | 14.8121 | 150258 | 152431 | 159171 | 16.8699
13| 156178 | 16.3676 | 16.6268 | 16.8909 | 17.7130 | 18.8821
14| 17.0863 | 17.9814 | 18.2019 | 18.6088 | 19.5986 | 21.0151
15| 18.5089 | 19.6557 | 20.0236 | 20.3997 | 21.5786 | 23.2760
16] 201569 | 21.3927 | 21.8245 | 222666 | 23.6575 | 25.6725
17| 217616 | 231950 | 23.6975 | 24.2130 | 25.8404 | 28.2129
18| 234144 | 250648 | 256454 | 26.2420 | 28.1324 | 30.9057
19| 251169 | 27.0047 | 27.6712 | 28.3573 | 30.5390 | 33.7600
20| 26.8704 | 29.0174 | 207781 | 30.5625 | 33.0660 | 36.7856
21| 286765 | 311055 | 31.9692 | 32.8614 | 357193 | 39.9927
22| 30.5368 | 33.2720 | 34.2480 | 35.2580 | 38.5052 | 43.3923
23| 324529 | 355197 | 36.6179 | 37.7565 | 41.4305 | 46.9958
24| 34.4265 | 37.8517 | 30.0826 | 40.3611 | 44.5020 | 50.8156
25| 36.4503 | 402711 | 41.6459 | 43.0765 | 47.7271 | 54.8645
26| 385530 | 427813 | 443117 | 459072 | 51.1135 | 59.1564
27| 40.7096 | 453856 | 47.0842 | 488583 | 54.6691 | 63.7058
28| 42.9309 | 48.0875 | 49.9676 | 51.9348 | 58.4026 | 68.5281
20| 452189 | 50.8908 | 52.9663 | 551420 | 62.3227 | 73.6398
30| 47.5754 | 537992 | 56.0849 | 58.4855 | 66.4388 | 79.0582
31| 500027 | 56.8167 | 59.3283 | 61.9712 | 70.7608 | 84.8017
32| 525028 | 59.9473 | 627015 | 65.6049 | 75.2988 | 90.8898
33| 550778 | 63.1954 | 66.2095 | 69.3931 | 80.0638 | 97.3432
34| 577302 | 66.5652 | 69.8579 | 73.3424 | 85.0670 | 104.1838
35| 60.4621 | 70.0614 | 73.6522 | 77.4594 | 00.3203 | 111.4348
36| 632759 | 73.6887 | 77.5983 | 81.7514 | 95.8363 | 119.1209
37| 66.1742 | 77.4520 | 81.7022 | 86.2259 | 101.6281 | 127.2681
38| 60.1504 | 81.3565 | 859703 | 90.8905 | 107.7095 | 135.9042
30| 722342 | 854073 | 90.4091 | 957533 | 114.0950 | 145.0585
40| 754013 | 89.6101 | 95.0255 | 100.8228 | 120.7998 | 154.7620




613

A Financial Mathematical Factors
Accumulation Factors of Annuity (in arrears) 11 = a1
n
0.07 0.08 0.09 0.10 0.12 0.125
1] 1.000 1.000 1.000 1.000 1.000 1.000
2| 20700 | 20800 | 20900 | 2100 | 21200 2.1250
3| 32149 | 32464 | 32781 | 33100 | 3.3744 3.3906
4| 44309 | 45061 | 45731 | 46410 | 4.7793 4.8145
5| 57507 | 5.8666 | 59847 | 6.1051 | 6.3528 6.4163
6| 71533 | 73359 | 75233 | 7.7156 | 8.1152 8.2183
7| 86540 | 89208 | 92004 | 9.4872 | 10.0890 | 10.2456
8| 10.2508 | 10.6366 | 11.0285 | 11.4359 | 12.2997 | 12.5263
9| 11.9780 | 12.4876 | 13.0210 | 13.5795 | 14.7757 | 15.0921
10| 13.8164 | 14.4866 | 15.1929 | 15.9374 | 17.5487 | 17.9786
11] 157836 | 16.6455 | 17.5603 | 18.5312 | 20.6546 | 21.2259
12| 17.8885 | 18.9771 | 20.1407 | 21.3843 | 24.1331 | 24.8791
13| 201406 | 21.4953 | 22.9534 | 24.5227 | 28.0291 | 28.9890
14| 225505 | 24.2149 | 26.0192 | 27.9750 | 32.3926 | 33.6126
15| 251200 | 27.1521 | 20.3609 | 31.7725 | 37.2797 | 38.8142
16| 27.8881 | 30.3243 | 33.0034 | 35.9497 | 42.7533 | 44.6660
17| 30.8402 | 33.7502 | 36.9737 | 40.5447 | 48.8837 | 51.2493
18| 33.9990 | 37.4502 | 41.3013 | 455992 | 557497 | 58.6554
19| 37.3790 | 41.4463 | 46.0185 | 51.1591 | 63.4397 | 66.9873
20| 40.9955 | 457620 | 51.1601 | 57.2750 | 72.0524 | 76.3608
21| 44.8652 | 50.4229 | 56.7645 | 64.0025 | 81.6987 | 86.9058
22| 49.0057 | 55.4568 | 62.8733 | 71.4027 | 92.5026 | 98.7691
23| 53.4361 | 60.8933 | 69.5319 | 79.5430 | 104.6029 | 112.1152
24| 581767 | 66.7648 | 76.7898 | 88.4973 | 118.1552 | 127.1296
25| 63.2490 | 73.1059 | 84.7009 | 98.3471 | 133.3339 | 144.0208
26| 68.6765 | 79.9544 | 93.3240 | 109.1818 | 150.3339 | 163.0234
27| 74.4838 | 87.3508 | 102.7231 | 121.0999 | 169.3740 | 184.4013
28| 80.6977 | 95.3388 | 112.9682 | 134.2099 | 190.6989 | 208.4515
20| 87.3465 | 103.9659 | 124.1354 | 148.6309 | 214.5828 | 235.5079
30| 04.4608 | 113.2832 | 136.3075 | 164.4940 | 241.3327 | 265.9464
31| 102.0730 | 123.3459 | 149.5752 | 181.9434 | 271.2926 | 300.1897
32| 110.2182 | 134.2135 | 164.0370 | 201.1378 | 304.8477 | 338.7135
33| 118.9334 | 145.9506 | 179.8003 | 222.2515 | 342.4204 | 382.0526
34| 128.2588 | 158.6267 | 196.9823 | 245.4767 | 384.5210 | 430.8092
35| 138.2369 | 172.3168 | 215.7108 | 271.0244 | 431.6635 | 485.6604
36| 148.9135 | 187.1021 | 236.1247 | 299.1268 | 484.4631 | 547.3679
37| 160.3374 | 203.0703 | 258.3759 | 330.0395 | 543.5987 | 616.7889
38| 172.5610 | 220.3150 | 282.6298 | 364.0434 | 609.8305 | 694.8875
39| 185.6403 | 238.9412 | 300.0665 | 401.4478 | 684.0102 | 782.7485
40| 199.6351 | 250.0565 | 337.8824 | 442.5026 | 767.0914 | 881.5920




614 A Financial Mathematical Factors

: : : qQ"-1 _ (1+)"-1
Accumulation Factors of Annuity (in arrears) s e

0.03 0.0375 0.04 0.0425 0.05 0.06

41| 78.6633 93.9705 99.8265 106.1078 127.8398 | 165.0477

42| 82.0232 98.4944 104.8196 111.6174 135.2318 | 175.9505

43| 85.4839 103.1879 110.0124 117.3611 142.9933 | 187.5076

44| 89.0484 108.0575 115.4129 123.3490 151.1430 | 199.7580

45| 92.7199 113.1096 121.0294 129.5913 159.7002 | 212.7435

46| 96.5015 118.3512 126.8706 136.0989 168.6852 | 226.5081

47| 100.3965 123.7894 132.9454 142.8831 178.1194 | 241.0986

48| 104.4084 129.4315 139.2632 149.9557 188.0254 | 256.5645

49| 108.5406 135.2852 145.8337 157.3288 198.4267 | 272.9584

50| 112.7969 141.3584 152.6671 165.0153 209.3480 | 290.3359

51| 117.1808 147.6593 159.7738 173.0284 220.8154 | 308.7561

52| 121.6962 154.1965 167.1647 181.3821 232.8562 | 328.2814

53| 126.3471 160.9789 174.8513 190.0909 245.4990 | 348.9783

54| 131.1375 168.0156 182.8454 199.1697 258.7739 | 370.9170

55| 136.0716 175.3162 191.1592 208.6344 272.7126 | 394.1720

56| 141.1538 182.8906 199.8055 218.5014 287.3482 | 418.8223

57| 146.3884 190.7490 208.7978 228.7877 302.7157 | 444.9517

58| 151.7800 198.9020 218.1497 239.5112 318.8514 | 472.6488

59| 157.3334 207.3609 227.8757 250.6904 335.7940 | 502.0077

60| 163.0534 216.1369 237.9907 262.3447 353.5837 | 533.1282

61| 168.9450 225.2420 248.5103 274.4944 372.2629 | 566.1159

62| 175.0134 234.6886 259.4507 287.1604 391.8760 | 601.0828

63| 181.2638 244.4894 270.8288 300.3647 412.4699 | 638.1478

64| 187.7017 254.6578 282.6619 314.1302 434.0933 | 677.4367

65| 194.3328 265.2074 294.9684 328.4808 456.7980 | 719.0829

66| 201.1627 276.1527 307.7671 343.4412 480.6379 | 763.2278

67| 208.1976 287.5085 321.0778 359.0374 505.6698 | 810.0215

68| 215.4436 299.2900 334.9209 375.2965 531.9533 | 859.6228

69| 222.9069 311.5134 349.3177 392.2466 559.5510 | 912.2002

70| 230.5941 324.1952 364.2905 409.9171 588.5285 | 967.9322

71| 238.5119 337.3525 379.8621 428.3386 618.9549 | 1027.0081

72| 246.6672 351.0032 396.0566 447.5430 650.9027 | 1089.6286

73| 255.0673 365.1658 412.8988 467.5636 684.4478 | 1156.0063

74| 263.7193 379.8595 430.4148 488.4350 719.6702 | 1226.3667

75| 272.6309 395.1043 448.6314 510.1935 756.6537 | 1300.9487

76| 281.8098 410.9207 467.5766 532.8767 795.4864 | 1380.0056

77| 291.2641 427.3302 487.2797 556.5240 836.2607 | 1463.8059

78| 301.0020 444.3551 507.7709 581.1762 879.0738 | 1552.6343

79| 311.0321 462.0184 529.0817 606.8762 924.0274 | 1646.7924

80| 321.3630 480.3441 551.2450 633.6685 971.2288 | 1746.5999




615

A Financial Mathematical Factors
Accumulation Factors of Annuity (in arrears) 11 = a1
n
0.07 0.08 0.09 0.10 0.12 0.125

41| 21461 | 28078 | 369.29 | 487.85 | 860.14 992.79
42| 23063 | 30424 | 40353 | 537.64 | 964.36 | 1117.89
43| 24778 | 32958 | 440.85 | 59240 | 1081.08 | 1258.63
44| 26612 | 35695 | 48152 | 65264 | 1211.81 | 141695
45| 28575 | 38651 | 525.86 | 718.90 | 1358.23 | 1595.07
46| 306.75 | 418.43 | 57419 | 791.80 | 152222 | 1795.46
47| 32022 | 45290 | 626.86 | 871.97 | 1705.88 | 2020.89
48| 35327 | 49013 | 684.28 | 96017 | 1911.59 | 227450
49| 379.00 | 530.34 | 746.87 | 105719 | 2141.98 | 2559.81
50| 40653 | 573.77 | 815.08 | 1163.91 | 2400.02 | 2880.79
51| 43599 | 62067 | 889.44 | 1281.30 | 2689.02 | 3241.89
52| 467.50 | 671.33 | 97049 | 1410.43 | 301270 | 3648.13
53| 501.23 | 726.03 | 1058.83 | 155247 | 337523 | 4105.14
54| 53732 | 78511 | 1155.43 | 1708.72 | 3781.25 | 4619.28
55 57593 | 84892 | 1260.09 | 1880.59 | 4236.01 | 5197.70
56| 617.24 | 917.84 | 137450 | 2069.65 | 4745.33 | 5848.41
57| 661.45 | 99226 | 1499.21 | 2277.62 | 531576 | 6580.46
58| 708.75 | 1072.65 | 1635.13 | 2506.38 | 5954.66 | 7404.01
50| 750.36 | 1159.46 | 1783.30 | 2758.01 | 6670.22 | 833052
60| 81352 | 125321 | 194479 | 3034.82 | 7471.64 | 9372.83
61| 87147 | 135447 | 2120.82 | 3339.30 | 8369.24 | 10545.44
62| 93347 | 146383 | 231270 | 367423 | 9374.55 | 11864.61
63| 999.81 | 1581.93 | 2521.84 | 4042.65 | 10500.49 | 13348.69
64| 1070.80 | 1709.49 | 2749.81 | 4447.92 | 11761.55 | 15018.28
65| 114676 | 1847.25 | 2998.20 | 4893.71 | 13173.94 | 16896.56
66| 1228.03 | 1996.03 | 326913 | 5384.08 | 14755.81 | 19009.63
67| 1314.99 | 2156.71 | 3564.36 | 5923.49 | 16527.51 | 21386.84
68| 1408.04 | 2330.25 | 3886.15 | 6516.83 | 18511.81 | 24061.19
69| 1507.60 | 2517.67 | 4236.90 | 7169.52 | 20734.22 | 27069.84
70| 161413 | 2720.08 | 4619.22 | 7887.47 | 23223.33 | 30454.57
71| 172812 | 2938.69 | 503595 | 8677.22 | 26011.13 | 34262.39
72| 1850.00 | 3174.78 | 5490.19 | 9545.94 | 2913347 | 38546.19
73| 1980.60 | 3429.76 | 5985.31 | 10501.53 | 32630.48 | 43365.47
74| 212024 | 370515 | 6524.98 | 11552.69 | 36547.14 | 48787.15
75| 2260.66 | 400256 | 7113.23 | 12708.95 | 40933.80 | 54886.54
76| 242053 | 432376 | 7754.42 | 13980.85 | 45846.85 | 61748.36
77| 2600.60 | 4670.66 | 8453.32 | 15379.93 | 51349.48 | 69467.91
78| 278364 | 504532 | 9215.12 | 16918.93 | 57512.41 | 78152.39
79| 2979.50 | 5449.94 | 10045.48 | 18611.82 | 64414.90 | 87922.44
80| 3189.06 | 5886.94 | 10950.57 | 20474.00 | 72145.69 | 98913.75




616 A Financial Mathematical Factors

: : : qQ"-1 _ (1+)"-1
Accumulation Factors of Annuity (in arrears) s e

0.03 0.0375 0.04 0.0425 0.05 0.06

85| 377.8570 582.8109 676.0901 785.7090 1245.0871 | 2342.9817

90| 443.3489 705.9861 827.9833 972.9235 | 1594.6073 | 3141.0752

95| 519.2720 854.0551 1012.7846 | 1203.4496 | 2040.6935 | 4209.1042

100| 607.2877 1032.0488 | 1237.6237 | 1487.3070 | 2610.0252 | 5638.3681

105]| 709.3221 1246.0150 | 1511.1748 | 1836.8338 | 3336.6526 | 7551.0454

Accumulation Factors of Annuity (in arrears) 11 — (€hn) i

1

0.07 0.08 0.09 0.10 0.12 0.125
85| 4478.58 8655.71 16854.80 | 32979.69 | 127151.71 | 178252.20
90| 6287.19 12723.94 | 25939.18 | 53120.23 | 224091.12 | 321222.67
95| 8823.85 18701.51 | 39916.63 | 85556.76 | 394931.47 | 578860.10

100| 12381.66 | 27484.52 | 61422.68 | 137796.12 | 696010.55 | 1043131.12

105| 17371.67 | 40389.64 | 94512.38 |221928.14 | 1226614.75| 1879762.56




A Financial Mathematical Factors 617
Annuity Factors (in advance) {0t - qn = 7005 ol
n i
0.03 0.0375 0.04 0.0425 0.05 0.06
1] 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000
2| 049261 | 049080 | 049020 | 048960 | 048780 | 0.48544
3| 032353 | 032114 | 032035 | 0.31956 | 0.31721 | 0.31411
a| 023903 | 023637 | 023549 | 023462 | 023201 | 0.22859
5| 018835 | 0.18555 | 0.18463 | 0.18371 | 0.18097 | 0.17740
6| 015460 | 015171 | 0.15076 | 0.14982 | 0.14702 | 0.14336
7| 013051 | 012757 | o0.12661 | 0.12565 | 0.12282 | 0.11914
8| 0.11246 | 010950 | 0.10853 | 0.10756 | 0.10472 | 0.10104
o 009843 | 009547 | 0.09449 | 0.09353 | 0.09069 | 0.08702
10| 0.08723 | 008426 | 0.08329 | 008233 | 0.07950 | 0.07587
11| 007808 | 007512 | 0.07415 | 0.07319 | 0.07039 | 0.06679
12| 007046 | 0.06751 | 0.06655 | 0.06560 | 0.06283 | 0.05928
13| 0.06403 | 006110 | 0.06014 | 0.05920 | 0.05646 | 0.05296
14| 0.05853 | 0.05561 | 0.05467 | 0.05374 | 0.05102 | 0.04758
15| 0.05377 | 005088 | 0.04994 | 0.04902 | 0.04634 | 0.04296
16] 0.04961 | 004674 | 0.04582 | 0.04491 | 0.04227 | 0.03895
17| 0.04595 | 004311 | 004220 | 0.04130 | 0.03870 | 0.03544
18| 0.04271 | 003990 | 0.03899 | 0.03811 | 0.03555 | 0.03236
19| 003981 | 003703 | 003614 | 003526 | 0.03275 | 0.02962
20] 003722 | 003446 | 003358 | 003272 | 0.03024 | 0.02718
21| 003487 | 003215 | 0.03128 | 0.03043 | 0.02800 | 0.02500
22| 0.03275 | 003006 | 0.02920 | 0.02836 | 0.02597 | 0.02305
23| 0.03081 | 002815 | 002731 | 002649 | 0.02414 | 0.02128
24| 002005 | 002642 | 002559 | 002478 | 0.02247 | 0.01968
25| 0.02743 | 002483 | 002401 | 002821 | 002095 | 0.01823
26| 0.02504 | 002337 | 002257 | 002178 | 0.01956 | 0.01690
27| 0.02456 | 002203 | 002124 | 002047 | 0.01829 | 0.01570
28| 0.02320 | 002080 | 0.02001 | 001925 | 0.01712 | 0.01459
20| 0.02211 | 001965 | 0.01888 | 001813 | 0.01605 | 0.01358
30| 002102 | 001859 | 0.01783 | 001710 | 0.01505 | 0.01265
31| 002000 | 001760 | 0.01686 | 001614 | 0.01413 | 0.01179
32| 0.01905 | 001668 | 001595 | 001524 | 0.01328 | 0.01100
33| 0.01816 | 001582 | 001510 | 001441 | 001249 | 0.01027
34| 001732 | 001502 | 0.01431 | 001363 | 0.01176 | 0.00960
35| 001654 | 0.01427 | 001358 | 0.01201 | 0.01107 | 0.00897
36] 001580 | 0.01357 | 0.01289 | 001223 | 0.01043 | 0.00839
37| 001511 | 001201 | 0.01224 | 001160 | 0.00984 | 0.00786
38| 0.01446 | 001229 | 001163 | 001100 | 0.00928 | 0.00736
39| 001384 | 001171 | 001106 | 0.01044 | 0.00876 | 0.00689
40| 001326 | 001116 | 001052 | 000992 | 0.00828 | 0.00646




618 A Financial Mathematical Factors

i-(1+i)" 1
A1 ({1

Annuity Factors (in advance) % Q" =

0.07 0.08 0.09 0.10 0.12 0.125
1.00000 1.00000 1.00000 1.00000 1.00000 1.00000
0.48309 0.48077 0.47847 0.47619 0.47170 0.47059
0.31105 0.30803 0.30505 0.30211 0.29635 0.29493
0.22523 0.22192 0.21867 0.21547 0.20923 0.20771
0.17389 0.17046 0.16709 0.16380 0.15741 0.15585
0.13980 0.13632 0.13292 0.12961 0.12323 0.12168
0.11555 0.11207 0.10869 0.10541 0.09912 0.09760
0.09747 0.09401 0.09067 0.08744 0.08130 0.07983

9| 0.08349 0.08008 0.07680 0.07364 0.06768 0.06626
10/ 0.07238 0.06903 0.06582 0.06275 0.05698 0.05562
11| 0.06336 0.06008 0.05695 0.05396 0.04842 0.04711
12| 0.05590 0.05270 0.04965 0.04676 0.04144 0.04019
13| 0.04965 0.04652 0.04357 0.04078 0.03568 0.03450
14| 0.04434 0.04130 0.03843 0.03575 0.03087 0.02975
15/ 0.03979 0.03683 0.03406 0.03147 0.02682 0.02576
16| 0.03586 0.03298 0.03030 0.02782 0.02339 0.02239
17| 0.03243 0.02963 0.02705 0.02466 0.02046 0.01951
18| 0.02941 0.02670 0.02421 0.02193 0.01794 0.01705
19| 0.02675 0.02413 0.02173 0.01955 0.01576 0.01493
20| 0.02439 0.02185 0.01955 0.01746 0.01388 0.01310
21| 0.02229 0.01983 0.01762 0.01562 0.01224 0.01151
22| 0.02041 0.01803 0.01590 0.01401 0.01081 0.01012
23| 0.01871 0.01642 0.01438 0.01257 0.00956 0.00892
24| 0.01719 0.01498 0.01302 0.01130 0.00846 0.00787
25| 0.01581 0.01368 0.01181 0.01017 0.00750 0.00694
26| 0.01456 0.01251 0.01072 0.00916 0.00665 0.00613
27| 0.01343 0.01145 0.00973 0.00826 0.00590 0.00542
28| 0.01239 0.01049 0.00885 0.00745 0.00524 0.00480
29| 0.01145 0.00962 0.00806 0.00673 0.00466 0.00425
30/ 0.01059 0.00883 0.00734 0.00608 0.00414 0.00376
31| 0.00980 0.00811 0.00669 0.00550 0.00369 0.00333
32| 0.00907 0.00745 0.00610 0.00497 0.00328 0.00295
33| 0.00841 0.00685 0.00556 0.00450 0.00292 0.00262
34| 0.00780 0.00630 0.00508 0.00407 0.00260 0.00232
35| 0.00723 0.00580 0.00464 0.00369 0.00232 0.00206
36| 0.00672 0.00534 0.00424 0.00334 0.00206 0.00183
37| 0.00624 0.00492 0.00387 0.00303 0.00184 0.00162
38| 0.00580 0.00454 0.00354 0.00275 0.00164 0.00144
39| 0.00539 0.00419 0.00324 0.00249 0.00146 0.00128
40| 0.00501 0.00386 0.00296 0.00226 0.00130 0.00113

N |G| (WN |=




A Financial Mathematical Factors 619
Annuity Factors (in advance) {0t - qn = 7005 ol
n i
0.03 0.0375 0.04 0.0425 0.05 0.06

41| 001271 | 001064 | 0.01002 | 000942 | 0.00782 | 0.00606
42| 001219 | 001015 | 000954 | 000896 | 0.00739 | 0.00568
43| 001170 | 0.00969 | 0.00909 | 0.00852 | 0.00699 | 0.00533
44| 001123 | 0.00925 | 0.00866 | 0.00811 | 0.00662 | 0.00501
45| 001079 | 0.00884 | 000826 | 000772 | 0.00626 | 0.00470
46] 001036 | 0.00845 | 0.00788 | 0.00785 | 0.00593 | 0.00441
47| 000996 | 0.00808 | 0.00752 | 0.00700 | 0.00561 | 0.00415
48| 0.00958 | 0.00773 | 0.00718 | 000667 | 0.00532 | 0.00390
49| 000921 | 0.00739 | 0.00686 | 0.0636 | 0.00504 | 0.00366
50| 0.00887 | 0.00707 | 0.00655 | 0.00606 | 0.00478 | 0.00344
51] 000853 | 0.00677 | 0.00626 | 0.00578 | 0.00453 | 0.00324
52| 0.00822 | 0.00649 | 0.00598 | 0.00551 | 0.00429 | 0.00305
53| 0.00791 | 0.0621 | 000572 | 0.00526 | 0.00407 | 0.00287
54| 000763 | 0.00595 | 0.00547 | 0.00502 | 0.00386 | 0.00270
55| 0.00735 | 0.00570 | 0.00523 | 0.00479 | 0.00367 | 0.00254
56/ 0.00708 | 0.00547 | 0.00500 | 0.00458 | 0.00348 | 0.00239
57| 000683 | 0.00524 | 0.00479 | 000437 | 0.00330 | 0.00225
58| 0.00659 | 0.00503 | 0.00458 | 0.00418 | 0.00314 | 0.00212
59| 0.00636 | 0.00482 | 0.00439 | 0.00399 | 0.00298 | 0.00199
60| 000613 | 000463 | 0.00420 | 000381 | 0.00283 | 0.00188
61| 0.00592 | 000444 | 0.00402 | 0.00364 | 0.00269 | 0.00177
62| 0.00571 | 000426 | 0.00385 | 000348 | 0.00255 | 0.00166
63| 0.00552 | 000409 | 0.00369 | 000333 | 0.00242 | 0.00157
64| 0.00533 | 000393 | 0.00354 | 0.00318 | 0.00230 | 0.00148
65/ 0.00515 | 0.00377 | 000339 | 000304 | 0.00219 | 0.00139
66/ 0.00497 | 000362 | 000325 | 0.00291 | 0.00208 | 0.00131
67| 0.00480 | 000348 | 0.00311 | 000279 | 0.00198 | 0.00123
68| 0.00464 | 000334 | 0.00299 | 000266 | 0.00188 | 0.00116
69| 0.00449 | 000321 | 0.00286 | 0.00255 | 0.00179 | 0.00110
70| 000434 | 0.00308 | 0.00275 | 000244 | 0.00170 | 0.00103
71] 000419 | 0.00296 | 0.00263 | 0.00233 | 0.00162 | 0.00097
72| 0.00405 | 0.00285 | 0.00252 | 000223 | 0.00154 | 0.00092
73| 000392 | 0.00274 | 0.00242 | 0.00214 | 0.00146 | 0.00087
74| 000379 | 0.00263 | 0.00232 | 000205 | 0.00139 | 0.00082
75| 000367 | 0.00253 | 0.00223 | 0.00196 | 0.00132 | 0.00077
76] 0.00355 | 0.00243 | 0.00214 | 000188 | 0.00126 | 0.00072
77| 000343 | 0.00234 | 0.00205 | 000180 | 0.00120 | 0.00068
78| 000332 | 0.00225 | 000197 | 000172 | 0.00114 | 0.00064
79| 000322 | 0.00216 | 0.00189 | 0.00165 | 0.00108 | 0.00061
80| 000311 | 000208 | 000181 | 000158 | 0.00103 | 0.00057




620 A Financial Mathematical Factors

i-(1+i)" 1
A1 ({1

Annuity Factors (in advance) % Q" =

0.07 0.08 0.09 0.10 0.12 0.125

41| 0.00466 0.00356 0.00271 0.00205 0.00116 0.00101
42| 0.00434 0.00329 0.00248 0.00186 0.00104 0.00089
43| 0.00404 0.00303 0.00227 0.00169 0.00092 0.00079
44| 0.00376 0.00280 0.00208 0.00153 0.00083 0.00071
45| 0.00350 0.00259 0.00190 0.00139 0.00074 0.00063
46| 0.00326 0.00239 0.00174 0.00126 0.00066 0.00056
47| 0.00304 0.00221 0.00160 0.00115 0.00059 0.00049
48| 0.00283 0.00204 0.00146 0.00104 0.00052 0.00044
49| 0.00264 0.00189 0.00134 0.00095 0.00047 0.00039
50| 0.00246 0.00174 0.00123 0.00086 0.00042 0.00035
51| 0.00229 0.00161 0.00112 0.00078 0.00037 0.00031
52| 0.00214 0.00149 0.00103 0.00071 0.00033 0.00027
53| 0.00200 0.00138 0.00094 0.00064 0.00030 0.00024
54| 0.00186 0.00127 0.00087 0.00059 0.00026 0.00022
55| 0.00174 0.00118 0.00079 0.00053 0.00024 0.00019
56| 0.00162 0.00109 0.00073 0.00048 0.00021 0.00017
57| 0.00151 0.00101 0.00067 0.00044 0.00019 0.00015
58| 0.00141 0.00093 0.00061 0.00040 0.00017 0.00014
59| 0.00132 0.00086 0.00056 0.00036 0.00015 0.00012
60| 0.00123 0.00080 0.00051 0.00033 0.00013 0.00011
61| 0.00115 0.00074 0.00047 0.00030 0.00012 0.00009
62| 0.00107 0.00068 0.00043 0.00027 0.00011 0.00008
63| 0.00100 0.00063 0.00040 0.00025 0.00010 0.00007
64| 0.00093 0.00058 0.00036 0.00022 0.00009 0.00007
65| 0.00087 0.00054 0.00033 0.00020 0.00008 0.00006
66| 0.00081 0.00050 0.00031 0.00019 0.00007 0.00005
67| 0.00076 0.00046 0.00028 0.00017 0.00006 0.00005
68| 0.00071 0.00043 0.00026 0.00015 0.00005 0.00004
69| 0.00066 0.00040 0.00024 0.00014 0.00005 0.00004
70| 0.00062 0.00037 0.00022 0.00013 0.00004 0.00003
71| 0.00058 0.00034 0.00020 0.00012 0.00004 0.00003
72| 0.00054 0.00031 0.00018 0.00010 0.00003 0.00003
73| 0.00050 0.00029 0.00017 0.00010 0.00003 0.00002
74| 0.00047 0.00027 0.00015 0.00009 0.00003 0.00002
75| 0.00044 0.00025 0.00014 0.00008 0.00002 0.00002
76| 0.00041 0.00023 0.00013 0.00007 0.00002 0.00002
77| 0.00038 0.00021 0.00012 0.00007 0.00002 0.00001
78| 0.00036 0.00020 0.00011 0.00006 0.00002 0.00001
79| 0.00034 0.00018 0.00010 0.00005 0.00002 0.00001
80| 0.00031 0.00017 0.00009 0.00005 0.00001 0.00001




A Financial Mathematical Factors 621

i-(1+i)" 1
A+)n—1 " {d4n

Annuity Factors (in advance) % Q" =

0.03 0.0375 0.04 0.0425 0.05 0.06
85| 0.00265 0.00172 0.00148 0.00127 0.00080 0.00043
90| 0.00226 0.00142 0.00121 0.00103 0.00063 0.00032

95| 0.00193 0.00117 0.00099 0.00083 0.00049 0.00024

100 0.00165 0.00097 0.00081 0.00067 0.00038 0.00018

105| 0.00141 0.00080 0.00066 0.00054 0.00030 0.00013

Annuity Factors (in advance) 1= . q" = % P

0.07 0.08 0.09 0.10 0.12 0.125
85| 0.00022 0.00012 0.00006 0.00003 0.00001 0.00001
90| 0.00016 0.00008 0.00004 0.00002 0.00000 0.00000
95| 0.00011 0.00005 0.00003 0.00001 0.00000 0.00000

100 0.00008 0.00004 0.00002 0.00001 0.00000 0.00000

105] 0.00006 0.00002 0.00001 0.00000 0.00000 0.00000




622 A Financial Mathematical Factors

0.16051 0.16507 0.16661 0.16815 0.17282 0.17914

Annuity Factors (in arrears) q';(.,q_‘ll) = ('1'%;‘&
o i
0.03 0.0375 0.04 0.0425 0.05 0.06

1] 1.03000 | 1.03750 | 1.04000 | 1.04250 | 1.05000 | 1.06000
2| 052261 | 052830 | 053020 | 053210 | 0.53780 | 0.54544
3| 035353 | 035864 | 0.36035 | 0.36206 | 0.36721 | 0.37411
a| 026903 | 027387 | 027549 | 027712 | 0.28201 | 0.28859
5 021835 | 022305 | 022463 | 0.22621 | 0.23097 | 0.23740
6| 018460 | 018921 | 0.19076 | 0.19232 | 0.19702 | 0.20336
7

8

0.14246 0.14700 0.14853 0.15006 0.15472 0.16104

9| 0.12843 0.13297 0.13449 0.13603 0.14069 0.14702

10] 0.11723 0.12176 0.12329 0.12483 0.12950 0.13587

11/ 0.10808 0.11262 0.11415 0.11569 0.12039 0.12679

12| 0.10046 0.10501 0.10655 0.10810 0.11283 0.11928
13| 0.09403 0.09860 0.10014 0.10170 0.10646 0.11296
14| 0.08853 0.09311 0.09467 0.09624 0.10102 0.10758

15/ 0.08377 0.08838 0.08994 0.09152 0.09634 0.10296

16| 0.07961 0.08424 0.08582 0.08741 0.09227 0.09895

17| 0.07595 0.08061 0.08220 0.08380 0.08870 0.09544

18| 0.07271 0.07740 0.07899 0.08061 0.08555 0.09236

19| 0.06981 0.07453 0.07614 0.07776 0.08275 0.08962

20| 0.06722 0.07196 0.07358 0.07522 0.08024 0.08718

21| 0.06487 0.06965 0.07128 0.07293 0.07800 0.08500

22| 0.06275 0.06756 0.06920 0.07086 0.07597 0.08305

23| 0.06081 0.06565 0.06731 0.06899 0.07414 0.08128

24| 0.05905 0.06392 0.06559 0.06728 0.07247 0.07968

25| 0.05743 0.06233 0.06401 0.06571 0.07095 0.07823

26| 0.05594 0.06087 0.06257 0.06428 0.06956 0.07690

27| 0.05456 0.05953 0.06124 0.06297 0.06829 0.07570

28| 0.05329 0.05830 0.06001 0.06175 0.06712 0.07459

29| 0.05211 0.05715 0.05888 0.06063 0.06605 0.07358

30/ 0.05102 0.05609 0.05783 0.05960 0.06505 0.07265

31| 0.05000 0.05510 0.05686 0.05864 0.06413 0.07179

32| 0.04905 0.05418 0.05595 0.05774 0.06328 0.07100

33| 0.04816 0.05332 0.05510 0.05691 0.06249 0.07027

34| 0.04732 0.05252 0.05431 0.05613 0.06176 0.06960

35| 0.04654 0.05177 0.05358 0.05541 0.06107 0.06897

36| 0.04580 0.05107 0.05289 0.05473 0.06043 0.06839

37| 0.04511 0.05041 0.05224 0.05410 0.05984 0.06786

38| 0.04446 0.04979 0.05163 0.05350 0.05928 0.06736

39| 0.04384 0.04921 0.05106 0.05294 0.05876 0.06689

40| 0.04326 0.04866 0.05052 0.05242 0.05828 0.06646




623

A Financial Mathematical Factors
Annuity Factors (in arrears) q';(.,q_‘ll) = ('1'%;‘&
n i
0.07 0.08 0.09 0.10 0.12 0.125
1| 1.07000 | 1.08000 | 1.09000 | 1.10000 | 1.12000 1.12500
2| 0.55309 | 0.56077 | 0.56847 | 0.57619 | 0.59170 0.59559
3| 0.38105 | 0.38803 | 0.39505 | 0.40211 | 0.41635 0.41993
4| 0.29523 | 0.30192 | 0.30867 | 0.31547 | 0.32923 0.33271
5| 0.24389 | 0.25046 | 0.25709 | 0.26380 | 0.27741 0.28085
6| 0.20980 | 0.21632 | 0.22292 | 0.22961 | 0.24323 0.24668
7| 0.18555 | 0.19207 | 0.19869 | 0.20541 | 0.21912 0.22260
8| 0.16747 | 0.17401 | 0.18067 | 0.18744 | 0.20130 0.20483
9| 0.15349 | 0.16008 | 0.16680 | 0.17364 | 0.18768 0.19126
10| 0.14238 | 0.14903 | 0.15582 | 0.16275 | 0.17698 0.18062
11| 0.13336 | 0.14008 | 0.14695 | 0.15396 | 0.16842 0.17211
12| 0.12590 | 0.13270 | 0.13965 | 0.14676 | 0.16144 | 0.16519
13| 0.11965 | 0.12652 | 0.13357 | 0.14078 | 0.15568 0.15950
14| 0.11434 | 0.12130 | 0.12843 | 0.13575 | 0.15087 | 0.15475
15| 0.10979 | 0.11683 | 0.12406 | 0.13147 | 0.14682 0.15076
16/ 0.10586 | 0.11298 | 0.12030 | 0.12782 | 0.14339 0.14739
17| 0.10243 | 0.10963 | 0.11705 | 0.12466 | 0.14046 0.14451
18| 0.09941 | 0.10670 | 0.11421 | 0.12193 | 0.13794 | 0.14205
19| 0.09675 | 0.10413 | 0.11173 | 0.11955 | 0.13576 0.13993
20| 0.09439 | 0.10185 | 0.10955 | 0.11746 | 0.13388 0.13810
21| 0.09229 | 0.09983 | 0.10762 | 0.11562 | 0.13224 | 0.13651
22| 0.09041 | 0.09803 | 0.10590 | 0.11401 | 0.13081 0.13512
23| 0.08871 | 0.09642 | 0.10438 | 0.11257 | 0.12956 0.13392
24| 0.08719 | 0.09498 | 0.10302 | 0.11130 | 0.12846 0.13287
25| 0.08581 | 0.09368 | 0.10181 | 0.11017 | 0.12750 0.13194
26| 0.08456 | 0.09251 | 0.10072 | 0.10916 | 0.12665 0.13113
27| 0.08343 | 0.09145 | 0.09973 | 0.10826 | 0.12590 0.13042
28| 0.08239 | 0.09049 | 0.09885 | 0.10745 | 0.12524 | 0.12980
29| 0.08145 | 0.08962 | 0.09806 | 0.10673 | 0.12466 0.12925
30| 0.08059 | 0.08883 | 0.09734 | 0.10608 | 0.12414 | 0.12876
31| 0.07980 | 0.08811 | 0.09669 | 0.10550 | 0.12369 0.12833
32| 0.07907 | 0.08745 | 0.09610 | 0.10497 | 0.12328 0.12795
33| 0.07841 | 0.08685 | 0.09556 | 0.10450 | 0.12292 0.12762
34| 0.07780 | 0.08630 | 0.09508 | 0.10407 | 0.12260 0.12732
35| 0.07723 | 0.08580 | 0.09464 | 0.10369 | 0.12232 0.12706
36/ 0.07672 | 0.08534 | 0.09424 | 0.10334 | 0.12206 0.12683
37| 0.07624 | 0.08492 | 0.09387 | 0.10303 | 0.12184 | 0.12662
38| 0.07580 | 0.08454 | 0.09354 | 0.10275 | 0.12164 | 0.12644
39| 0.07539 | 0.08419 | 0.09324 | 0.10249 | 0.12146 0.12628
40| 0.07501 | 0.08386 | 0.09296 | 0.10226 | 0.12130 0.12613




624 A Financial Mathematical Factors

i i q"(q-1) _ i(1+D)"
Annuity Factors (in arrears) 1~ [Tl
n i
0.03 0.0375 0.04 0.0425 0.05 0.06

41| 0.04271 0.04814 0.05002 0.05192 0.05782 0.06606

42| 0.04219 0.04765 0.04954 0.05146 0.05739 0.06568

43| 0.04170 0.04719 0.04909 0.05102 0.05699 0.06533

44| 0.04123 0.04675 0.04866 0.05061 0.05662 0.06501

45| 0.04079 0.04634 0.04826 0.05022 0.05626 0.06470

46| 0.04036 0.04595 0.04788 0.04985 0.05593 0.06441

47| 0.03996 0.04558 0.04752 0.04950 0.05561 0.06415

48| 0.03958 0.04523 0.04718 0.04917 0.05532 0.06390

49| 0.03921 0.04489 0.04686 0.04886 0.05504 0.06366

50| 0.03887 0.04457 0.04655 0.04856 0.05478 0.06344

51| 0.03853 0.04427 0.04626 0.04828 0.05453 0.06324

52| 0.03822 0.04399 0.04598 0.04801 0.05429 0.06305

53| 0.03791 0.04371 0.04572 0.04776 0.05407 0.06287

54| 0.03763 0.04345 0.04547 0.04752 0.05386 0.06270

55| 0.03735 0.04320 0.04523 0.04729 0.05367 0.06254

56| 0.03708 0.04297 0.04500 0.04708 0.05348 0.06239

57| 0.03683 0.04274 0.04479 0.04687 0.05330 0.06225

58| 0.03659 0.04253 0.04458 0.04668 0.05314 0.06212

59| 0.03636 0.04232 0.04439 0.04649 0.05298 0.06199

60| 0.03613 0.04213 0.04420 0.04631 0.05283 0.06188
61| 0.03592 0.04194 0.04402 0.04614 0.05269 0.06177
62| 0.03571 0.04176 0.04385 0.04598 0.05255 0.06166

63| 0.03552 0.04159 0.04369 0.04583 0.05242 0.06157

64| 0.03533 0.04143 0.04354 0.04568 0.05230 0.06148

65| 0.03515 0.04127 0.04339 0.04554 0.05219 0.06139

66| 0.03497 0.04112 0.04325 0.04541 0.05208 0.06131

67| 0.03480 0.04098 0.04311 0.04529 0.05198 0.06123

68| 0.03464 0.04084 0.04299 0.04516 0.05188 0.06116

69| 0.03449 0.04071 0.04286 0.04505 0.05179 0.06110

70| 0.03434 0.04058 0.04275 0.04494 0.05170 0.06103

71| 0.03419 0.04046 0.04263 0.04483 0.05162 0.06097

72| 0.03405 0.04035 0.04252 0.04473 0.05154 0.06092

73| 0.03392 0.04024 0.04242 0.04464 0.05146 0.06087

74| 0.03379 0.04013 0.04232 0.04455 0.05139 0.06082

75| 0.03367 0.04003 0.04223 0.04446 0.05132 0.06077

76| 0.03355 0.03993 0.04214 0.04438 0.05126 0.06072

77| 0.03343 0.03984 0.04205 0.04430 0.05120 0.06068

78| 0.03332 0.03975 0.04197 0.04422 0.05114 0.06064

79| 0.03322 0.03966 0.04189 0.04415 0.05108 0.06061

80| 0.03311 0.03958 0.04181 0.04408 0.05103 0.06057




625

A Financial Mathematical Factors
Annuity Factors (in arrears) “';(.,q_‘ll) = <11'(+1iJ)r"lEll
n i
0.07 0.08 0.09 0.10 0.12 0.125

41| 0.07466 | 0.08356 | 0.09271 | 0.10205 | 0.12116 0.12601
42| 0.07434 | 0.08329 | 0.09248 | 0.10186 | 0.12104 0.12589
43| 0.07404 | 0.08303 | 0.09227 | 0.10169 | 0.12092 0.12579
44| 0.07376 | 0.08280 | 0.09208 | 0.10153 | 0.12083 0.12571
45| 0.07350 | 0.08259 | 0.09190 | 0.10139 | 0.12074 0.12563
46| 0.07326 | 0.08239 | 0.09174 | 0.10126 | 0.12066 0.12556
47| 0.07304 | 0.08221 | 0.09160 | 0.10115 | 0.12059 0.12549
48| 0.07283 | 0.08204 | 0.09146 | 0.10104 | 0.12052 0.12544
49| 0.07264 | 0.08189 | 0.09134 | 0.10095 | 0.12047 0.12539
50| 0.07246 | 0.08174 | 0.09123 | 0.10086 | 0.12042 0.12535
51| 0.07229 | 0.08161 | 0.09112 | 0.10078 | 0.12037 0.12531
52| 0.07214 | 0.08149 | 0.09103 | 0.10071 | 0.12033 0.12527
53| 0.07200 | 0.08138 | 0.09094 | 0.10064 | 0.12030 0.12524
54| 0.07186 | 0.08127 | 0.09087 | 0.10059 | 0.12026 0.12522
55| 0.07174 | 0.08118 | 0.09079 | 0.10053 | 0.12024 0.12519
56| 0.07162 | 0.08109 | 0.09073 | 0.10048 | 0.12021 0.12517
57| 0.07151 | 0.08101 | 0.09067 | 0.10044 | 0.12019 0.12515
58| 0.07141 | 0.08093 | 0.09061 | 0.10040 | 0.12017 0.12514
59| 0.07132 | 0.08086 | 0.09056 | 0.10036 | 0.12015 0.12512
60| 0.07123 | 0.08080 | 0.09051 | 0.10033 | 0.12013 0.12511
61| 0.07115 | 0.08074 | 0.09047 | 0.10030 | 0.12012 0.12509
62| 0.07107 | 0.08068 | 0.09043 | 0.10027 | 0.12011 0.12508
63| 0.07100 | 0.08063 | 0.09040 | 0.10025 | 0.12010 0.12507
64| 0.07093 | 0.08058 | 0.09036 | 0.10022 | 0.12009 0.12507
65| 0.07087 | 0.08054 | 0.09033 | 0.10020 | 0.12008 0.12506
66| 0.07081 | 0.08050 | 0.09031 | 0.10019 | 0.12007 0.12505
67| 0.07076 | 0.08046 | 0.09028 | 0.10017 | 0.12006 0.12505
68| 0.07071 | 0.08043 | 0.09026 | 0.10015 | 0.12005 0.12504
69| 0.07066 | 0.08040 | 0.09024 | 0.10014 | 0.12005 0.12504
70| 0.07062 | 0.08037 | 0.09022 | 0.10013 | 0.12004 0.12503
71| 0.07058 | 0.08034 | 0.09020 | 0.10012 | 0.12004 0.12503
72| 0.07054 | 0.08031 | 0.09018 | 0.10010 | 0.12003 0.12503
73| 0.07050 | 0.08029 | 0.09017 | 0.10010 | 0.12003 0.12502
74| 0.07047 | 0.08027 | 0.09015 | 0.10009 | 0.12003 0.12502
75| 0.07044 | 0.08025 | 0.09014 | 0.10008 | 0.12002 0.12502
76/ 0.07041 | 0.08023 | 0.09013 | 0.10007 | 0.12002 0.12502
77| 0.07038 | 0.08021 | 0.09012 | 0.10007 | 0.12002 0.12501
78| 0.07036 | 0.08020 | 0.09011 | 0.10006 | 0.12002 0.12501
79| 0.07034 | 0.08018 | 0.09010 | 0.10005 | 0.12002 0.12501
80/ 0.07031 | 0.08017 | 0.09009 | 0.10005 | 0.12001 0.12501




626 A Financial Mathematical Factors

i i q"(q-1) _ i(1+D)"
Annuity Factors (in arrears) 1~ [Tl
n 1
0.03 0.0375 0.04 0.0425 0.05 0.06
85| 0.03265 0.03922 0.04148 0.04377 0.05080 | 0.06043
90| 0.03226 0.03892 0.04121 0.04353 0.05063 | 0.06032

95| 0.03193 0.03867 0.04099 0.04333 0.05049 0.06024

100 0.03165 0.03847 0.04081 0.04317 0.05038 0.06018

105| 0.03141 0.03830 0.04066 0.04304 0.05030 0.06013

i i q“(q-1) _ (4"
Annuity Factors (in arrears) i el e
n 1
0.07 0.08 0.09 0.10 0.12 0.125

85| 0.07022 0.08012 0.09006 0.10003 0.12001 0.12501
90| 0.07016 0.08008 0.09004 0.10002 0.12000 0.12500
95| 0.07011 0.08005 0.09003 0.10001 0.12000 0.12500
100/ 0.07008 0.08004 0.09002 0.10001 0.12000 0.12500
105] 0.07006 0.08002 0.09001 0.10000 0.12000 0.12500
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