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Roadmap to the Syllabus

UNIT I

Conditional probability — Baye’s theorem — Random variables — Discrete and continuous distribu-
tions — Distribution functions — Binomial, Poison and Normal distribution — Related properties.

(5 REFER Chapters 1,2 and 3

UNIT II

Test of hypothesis: Population and sample — Confidence interval of mean from normal distri-
bution — Statistical hypothesis — Null and alternative hypothesis — Level of significance — Test of
significance — Test based on normal distribution — Z test for means and proportions — Small samples —
t-test for one sample and two sample problem and paired t-test, F-test and Chisquare test (testing of
goodness of fit and independence).

(S REFER Chapters 4, 5, 6 and Appendix A

UNIT III

Analysis of variance one way classification and two way classification (Latic Square Design and RBD).
(5 REFER Chapters 9 and Appendix A

UNIT IV

Statistical quality control: Concept of quality of a manufactured product — Defects and defectives —
Causes of variations — Random and assignable — The principle of Shewhart Control Chart-Charts for
attribute and variable quality characteristics — Constructions and operation of Xbar Chart, R-Chart,
P-Chart and C-Chart.

@ REFER Chapters 8, 10 and Appendix A

UNITV
Queuing theory: Pure birth and death process, M/M/1 & M/M/S and their related simple problems.
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Preface
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The book also has numerous Mutiple Choice Questions and Fill in the Blanks at the end of each
chapter, thus providing the student with an abundant repository of exam specific problems.

Suggestions for the improvement of the book are welcome and will be gratefully acknowledged.
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Probability

1.1 INTRODUCTION

The beginning of probability theory dates back to the mid-seventeenth century when Pascal' and
Fermat® independently found solution to a problem faced by a gambler, though the first book on
the subject Book on Games of Chance written by Cardan® was published in 1663. Outstanding con-
tributions to probability theory were made by Huygens,* Bernoulli,’> Demoivre,® Laplace,” Gauss,®
Chebyshev,” Markov,'* and Kolmogorov''—the last being credited with the development of the axi-
omatic theory of probability.

The early workers recognized the significance of investigation of laws governing random events.
The increasing interest in natural sciences made it necessary to extend the theory of probability beyond
the games of chance. Probability theory today is connected with many other branches of mathematics
and many fields of natural science, engineering technology and economics.

Probability was developed to analyse the games of chance. It is a mathematical modelling of the
phenomenon of chance or randomness. The measure of chance or likelihood is called the probability
of statement. Closely related to probability is statistics which is the science of handling, assembling,

Pascal, Blaise (1623-62) is a French philosopher, mathematician, great geometer, probabilist, combinotorist and physicst. He
and Fermat independently founded probability theory.

Fermat, Pierre de (1601-65) is a brilliant versatile amateur, French mathematician and an unexcelled number theorist.
3Cardan, Jerome (1501-76) is an Italian physician and mathematician.

“Huygens, Christiaan (1629-95) is a Dutch physical scientist, astronomer and mathematician. He did pioneering work on
continued fractions, tautochrone, probability and analysis toward the invention of calculus.

SBernoulli, Jacob (1654—1704) is a Swiss mathematician, physicist, analyst, combinatorist, probabilist and statistician.

®de Moivre, Abraham de (1667-1754) is French mathematician, statistician, probabilist and analyst. He was born in France,
studied in Belgium and settled in England.

"Laplace, Pierre Simon de (1749-1827) French mathematician analyst probabilist, astronomer and physicist known for his
work in celestial mechanics and probability theory.

8Gauss, Carl Friedrich (1777-1855) is a German mathematician. He is considered along with Archimedes and Newton made
contributions to algebra, analysis, geometry, number theory, probability, etc.

°Chebyshev, Pafnuty Lvovich (1821-94) is a Russian mathematician worked in algebra, analysis, geometry, number theory,
probability, etc.

"Markov, Andrei Andreyevich (1856-1922) is a Russian mathematician, probabilist, algorist, algebraist and topologist.

"Kolmogorov, Andrei Nikolaevich (1903-87) is a Russian analyst, probabilist, topologist. He laid set theoretic foundation for
probability theory in 1933.
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analysing, characterizing and interpreting data, and drawing conclusion. It can be regarded as a branch
of applied probability.

Modern mathematical statistics has been applied in a wide range of fields. In engineering, for
instance, it is applied in testing materials, in robotics, automation in general, and in the control of
production processes. In other fields, like agriculture, biology, computer science, demography, ecoge-
ography, management of natural and human resources, medicine, meteorology, politics, psychology,
sociology and traffic control.

Probability theory provides mode of probability distribution to be tested by statistical tests and
will furnish the mathematical foundation of those tests and other methods. It finds its application in
many areas of engineering. As an example, we may mention reliability engineering as it is important
to estimate if a system is likely to fail in a time interval. It is vital if the failure of the system results in
the probability of injury or loss of life.

It is widely used in production engineering particularly in quality control.

In communication engineering, noise control using models based on probability theory is very
important.

1.2 SETS AND SET OPERATIONS
Sets
A set is a collection of objects—concrete or abstract, finite or infinite.

Examples

1. The collection of subjects of probability and statistics:
{Probability, Statistics}
2. The collection of binary digits:

10, 1}
3. The collection of natural numbers:
{0,1,2,3,...}

4. The collection of the prime numbers:
{2,3,5,7,11,13, ...}

5. The collection of the sons of Rama:
{Kusha, Lava}

When we conceive of a set 4 and consider an object as there arise two situations. The objects x
may be in the set 4 in which case we write x € 4. It means that x is a member (element) of the set 4.
Otherwise, x may not belong to the set A which is denoted by x & 4.

The method of representing a set by listing its members in some order (as in Example, 1.5) is called
the roster method or tabular form of representing a set.

Another method of representing a set is by mentioning the property governing the elements of the
set. Example 3 above can be written as {x | x is a natural number}.

There is a set which contains no elements and it is defined by {x | x # x}. It is unique and is denoted
by ¢, it is called the empty set or the null set.

Example {x|x?>= 1,xiseven}
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Subset Suppose A and B are sets. If xEA4= x € B then 4 is a subset of B. It is represented as
A C B. Here, B is called the superset of 4.

Example LetA4 = {2,3} and B ={x|x € [, 0 <x < 10}. Since 2 and 3 in A4 also belong to B, so
ACB.

Equality of Sets Two sets 4 and B are said to be equal, denoted by A = B, if both contain the same
elements in some order.
Note that 4 = B ifand only if A C B and B C 4.

Remarks

1. The null set is a subset of every set A.

2. Let A C B and A # B then B contains at least one element which is not in 4.

Comparable Sets Two sets 4 and B are comparable if 4 C B or B C 4, otherwise 4 and B are
incomparable.

Equivalent Sets The number of elements m in a finite set 4 is called its cardinal number, and is
denoted by n(4) or |A4].

Two finite sets 4 and B are said to be equivalent, denoted 4 ~ B, if their cardinal num-
bers are equal. The sets of Examples 1, 2 and 5 are equivalent, since each has cardinal
number 2.

Two infinite sets are said to be equivalent, if there exists a one—to—one correspondence between
their elements.

The sets of even and odd integers are equivalent since m<>2m for each integer.

Universal Set A set containing all the objects of study or consideration is called a universal set.
Power Set Power set of a set 4 is the set of all subsets of 4. It is denoted by P(A).

Example If 4 = {a, b, ¢}, then P(4) = {0, {a}, {b}, {c}, {a, b}, {a, ¢}, {b, c}}. Note that
n(P(A4)) =2 = 8.

Note Ifn(4) = m then n(P(4)) = 2™
Set Operations

Union of A and B (Figure 1.1)
AUB = {x|x &€ Aorx € Borboth}

A B

I~
N
L1
L

A
I
N
~

Figure 1.1 Union of A and B.
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Intersection of A and B (Figure 1.2)

ANB={x|x&€AAandx € B}
A B

Figure 1.2 Intersection of A and B.

Disjoint Sets (Figure 1.3)
A and B are disjointif 4 N B = 0.

A B
Figure 1.3 Disjoint sets.

Relative Complement of A in B or Difference of Sets (Figure 1.4)

B—A={x|xEB,x&A}
B A

Figure 1.4 Difference of sets.

Symmetric Difference (Figure 1.5)

AAB=(4—B)U B — A)
A B

Figure 1.5 Symmetric difference.
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Complement
Complement of A relative to the universal set U, denoted by 4 or 4° or A’, is the set {x € U|x & A4}.
Inverse Law (Figure 1.6)

A

Figure 1.6 Inverse law.

De Morgan’s Laws

(a) (AUB) =A'NB’

(b) (ANB) = A"UB’

Counting

(a) n(AUB) = n(A4) + n(B) — n(ANB)

(b) n(AUBUC) = n(A) + n(B) + n(C) — n(ANB) — n(ANC) —n(BNC) + n(ANBNC)

Example 1.1

In a class of 60 students, 42 passed in Maths and 37 in English. How many passed in both, if 10 failed
in both?

Solution Number of students passed = n(U) — n(F) = 60 — 10 = 50

nMOUE)=n(M)+n(E)—nMNE)
50=42+37—-n(MNE)
nMNE)=42 + 37 — 50 = 29 (Figure 1.7)

10 8)

M E

Figure 1.7 (Example 1.1).
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Example 1.2

A college awarded 38 medals in football, 15 in basketball and 20 in cricket. If these medals went to a
total of 58 students and only 3 men got medals in all the three sports, how many received medals in
exactly two of the three sports?

Solution Let 7, B, and C denote the sets of students who received medals in football, basketball and
cricket respectively.

Then n(F) =38
n(B) = 15
n(C) = 20

nFUBUC)=58andn(AdNBNC)=3
We have
nFUBUCQC)=nF)+nB)+nlC)—n(FNB)—n(FNC)—nBNC)+nFNBNC)

Therefore, n(F N B) + n(FNC)+n(BNC)=38+15+20+3 —58=18
From this we have to subtract 3n(F N B N C) to get the required number = 18 — 3 X 3 = 9 (Figure 1.8)

Figure 1.8 (Example 1.2).

Cartesian Product Cartesian product of two sets 4 and B, denoted by 4 X B, is the set of all
ordered pairs (x, y) where x € 4 and y € B.

If4=1{1,2}and B = {a, b} then 4 X B = {(1, a), (1, D), (2, a), (2, D)}

If n(4) = m and n(B) = nthen n(4 X B) = m X n.

1.3 PrincirLE OF COUNTING

Sum Rule Let a task be performed in », ways and a second task in n, ways, and an mth task in
ways. Suppose the tasks are such that they cannot be performed simultaneously. Then the number of
ways of performing these m tasksisn, +n,... +n .
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Example 1.3

Let a class consist of 42 boys and 18 girls. The number of ways in which we may select one student
either a boy or a girl is 42 + 18 = 60.

Product Rule If a task can be performed in 7, different ways and after doing it in any one way, a
second task can be done in n, different ways and finally mth task can be done in _ different ways then
all these m tasks can be done in specified order in succession in n, - n,- ... n, different ways.

Example 1.4

Let there be 3 ways—road (B), rail (7) and air (P) to reach Mumbai from Hyderabad; and 2 ways—air
(P) and sea (S) to reach New York from Mumbai. Then the number of ways of reaching New York from
Hyderabad is 3 X 2 = 6 ways.

Tree Diagram Let M, M, and M, be the 3 ways in which one can travel from Hyderabad
to Mumbai and let N, and N, be the 2 ways of reaching New York. Having chosen one of these
3 modes of travel one has 2 ways of reaching New York. The different ways of reaching New
York could be graphically and poignantly represented through a tree diagram as shown in
Figure 1.9.

Ml Nl
M
M] N2
M,
M, Ny
M;
M, N,
M
M3 Nl
M
M3 N2

Figure 1.9 Tree diagram.

1.4 PERMUTATIONS AND COMBINATIONS
1.4.1 Permutations

A permutation of a set of # distinct objects is an ordered arrangement of these n objects.
An r-permutation is an ordered arrangement of 7 elements taken from » given objects.

Example 1.5

Let A = {1, 2, 3} then 123, 132 and 312, are permutations of 4. The total number of permutations
with the elements of 4 is 6. It is same as filling up 3 places with these 3 numbers. The first place can
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be filled with any one of the 3 numbers. Having filled the first place by one of these, the second place
can be filled by any one of the remaining 2 numbers and the third place by the remaining one, i.e.,
3X2X1=6:

123 132
231 213
312 321

The 2-permutations of 4 are 12, 13; 21, 23; and 31, 32.

Factorial Function In this context, we introduce the factorial function which is basic. By definition,
Ol=1landn!=m— 1! Xn.
For large n, an approximation to its value is given by Stirling’s'? formula:

n! ~2nn(nley"

Here ~ means asymptotically equal. It implies that the ratio of the LHS and the RHS terms approach
unity as n — o,

Number of r-permutations The number of r-permutations of a set with n objects, denoted by "p,
or P(n, r), is
P(n,r) = n(n — )(n — r + 1) r factors

|
n: 0<r<n

T
Corollary
When r = n, we get P(n, n) = n!
r =0, we get P(n,0) =1
P(n, r) is the number of linear arrangements of n objects taken r at a time when repetition is not

allowed.
When repetition is allowed the number of arrangements is #".

Example 1.6
How many three-digit numbers can be formed with the digits 1-6:

(a) When repetition is not allowed
(b) When repetition is allowed

Solution Heren =6,r =3
@)m@m=75%ﬁ=6x5x4=1m
It is same as filling up 3 blanks with 6 objects. The first place can be filled in 6 ways. Having
filled the first place by any one of the 6 objects, the second place can be filled in 5 ways with any
one of the remaining 5 objects. Similarly, the third place can be filled in 4 ways with any one of
the remaining 4 objects.
Total number of ways of filling 3 places with 6 objects when repetition is not allowed is
6 X 5 X 4 =120 ways:

12Stirling, James (1692—1770) is a Scottish mathematician.
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(b) When repetition is allowed, the first place can be filled in 6 ways by any one of the 6 objects.
Having filled the first place, the second and the third places also can be filled in 6 ways since
6 objects are available each time.

Total number of ways = 6 X 6 X 6 = 6’ = 216.
Example 1.7

In how many ways can 3 boys and 5 girls can be seated in a row if
(a) No two boys sit together
(b) All the girls sit together

Solution In any arrangement of 5 girls in a row, there are 6 places which 3 boys have to
occupy. This can be done in P(6, 3) ways.
The 5 girls can be arranged among themselves in 5! ways:

Total number of arrangements = 5! X P(6, 3)
= 14,400

(a) Consider 5 girls as one unit since they have to be together. So 3 boys and 1 unit of girls can be
arranged in 4! ways:
Total number of arrangements = 4! X 5! = 2880, since the 5 girls can be arranged among
themselves in 5! ways.

Example 1.8
Find the number of different permutations of the letters of the word COMMITTEE.

Solution There are 9 letters of which

M’s =2
O,I,and Ceach = 1
Ts=2
Es=2
9

Total number of permutations = 2 '!)3

1.4.2 Combinations

An r-combination of a set of n distinct objects is an unordered selection of 7 elements from the set. It
is denoted by C(n, r) or "c, or (?)

Cn,r) = ('] =p(z; 2 = (,:”_r)! 0<r<n)

Note that C(n, r) = C(n,n — r) Or(’r’z):( . )

n—r
Example 1.9

Find the number of ways in which a committee of 3 can be formed out of 8 members if
(a) A specified member is always to be included

(b) A specified member is always to be excluded
(¢) Either A or B must be included
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Solution
(a) Since a specified member is to be included, we have to select 2 out of the remaining 7.

‘o (TN T X6 _
This is done 1n(2) =12 21 ways.

(b) Since a specified member is always to be excluded, we have to select 3 members out of the
remaining 7.
This is done in (;) =7 X6 X 5= 35 ways.

I X2X3
(c) Since A or B is to be included, we have to select 2 out of the remaining 6.

6y _6X5_
2) ) 15 ways.

Number of ways of selecting one from A and B = 2 ways.
Total number of ways of making selection = 2 X 15 = 30 ways.

This can be done in (

Combination with Repetition The number of combinations of #n objects taken r at a time with
n+r— 1):(n+r—1)!

repetition 1s ( r r(n—r)!

1.5 BinoMiAL EXPANSION

0 n

Here (’;) _nn—1) rEn —r+ 1)’

x+tay= (n)x" + ('11))6"‘1611 4.+ (?)x”‘a"ﬁ- R (n)a".

r=20,1,2, ..., nare called the binomial coefficients.

1.6 INTRODUCTION TO PROBABILITY

Consider that a machine produces certain components that have to meet certain specifications. The
quality control department takes samples of components and checks how many of them meet the
specifications. Suppose on average 90 out of 100 components meet the specifications. A component
is selected at random and let 4 be the outcome that the component meets the specifications and B the
outcome that the component fails to meet the specifications.

Then we say the probability of A occurring is 90/100 = 0.90

And the probability of B occurring is 10/100 = 0.10

We write P(4) = probability of 4 occurring = 0.9

P(B) = probability of B occurring = 0.1

We note that the sum of all probabilities of all possible outcomes is unity.

The process of selecting a component is called an experiment or trial. The possible outcome is
called an event. In the above example, there are only two possible events 4 and B.

The set of all possible outcomes is called the sample space S, then B = A4’ is the event which is the

complement of 4 (Figure 1.10).
U=s§

Figure 1.10 Sample space.



Probability 1-11

1.6.1 Random Experiment

An experiment which can be repeated any number of times under essentially identical conditions and
which can be associated with a set of known results is called a random experiment or trial if the result
of any single repetition of the experiment is not certain and cannot be predicted with certainty.

Examples

1. Tossing of a coin

2. Rolling a die

3. Drawing a card from a pack of 52 cards

Elementary or Simple Event The result of any single repetition of a random experiment is called
an elementary or simple event.

Examples
1. In the random experiment of tossing a coin, getting a head (H) or getting a tail (T) is an elementary
event.

2. In the random experiment of rolling a die, getting any of the numbers 1—6 is an elementary
event.

3. In the random experiment of drawing a card, getting a king or an ace etc. is an elementary event.

The collection of all elementary events in a trial is called the set of exhaustive events. In the above
examples 1 and 2, {H, T} and {1, 2, 3, 4, 5, 6} are the set of exhaustive events respectively.

Any combination of one or more elementary events in a trial is called an event.

The cases favourable to a particular event of an experiment are called successes and the remaining
cases are called failures with respect to that event.
1.6.2 Classical Definition of Probability

If there are n exhaustive equally likely elementary events in a trial and m of them are favourable to an
event 4, then m/n is called the probability of 4:

P(4) = m/n

1.6.3 Von Mises Statistical Definition of Probability

If a trial is conducted » times and m of them are favourable to an event 4, then m/n is called the relative
frequency of 4 and is denoted by R(4). If nli_r)rgo R(A) exists, then the limit is called probability of 4.
1.6.4 Mathematical Definition of Probability

The set of all possible outcomes (results) in a trial is called the sample space for the trial and is denoted
by S. The elements of S are called sample points.

Examples

1. Tossing of two coins: {(H, H) (H, T) (T, H) (T, T)}which, for the sake of simplicity, is written as
{HH, HT, TH, TT}

2. Rolling of a die: {1, 2,3,4,5, 6}
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Let S be a sample space of a random experiment. Every subset of S is called an event. In particular,
o and S are two events in S. @ is called the impossible event and S the certain event in S. An event
which contains only one sample point is called a simple event.

Simple events in a sample space are precisely the elementary events in the random experiment.

1.7 Axioms OF PROBABILITY
Probability Definition 2

Let S be a finite sample space and P be a probability function on S. If 4 is an event in S then P(4), the
image of A, is called probability of 4. A real valued function P: P(S) — R is said to be a probability
function on S if

1. P(4)=0,V 4 € P(S).

2. P(S)=1.

3. A,B[P(S),4 N B=@]= P(AUB) = P(4) + P(B).

IfA, A, ..., A are n mutually exclusive events in a sample space S, then

P(A,UA,U...UA)=PA)+ PA)+ ... + P(4).

1.8 Basic THEOREMS

Complementation Note The complement of an event 4 in a sample space S is unique. If A” is the
complement of 4 then
PA)=1—P)
Wehave S=4U A and4 U A" =0
Hence by axioms 2 and 3, we have

1 = P(S) = P(4) + P(A") = P(4) = | — P(4)

Example 1.10 Coin Tossing

Three fair coins are tossed simultaneously. Find the probability of the event 4 where 4 is the event in
which at least one head turns up.

Solution The sample space S consists of n(S) = 2* = 8 outcomes. Since the coins are fair, we may
assign the same probability to each outcome.
The event A” is no head turning up if it consists of only 1 outcome.

Hence P(A") = 1/8. The answer is P(4) = 1 — P(4") = 7/8.

Mutually Exclusive Events Events are said to be mutually exclusive if the happening of any one of
them precludes the happening of all the others. That is, if no two or more events happen at the same
time.

Example

1. In tossing of a coin the events H (turning up of a head) and T (turning up of tail) are mutually
exclusive.

2. In throwing a die the events of showing up of {1} {2} ... and {6} are mutually exclusive.
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Theorem 1: Addition Rule for Mutually Exclusive Events
IfA,4, ...,A_are m mutually exclusive events in a sample space S, then

PAUAU.. . Ud)=PA)+PA)+...+PA)= 2 P(4).

Example 1.11
If P(4) = 1/5, P(B) = 2/3 and P(4 N B) = 1/15, find the following:
(a) P(4 U B), (b) P(4" N B), (c) P(4 N B’), (d) P(4" N B’) and (e) P(4" U B’).
Solution
(a) PAUB)=PA)+ P(B)— PANB)=1/5+2/3—-1/15=4/5
(b) P(A’NB)=PB) — PANB)=2/3—-1/15=13/5
(c) PANB)=PA —PANB)=1/5—-1/15=2/15
(De Morgan’s Laws)
(d PA'NB)=P(AUB)Y)=1—-PAUB)=1-4/5=1/5
(e) PAAUB)Y)=P(ANB)Y)=1—-—PANB)=1-1/15=14/15

Theorem 2: Addition Rule for Arbitrary Events

If A and B are any two events in a sample space S

P(4 U B) = P(4) + P(B) — P(4 N B)

A B

Figure 1.11 By axiom 3 and disjointedness.
Proof In Figure 1.11, sets C, D and E are mutually exclusive (disjoint). By Theorem 1,

P(C) + P(D) = P(A)
and
P(E) = P(B) — P(D)

= P(B) — P(AN B)
From (1) + (2), we get
P(AU B)=P) + P(B) — PAN B)
Example 1.12 Union of Arbitrary Events

Find the probability of getting an odd number or a number less than 4.

1-13

()

2



1-14 Probability and Statistics

Solution Let 4 be the event of getting an odd number and B be the event of getting a number less
than 4, then 4 N B is the event of getting an odd number less than 4 = {1, 3}:

P(4) = 3/6, P(B) = 3/6 and P(4 N B) = 2/6
P(4 U B) = P(4) + P(B) — P(4 N B)
= 3/6 + 3/6 — 2/6 = 4/6 = 2/3

The following combinations of events arise in probability theory and their meanings are explained
in Table 1.1.

Table 1.1 Combination of events and their meanings.

Combination Meaning

AUB either 4 or B or both
ANB both 4 and B

A ord not A

ANB =& A and B are mutually exclusive
A'NB’ or (AUBY neither 4 nor B

ANB’ Only 4

ANB Only B

(ANB) U (A"UB) Exactly one of 4 and B
AUBUC At least one of A, B or C
ANBNC all the three 4, B and C

Three events 4, B, and C are independent if
P(4 N B) = P(4) X P(B),
P(BN C) = P(B) X P(O),
P(CNA)= P(C) X PA)
and P(4A N BN C) = P(4) X P(B) X P(C).

Sampling Consider drawing objects randomly at a time from a given set of objects. This is called sam-
pling from a population. There are two ways of sampling: with replacement and without replacement.

1. In sampling with replacement, the object that was drawn at random is placed back into the given
set and the set is mixed thoroughly. Then we draw the next object at random.

2. In sampling without replacement, the object that was drawn in is put aside.
Example 1.13 Sampling with and without Replacement

A box contains 10 balls, 3 of which are red and the others white. Two balls are drawn at random.
Find the probability that none of the 2 balls is red.

Solution Let 4 and B be the two events:

A: First drawn ball is white.
B: Second drawn ball is white.

Since, we are sampling at random, each of the 10 balls has the probability 1/10 of being picked.
Also, 7 out of 10 balls are white.
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The probability of a ball that is picked is white is
P(4)="17/10.
If we sample with replacement, the situation before the second drawing is the same as at the
beginning.
P(B)=17/10
Since the events are independent

P(4 N B) = P(4) X P(B) = 7/10 X 7/10 = 49/100 = 0.49 or 49%

If we sample without replacement then P(4) = 7/10 as before.
If 4 has occurred, then there are 9 balls left in the box, 3 of which are red:

P(B/A) = 6/9 = 2/3
P(A N B) = P(A) X P(B/A) — 7/10 X 2/3 = 7/15 = 46.6%
1.9 ConDITIONAL PROBABILITY AND INDEPENDENT EVENTS
1.9.1 Conditional Probability
If 4 and B are two events in a sample space s and P(4) # 0, then the probability of B after the event 4
has occurred is called conditional probability of B given 4. It is denoted by P(B/A):

B\ _ P(4NB)
P( ) il P(4) # 0

Similarly, the conditional probability of 4 given B is

Pl =248 e
Solving the two equations, we obtain the multiplication theorem of probability:

1. P(ANB) = P(A) X P(B/A)

2. P(AN B) = P(B) X P(A/B)

1.9.2 Independent Events
Two events 4 and B in a sample space s are independent if and only if
P(ANB) = P(4) X P(B)
In this case, if P(4) # 0 and P(B) # 0 then
P(4/B) = P(A) and P(B/A) = P(B)

This means that the probability of 4 does not depend on the occurrence of B. This justifies the term
‘independent’.
Example 1.14

Three coins are tossed simultaneously. Find the probability of getting one head and at least one head.
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Solution

S = {HHH, HHT, HTH, THH, TTH, THT, HTT, TTT}

n(S) =8
P(S)=28/8=1
If 4 is the event of getting one head, 4 = {TTH, THT, HTT}
n(d) =3
P(4) = 3/8

If B denotes the event of getting at least one head and C denotes the event of getting no head,
PB)=P©S)—PC)=1—5=17/8

Example 1.15

oo|—

Find the probability of getting 3 of hearts if we draw 2 cards from a pack of 52 cards.

Solution Total number of cards in a pack = 52
Two cards can be chosen from 52 cards:

Number of exhaustive cases = *c, = 5% X g 1
X

= 1326

There are 13 hearts out of which we have to select 3 cards and can be done in "c, ways
_13x12x 11 _ 5
1x2x3

I3XI12X 11y 1X2 _ 28 _ 11

1 X2X3 52 X 51 1326 1

Example 1.16

What is the probability of drawing an ace from a well-shuffled deck of 52 playing cards?
Solution

Number of exhaustive cases n(4) = *c, = 52

Number of favourable cases n(B) = “c, = 4

The required probability = B "3 13

Example 1.17

What is the probability of (a) a non-leap year having 53 Sundays and (b) a leap year having 53
Sundays?

Solution

(a) Let A denote the event of having 53 Sundays in a non-leap year. A non-leap year contains 365 days
= 52 complete weeks + 1 day extra. The extra day can be any one of the 7 days S, M, T, W, TH,
F or Sat. Out of the 7 possibilities there is only one favourable case:

S PU) =1
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(b) A leap year contains 366 days so that 366 = 52 weeks + 2 days extra. There are 7 possible
outcomes: SM, MT, TW, WTH, THF, FSat, and SatS, of which the first and the last two are
favourable:

S P(B) =2

Mutually Exclusive Events
Example 1.18

Two fair dice are thrown. Find the probability of getting doubles (both the dice showing the same
number) or the sum of 7.

Solution

Sample space S = {(x,y) | {l <x,y <6}
n(S) = 62 =36
Let 4 be the event of getting doubles and B be the event of getting the sum of 7. Then

A4=1{(1,1)(2,2)(3,3)(4,4) (5,5) (6, 6)}

nd) =6
B={(1,6)(2,53,4) (4,3)(5,2) (6, 1)}
n(B) =6

Therefore, 4 and B are mutually exclusive events:

P(4 or B) = P(AU B) = P(4) + P(B)

Example 1.19

Let 4 and B be the two mutually exclusive events of an experiment. If P(not 4) = 0.65, P(AUB) =
0.65 and P(B) = P then find P.

Solution We are given that P(not 4) = P(A") = 0.65 and P(AU B) = 0.65
Then P(4) =1 — P(A") =1 — 0.65 = 0.35
Since 4 and B are mutually exclusive
P(AUB) = P(A) + P(B)

0.65 = 0.35 + P(B)

P(B) =P =0.65—0.35=0.30
Conditional Probability
Example 1.20
A die is tossed and the number that turns up is odd. What is the probability that it is prime?

Solution Outof1, 2, 3, 4, 5 and 6, the numbers 2, 4 and 6 are even and 1, 3, and 5 are odd. Out of
three odd numbers, two 3 and 5 are prime.
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Conditional probability is with respect to the reduced sample space of odd numbers only.
Number of favourable cases = 2

Total number of cases = 3
P(prime/odd) = %
Example 1.21

If A4 and B are events with P(4) =
(c) P(AN B’) and (d) P(A/B").

% , P(B) = 4land P(AUB) = % find (a) P(4/B), (b) P(B/A),

Solution We have P(AUB) = P(4) + P(B) — P(ANB)

T=1+4-PUNB
1.1 1_4+3-6_ 1
PANB) =3+ -3 12 2
P(ANB) ‘L
_ NB) _ 12 _ 1
(@) PB) = =2 =
4
P(ANB) L
_f4dhb) 12 _ 1
0 PBIA) = 5 =1
3
N _ _1_1_1
(c) PUNB")=P(A)—PUNB) =4 — L =1
N1 — —1_-1_3
PBY=1-PB) =1-1=3

Example 1.22

If the probability that a communication system will have high fidelity is 0.81 and the probability that
it will have high fidelity and the selectivity is 0.18.What is the probability that a system with high
fidelity will also have high selectivity.

Solution Let 4 be the event of the communication system having high fidelity and B be the event
of the communication system having high selectivity. We are given that P(4) = 0.81 and P(AN B) =
0.18.

By the definition of conditional probability
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Example 1.23
Two dice are thrown and their sum is 7. Find the probability that at least one of the dice shows up 2.
Solution If 4 denotes the event that sum 7 is obtained then
4= {(1,6) (2,5) (3.4) (4.3) (5.2) (6,])}
n(d) =6
If B denotes the event that at least one die shows up 2
B={2,y)|{1<y<6}U{(x,2)|1<x<6}
n(B)=12
ANB={2,5)(5,2)}
By the definition of conditional probability

P(ANB)

P(BIA) = 5

2_1
6 3

Example 1.24

Weather records show that the probability of high barometric pressure is 0.82 and the probability
of rain and high barometric pressure is 0.20. Find the probability of rain, given high barometric
pressure.

Solution Let 4 denote the event of rain and B high barometric pressure.

Then P(4/B) = ZANB) _ 0.20 _ 5446

Independent Events

Example 1.25

Two friends A and B appear for an interview for two posts. The probability of A’s selection is % and
that of B’s selection is % What is the probability that (a) both are selected, (b) only one is selected,

(c) none is selected and (d) at least one is selected.

Solution Let 4 and B denote the event that A is selected and B is selected respectively. It is given
that

P(A) = % and P(B) = %

There are two posts. So the selection of one does not affect that of the other. Therefore, 4 and B are
independent events.

(a) P(ANB) = P(A) X P(B) = % X % = 11—5, since 4 and B are independent
(b) AN B’ and A’N B are mutually exclusive.
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P(ANBYU(A'NB))=PANB) +PA'NB)
= P(A) X P(B") + P(4") X P(B) (AN B’ and A’N B are mutually exclusive;
A and B are independent)

= P(A) [1 = P(B)] + [1 — P(4)] X P(B)

—1(1_2 112 _13
_6(1 5)+(1 6)5 30

(¢c) P(A’NB’) = P(4’) X P(B’) (4 and B are independent)

= [1 - P)][1 —P(B)]=(l —%)(1 —Z)=%x%:

(d) P(A4UB) = P(4) + P(B) — P(AN B)

21 _5+412-2_15_1
5 15 30 30 2

N~

Example 1.26

The chances of three students A, B and C solving a problem given in mathematics Olympiad are

é ; and 4 7 respectively. What is the probability of the problem being solved?

Solution Let A, B and Cbe the events of the students A, B, and C solving the problem respectively. It is given
that P(4) = —, P(B) = ~ and P(C) =~

The probability of solving the problem = P(A4UBU C)

— P[(AUBUCY]
1-P(A’'NB'NC)
1 — [P(4") X P(B’) X P(C")]

L[

1 (1233
=1 (2X3X4) 4

1.10 THEOREM OF TOTAL PROBABILITY (OR THE RULE OF ELIMINATION)

Theorem LetB,B,, ..., B, be apartition of the sample space S with P(B) # 0 fori = 1,2,.. , k.
Then for any event 4 of S,

T

Proof Itis giventhatB,B,, ..., B, are a partition of S, therefore § = UfBl. and BNB =0 for any i
and j, i.e. their union is S and the B,’s are mutually disjoint sets (Figure 1.12).



Probability 1-21

ORI

By

Figure 1.12 Total probability theorem.

A=4NnS=4n(Ui, B)
= AN(B,UB,U... UB,)
= (ANB,) U (ANB,)U ... (4NB,)

.AO B1} ANB,, ..., AN B, are all mutually disjoint sets. Applying total probability or the rule of
elimination, we have

P(4) = P[(ANB)U (ANB) U ... U (ANB)]
=P(B,NA)+ PB,NA) + ...+ P(BNA)
Finally applying the multiplicative rule
PU)=Y" PBNA) =Y PB) P(gi)
Theorem of Total Probability
Example 1.27

Coloured balls are distributed in three indistinguishable boxes B, B, and B, as shown below:

Bl B2 B3
Red 2 4 3
White 3 1 4
Blue 5 3 3
Total 10 8 10

A box is selected at random from which a ball is selected at random. What is the probability that the
ball’s colour is (a) red, (b) white or (c) blue?

Solution Let 4 be the colour of the ball (red, white or blue)
By the theorem on total probability,

P(R) = P(B)) X P 2

2

A
Bl

+ P(B,) X P(i) + P(B,) X P(B%)

The three boxes B,, B, and B, are indistinguishable.
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*. The probability of selecting one at random

P(B,) = P(B) = P(B,) = %

(F)_lo’ ( ) %andp(%})zf_o

1

12 14, 1,3 _1
PR) =3 X5 T3 X5+ 3%
Similarly
13 1,114 _11
PN =3X35+r3%X8 73X 1010
15 1,3, 1,3 _ 47
PB)=3X 35t 3787 3% 70~ 120

Example 1.28
A building contractor has undertaken a construction job. The probability that there will be strike is
0.65, that the construction job will be completed on time if there is no strike is 0.80 and that the work
will be completed on time if there is a strike is 0.32. Find the probability that the construction job will
be completed on time.
Solution Let 4 be the event that the construction job will be completed on time and B be the event
that there will be a strike. We have to find P(A).
P(B) = 0.65
= P(no strike) = P(B’) = 1 — P(B)
=1-10.65=0.35
P(4/B) = 0.32 and P(4/B") = 0.80
The events B and B’ form a partition of the sample space S. By the theorem on total probability,
we have
P(A) = P(B) X P(A/B) + P(B") X P(A/B")
= 0.65 X 0.32 + 0.35 X 0.8
= 0.208 X 0.28 = 0.488

1.11 BAYES’ THEOREM OR RULE

Theorem Let the sample space S be partitioned into k subsets B, B, . . .. .. , B, with P(B) # 0 for
i=1,2,..., k Then for any arbitrary event 4 in S with P(4) # 0, we have, forr = 1,2, ...k,
B P(B) P(g
P|=f| = PB,n4) Yo pBnay=__ " B (1)
k
X re) g
Proof By the definition of conditional probability
B
P(_, _ P(B.N4) @
A TP
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Also, by the theorem of total probability
Py =" PBNA) =" PB) P(%) 3)
Finally, by the multiplication rule
P(BNA4) = P(B) X P(% ) @)

Now, we obtain (1) by substituting (3) and (4) in (2).

Note Bayes’ theorem is also known as the formula for the probability of ‘causes’. It gives the prob-
ability of a particular cause B, given that event 4 has happened.

P(B) is ‘a priori probability” known even before the experiment, P(4/B) is the ‘likelihoods’ and
P(B,/A) is “a posteriori probability” which depends often on the result of the experiment.

Example 1.29

In a bolt manufacturing company, three machines manufacture 20, 30 and 50% of its total output and
of these 6, 3 and 2% are found defective respectively. A bolt is drawn at random and is found defective.
Find the probability that the defective bolt is manufactured by machine 1, 2 or 3.

Solution Let 4, B and C be the events that the defective bolt is manufactured by machine 1, 2 and
3 respectively. It is given that the probabilities of these events are

A= = = i 0 = -4

Let D denote the event that the bolt drawn at random is defective .Then by the definition of the con-
ditional probability, we have

P(D/A) = 1—80 = 0.06, P(D/B) = 0.03 and P(D/C) = 0.02

The probability that the defective bolt is from machine 1 is, by Bayes’ theorem,

P(4) X P(D/A)

PAID) = P(4) X P(D/IA) + P(B) X P(D/B) + P(C) X P(D/C)
1 %0.06
_ 50 12
1 3 1 1
3 X 0.06 + 10 0.03 + > x 0.02
Similarly,
POBID) = P(B) X P(D/B)
(B/D) = P(4) X P(DIA) + P(B) X P(DIB) + P(C) X P(D/C)
3
10 X 0.03 9

1 3 1 31
5 X 0.06 + 55 0.03 + 5 X 0.02
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PID) = P(C) X P(DIC)
(D) = By < P(DIA) + P(B) X P(DIE) + P(C) X PDIC)
L1 0.02
= 2 ) = m
T 3 1 3
£X0.06 + 25 003 + 5 X 0.02

Example 1.30

A university bought 45%, 25% and 30% of computers from HCL, WIPRO and IBM respectively, and
2%, 3% and 1% of these were found to be defective. Find the probability of a computer selected at
random is found to be defective.

Solution Let 4, B and C be the events of computer purchased from HCL, WIPRO and IBM compa-
nies respectively, and D be the event that the computer was found to be defective. Then

— 45 _
P =g5525+30 ~ 0%
P(D/A) = m = 0.02, P(D/B) = m = 0.03 and P(D/C) = W = 0.30
By Bayes’ theorem

P(D) = P(4) X P(D/A4) + P(B) X P(D/B) + P(C) X P(D/C)
= 0.45(0.02) + 0.25(0.03) + 0.30(0.01)

= 0.0090 + 0.0075 + 0.0030 = 0.0195

Example 1.31
The following observations were made at a clinic where HIV test was performed:

(a) 15% of the patients at the clinic have HIV.
(b) Among those who have HIV, 95% were tested positive on the ELISA test.
(c) Among those that do not have HIV, 2% tested positive on the ELISA test.

Find the probability that a patient has HIV if the ELISA test was positive.

Solution Let 4, B and C be the events that a patient has HIV, does not have HIV and has tested
positive respectively.
It is given that P(4) = 1/15 = 0.15

P(B)=PA')=1—-PA) =1-0.15=0.85

P(ClA) = W = 0.95 and P(C/B) = % = 0.02
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Now, by Bayes’ theorem,

P(4) X P(%)
P(4) X P(%)X P(B) X P(%)

P(4/C) =

_ 0.15 X 0.95
0.15 X 0.95 + 0.85 X 0.02

=0.89

Example 1.32

Each of the identical boxes B , B, and B, contains two coins: B, contains both gold coins, B, both silver
coins and B, contains one gold and one silver coin. If a box is chosen at random and a coin is picked
at random and if the coin is gold, what is the probability that the other coin in the box is also of gold?

Solution Let £, £,, and E, be the events that boxes B, B,, and B, are chosen respectively.
Then P(E,) = P(E,) = P(E,) = %

Let G be the event that the coin drawn is of gold.
Then P(G/E,) = P(gold coin from B,) = % =1

P(G/E,) = P(gold coin from B)) = 0

P(G/E,) = P(gold coin from B,) = %

Now the probability that the other coin in the box is of gold and the probability that gold coin is
drawn from B , by Bayes’ theorem

P(E)) X P(GIE,)
PE) X PGEE,) + P(E,) X IGIE,) + P(E,) X GIE,)
1y
3
1 T

1
Xl+§><0+§><§

P(E/G) =

1
3
1
2
Example 1.33

A man is known to speak truth 3 out of 4 times. He throws a die and reports that it is six, Find the
probability that it is actually a six.

Solution Let £ be the event that the man reports that six occurs while throwing the die and let S be
the event that six occurs. Then

P(S) = Probability that six occurs = %

P(S”) = Probability that six does not occur = 1 —

N—
[eN 19
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P(E/S) = Probability that the man reports that six occurs when six has actually occurred

= Probability that the man speaks the truth = %

P(E/S") = Probability that the man report that six occurs when six has not actually occurred
= Probability that the man does not speak the truth

3_1

:1—_:_

71

By Bayes’ theorem

P(S/E) = Probability that the man reports that six occurs when six has actually occurred

E

PSP(—) 1.3
- 1;) S — 6 4 _1,24_3
P(S)XP(§)+P(S’)><P(§) %X%Jr%x% 878 "8

EXERCISES

Multiplication Theorem of Probability

1. A urn contains 10 black and 5 white balls. Two balls are drawn from the urn one after the other

without replacement. What is the probability that both the drawn balls are black?

Ans: P(black is I drawn) = P(4)

P(black is 11 drawn) :P(g

P(4N B) = P(4) X P(%) = i—g X

- 10
15
-9
)P_14
9 _3
4 7

2. Three cards are drawn successively without replacement from a pack of 52 well-shuffled cards.
What is the probability that the first two cards are kings and the third card drawn is an ace?

. 4 pK|_3 A\ 4

Ans: P(K) = 55. A K lsandP(KK) 50

_ Ky pld|_4 3 4 _ 2
PURKA) = P(K) % P ] X Plg] = 35 3 % 56 = 535

Independent Events

3. A die is thrown. Let 4 be the event that the number that appears is a multiple of 3 and B the number

that appears is even. Find whether A and B are independent.

Ans: ANB = P{3,6} N {2,4,6} = {6}

P(4) = % P(B) = %and P(ANB) = % = P(4) X P(B)

A and B are independent.
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Three coins are tossed simultaneously. Let 4 be the event in which three heads or three tails turn
up, B getting at least two heads and C getting at the most two heads. Among the pairs (4, B),
(4, C) and (B, C) identify the independent and dependent pairs.

Ans: (4, B) are independent and others dependent.

A pair of dice is tossed twice. Find the probability of scoring 7 points (a) once, (b) at least once
and (c) twice.

s+ D =5 11
Ans.(a)36 36 1% (b)%and(c)36

Conditional Probability

6.

10.

It P(4) = <L, P(B) 15 = and P (4N B) = - Find P (%) .

A“SP(B) P(B) 9

. Ten cards numbered 1 to 10 are placed in a box, mixed up thoroughly and then one card is drawn

at random. If the number on the drawn card is more than 3, what is the probability that it is an
even number?

Ans: P(even) = P(4) = and P(=3)=P(B) =

1
P(ANB) = —andP( ) 3

. Two digits are selected at random from the digits 1 to 9. If the sum is even, find the probability

that both the numbers are odd.

Ans: % [Hint: even + even = even, ‘c, = 6 ways odd + odd = even, °c, = 10 ways]

. A bag contains 10 gold and 8 silver coins. Two successive draws of 4 coins are made such that

(a) Coins are replaced before the second trial
(b) Coins are not replaced before the second trial

Find the probability that the first draw will give four gold and the second four silver coins.

Ans: (a) P(ANB) = P(4) X P(B)= lgg X %
4
4 4

An urn contains 10 white and 3 black balls, while another contains 3 white and 5 black balls. Two
balls are drawn from the first urn and placed into the second and then a ball is drawn at random
from the second urn. What is the probability that it from the second urn? What is the probability
that it is a white ball? 3
10C, 10C,

P(B C dPC) = —14
T3C PB) = 13 and PO) =

Ans: P(A) = C2
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After transfer of two balls cases, (a) 5W 5B, (b) 3W 7B and (c) 4W 6B

P(drawing W from urn 2) = ZP(A) X P(%V) = %

Bayes’ Theorem

11.

12.

13.

Suppose that the reliability of a HIV test is specified as follows: Of the people having HIV, 90%
of the test detect the disease but 10% go undetected. Of the people free of HIV, 99% of the test
are judged HIV negative but 1% are diagnosed as showing HIV positive. From a large popula-
tion of which only 0.1% have HIV, one person is selected at random, given the HIV test, and the
pathologist reports the person as HIV positive. What is the probability that the person actually has

HIV?

Ans: P(4) = % = 0.001, P(4") = 1 — 0.001 = 0.999,

P(B/A) = % = 0.9 and P(B/A’) = ﬁ =0.01

P(4) P(B/A)
P(4) X P(BIA) + P(4') X P(B/A)

P(A/B) =

B 0.001 X 0.9
= 0.001 X 0.9 + 0.999 X 0.01

90 _
1089 0.083 (approx.)

In a bolt manufacturing factory, machines A, B and C produce 25, 35 and 40% of the bolts respec-
tively, of which 5, 4 and 2% are found to be defective. A bolt is drawn at random and is found to
be defective. What is the probability that the defective bolt is from machine B?

Ans: E, the bolt is defective.

P(A4) = 25%, P(B) = 35% and P(C) = 40%

P(E/A) = 5%, P(E/B) = 4% and P(E/C) = 2%P(B/E) = 28/69

There are three bags: the first containing 1 white, 2 red and 3 green balls; the second containing

2 white, 3 red and 1 green balls; and the third containing 3 white, 1 red and 2 green balls. Two

balls are drawn from a bag chosen at random. These are found to be 1 white and 1 red balls. Find
the probability that the balls so drawn come from the second bag.

Ans: B, B,, and B, are first, second and third bag chosen respectively

A is that the two balls are 1 white and 1 red

P(B)=1/3(i=1,2and3)

) e, X%,
P(A/B|) = P(white and red balls are drawn from B|) = o =15
2
2 3 3 1
A\_¢¢ ¢ _2 A)_ & x ¢ _1
P(E)— “c, —SandPBz)— T, 5

By Bayes’ theorem, P(B,/A) = 1—61
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MULTIPLE CHOICE QUESTIONS

1
3

(a) 2:1 (b) 2:3 (c) 3:2 (d) 5:2

1. The probability that 4 happens is 5. The odds against the happening of 4 are

Ans: (a)
2. The odds in favour of an event 4 are 5:4. The probability of success of 4 is
(a) 4/5 (b) 5/9 (c) 4/9 (d) 3/5

Ans: (b)

3. The probability that 4 passes a test is 2/3 and B passes a test is 3/5. The probability that only one
of them will pass a test is

(a) 2/5 (b) 4/15 (c) 2/15 (d) 7/15
Ans: (d)

4. Abuys a lottery ticket in which the chance of winning is 1/10 and B has a ticket in which his chance
of winning is 1/20. The chance that at least one of them will win is

(a) 1/200  (b) 29/200(c) 30/200 (d) 170/200

Ans: (b)
5. The probability that a non-leap year will have 53 Tuesdays is
(a) 3/7 (b) 2/7 (c) 177 (d) 4/7
Ans: (c)
6. The probability that a leap year will have 53 Sundays is
(a) 177 (b) 2/7 (c) 3/7 (d) 4/7
Ans: (b)
7. The probability of getting 2, 3 or 4 from a throw of a single die is
(a) 1/6 (b) 2/3 (c) 1/3 (d) 12
Ans: (d)

8. A single die is tossed once. The probability that a 2 or 5 will turn up is
(a) 1/3 (b) 12 (c)l/6 (d)2/3

Ans: (a)
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9.

10.

11.

12.

13.

14.

15.

16.

17.

The probability that a single toss of a die will result in a number less than 4 is
(a) 1/3 (b) 1/2 (c) 2/3 (d) 3/4
Ans: (b)
The probability that a single toss of a die will result in an odd number less than 4 is
(a) 12 (b) 1/3 (c) 2/3 (d) 3/4
Ans: (c)

A ball is drawn at random from a box containing 6 red, 4 white and 5 blue balls. The probability
that the ball drawn is red is

@35 ()15 ()45 () 25

Ans: (d)
In Question 11, the probability of drawing a red or white ball is
(a) 1/5 (b) 2/5 (c) 2/3 (d) 1/3

Ans: (c)
In Question 11, the probability of drawing a blue ball is
(a) 1/3 (b) 2/3 (c) 1/6 (d) 3/4

Ans: (a)
In Question 11, the probability of drawing a red or a white ball is
(a) 1/5 (b) 2/5 (c) 1/3 (d) 2/3

Ans: (¢)

A pair of dice is thrown at a time. The probability of getting a sum more than each die is
(a) 3/6  (b) 46 (c) 1/6 (d) 1/36
Ans: (d)
A pair of dice is rolled. The probability of obtaining an even prime number on each die is
(@ 0 (b) 173 (c) 1/2 (d) 1/36
Ans: (d)
Two events 4 and B will be independent if
(a) A and B are mutually exclusive
(b) PA'NB) = [1 = P)] x [1 — P(B)]
(c) P(4) = P(B)

(d) P(A) + P(B)=P(B)=1
Ans: (b)



18.

19.

20.

21.

22.

23.

24,
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A bag contains 3 red, 4 white and 7 black balls. The probability of drawing a red or a black ball is
(a) 2/7 (b) 5/7 (c) 3/7 (d) 4/7
Ans: (b)

A number is chosen at random from the first 100 natural numbers. The probability that the number
chosen is a multiple of 5 or 15 is

(a) 28/5 (b) 1/5 (c) 3/5 (d) 4/5
Ans: (b)

If the two outcomes 4 and B of an experiment are independent where P(4) = 0.4 and P(AU B) =
0.7, then P(B) is

(a) 0.5 (b) 0.3 (c) 4/7 (d) 2/7
Ans: (a)

For two given events 4 and B, P(AN B) is
(a) <P(4) + P(B)
(b) > P(4) + P(B)
(c) = P(4) + P(B)
(d) P(4) + P(B) + P(AUB)
Ans: (a), (b) and (c)

If P(E) = 0.25, P(F)=0.5 and P(E’'N F’) = 0.14 then the probability of occurrence of neither £
nor F'is

(a) 0.61 (b) 0.39 (c) 0.89 (d) 0.08
Ans: (d)

A purse contains 4 copper and 3 silver coins. Another purse contains 6 copper and 2 silver coins.
The probability that a coin drawn at random from either purse is a copper coin is

(a) 47 (b)3/4  (c)3/7 (d) 37/56

Ans: (d)
Two cards are drawn at random from a pack of 52 cards. The probability that these are aces is
(@) 2/(*c) (b) 1/221 (c) 1/663 (d) 2/221

Ans: (b)
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25.

26.

27.

28.

29.

30.

If a card is drawn from a well-shuffled pack of 52 cards, the probability that it is a spade or a
queen is

(a) 17/52 (b) 4/13 (c) 13/52 (d) 4/51
Ans: (b)

Two balls are drawn from a bag containing 3 white, 4 black and 5 red balls. The probability that
the balls drawn are of different colours is

(a) 47/66 (b) 17/52  (c) 5/22 (d) 2/11
Ans: (a)

The probability of drawing a card which is at least a spade or a king from a well-shuffled pack of
cards is

(a) 126 (b) 17/52 (c) 1/52 (d) 4/13
Ans: (d)

A person draws a card from a pack of playing cards, replaces it and shuffles the pack. He contin-
ues doing this until he gets a spade. The probability that he will fail the first two times is

(a) 9/64 (b) 3/32 (c) 7/64 (d) 5/64

Ans: (a)
In a family of 4, children the probability that there will be at least one boy is
(a) 1/16  (b) 3/4 (c) 15/16 (d) 1/4

Ans: (c)

An experiment fields 3 mutually exclusive events 4, B and C. If P(4) = 2 and P(B) = 3 then P(C)
is

@) 2/11 (b) 3/11  (c) 6/11 (d) 5/11

Ans: (c)

FILL IN THE BLANKS

1. A card is drawn from an ordinary pack and a gambler bets that it is a spade or an ace. The odds

against his winning the bet are

Ans: 9:4

2. Aninteger is chosen at random from the first 200 positive integers. The probability that the integer

chosen is divisible by is

Ans: 1/4



10.

11

12.

13.

14.
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. A problem in statistics is given to five students. Their chances of solving it are 1/2, 1/3, 1/4, 1/4

and 1/5. The probability that the problem will be solved is .
Ans: 17/20.

. Three coins are tossed simultaneously. The probability that at least two tails are attained is

Ans: 1/2
In a single throw of two distinct dice, the probability of obtaining a total of 7 is
Ans: 1/6
In Question 5, the probability of obtaining a total of 13is _____.
Ans: 0
. In Question 5, the probability of obtaining a total as an even numberis ______
Ans: 1/2

A and B are two among 10 persons sitting round a circular table. The probability that there are
exactly three persons between A and B is

Ans: 2/9
. The number of four-digit numbers that can be formed with the digits 1-7 if repetition is not
allowedis __
Ans: 840
In Question 9, the number of numbers formed if repetition is allowed is ______
Ans: 2/9

From a box containing 10 balls, the number of ways in which 3 balls can be drawn at random is

Ans: 720
The probability of drawing an ace from a well-shuffled pack of 52 playing cards is .
Ans: 1/13

In a random experiment, 4 and B are two events such that P(4/B) = P(A). The events 4 and B are

Ans: Independent

In a random experiment, £, and E, are two possible independent events. Then P(E/E|) =

Ans: P(E)
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

If A and B are two events such that P(4U B) = P(AN B), then P(4) and P(B) are related such that

Ans: P(4) = P(B)

If P is a probability function defined as the sample space s = {a,, a,, a,, a,} such that P(a)) = 1/2,
P(a,) = P, P(a,) = 1/4 and P(a,) = 1/8, then P = .

Ans: 1/8
A and B are two events of a sample space. Then ANB is the event of

Ans: A and B not happening

A and B are two events of a sample space. Then AU B is the event of

Ans: Happening of B or non-happening of 4
If P(4) = 1/4, P(B) = 1/3 and P(AN B) = 1/5 then P(AU B) =

Ans: 23/60
If P(4) = 2/3 and P(AN B)=1/4 then PANB) = _____
Ans: 5/8
If A and B are mutually exclusive events then P(4"NB’) =
Ans: 1

The probability of getting an ace and a king when we draw 2 cards with replacement from a pack
of 52 cards is .

Ans: 1/169

In tossing three coins, the probability of getting a head is .

Ans: 7/8
If P(4) = P, and P(B) = P, and A and B are independent then P[(4U B)'] = .
Ans: (1 =P)(1—P)

In throwing two dice, if 4 is the event that the sum is odd and B the sum is 6 then
P(ANB)=

Ans: 5/72



Probability Distribution

2.1 INTRODUCTION

Often we have to measure many different variables, e.g., the output voltage of a system, the strength
of a team or the cost of a project. Further, we have to know the probability that a variable falls within
a given range (0 to 1). The way the probability is distributed across various ranges of values gives rise
to the concept of a probability distribution. The probability distribution or simply distribution shows
the probabilities of events in an experiment.

2.2 RANDOM VARIABLES

Quantities whose variation has an element of chance are called random variables. Some examples are
as follows:

1. The length of time during which a product is in working condition.
2. The force required to stretch a spring for a specified length.

3. The output voltage of a system.

4. The number of units produced in a day from a factory.

5. The number of electrical sockets in a house.

All the above quantities vary. Items 1-3 vary continuously. They are specified by real numbers
and are continuous random variables. Items 4 and 5 assume integer values. They are discrete random
variables.

It is clear that in a random experiment, the outcomes or results are governed by chance. Also, the
sample space of a random experiment consists of all outcomes of the experiment. The elements of
S are the sample points which are the outcomes or events. They are often non-numeric, but they can
be quantified by assigning a real number to every event of the sample space, e.g., the number of
heads in tossing two or three coins and the sum of the points on a pair of dice when they are thrown
simultaneously. This rule of assigning a real number to each sample point in S is called a random
variable or variate. It is sometimes called a stochastic variable, meaning that it is related to chance.

2.2.1 Random Variable Definition

A random variable X on a sample space S (control) is a function X: S — R, from S to the set
of real numbers R which assigns a real number X(s) = x to each sample point (Figure 2.1).

The range space R_C R is the set of images of points in S and is as such of all possible values
x of X.
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Figure 2.1 Random variable.

Though X is called a random variable or variate, it is in fact a single-valued function.

Examples

1. X = the number of defects on a randomly selected piece of furniture
2. X = the number that shows up when a die is thrown at random

Random variables are classified into the following:

1. Discrete random variables

2. Continuous random variables based on the values they assume

2.3 ProOBABILITY DISTRIBUTION
2.3.1 Discrete Probability Distributions

Discrete Random Variable The range of values of a variable may not give sufficient information
about the variable. There is a need to know which values are likely to occur more frequently and which
values less frequently. Suppose, for example, x is a discrete random variable which can take values
0, 1, 2, 3 and 4. Questions such as “Which value is most likely to occur?’, ‘Is 3 more likely to occur
than 1?°, etc. are of interest for us. The information about the probability of occurrence of each of
these values is shown in Table 2.1. This is called the probability distribution for the random variable x,
which tells us how the total probability is distributed among the various possible values of the random
variable. The table can be represented in graphical form as shown in Figure 2.2.

Table 2.1 Probability of a discrete value occurring.

X=x, 0 1 2 3 4
PX=x)| 0.1 02 | 02 | o4 [ o1

A random variable is said to be a discrete random variable if the set of all possible outcomes that is
the sample space S is countable. In other words S is a finite or an infinite sequence.

Example 2.1

Let two fair coins be tossed. Suppose that x denotes the number of heads observed. Find the prob-
ability distribution for x.
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P(X)

04

03

0.1 -

0 1 2 3 4 X

Figure 2.2 Plot of data in Table 2.1.

Solution The simple events for this experiment with the corresponding probabilities are shown in
Table 2.2. Since E, = HH results in two heads, this simple event results in the value x = 2. Similarly, the
value x =1 is assigned to £, and to £, and x=0to £,

Table 2.2 Simple events and probabilities in tossing two coins.

Simple Event | Coin1 | Coin2 | P(E) | x
1
E, H H 7|2
1
E, H T T |
1
E, T H R
1
E, T T 7|0

For each value of x, we can calculate p(x) by adding the probabilities of the simple events in that
event. For example, when x = 0, p(0) = p(E,) = % and when x =1, p(1) = p(E,) + p(E,) = %

The values of x and the corresponding probabilities p(x) are shown in Table 2.3.

Table 2.3 Probability distribution for x (x = Number of heads).

x Simple Events in x px)
£, i
1 E,and E, Jandy
2 E, %
o) =1

Example 2.2

A coin is tossed six times. Find the probability of obtaining four or more heads.
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Solution In a single toss, the probability of getting a head p = % and the probability of getting a tail
“lop=1-L1_1

q= 1 p= 2 2
Also, the number of trails n = 6.
The probability of getting 4 heads = P(4)

_(6) (L} (1P _6x5, 1_15_
_(4)( )(2)_ X5 =6g = 0234

The probability of getting 5 heads = P(5)

—(0) (LY (LY 6(L)=C =
_(5)(2) (5] 6] = 55 =009
The probability of getting 6 heads = P(6)

_(6\(1)6y 1 _
_(6)(2)1_64—0.016

The probability of getting 4 or more heads = P(4) + P(5) + P(6)
=0.234 +0.095 + 0.016 = 0.345
Example 2.3
Find the probability that in a family of 4 children there will be (a) at least one boy and (b) at least one

boy and at least one girl, assuming that the probability of a male birth is >

Solution Here the total number of trials n =4 and p = %

The number of successes x varies fromx =1, 2, 3 and 4
Thus, we have to find b(x; n, p) forx =1, 2, 3 and 4.

o (1141144

P (4] 41
paso- (4414
RHIEIT

Then,
P(at least 1 boy) = P(1 boy) + P(2 boys) + P(3 boys) + P(4 boys)

_15

_ 1 _15
T34t 16" 16

[o2][8)

FN
FN-

(b) P(atleast 1 boy and at least 1 girl) = 1 — P(no boy) — P(no girl)

-
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Aliter Let X be a random variable denoting the number of boys in families with 4 children. Then,
(a) PX21)=PX=1)+PX=2)+PX= 3)+P(X:4):%

(b) P(at least 1 boy and at least 1 girl) = 1 —2P(X=4) =1 — (2 x %) -1

Example 2.4
Out of 24 eggs, 6 are rotten. If 2 eggs are drawn at random, find the probability distribution of the

number of rotten eggs that can be drawn.

Solution Let X denote the number of rotten eggs drawn.
Then X takes on the values 0, 1 and 2.

5
o \2) 18x17. 1x2 _51
P(X‘O)‘(m)‘ 1x2 “24x23- 92
2
(IS)X(lé)
PN 1) _18x16 9
PX=1)= (24) %23 X 1%X2=753
2
(5)
PX=2)=2) _6x5, 1x2 _5

(24)‘1><2 24%x23 92
2

The probability distribution of X is tabulated in Table 2.4.

Table 2.4 Probability distribution for X (Example 2.4).

X=x 0 1 2
_ 51 9 S
PX=x)| 3 23 92

Example 2.5
60% of the riders of two wheelers put on their helmets. Then find the probability that

(a) 4 out of 5 will be using their helmets
(b) At least 4 out of 5 riders will use their helmets

(c) Fewer than 4 out of 5 will be using their helmets.

Solution The problem can be solved by using the binomial distribution b(x; n, p) where n = 5,

p= 16—000 = 0.60 and x = number of riders using helmet. Note that g=1—p =0.4.
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(a) P(X=4)=b(4; 5, 0.60) = ( i) (0.6)* (0.4 = 0.26
(b) P(X>4)=P(X=4)+ P(X=5)=b (4: 5,0.6) + b (5: 5, 0.6) = 0.26 + 0.08 = 0.34

b(5; 5, 0.6) = (g) (0.6) (0.4)° = 0.08

() P(X<4)=1-P(X=4)=1-034=0.66

Example 2.6
Find the probability of getting 7 exactly twice in 3 throws with a pair of dice.

Solution In a single throw of a pair of dice, 7 can occur in the following 6 ways:

{(6,1),(5,2),(4,3),(3,4), (2,5, (1, 6)}

Out of 6 x 6 = 36 ways, the probability of the occurrence of 7 in a throw is p = % = % and
—1_1_5
g=1 6=6

Number of trials n =3
Number of successes x =2
.. The probability of getting 7 exactly twice in 3 throws

s (s =) (4

€1
36

=2
72

X X

—|
[ 9}

Example 2.7

Find the probability distribution of the number of good apples in a box of 6 chosen at random if 90%
of the apples are good in a large consignment.

Solution The probability of a good apple =p = % =0.9
Its complementg=1-p=1-0.9=0.1
Let X be the number of good apples and n = 6.
The required binomial distribution is b(x; n, p)
- (g) (0.9) (0.1 forx=0,1,2, ....... 6

The results are tabulated in Table 2.5

Table 2.5 Probability distribution for x (Example 2.7).

X 1 2 3 4 5 6

P(X) 0.000054 0.001215 0.015000 | 0.098000 | 0.354290 | 0.531100
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Example 2.8

In tossing a coin two times in succession, the sample space of the experiment is
S= {HH, HT, TH, TT}

If X denotes the number of heads obtained, then X is a random variable. For each outcome, its value
is as follows:

X(HH) =2, X(HT) = 1, X(TH) = 1 and X(TT) =0

More than one random variable can be defined on the same sample space.
For example, let ¥ denote the number of heads minus the number of tails, for each outcome of the
above sample space S. Then,

Y(HH) = 2, Y(HT) =0, ¥(TH) = 0 and ¥(TT) = -2

Thus, X and Y are two different random variables defined on the same sample space S.
Discrete Probability Distributions

Each event in a sample space has certain probability of occurrence. A formula representing all these
probabilities which a discrete random variable X assumes is called the discrete probability distribution.
In Example 2.8, the sample space

S={HH, HT, TH, TT}

We assign uniform probability of % to each element of S. If X: § — R such that X be the discrete

random variable that assigns to each element of .S the number of heads:
XHH)=2,X(HT)=1,X(TH)=1and X(TT) =0

The sample space of the random variable X is S= {0, 1, 2}.

Example 2.9

Let two dice be thrown at random. Let X be the discrete random variable that assigns to each point
(a, b) the maximum of its numbers, i.e. X(a, b) = max(a, b).

Then Xis a function from the sample space S consisting of 36 ordered pairs {(1, 1), (2,2), ..., (6, 6)}
to a subset of real numbers {1, 2, 3, ..., 6}.

The event maximum 3 can occur in the following 5 cases: {(1, 3), (2, 3), (3, 3), (3, 2),

(3, 1)}. Thus the random variable X assigns to this event of the sample space a real number 5. The

probability of such an event happening is 2_since there are 36 exhaustive cases. This is represented

36
as P(X=x)=p, =flx)

So, P(X=3)=f3) = 35—6
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Computing the other probabilities similarly, we have

p(h)=PX=1)=P{(1, 1)} =5

P@)=PX=2)=P{2,1),(1,2), 2, 2)} =3
p(3)=PX=3)=P{(1,3),(2,3),(3,3,(3,2), 3, D} =5%

P4 = POC=4)= P{(1,4), (2, 4), 3, 4), (4,4), (4,3), (4,2), (4, D} =3¢

P(5)= PUX=5)=P{(1,5), (2,5), (3, 5), (4,5), (5, 5), (5. 4). (5.3). 5. 2. 5. D} =3¢

p(6) = P(X=16) = P{(1, 6), (2, 6), (3, 6), (4, 6), (5, 6), (6, 6), (6, 5), (6, 4), (6, 3), (6, 2), (6, 1)}

11
36

The distribution of probabilities of this discrete random variable X is displayed in Table 2.6.

Table 2.6 Probability distribution for x (Example 2.9).

X=x, 1 2 3 4 5 6
=) = flxx) = 1 3 S L 9 11
PX=x)=fx)=p.| 35 36 36 36 36 36

The discrete probability distribution, probability function or probability mass function of a discrete
random variable X is the function f(x) which satisfies the following conditions:

1. f(x)=20
2. ;f(x)= 1
3. PX=x)=fx)

Thus, probability distribution is the set of ordered pairs (x, f(x)) where x is the outcome and f{x) is
its probability.
Cumulative distribution of a discrete random variable X is F(x) defined by

Fx)=PX<x)=Y f(t)fort<x, —co<x < oo
It follows that
F(—)=0and F(+ ) =1
p) = PXX=x) = F(x) = F(x, )

2.3.2 Continuous Probability Distributions

We now define certain terms.
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Probability Density Function (pdf) or Continuous Random Variable For a continuous random
variable X, the function f{x) which satisfies the following conditions is called the probability density
function (pdf) or simply a density function of X (Figure 2.3):

1. f(x)=0
2. Ef(x)dx: 1

3. P(a<x<b) =jf(x)dx
a yl

Figure 2.3 Probability density function (pdf): area under the curve y = f(x),
between the ordinate x =a and x = b.

Notes

l. Pla<x<b)=Pla<x<b)=Pla<x<b)=Pla<x<bh)
Inclusion or exclusion of the end points @ and b does not affect the probability for a continuous
distribution, which is not the case in the discrete distribution.
Probability at a point ‘a’:
a+6x
P(x=a)= j fx)dx

a—6x
2.3.3 Cumulative Distributions

Let X be a continuous random variable and let f(x) be its pdf. Then the cumulative distribution f(x) of
X s defined by

x

F(x)ZP(XSX)ZJ. Au)du, —o0 < x < o0
F(x) satisfies the following:

F(—)=0and F(+e)=1 0<F(x)<1
for —o < x < oo

f(x)z%zF'(x)ZOandP(a <x<b)=F(b)-F(a)
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2.4 EXPECTATION OR MEAN OR EXPECTED VALUE

The expectation or mean or expected value of a random variable X denoted by E(X) or 1 is defined by
EX) = in f(x) if Xis discrete
= 'fex f(x)dx, if X is continuous
The mean u characterizes the central location of the distribution.

Notes

1. x is the median if
P(X<x)< % and P(X > x) < %
2. x is the mode if f{x) or P(x) attains its maximum at x.

2.5 VARIANCE AND STANDARD DEVIATION

Variance The variance 6> = E(X — u)* = Z(x — 1) f(x) if X is discrete

= j (x — W f(x)dx, if X is continuous

The variance characterizes the spread or variability of the distribution.

Standard Deviation The positive square root of variance o2 is called the standard deviation and is
denoted by o.

Results

1. For discrete random variable X, we have

0% =200 — W fx) = X0 = 2ppx + 17) f(x)
=2 2S00 =20 X xf00) + 12 X )
=EX?) - 2ux f+ 12 x 1 = EX’) — 12

2. For continuous random variable X, we have

x'-'g z_'x

| =2 fiwyd = j(x2—2ux+u2)f(x) dx

Xf(x)dx — 2 jx A)dx + 1 j fx)dx

=EX?) -2 uxu+wx1=EX? -
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Mathematical Expectation The mathematical expectation E is computed by the formula
E =Zf= Y.a,p, where p, is the probability of obtaining the amount a,(i = 1, 2, ..., k).

Mean (u) Let X'be arandom variable whose possible values x , x,, x,, ..., x, occur with probabilities
D> Py Py --+> D, T€SPectively. The mean of X, denoted by £, is the number 2/:_ P Thus, the mean

of X is the weighted average of all possible values of X, each value being weighted by its probability
with which it occurs.

The mean of a random variable X is also called the expectation of X, denoted by E(X).

Thus,

E(X):H:;xip[:xlpl tX,p,+ et XD,

In other words, the mean or expectation of a random variable X is the sum of the products of all
possible values of X by their respective probabilities.

Example 2.10

Let a pair of dice be thrown. If X is the sum of the numbers that appear on the two dice, find the mean
U (or expectation £(X)) of X.

Solution The sample space of the experiment consists of 6°= 36 simple events {(x, y)| i =1, 2,
ey 0.

The random variable X being the sum of the numbers on the two dice takes on the values 2, 3, 4,
e 12

Now,
PX=2)=P{(LD)} =3¢

P(X=3)=P{(1,2), 2,1)} =3¢
PX=4)=P{(13),22), B.))} =3¢
P(X=5)=P{(1.4),(2.3), 32), (4.1} = 5
P(X=6)=P{(1,5), (24), 3.3), (4.2), (5,1)} =5
PX=7)=P{(16), 2.5), 34), 43), (52, (6,1)} =L
P(X=8)=P{(2,6), 3.5), (4:4), (5.3), (62)} =3¢
P(X =9) = P{(3,6), (4,5), (5.4), (6,3)} = %

P(X=10) = P{(4,6), (5,5), (6,4)} = %
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P(X=11) = P{(5,6), (6,5)} =%

P(X=12) = P{(6,6)} =%

The probability distribution of X is tabulated in Table 2.7.

Table 2.7 Probability distribution for X (Example 2.10).

Xorx, 2 3 4 5 6 7 8 9 |10 | 11| 12
1 | 2 |3 | 4|56 |5 |4 3|2 L
PXorp, | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36

Hence,

_ —y —ox L 2 3 4 S 6 S 4
”_E(X)_Zi:lxipi_zx36+3X36+4X36+5x36+6x36+7x36+8x36+9x36

+10xi+llxl+12xL:7.

36 36 36

Example 2.11

If the probability density of a random variable is given by

) = {K(l —x?) for0<x<l
0 elsewhere

Find the value of K and the probabilities that a random variable will take on a value

(a) Between 0.1 and 0.2
(b) Greater than 0.5

Solution Since the total probability is to be equal to unity, we must have

oo

j fx)dx =1

1 oo

- 0 Fo)dx + J fx)dx + j fx)dx =1

1

1 0o

= 0dx+1<j(1 —xz)dx+j0dx=1

[

\S11O8}

:K(x—%)@) -1 = %K: lorK =
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(a) P(0.1 <x<0.2) = j fx)dx

0.1

0.f(l —xVdx =

0.1

\S1[08}
oW

_l 3)0.2
(x 370 )y

[(0.2 ~0.1)-1[02y- (0.1)3]}

\S1[08}

=3 _1 -
=4 [0.1 : (0.007)] 0.1465

lj(l — x%)dx

0.5

(b) P(x > 0.5) =

N W

Mol

{(1 ~05)-Lp- (0.5)3]}

_3(n<_0875)_1.5_0.875
‘2(0'5 3) 22

=0’62i:0.3125

2.6 ProsBasiLITY DENsITY FUNCTIONS

Let x be a continuous random variable which takes on any value on [0, 1]. Listing of all pos-
sible values is clearly impossible, in this case. There are infinitely many values on [0, 1]. So,
the probability of any one particular occurring is zero. We can, therefore, divide the interval
[0, 1] into number of subintervals and attach probabilities to each subinterval. Thus, there results a
probability distribution.

Table 2.8 gives an example. The probability that x will be between 0.4 and 0.6 is 0.35, i.e., P(0.4
<x<0.6)=0.35, P(0.6 <x <0.8) =0.25, etc. Figure 2.4 shows a graphical representation of the data
in Table 2.8.

Table 2.8 Probability that x lies in a subinterval of [0, 1].

[0.0, 0.2]

[0.2, 0.4]

[0.4, 0.6]

[0.6, 0.8]

[0.8, 1.0]

px)

0.10

0.20

0.35

0.25

0.10

Note that

2px) =1
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p(x)

04

03

02

0.1

0 0.2 0.4 0.6 0.8 1.0

Figure 2.4 Graphical representation of the data in Table 2.8.

By reducing the size of each subinterval, a more refined distribution could be attained. This is
shown in Table 2.9 and graphically represented in Figure 2.5.

The probability that x lies in a particular interval is given by the sum of the heights of the rectangles
on that interval. For example, the probability that x lies in [0.3, 0.6] is 0.47.

Table 2.9 More refined distribution of probability that x lies in a subinterval of [0, 1].

x |[0.0,0.1]][0.1,0.2] | [0.2,0.3] | [0.3,0.4] | [0.4,0.5] | [0.5,0.6] | [0.6,0.7] | [0.7,0.8] |[0.8,0.9] | [0.9, 1.0]

p) 0.04 0.06 0.08 0.12 0.15 0.20 0.15 0.10 0.08 0.02

px)

1.8
1.6

1.2 1
1.0
0.8

0.4
02

0.1 02 03 04 05 0.6 0.7 0.8 09 1.0 *

Figure 2.5 Graphical representation of data in Table 2.9.
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Probability Density Function (pdf) f(x) Consider the subinterval [a, b]. We require the
probability that x lies in this interval. We get this by means of a pdf f{x). Such a pdf is shown in
Figure 2.6. This represents the area under the curve and between the ordinates x = a and x = b and gives
Pla<x<b),ie.,

P(a < x < b) = area above the interval [a, b]

=Zj.f(x) dx

-

0 xX=a x=b X

Figure 2.6 The shaded area represents P(a < x < b). The total area under a pdf is always 1.

Example 2.12

Let x be a continuous random variable assuming any value on [1, 4]. Its pdf f{x) is given by
fix)= 5 € [1,4]

(a) Verlfy that f(x) is a pdf.
(b) What is the probability that
(1) x€[2,3.5]
(i) x=2
(iii) x < 3?

Solution

(a) x can assume any value in [1, 4]. For f{x) to be a pdf, the total area under it in [1, 4] should be
exactly 1.
We have

=[wl=F-T=2-1=1

@|9~

j fx) dx = j

Hence, f{(x) is a suitable function for a pdf.
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(b) (i) PRQ<x<3.5)= j Fx)dx = =35-12 =0457

2

(i) P(x>2)= [ fr)dx=[x].=2-12=0.586

(iii) P(x<3)=[f)dx=[&x] =3 -1=0.732

;
|

Example 2.13
Let x be a continuous random variable assuming any value x in [0, 7/2]
(a) Verify if f(x) = cos x in [0, 7/2] is suitable for a pdf.
(b) Find the probability that
(1) x € [0, /4]

(1) x> /4

(iii) x < /3
Solution
(a) Letx be any value in [0, 7/2].

For f(x) = cos x to be a pdf, the total area under it in [0, /2] should be exactly 1.
We have

/2

j.f(x)dx j cosxdx=[sinx])’=1-0=1

Hence, f(x) = cos x is a suitable function for a pdf.

/4
(b) (1) PO<x<m/4) =j cos x dx = [sin x]|

0

/4
F -0=0.707

/2
(ii) P(x>m/d)= j cosx dx= [sinx],

/4

/2 _L: _ _
.= 1 7 1-0.707=0.293

/3
(iii) P(x < m/3) :j cos x dx = [sin x]”/3 % -0=0.866
Example 2.14
A random variable x has a p.d.f. f(x) where f(x) = €™, 0 < x < e. Find the probability that
(a) 0<x<2
(b) x>1
(c) x<0.5

Solution We have
jf(x)dx je dx=(—e) == (e~ —e) =1

Hence f(x) = e™ is a suitable function for a pdf.
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2
(a) PO<x<2)= je’x dx=(—e)l=1-¢?=0.865
0

B3

(b) P(x>1)= j erdx=(—e¥) =e'—1=0.368

1

() P(x<0.5)= j e di = (—e).

0

5

=1-¢%=0.393

Example 2.15
(a) Verify that f{r) = Ae™ (¢ 2 0) is suitable as a pdf.
(b) Find P(¢>2), if L = 3.

Solution

o oo

(a) _[f(x) dx = j Aetdt=(-e™)7=1-0=1

0
Hence, f(f) = Ae™' (= 0) is suitable as a pdf.

oo

(b) P(t=2)= j 3edt=(—e™)] =—0+e°=2479x 107

2

2.7 CHEBYSHEV'S THEOREM

Theorem Let y and o denote the mean and standard deviation of a random variable X with
probability density f(X). Then the probability that X will assume a value within & standard

deviations of the mean is at least 1 — - for any positive constant k.

kZ
Symbolically,
P(,u—k0'<X<,u+k0')=P(\x—,u\<k6)2(1—kiz) 1)
Proof By definition,
0% =variance = E[(X — p)*] = j (x — w)? fix)dx
ko ko +oo
=[ G- foode+ [ - pp fode+ | - R fed =1, + 1+ 1 (say), @)
e u—ko ko

dividing the variance into three: the first over (—eo, y — ko), the second over (U — ko, u + ko),
and the third over (4 + ko, + ). Now I, 2 0, and for /,, x < y — ko or x — u < — ko and for [,,
X 2 U+ koorx— ko so that, in either case, |x — u| = ko or (x — p)* > kK*o?

Lol j o f(x) dx +mj o f(x)dx

utko
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Dividing throughout by non-negative quantity k*c2, we get

u—ko oo
PAX—plz ko) = [ feods+ [ foxdx < 3)
= ko
By the complementation rule,
ptko
j f@dx=1-[P(X - ) > ko]
u—ko
u-ko o
=1- j Fo)dx + j F(x)dx
s urko
Hence
u+ko
p(IX—/,LI<ko)=P(/.t—kcr<X<,u+kcr):j f(x)dle—# (4)
u—ko
For k = 2, the theorem states that the random variable x has a probability of at least 1 — % = % of

falling within two standard deviations of the mean. That is, three-fourths or more of the observation
of any distribution lie in the interval (u — 20, U+ 20)

Example 2.16

A random variable X has a mean | = 8 and a variance 6% =9 and an unknown probability distribution.
Find

(a) P(—4 <x < 20)
(b) P(x—8|>6)

Solution
(a) Here u—ko=-4

:>k=l%‘.4=8;—4=4 wu=8and =3

S P(-4<X<20)=P[8 —(4)(3) <X <8+ (H)(3)] > 1 —%:%

(b) P(X-826)=1-P(X-8<6)
=1-P(-6<|X-8|<6) herey=8ando=3
=1-P2<X<14) u-ko=2=ko=6=k=2-0=3

=1-P[8-(2)3)<X<8+(2)(3)]=k=2and 6=3
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Note Chebyshev’s theorem holds for any distribution of observations and, for this reason, the
results are usually weak. The value given by the theorem is lower bound only.

Example 2.17

The number of customers visiting a show room is a random variable with mean y = 20 and standard
deviation o= 5. Find the probability with which we can assert that there will be more than 10 but less
than 30 customers.

Solution Let X be the number of customers. We are given that mean u = 20 and standard
deviation 6= 5. We have

£230-20_20-10 _
5 5

2 Also, P X — pi|< ko) > 1 —%

. _1_3
L P(10<X<30)21-5;=5

2

Example 2.18

If X is the random variable of the number of heads obtained in tossing three coins, prove that P(|X —
3/2| =2) < 3/16.

Solution When three coins are tossed simultaneously or a single coin is tossed three times, the
sample space S consists of the following 8 elements:

S={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
Probability of getting no head {TTT} = %

Probability of getting 1 head {HTT, THT, TTH} = %
Probability of getting 2 heads {HHT, HTH, THH} = %
Probability of getting 3 heads {HHH} = %

Probability distribution is

x 0 1 2 3
1 3 3 1
PO | 3 8 8 8
= —0xL 3 3 1_12_3
u_E(X)_Ox8+1><8+2><8+3><8 R =2
2y — )2 l 2 ; 2 ; 2 l:%:
E(X)_O><8+l><8+2><8+3><8 3 3

62=E(X2)—E2(X)=3—( )2=3_%=

Al

3
2
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By Chebyshev’s theorem, P(|.X — u| = ko) < %
Taking k = %. orko=c

we have P(|X—u|>c) < 2—22.

Here u=3/2. Taking ¢ =2

=3 which was to be proved.

_ 3 1_3
we get P(|X 3/2|22)S4 51776

Example 2.19

X is a random variable such that £(X) = 3 and E(X?) = 13. Determine a lower bound for P(-2 < X < 8)
using Chebyshev’s inequality.

Solution It is given that u = E(X) = 3 and E(X?) = 13.
0’=EX?)-E*X)=13-9=4=0=2.
By Chebyshev’s inequality

P(|X—,u|<ko)21—#

:>P(|X—3|<2k)21—%

— PG —2k<X<3+2k)>1 —é
Taking k= 2.5 we get

_ 21
P( 2<X<8)225

.. A lower bound for P(-2 < X < 8) is %

Example 2.20
If X is the number scored in a draw of a fair die, show that P(|JX — 3.5| > 2.5) < 7/15.
Solution We have

u:E(X):%(1+2+3+4+5+6):3.5

E(X2)=%(12+22+32+42+52+62)=%

2
i L 0% = E(X?) - z_ﬂ_(l) _91_49
Variance of X: 62 = E(X?) — (> = s 3 =67
_182-147 _35

12 T 12
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By Chebyshev’s theorem, we have for k> 0
2
PAX = pl> k<%

Takek:%:2.5,,u:3.5, o2=f—5

P(X-3.5>25)<=>x

gl ~
A RE —
G~

EXERCISES

1. A die is tossed thrice. A success is “getting 1 or 6” on a toss. Find the mean and variance of the
number of successes.

Ans: u=1and 62:%

. Find the standard deviation for the following discrete distribution:

x 8 12 16 20 24
1 1 3 1 1
P | 3 3 3 r 12

Ans: u=16and 0?=2{5

. The probability density P(x) of a continuous random variable is given by P(x) =y, e —o0 <x < oo,

Prove that y, = % Find the mean and variance of the distribution.
Ans: p=0and o’=2
. A random variable x has pdf f(x) given by f(x) = 5/4x* |0 <x < 5:
(a) Compute the expected value of x.

(b) Ten values of x are measured. They are 2.1, 1.9,2.9,2.8,3.2,3.4,2.7,2.3, 2.8 and 2.7. Calculate
the mean of the observations.

Ans: (a)2.012 and (b) 2.68
. A pdf A(x) is defined by A(x) = % (1-x%),-1<x<1
Calculate the expected value of x.
Ans: 0

. Calculate the expected value of the random variable x whose probability distribution is

x 2 2.5 3.0 35 4.0 4.5
P(x) 0.07 0.36 0.21 0.19 0.10 0.07

Ans: 3.05
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7. A discrete random variable has probability distribution

x 1 2 3 4 5

P(x) 0.12 0.15 0.23 0.3 0.2

Calculate
(a) Expected value
(b) Standard deviation

Ans: (a) u=3.31and (b) o=1278

8. A random variable ¢ has pdf H(¢) given by H(f) = 3e™'t>0
Calculate
(a) Expected value of ¢
(b) Standard deviation of ¢

Ans: (a) % and (b) %

9. A continuous random variable has pdf

x+1, -1<x<0

TO=1 41, 0<x<1
Calculate
(a) Expected value of x
(b) Standard deviation of x
Ans: (a) 0 and (b) 0.4082
FILL IN THE BLANKS
1. A discrete random variable can take number of values within its range.

Ans: Finite
2. A continuous random variable can take any value within its
Ans: Domain

3. If a discrete random variable has the following probability function

x 0 1 2 3 4

P(x) k 2k 3k 2k 2k

then k =
Ans: 0.1

4. If the pdf of a variable x is defined by f(x) = cx(2 —x), 0 x <2, then ¢ =
Ans:

IN[O8)
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. Given that f{x) = % is a probability distribution for a random variable that can take on the values
x=0,1,2,3 and 4, then k=
Ans: 16/31

. If o for x =3, 4, 5 and 6 defines a probability distribution then, & =

Ans: 1
CIff(x)=ce*isapdffor0<x<eo, thenc=___
Ans: a
. If a random variable x has the probability distribution
x 3 2 1 0 -1 -2 3
P(x) 0.1 0.2 3k k 2k 0 0.1
thenk=__
Ans: 0.1
. From Question &, the mean of x is
Ans: 0.5

. From Question 8, the variance of x is
Ans: 2.85



Special Distribution

3.1 INTRODUCTION

An experiment often consists of repeated trials, each with two possible outcomes—success or failure.
For example, in a manufacturing industry, a test or trial may indicate a defective or non-defective item.
We may choose to call either outcome as a success. This process is called a Bernoulli process. Each
trial is called a Bernoulli trial.

3.2 BiNoMiIAL (BERNOULLI) DISTRIBUTION
This process must possess the following properties:

1. The experiment consists of n repeated trials.

2. Each trial results in an outcome that may be classified as a success or a failure which are mutually
exclusive.

3. The probability of success, denoted by p, remains constant from trial to trial.
4. The repeated trials are independent.
Assume that each Bernoulli trial can result in a success with probability p and a failure with prob-

ability ¢ = 1 — p. Then the probability distribution of the binomial random variable X, the number of
successes in # independent trials, is

b(x; n, p):(ﬁ)p‘q"‘x, x=0,1,2,...,n 3.
Example 3.1
The probability that a product will survive a shock test is % Find the probability that exactly 2 of the

next 4 products tested survive.

Solution We assume that the tests are independent.

Here p = % for each of the 4 tests

We have
LB R

2 1)2 4x3.9 1 _ 27
| = X=X-——===
)(4 Ix27 16 16 128
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The binomial distribution derives its name from the fact that the (n + 1) terms in the binomial
expansion of (¢ + p)" correspond to the various values of b(x; n, p) forx=0,1,2, ..., n
That is,
+ n— n n n n—1 n—2 n n
(q+py=(g)a'+(])pa~ + () pa + -+ ()P
=b(0; n, p) + b(1; n, p) + b(2; n, p) + ... + b(n; n, p)
Since ¢ +p =1, we have

Zb(x n,p)=1

which is the condition that must hold for any probability distribution.
The binomial distribution is characterized by the parameter p and the number of trials ».

3.2.1 Mean and Variance of Binomial Distribution

Mean u = Expectation = ixp (x)

x=0

= be(x n,p)= Zx

2 x>' ra

n

! X 4N—X
=% Dl

— < (n_ )' Hn—X
=npy ml’ 'q

x=1

n—1 n_ )'

=npYy ——————= p' g
P2 =Ty -y 7
[Putyzx—l=>x=y+1whenle,yzOorxzn,yzn—l]
=nmpp+qy" o ptg=1
=S U=

Variance 62 = éo(x — )2 p(x)
= 30 - 2+ 1) pl)
=3 p) -2 % xp) + 4 3 pv)
=§)x2p(x)—2/.t><,u+,u2><1
(v Zxpw)=p=npand ¥ p(x)=1)

=gx2p(X)—u2=g ¥ p(x) = ¥ p? (3.2)
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Now

Zx px) = Z(n x).x,pq

v p(x) = 2

x'(n x)'

n! —X
SRS

=3 [xr = ) +a] gty g+ S

x=0 x=0

. " n! X =X
Bl e

—n(n - l)p i (n (nx)y(2x). 2)'p)c— n_x+np

=n(n— Dp*x 1+ np =n’p* — np*+np
Substituting in (3.2), we get
o= ixzp(x) —n*p*=-np*+np
x=0
=np (1 =p)=npq
Example 3.2

A coin is tossed six times. Calculate the probability of obtaining four or more heads.

Solution Heren=6andp=%andq= 1 —pz%
Probability of getting 4 heads = P(4)

(a1 454

_15_
—64—0.234

5 2

6
64—0095

6
Probability of getting 6 heads = P(6) = (%) =L=0016
.. Probability of getting 4 or more heads

=P(4) + P(5) + P(6) = 0.234 + 0.095 + 0.016
=0.345

3-3

(3.3)
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Example 3.3

If 1 out of every 10 bulbs is defective then find (a) mean and standard deviation for the distribution
of defective bulbs in a total of 500 bulbs and (b) the coefficient of skewness ¥, and the coefficient of
kurtosis .

Solution
(a) p=1i0=0.1,q= 1-p=0.9andn=500

Mean=pu=np =150
. We can expect that 50 bulbs to be defective out of 500.
Standard deviation ¢ = {npq

=1500x 0.1 x 0.9 =6.71

(b) Coefficient of skewness

__44=p’ _q-p_09-0.1
v =p =\ =g 641
=0.119

Coefficient of kurtosis

L 1-6pg ., 1-6x(0.1)0.9)
Y, =3+ —mpg =3+ 3

1-0.54

5 =3.01

=3+

3.3 PoissoN DISTRIBUTION

The discrete distribution with infinitely many possible values and probability function

k‘c 677»

x!’

fex, ) =P(X=x)= x=0,1,2,.. (3.4)

is called the Poisson distribution in honour of S. D. Poisson'. Here A > 0 is called the parameter of
distribution. In the binomial distribution, the number of successes out of a definite total number
of n trials is determined, while in Poisson distribution, the number of successes at a random point
of time and space is determined. Poisson distribution is suitable for ‘rare’ events. In this case, the
probability of occurrence p is very small and the number of trials 7 is very large. Further, binomial
distribution can be approximated by Poisson distribution when n — o and p — 0 such that A = np
is constant.

Examples of Rare Events

1. Number of printing mistakes per page in a particular book.
2. Number of accidents on a high way during a month.

3. Number of defective components in a production unit.

4. Number of dishonoured cheques at a bank.

"Poisson, Simeon Denis (1781-1840) is a French mathematician and physicist professor in Paris from 1809. His work includes
potential theory, partial differential equations and probability.
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Results

1. zf(x 2= zP(X X = z - kio % — =1

This shows that the function defined at Example 1 is a probability function.
2. Arithmetic mean of Poisson distribution

X=E() = sz(X X = zx W

gt S A gt S A it = 1

xl(‘x ) m()m'

This shows that the parameter A is the arithmetic mean of the Poisson distribution.

3. Variance of Poisson distribution
=E[@-X]=X - X7 P =)
=3 (- 22X+ X?) P(X =x)
x=0

=Y 2P+ XY P-2XY xP

=Y PP+ X2-2X2 =3 2P+ =20

=Y xXP- )}
But
oo X -\ oo XA
Zx2P=§)x2/1—xe! :% [x(x—1)+x] );c'e
) 7}» /’va2 A x—1
=S Gt L Gy
=Nete+Ae?r =2+ 1
Hence

Variance =2, x>’P — A= (A2+ A1) - A*=

Therefore, variance of Poisson distribution = mean of Poisson distribution.
Also, standard deviation of the Poisson distribution = V1.

4. Recurrence relation satisfied by P(x):

Px+1)  p e"” x!
P(x) = (x+1)! k -

__A
x+1

We have

sothat P(x + 1) = (x+ 1)P()c)

3-5

3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)



3-6 Probability and Statistics

5. Cumulative Poisson distribution function F(x; A) defined by

XAk
Fod)=3 ’lk‘f G.11)
is related to
fld)=PX=x)= 2 forx=0,1,2, .. (3.12)
by the formula
o) = Fed) — F(x — 1:4) (3.13)

3.3.1 Poisson Approximation to the Binomial Distribution

Theorem Prove that the Poisson distribution is the limiting case of the binomial distribution
for very large trials has very small probability. That is, as n — o and p — 0 such that A = np
= constant:

S A) = 1lim b(x; n, p)

p—0
Proof We know that

b n. p) = gty PO (3.14)
Putp = % in Eq. (3.1), we get

b n.p) = g (%)(1 —%) [ g=1-p]

x!(n—x)!

_=D)n=2)—x-1) x x(l— ,I)H
X

! n n
1 2 1o (AL n —x
:1(17)(17))! - (5 );L*,(l—%)x(l—%)
Letting n — oo, we get
lim b(x; n, p) = % Aet (3.15)

since

Jim (1-7)= e

Example 3.4

Suppose that on an average 1 out of 1000 houses catch fire in a year in a district. If there are 2000
houses in the district, find the probability that exactly 5 houses will catch fire during that year.
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Solution It is a Poisson distribution with n = 2000 and p = ﬁ

~Meanm=np=2

P(r) =<1 (¢ =2.7183)

r!

) 205 32

P(5)=(2.7183) 51 120(2.7183)*
I N
gy =0.036

Example 3.5

In a factory manufacturing razor blades, there is a small chance of % for any blade to be defective.

The blades are placed in packets of 10 blades. Using Poisson distribution, calculate the approximate
number of pockets containing not more than 2 defective blades in a consignment of 10,000 packets.

Solution Here N = 10,000, p = 5—10 and n =10

sMeanm=np=0.2

r 7
Since P(r) = e""ﬂ' = e“"z—(o',z)
r! r!

P(r=0)=e92=0.8187

NXP(r=0)=10,000 X 0.8187 = 8187

Number of packets having 1 defective blade is
Nx Pr=1)=Ne 02

=10,000 x 0.2 x ™2
=2000 % 0.8187 = 1637.4
Number of packets having 2 defective blades is

%2 x0.04
2

The approximate number of packets containing not more than 2 defective blades in a consignment
of 10,000 packets is

10,000 — (8187 + 1637.4 + 163.74) = 11.86
= 12 packets

2
N X P(r=2)=Ne*? (02-2') _ X 10,000 = 163.74

Example 3.6

Fit a Poisson distribution to the set of observation

x 0 1 2 3 4
f 122 60 15 2 1




3-8 Probability and Statistics

Solution

LY _60+30+6+4 s
S 200 :

Mean of the Poisson distribution m = 0.5
Hence the theoretical frequency for r successes is

Mean =

~m - 0.5 "
= rv(m) - 200er| O3 ~0,1,2,3, 4and e*=0.61

The theoretical frequencies are

X 0 1 2
f 121 61 15 2

Note In Examples 3.4-3.6, m has been used in place of A.

3.3.2 Poisson Processes

In general, a random process is a physical process that is wholly or partly controlled by some sort of
chance mechanism. It may be a sequence of repeated tossing of a coin, the vibrations of the wings of
an aeroplane, etc. These processes depend upon time. Certain events do or do not take place at regular
intervals of time or throughout continuous intervals of time.

Here we shall be concerned with processes occurring over continuous intervals of time or
space—e.g., the arrival of telephone calls at a switchboard or the passing by cars over an elec-
tronic counting device. We will now show that the mathematical model which can be used to
describe situations like these is that of Poisson distribution. Let us find the probability of x suc-
cesses during a time interval of length 7. We divide the interval into n equal parts each of length
At. So, T=n x At. We assume that

1. The probability of a success during a very small interval of time At is given by o X At.
2. The probability of more than one success during such a small time interval At is negligible.

3. The probability of a success during such a time interval does not depend on what happened prior
to that time.

Hence the assumptions relating to the binomial distribution are satisfied. So, the probability of x
successes in the time interval 7T is given by the binomial probability

b(x; n, p) withn=Altandp=oc><At

Letting n— <o, we find that the probability of x successes during the time interval 7 is given by the
corresponding Poisson probability with the parameter A = np = KTt (o x Af) = oT since A is the mean

of this Poisson distribution and « is the average (mean) number of successes per unit time.
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3.4 UNIFORM DISTRIBUTION
3.4.1 Discrete Uniform Distribution

It is the simplest of all discrete probability distributions. In this case, the discrete random variable
assumes each of its values with the same probability. In this case, each sample point is assigned equal
probabilities such that their sum is unity.

Suppose the sample space S contains points each with probability % Thus, in the discrete uniform
distribution, the discrete random variable X assigns equal probabilities to all possible values of x.
Therefore, the probability mass function f(x) has the form

S =L forx=x,x, ... x, (3.16)
That is,
x X, x, x, x,
flalw |l = %
The mean and variance of discrete uniform distribution are given by
u=EX)=3" x f(x)=43" x 3.17)
and
o’ =E[(X-p1=2", (x,— 0’ fx)
= 2, O, — (3.18)

3.4.2 Continuous Uniform Distribution

Suppose the probability of an event occurring remains constant across a given time interval.
The probability density function (pdf) f(#) of such a distribution takes the form shown in

Figure 3.1.
//

0 T t

fin 4

N|—

Figure 3.1 Probability density function for continuous uniform distribution.
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The area under f{#) must be equal to 1 and so, if the interval is of length 7, the height of the rectangle
is 1/T, then pdf for the continuous uniform distribution is given by

1
T 0<t<T
0, otherwise

J() =

The probability that an event occurs in an interval [a, b] is jb f(t) dt. 1f 0 < a < b < T, this probability

b—a

is simply 7

Example 3.7
A random variable x has a uniform pdf with 7= 10. Find the probability that

(a) 1<x<3 (b) 1.6<x <93

(c) x=29 (d) x<7.2

(e) —l<x<2 (f) 9.1<x< 123
Solution

P(anSb)z_[hﬂt)dtzb_a

T
(a) P(1£x<3) = % =02

(b) P(A.6< x <9.3)= %: 0.77

(€) P6229)=1-P(0<x<29)=1- 2-9150=0.71
) P(x <7.2) = % -0.72

(e) P(-1<x <2)=%=0.2

(f) PO.1<x<123)=123-91_43;

10

3.5 EXPONENTIAL DISTRIBUTION

Let a random variable have a Poisson distribution. For example, the random variable could be the
number of customers arriving at a service point, the number of telephone calls received at a switch-
board or the number of machines breaking down in a week. Then the time between events happening is
a random variable which follows an exponential distribution. Note that whereas the number of events
is a discrete variable, the time between events is a continuous variable.

Let ¢ be the time between events happening. The exponential pdf f(7) is given by

f() = ae™ 20
0, otherwise (3.19)

where o> 0.
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S

oincreasing

>

0 t
Figure 3.2 Exponential probability density function for various values of o.

The probability of an event occurring in a time interval T is given by j: f(¢) dt. Figure 3.2 shows f(¢)

for different values of o. The expected value of the distribution is given by
Expected value =y = jo ote df = é (3.20)
For example, if f(£) = 3¢7'; ¢ in secs. ¢t > 0, then the mean time between events is 1 gec.

. . 3
That is, on average there are three events happening per second.

Example 3.8

The time between breakdowns of a machine follows an exponential distribution, with a mean of 17
days. Find the probability that a machine breaks down in a 15 day period.

Solution The mean time between breakdowns

=17

Thus, the pdf f{¥) is given by
w17
J)y=ce=15e >0

b}

We require the probability that the machine breaks down in a 15 day period

P0<<15) =j;5f(z) dt

_ P17
=|, 17" di

15
=[] =1-¢"""=0.5862

0

There is a 58.62% chance that the machine will break down in a 15 day period.
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3.6 NoORMAL DISTRIBUTION

The normal probability distribution or simply the normal distribution is one of the most important and
widely used. It is used to calculate the probable values of continuous random variables, e.g., weight,
length, density and error measurement. It is defined by

1
X
or P

Here X = arithmetic mean and o = standard deviation are the two parameters of the continuous
distribution. Normal distribution is also known as Gaussian distribution. Discrete probability distri-
butions such as binomial, Poisson, hypergeometric distributions can be approximated by the normal
distribution. Sampling distributions ¢, ' and "’ tend to be normal for large samples. Further, they are
applicable in statistical quality control in industry.

The normal distribution is obtained if we let the number of trials # of a binomial distribution tend to
infinity keeping p and ¢ very small. The limit is approached more rapidly if p and ¢ are nearly equal
and are close to 0.5. In fact, using Stirling’s formula, the following theorem can be proved.

NX, 0)=Y(X) =

_l(X—)_()z
7\ o

Theorem A binomial pdf
P = (1) p ¢ (3.22)

in which n becomes infinitely large, tends in the limit, to the normal density function

__ 1 —(x —np)’
f(x) - W exp znpq

For a binomial distribution, the mean and standard deviation are given by

u=np (3.23)
and
o ={npq (3.24)
and hence the normal frequency function becomes
__1 _1(x-H 2]
Sy =—L=exp 5( K (3.25)

where the variable x can assume all values from —co to oo.
The graph of the normal frequency function is called the normal curve (Figure 3.3). The normal
curve is bell-shaped and is symmetrical about the mean p. This curve is unimodal and its mode

S)

=¥

0 H

Figure 3.3 Normal curve.
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coincides with its mean . The two ends of this open curve extend to +eo and —eo along the positive and
the negative parts of the x-axis, which is an asymptote to the curve. Since the f{x) curve is symmetrical
about x = 1, its mean, median and mode are the same.

Its points of inflexion are found to be x = 1 + ¢, which are equidistant from the mean and are on either
side of it. The total area under the normal curve and above the x-axis is unity.

The parameters y and o determine the position and the relative proportions of the normal curve.

If two populations defined by normal frequency functions have different means y, and 4, but equal
standard deviations o, = o, then their graphs appear as shown in Figure 3.4.

S)

A NN

0 n i x

Figure 3.4 Normal frequency curves with unequal means but equal standard deviations.

On the other hand, if the two populations have equal means but unequal standard deviations o, and o,
then their graphs would appear as shown in Figure 3.5.

Sx) 4

]

.—/
0 =i x

Figure 3.5 Normal frequency curves with equal means but with unequal standard deviations.

3.6.1 Characteristics of the Normal Distribution

Normal distribution is continuous The pdf of the normal distribution is
1(x—uy

B 7( c ) ]

Jx) = Xp

1
— €
ol2rn
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Hence the area under the curve above the x-axis is

- __1 [ | (Xx—py
[ o de=—I= exp ~L(ESE) | ax (3.26)
Putting xc_él =u, we have dx = 612 du and the limits are the same so that we obtain
~ — 1 . —llz r
L fx) dr=—— Le o2 du
D U R B
== Le du=p-iT=1 (3.27)

Therefore, f(x) > 0 and f fx)dx=1

Hence the normal distribution is continuous.

) ) 2 .
j e du= 2J. e’ du - e evenin (—oo, o)
0

—oco

o _1
=j (Tetdr w? =1, 2udu=dior 2du="4t
0 7

= 1"(%) = [Gamma Function

)= | :e" 7 dt (p>0)]

3.6.2 Mean, Mode and Median of the Normal Distribution

Mean By definition, the arithmetic mean of a continuous distribution f(x) is given by

_ I xf(x)dx
X= = _ (3.28)
'Lo fx)dx
The normal distribution with b and ¢ as parameters is
_ _ 1 1(x=bY
N (b, ) =f(x)dx =—=exp —5( - )] (3.29)
Then, since f f(x)dx = area under the normal curve =1,
v [ . 1 1(x=bY
X= Lx ——exp ~1(x5 | fax (3.30)

[Put (x—Db)c=zsothatx=b+czand dx = cdz]

1.2
- 1 w3 V)
= b caz
Lo( +cz)c\[2_e
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oo _lzz =3 b2
_ 1 2 _c -2z
—bLﬂ Cme dz+@rj_wze 2" dz
=bX1+c¢cx0
i - L dz =1
since j,m f(x)dx —Lc e e
=X=b (3.31)
and
el lzz
J-_ ze 2 dz=0

the integrand being an odd function.

Mode It is the value of x for which fis maximum. Thus, it is the solution of f’(x) = 0 and /”(x) < 0.
For normal distribution, we have

_ 1
f) == —o— exp

-1 X;#f]

Taking logs on both sides

- L __ 1y
lng(.X) - log Gm 20.2 (x ‘U) (332)
Differentiating w.r.t. x, we get

f®
S

=L - =0 =5 - /@
Differentiating w.r.t. x, we get
£ 0 == 5 L)+ G=p) f ()]

0-2

]

= (3.33)

Now f/(x)=0=>x=pu
For this value of x, we get

O |
(=3 X <0

Hence x = u is the mode of the normal distribution.

Median We know that

f f) dx=1 (3.34)
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Hence, if M denotes the median of the normal distribution, we must have

["fo =}

]dx =1 (3.35)

]dx+ leexp[—— '“)z]dxz% (3.36)

oc2r ) c oc2m

To evaluate the first integral, put X — H= _yanddx=-20 du, and the limits are oo, 0.

20
u
. 1 1 2
"o@zL [_7 )] mf_ eXp[ W (—2 odu)]
D U Lﬁ_l
_W,’.oe du+\[ﬁ’ 2 _2 (337)

This shows that the value of the second integral = 0.
This implies that M = u.

Note The mean, mode and median coincide in the case of the normal distribution. Hence the normal
curve is symmetrical.

3.6.3 Variance of the Normal Distribution

oo

=2 _L(x — 1) f(x)dx (3.38)

oo

Jo-wr e |- (2

—Dj‘(x—‘u)2 exp [_%(x—u)z] dx

since the integral is even, put —H— 4 and dx = -2 6du, and the limits are oo, 0.

\120
\[_ 2622 e 2 odu
G
= 4¥.-2]O.uz e du
ﬁ 0
Putu =1, du = 2L\l_dt the limits are the same]
_40%, 1
=5 (3[ te 2( dt
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[\

_ O'ZDQ 32-1
= t e dt
\I_J.

T J

_20?
= ﬁl—‘(3/2)

Al
N —

T = 0?

T+ 1)=pF(p),r(%)=vﬁ
.. Standard deviation = {Variance = ¢

3.6.4 Points of Inflexion of the Normal Curve

”

At a point of inflexion, we should have /”(x) = 0 and f”(x) # 0.
As shown above,

_ 1 1 A
S = o P [_7 (x Gu) ]
f'x) ———(X wfx)

/'
RS CRRCLa

70 ==L [+ )= Lo |1 - E2E]

f"'(x)=—§f()[o 2 OB L1 - O

62
(x ;51)2”

=1 W
J(){ 7ol

2f() 2(x - u)+(x;2u)[1_(x—dgi)]}
_ (- ) 3_(x—u)2]
o* o?
Now
124 _ _ 2 1 —%
f (uiG)—%f(uiG)G—l)—gGﬁe #0
since

(%) =

1 1(x
x=puto= Jz_eXp[ >

3-17

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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x=uto=

3.6.5 Mean Deviation about the Mean

This is given by
- I U _Lx—uy
_JJX u|f(x)dx—G%J;|x ,u|exp[ 2( 5 )]dx
_ 2 | (x= )
_G%£|x—u|exp _f( o ) dx
Putx_u=,uanddx=0du=£_ru eiéﬂzdu
G otz %
Put u =27 and du = JZ_Ltdt
- 0'\[% JO ecldi=o E (—e); = 0'\]% =—§Laz 080 (3.47)

3.6.6 Normal Probability Integral

If X is a normal random variable with mean y and variance o2, then the probability that random value
of X will be between X = prand X = x| is given by

Pu<X<x)= j f)dx

u
otz e [2 (o

To evaluate the integral, put * ;,u =zorx— U =o0zand dx = 0dz.

The limitsare x=py = z=0and x = x,

X, — U
c

:}Z:le

Now
Pu<X<x)=P0<z<z)

2

o jo e? do= j0q>(z)dz (3.48)
1 —
where ®(z) = L ¢ 27 is the probability function of the standard normal variate zzu.

2r o
The definite integral js, ®(z)dz is called the normal probability integral which gives the area under the
standard normal curve between the ordinates at z = 0 and z =z, (Figure 3.6).
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D(2)

Point of inflexion Point of inflexion

zT0 Z

z:—z1 22721

Mean, mode and median

Figure 3.6 Area under the standard normal curve.

he standard normal curve
(2) = 157 3.49)
2 .
D(z) Tk (

is symmetrical w.r.t. ®(z) axis since ®(z) remains unchanged when we replace z by —z. Thus, the
arithmetic mean and the median of a normal frequency distribution coincide at its central point: The

exponent of e in ®(z) is, — L2 which is negative. Hence ®(z) is maximum when z = 0. For all other

2
values of z, ®(z) is smaller since e’%zz= 1122- Therefore, the maximum value of ®(z) is
e 2
®(0) = ﬁ = 0.3989

12 c e
As z increases numerically, ¢ 2° decreases and approaches zero when z becomes infinite. Thus, the

z-axis is an asymptote to the standard normal curve.

Now, differentiating ®(z) w.r.t. z,we get O(z) = zD(z) and ®”(z) = — O(z) —=zP’(z) = (z> — 1) D(2).
Therefore ®”(z) = 0 = z = £1. These are the points of inflexion. That is, the points at which the curve
changes from concave downward to concave upward; and these points are situated at a unit distance
from the ®(z) axis, on either side of it.

3.6.7 Area under the Standard Normal Curve

The equation of the standard normal curve is

®(z) = ﬁe’f (3.50)

The area under this curve is given by
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gi.y
=iz [e? @ (3.51)
0
since the integrand is even in (— oo, o)
1
_ 1 [ 2 <
_«Jﬁjot e dt
R BT, =L
wherezz t=z=1"2tand dz @dt
_1 (1)
T
= \2
N
_47_;‘]”

It follows, therefore, that the area under the standard normal curve ®(z) from z =z, to z = z, is
always less than 1 where z, and z, are finite.

Consequently, 'r ‘®(z)dz is always less than unity.

Because of the symmetry of the curve w.r.t. the ®(z) axis, the area from any point z = z, to oo is
equal to the area from —oo to —z . Therefore,

oo -z

j D(z2) dzzj @ (2)dz

Z

Also, the area under the curve fromz=1to z = is 0.1587. So, we have

jjl P(z2) dz = J::CI)(z) dz _J‘ 1 DO(z) dz - J';” D(z) dz

—oco

= rw O(z) dz -2 _[:c ®(z) dz

=1-2(0.1587) = 0.6826 (3.52)

In terms of statistics, this means that 68% of the normal variates deviate from their mean by less
than one standard deviation. Similarly,

fz ®(z) dz = 0.9544 (3.53)

j: ®(2) dz = 0.9974 (3.54)

Thus, over 95% of the area is included between the limits —2 and 2 and over 99% of the area is
included between —3 and 3 (Figure 3.7)
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O(2)

-3 2 -1 0 1 2 3
< 68.26%>
95.44% >
99.74% >

Figure 3.7 Percentages of area under the normal curve.

3.6.8 Fitting of Normal Distribution to Given Data

The equation of the normal curve fitting to given data is

y=f @ == exp |3 (FH )] e <x <o (3.55)

Therefore, first calculate the mean u and the standard deviation ¢. Then find the standard normal

variate Z = X%‘,u corresponding to the lower limits of each of the class interval. That is, determine,

’

i
Zl_ o

normal curve to the left of the ordinate z =z, (SRY), ®(z,) from the tables. Then areas for the succes-
sive class intervals are obtained by subtraction:

, where x/ is the lower limit of the ith class. The final step is to calculate the area under the

viz. @z, + 1) -DP(z)i=1,2,3...

Then, expected frequency is
N= [CID(zl.+ 1) —CD(zl.)] (3.56)

3.6.9 Application of Normal Distribution
Example 3.9

A certain type of storage battery lasts on an average for 3.0 years, with a standard deviation of 0.5
year. Assuming that the battery lives are normally distributed, find the probability that a given battery
will last less than 2.3 years.

Solution First let us construct a diagram as in Figure 3.8 showing the given distribution of battery
lives and the desired area.
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0=0.5

2.3 3

=y

Figure 3.8 Area for example 3.9.

To find P(X < 2.3), we have to evaluate the area under the normal curve to the left of 2.3. This is
obtained by finding the area to the left of the corresponding z value. It is found from

_X-p_23-3.0 _
z=2H-25=20 - 14

Using the relevant table, we have
P(X<23)=P(Z<-1.4)=0.0808
Example 3.10

An electrical firm manufactures light bulbs that have a life, before burnout, which is normally distrib-

uted with mean equal to 800 h and a standard deviation of 40 h. Find the probability that a bulb burns
between 778 and 834 h.

Solution The distribution of light bulbs is shown in Figure 3.9.
Here 1 =800 and o = 40.
The z values corresponding to x, = 778 and x, = 834 are
X —
_%HTH 834800 _
. TR 0.85

z

Hence,
P (778 <x<834)=P (—0.55<z<0.85)

=P (z<0.85)— P (z<—-0.55)
=0.8023 - 0.2912=0.5111

=Y

778 800 834

Figure 3.9 Area for example 3.10.
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Example 3.11

The mean inside diameter of a sample of 200 washers produced by a machine is 0.502 in. and the
standard deviation is 0.005 in. The purpose for which these washers are intended allows a maxi-
mum tolerance in the diameter of 0.496 — 0.508 in., otherwise, the washers are considered defective.
Determine the percentage of defective washers produced by the machine, assuming the diameters are
normally distributed.

Solution The distribution of washers is shown in Figure 3.10.
Here n =200, 0= 0.005, and u = 0.502.

0.496 — 0.502
0.005

=-12

0.496 in. standard units =

0.508 in. standard units = f(x) =kx* (-1 <x < 1)

Proportion of non-defective washers = area under normal curve between z=—-1.2 andz=1.2
=2 (area betweenz=0andz=1, 2)

=2(0.3849) =0.7698 or 77%

-1.2 1.2

Figure 3.10 Area for example 3.11.

.. The percentage of defective washers is = 100 — 77 =23%

EXERCISES

1. If a random variable x has the range {1, 2, 3, ....} of P (x = k)kif for k=1, 2, 3..., then find ¢ and
P(0<x<3).

(loge2)* +2log 2
Ans: c=log 2and P (0<x,3)= 3 <
2. If a random variable x has the range {0, 1,2, 3, ....} of P(x =k) = C(kzi—,tl) fork=0,1,2,3, ...,
then find c.
Ans: czi
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3. The probability distribution of a random variable x is given as follows:

X=x 0 1 2 3 4

P(X=x) | 04 0.3 0.1 0.1 0.1

Find the mean and variance of x.
Ans: y=12and 6?=1.76

4. Let x be a random variable such that P(x =-2)=P(x=—-1)=P(x=2)=P(x=1) = % and P(x = 0)

= % Find the mean and the variance of x.

Ans: u=0and 6% =5/3

5. The probability distribution of a random variable x is given as follows:

X=x 1 2 3 4 5
P(X =x) k 2k 3k 4k sk

Find the value of k, the mean and the variance of x.

15 3 9
6. A random variable x has the following probability distribution:
X=x -2 -1 0 1 2 3
P(X=x) | 0.1 k 0.2 2k 0.3 k

Find %, the mean and the variance of x.

Ans: k=0.1, u=0.8 and 62 =2.16

7. A range of a random variable x is {0, 1, 2}. Given that P(x = 0) = 3¢, P(x = 1) = 4c — 10¢? and
P(x=2)=>5c -1, where c is a constant, find the following:

(a) Value of ¢
(b) P(x < 1)
(©) P(1 <x<2)
(d) P(0<x <3).
Ans: (a) % (b) % © % and (d) g

8. A pdfis given by f(x)=2¢% 0<z<

(a) If 200 measurement of z are made, how many on an average will be > 1?
(b) If 50% of measurements are less than £, find £.

Ans: (a) 27 and (b) 0.3466
9. A pdfis defined by
h(x) :%(1 ) —1<x<1



10.

11.

12.

13.

14.

15.

16.

17.
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Find (a) P(0<x<0.5)
(b) P(-0.3<x<0.7)
(c) P(lx1<0.5)
(d) P(x>0.5)
(e) P(x<0.7)
Ans: (a) 11/32, (b) 0.13775, (c) 11/16, (d) 21/32, () 0.21825

Let, f(x) = kx* (-1 £x £ 1), where k£ is a constant.
(a) Iff(x)is apdf, find £.
(b) Calculate the probability that x > 0.5.
(c) If P(x>c)=0.6, find c.
Ans: (a) 1.5, (b) 0.4375 and (c) — 0.5848

In a binomial distribution # = 5, the sum of the mean and the variance is 1.8. Find the distribution.

(4. 1)
Ans.(5+5)

In a binomial distribution the sum and the difference of the mean and the variance are 1.8 and 0.2,
respectively. Find the parameters.

Ans:n=5andp=1/5

If x is a binomial variate with the mean 10 and the variance 5 such that P(x 0)

= P(x=1), find the parameter x.

120
Ans: 2% + 220

If x is a Poisson variate such that P(x = 0) = P(x = 1), find the parameter x.

Ans: A=1
If a random variable x has Poisson distribution with parameter 2, find P(x > 3).
19
Ans: 1 - =
ns 302

In a box containing 15 identical bulbs, 5 are defective. If 5 bulbs are drawn at random from the
box with replacement, find the probability that

(a) None are defective
(b) Only one of them is defective

(c) Atleast one of them is defective

Ans: (a) %, (b) % and (c) %

If x is a Poisson variate such that 2P(x = 0) = 3P(x = 1), find 1.

Ans: Az%
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18.

19.

20.

21.

22.

23.

24.

25.

26.

In a Poisson distribution, P (x = 2) = P(x = 3). Find the variance of x and P(x = 4).
Ans: A =3 and P(x = 4) =%
In a factory 2% of items are defective. By using Poisson distribution, find the probability of hav-
ing more than 2 defective items in a sample of 100 items.
Ans: 1 —5/&2
Given that P(x = 2) = 45P(x = 6) — 3P(x = 4) for a Poisson variate x, find the probability that
(a)x=1and (b)x<2.
Ans: (a) 0.864 and (b) 0.408
If a bank receives on the average a = 2 bad cheques per day, what are the probabilities that it will
receive
(a) 2 bad cheques on any given day
(b) 3 bad cheques over any two consecutive days
Ans: (a) 0.272 and (b) 0.192

Fit a Poisson distribution to the following data:
x, 0 1 2 3 4
f; 122 60 15 2

Ans: 121 61 15 2 0

- JX 60436 +6+1 nc. o
Hint: A= 0 = 402011 055 ¢ 09=0.61

Find the number of pages expected with 0—4 errors in 1000 pages of a book if, on the average, 2
errors are found for 5 pages.

X, 0 1 2 3 4

f; 109 65 22 3 1

Ans: 108.7 66.3 202 4.1 0.7
., _654+44+9+4 _
Hint: 2,——200 =0.61

Find the probability that a random variable having the standard normal distribution will take on a
value between 0.87 and 1.28.

Ans: P(0.87<2z<1.28)=0.0919

The mean of the height of students in a class is 158 cm with the standard deviation 20 cm. Find
how many students’ heights are between 150 and 170 cm, if there are 100 students in the class.

Ans: 38

Let x be a random variable with the standard normal distribution. Find the value of z, in each of
the following cases:

(a) P(0<z<z)=04938
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28.

29.

30.

31.

32.

33.
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(b) P(x<z)=0.834
(c) P(z,£z<2)=0.2857
Ans: (a)z, =2.5,and (b) z, =0.97 and (¢) z, = 0.5
Let x be a normal variate with mean 30 and standard deviation 5. Then find
(a) P(26 <x<40)
(b) P(x=45)
Ans: (a) 0.7653 and (b) 0.0014
Ten cards are drawn from a deck of 2 cards. Find the probability of getting 2—5 diamonds using
normal distribution.
Ans: 0.753
Find the probability of getting an even number 3—5 times when 10 dice are thrown simultane-
ously, using (a) binomial distribution and (b) normal distribution.

Ans: (a) 0.5683 and (b) 0.5684

The average grade for an examination is 74 and the standard deviation is 7. If 12% of the class
are given A’s and the grades follow a normal distribution, what is the lowest possible A and the
highest possible B?

Ans: Lowest A is 83 and highest B is 82

A certain machine makes electrical resistors having a mean resistance of 40 ohms and a standard
deviation of 2 ohms. Assuming that the resistance follows normal distribution and can be meas-
ured to any degree of accuracy, what percentage of resistors will have a resistance exceeding
43 ohms.

Ans: 6.68%

Find k& such that P(k< T'<—1.761) = 0.045 for a random sample of size 15 selected from a normal

distribution and 7=*"H
s/m

Ans: k=—-t =-2977and P (-2.977< T<-1.761) = 0.045

0.005
For an fdistribution, find
(@) f,,s withv, =7andv,=15
(b) f4 Withv =19 and v, =24
Ans: (a) 2.71 and (b) 0.47

Continuous Uniform Distribution

34.

A random variable ¢ has a uniform pdf with 7= 1.5. Find the probability that
(a) 0.7<1<13
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(b) 1<¢<2
(c) 11]<0.5
@ j71<1 Ans: (a) 0.4, (b) 0.3333, (c) 0.3333 and (d) 0.3333

Exponential Distribution

35. The mean time between breakdowns for a machine is 400 h. Find the probability that the time
between breakdowns for the machine is
(a) Greater than 450 h
(b) Less than 350 h

Ans: (a) 0.3247 s and (b) 0.5831 s

MULTIPLE CHOICE QUESTIONS

1. The mean of the binomial distribution with n observations and the probability of success P is
@) pq (b) np () ip (d) \pq
Ans: (b)

2. If the mean of a Poisson distribution is M then the standard deviation of this distribution is

(a) m? (b) im  (¢c) m (d) 2m
Ans: (b)
3. The standard deviation of the binomial distribution is
(@) npg  (b) snp (¢) npg  (d) pq
Ans: (a)
4. In a Poisson distribution, if 2P(x = 1) = P(x = 2) then the variance is
(@) 0 b -1 (c) 4 (d 2
Ans: (c)
5. If the probability distribution of a random variable x is
x 0 1 2 3 4
P(x) 0.5 k -1 3k k

Then the value of £ is
(a) 0.3 (b) 0.2  (¢) 0.1 (d 0

[Hint: 0.5+ k—1+3k+k=1=5k=0.5=k=0.1]
Ans: (c)
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6. A random variable x has the following probability distribution:

x 1 2 3 4
P(x) c 2c 3¢ 4c

Then c is

@@ 02 (b) 03 (c) 0.4  (d) 0.1

Hint: 10c=1=c=-L=0.1

10
Ans: (d)
7. The probability distribution of a random variable x is as follows:
X=zx, 1 2 3 4
P(X=x) | 2k 4k 3k k
Then k is
(@ 04 (b) 0.1 (c) 0.2 (d)0.3
[Hint: 2k + 4k + 3k + k=10k=1= k=0.1]
Ans: (b)

8. A random variable x has the range {1, 2, 3, ...}. If Px=r = i—; forr=1,2,3,..thencis

(@) 2 (b)2e  (c) loge2 (d) 0.5

Hint: Z:zlr%r - }%r— l=1=e‘=2=c=loge’
Ans: (c)
9. The probability distribution of a random variable x is as follows:
X=x, 1 2 3
P(X=x) 1/4 1/8 5/8
Then its mean is
(a) 19/8 (b) 5/4 ()1 (d) 4/5
Ans: (a)

10. A random variable x has the following probability distribution:

x 1 2 3 4 5 6 7 8

P(x) 0.15 | 023 | 0.12 | 0.10 | 0.20 | 0.08 | 0.07 | 0.05

For the events E = {x is a prime} and F = {x <4}, the probability P(E U F) is
(a) 0.87 (b) 0.50 (c) 0.35 (d) 0.77

[Hint: P(EUF)=P(E)+P(F)-P(EnF)=0.62+0.50-0.35= 0.77]
Ans: (d)
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11. If x is a random variable with the following distribution:

X=x 0 1 2 3
P(X =2x) k 3k 3k k

The values of &k and variance are
11 31 13
@z Oz ©@gz @I

Hint: k+3k+3k+k=8k=1= k=1

8
—oxL 3 3 1.3
y_0x8+lx8+2x8+3x8_2
2 -2 l 2 i 2 i 2 l
G_O><8+1><8+2><8+3><8
_3+1249_24 _ ~9_3
B T Bk
Ans: (c)
12. A random variable x has the following distribution:
X=x, 0 1 2 3
P(X=x,) 2/6 3/6 0/6 1/6
The mean and variance are
32 3
(a) 0: 1 (b) gag (C) 19 1 (d) g) 0
ot u=0x2 3 0 1
Hmtu_0x6+1x6+2x6+3x6
_0+3+0+3 _,
6
2 — ()2 2 2 ; 2 Q 2 l
G_Ox6+1x6+2x6+3x6
_0+3+0+9_»_ 14
6
Ans: (c)

13. A random variable x takes on the values 0, 1 and 2. If P(x = 1) = P(x =2) and P(x = 0) = 0.4, then
the mean of the random variable x is

@@ 02 (b) 0.5 (c) 0.7 (d) 0.9

[Hint: 0.4 +p+p=1,. .p=03=u=0x04+1x03+2x03=095]
Ans: (d)
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14. In a binomial distribution » = 20 and ¢ = 0.75, then the mean is

15.

16.

17.

18.

19.

@5 ()15 (o) 10 ) 7.5

[Hint:p=1-¢=1-0.75=025= u=np=20x0.25=5]
Ans: (a)

For a binomial distribution, the probability of getting a success is ¥4 and the variance is 3. Then
its mean is

@ 12 ()10 (o) 4 ) 6

Hint:p:%andqz%

2 -3 - 1,.3_ -
o —npq—3,..n><4><4—3=>n—16

/,L=np=16><%=4]

Ans: (¢)
For a binomial distribution » = 10 and ¢ = 0.4, then mean is
(a) 1 (b) 4 (c) 6 (d) 10
[Hint: 1= np=10(1-0.4)=6] Ans: (c)
The mean for a binomial distribution is 6 and standard deviation is V2 then
0 2 A 1)97/1 0 l A 2)97/1 " (2)1 1)127/1 " l)l ;)971
@°C, (3] 3 ®°C, (3] (3 @ °C,(3] (3 @ ¢, (3] (3
P(x=27\)is
0 ;)ﬂ. l)‘)fﬂ. 0 l)/l ;)97}1 " (;)ﬂ. l)lZ*l " l)l 2)971
@°C,[3] (3 ®)°C, (3] (3 ©°C,(3] (3 @ ¢, [5] (3
Ans: (a)

The probability of a man hitting a target is % If he fixes 7 times, the probability of hitting the
target at least twice is

5(3) 15 (3 5x3° 3)\°
@ 1-33) ® 1= © 1= @ -3
Ans: (a)
If the mean of Poisson distribution is %, the ratio of P(x = 3) to P(x =2) is

@@ 12 (b) 14 (¢ 1:6  (d) 1:8

[Hint: P(x = 3): P(x = 2) = e';!” : 6’21!’12 = A=3]

Ans: (c)
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20. In a Poisson distribution, P(x = 2) = P(x = 3). Then the variance of x such that P(x =4) = - is

21.

22.

23.

24.

@ I @3  @F
Hint: Pr=r) = <& for r=0,1,2,...
Pa=2)=Pa=3)=CH =L S5 -3
Pa=4)=CF =21
Ans: (d)
A random variable x has Poisson distribution with mean 2. Then P(x > 1.5) is
@22 (50  (c)12e2 (d)3e>
Hint: xzzandp(xzr)z#z% —Px=1)= e_lz—!z'zze-2
P(x>15)=1-Px=1)=1-2¢
Ans: (¢)

In a Poisson distribution, P(x = 0) is twice P(x = 1). Then the mean is

(a) 1 (b) 2 (¢c) 05 (d) 1.5
Hint: P(x=r) = 67:!” forr=0,1,2, ..
Pa=0)=4 K=
Pr=1)= ‘3’8!’” = de

er=20et = A =% =05

The number of vehicles passing a certain point on a road per minute is Poisson distributed with
mean 4. Find the probability that 5 vehicles pass in a minute.

—4 54 4 &5 -4 54 4 A5
(@ < (b) &7 © S @5t
Hint:l=4andr=5:>P(x=r)=# = P(x=5)= e_;45

Ans: (b)
et 0<x<oo

cx
If () _{0, otherwise

is a pdf of a continuous random variable, then c is

(a)2 (b)0 (©1 (d)4

Hint: jo cxe™dx =c (—xe™ — e~ ):= c=1

Ans: (c)
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25. A binomial distribution has mean 4 and variance 3, then P(x > 1) is

Prz1)=1-Pa=0)=1-¢g'=1-(3]"

3-33

4
3 16 3 6 1 16 1 6
@1-[3] o -3 @G @G
int: np = = =3 p=1-3=Land n=
[Hlnt. np—4,npq—3:>q—4,p—l 4—4and L= 16]
Ans: (a)
26. Ifx is a standard normal variate then P(0 <x < 1.2) is
(@)0.5 (b)0.3849 (c)0.1151 (d)1
Ans: (b)
FILL IN THE BLANKS
1. If the probability distribution of the random variable x is as follows:
X=x, 0 1 2 3 4 5
_ 1 2 3 1 1 9
PX=x) | 35 25 25 5 5 25
Then P(1 <x<4)=
.8
Ans: 75
2. In Question 1, P2 <x<4)=
13
Ans: 75
3. In Question 1, the mean of the probability distribution is
.88
Ans: 5
4. In Question 1, the variance of the probability distribution is
Ans: 27

5. The probability distribution of a random variable x is as follows:

X=x 0 1 2 3 4

P(X=x) 0.4 0.3 0.1 0.1 0.1

The mean of the probability distribution is .

Ans: 1.2
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6.

10.

11.

12.

13.

14.

In Question 5, the variance of the distributionis ____
Ans: 1.76
. Letx be arandom variable suchthat P (x=-2)=P (x=—-1)=P(x=2)=P(x=1) =%andP (x=0)
= % Then the mean of the probability distributionis .
Ans: 0
. In Question 8§, the variance is ______
Ans: 5/3
. If x follows Poisson distribution such that P(x = 1) = 3P(x = 2), then the variance is _____
Ans: 2/3
If a random variable x follows Poisson distribution such that eP(x = 2) = 2P(x = 1), then P(x = 0)
i _4
Ans: e 3
A binomial distribution has mean 20 and variance 15. Thenp=____
Ans: %
[Hint: Mean = np = 20 and variance = npg = 15 = ¢ =% =%andp =1- % =%]
If x is a Poisson variate such that P(x = 0) = P(x = 1), then the parameter is
Ans: 1

A r
[Hint: Px=r)= er,/l forr=0,1,2, ..

Par=0)=Px=1) =X Xy 1]

0 1!
. . . (k+ Da .
If the range of a random variable x is {0, 1,2, 3, ....} with P (x =k) = 7 for k>0 then a is
.4
Ans: )
Hint: 3t =—L ==L 3 1= S k4 1)#
' 1-r dr
-1 __1 __9 B
_(1—r)2_( 1)2—4wherer—3 as=ga
2
_ _4
=1l=a= §]
The mean and variance of a binomial distribution are 4 and 2, respectively. Then the probability
of 2 successes is
Ans: A

64
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,p=%mﬂn=4x2=8

(ST

Hint: Mean = np =4 and variance =npg =2 = g = % =

P(2 successes) = % (%)2 (%)R_z = é ]

If x is a random Poisson variate such that o= P(x = 1) = P(x =2) then P(x = 4) is

Ans: % o

If 3% of electric bulbs manufactured by a company are defective, then the probability that a sam-
ple of 100 bulbs are not defective is .

Ans: e
The mean and variance of a binomial distribution are 4 and, 3 respectively. Then P(x = 1) is
. B i 16
Ans: 1 ( 4)

[Hint:np=4,npq:3=>q:%,p:1—%_

_1 .

4and..n—16]
3 16

P@2D=1—Pu=®=l—¢:l—h)

If u =1, the probability that P(x = 1) if x is a Poisson variate is .

|—

Ans: 5

If x is a Poisson variate which is binomial at x = 3 and at x =4, then u =

Ans: 6

If the variance of a Poisson distribution is 2, then P(x = 0) is

Ans: 0.135



Sampling Distributions

4.1 INTRODUCTION

In statistics, we deal with the method of collection, classification and analysis of quantitative data for
drawing inferences and making decisions. Instead of examining the entire collection called the popula-
tion, which may be difficult or impossible, we may examine a small part of it called a sample. We deal
with a particular kind of sample called random sample. We do this with the aim of drawing certain
inferences about the population from results found in the sample, a process known as statistical infer-
ence. The process of obtaining samples is called sampling. The distribution of a statistic calculated on
the basis of random sample is called sampling distribution and it is basic to all of statistical inference.

4.2 POPULATION AND SAMPLE

A variable is a characteristic that varies or changes over time and/or for different individuals or objects
under consideration—e.g., body temperature of an individual at different times and body temperature
of different individuals at a particular time.

An experimental unit is the individual or object on which a variable is measured. A simple measure-
ment or data value results when a variable is actually measured on an experimental unit.

If a measurement is generated in every experiment unit in the entire collection, the resulting data set
constitutes the population of interest. Any smaller subset of measurements is a sample.

A population is the set of all measurements of interest to the investigator.

A sample is a subset of measurements selected from the population of interest.

The size of the population N is the number of objects or observations in the population. The size of
a sample is denoted by n. If n > 30, the sampling is said to be large and if n < 30, the sampling is said
to be small or exact.

Statistical measures or constants obtained from the population such as mean and variance are
known as population parameters or simply parameters; statistical quantities calculated from sample
observations are known as sample statistics or briefly statistics.

Population mean, population standard deviation (SD) and population proportion are denoted by (i, s
and p respectively; while X, s and p stand for sample mean, sample SD and sample proportion.

Population f{x) means a population whose probability distribution is f{x).

4.2.1 Sampling with or without Replacement

In sampling with replacement from a population of size N, the probability of drawing a unit at each

draw remains % Thus, it can be considered theoretically as sampling from infinite population. In this

case, we can draw N" samples.
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In sampling without replacement, a unit cannot be drawn more than once so that the number of
samples that could be drawn is | |.

Hence, the probability of drawing a unit from a population of size N at rth draw is ﬁ
4.2.2 Sample Mean and Sample Variance
Letx, x,, x,, ..., x, be a random sample of size »n from a population. Then
Sample mean =X = % X 4.1)
Sample variance = 52 = ﬁ ) (x, = X) 4.2)

Sample SD is the positive square root of the sample variance.

4.3 SAMPLING DISTRIBUTION

Suppose all possible samples of size n are drawn from a given finite population of size N. Then the
total number of all possible samples each of size n that could be drawn from the population is

Ny__ N -

LJ‘nKN—ny‘m(“”

Calculate a statistic S (such as the mean, SD, median and mode) for each of these samples using the
sample data x , x,, ..., x, by S=8(x, x,, x,, ..., x ).

Sample number=1,2,3, ..., m
Statistic §=5,S5,S,, ..., S

1272 73 m

Sampling distribution of the statistic is the set of values {S, S, ..., S } of the statistic § obtained
one for each sample. Thus, sampling distribution describes how a statistics will vary from one sample
to the other of the same size. Though all the m samples are drawn from the given population, the mem-
bers included in different samples are different. The variations in the values of the statistics attributed
to chance are known as sampling fluctuations.

If the number of samples, each of the same size #, is infinitely large, then the probability distribu-
tion of the statistic is the sampling distribution of the statistic.

If the statistic S is the mean, variance or proportions then the corresponding distribution of the
statistics is called the sampling distribution of mean, variance or proportions respectively.

Mean of the sampling distribution of S is

S=1lys

i
i=1

(4.3)

Variance of the sampling distribution of S is
Ve =2 (S-S (4.4)
4.3.1 Standard Error (SE)

It is the SD of the sampling distribution of a statistic S. It gives an index for the precision of the esti-
mate of the parameters. It decreases with the increase of the sample size n. It plays an important role
in tests of hypothesis.
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Sampling distribution of a statistic S enables us to find information about the corresponding
population parameters.

4.3.2 Degrees of Freedom (v)

The number of degrees of freedom (dof) of a statistic is a positive integer v which is equal to (n — k),
where 7 is the number of independent observations of the random sample and & is the number of
population parameters which are calculated using the sample data. Thus, v = n — £k, i.e., the difference
between 7 the sample size and & the number of independent constraints imposed on the observations
in the sample.

4.4 SaMrLING DISTRIBUTION OF MEANS (6 KNOWN)
The sampling distribution of means (SDM) X is the probability distribution of X.

4.4.1 Finite Population of Size N

Consider a finite population of size N with mean t and SD . Draw all possible samples of size n with-
out replacement from this population. Let t-and o denote the mean and SD of the SDM. If N> n then

M= (4.5)
and
-0 [N-n
0= W~ IN-1 (4.6)

where (N — n)/(N — 1) is known as the finite population correction factor.

4.4.2 Infinite Population

Suppose the samples are drawn from an infinite population or sampling is done with replacement,
then

p=p 7
and
=0

0= (4.8)

The SE of mean o_ =%measures the reliability of the mean as an estimate of the population
mean .

Standardized sample mean = Z = X—H (4.9)

oA '

4.4.3 Non-normal Population (Large Sample)

Consider a population with unknown (non-normal) distribution with population mean y and
population variance o, both finite. Let the population be finite or infinite. In case the population
is finite, let its size be N which is at least twice the sample size n. Draw all possible samples of
size n. Then the sampling distribution of X is approximately normally distributed with mean
u_= p and variance 6. = ¢*/n provided the sample size n > 30.
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4.4.4 Central Limit Theorem

If n is large, the sampling distribution of X is approximately normal with mean u and variance ©%n
regardless of the form of the population distribution.
The central limit theorem stated as follows, without proof, asserts this fact.

Theorem If X is the mean of a sample of size n drawn from a population with mean u and finite
variance o2, then the standardized sample mean is

_X-u
oAn

which is a random variable whose distribution function approaches that of the standard normal dis-
tribution N(z, 0, 1) as n — o,

4.4.5 Normal Population (Small Sample)

Sampling distribution of X is normally distributed even for small samples of size n < 30 provided
sampling is from normal population.

Example 4.1

A population consists of four numbers: 3, 4, 5 and 6. Consider all possible distinct samples of size 2
with replacement. Find

(a) Population mean

(b) Population SD

(c) SDM

(d) Mean of SDM

(e) SD of SDM

Verify (c) and (e) directly from (a) and (b) by using appropriate formula.

Solution

(a) Mean of population

2X _3+4+5+6_18

(b) SD of Population

[Z6-9 _[Z0-%7
n

o =] 7 |

(G457 +(@A—457(5-457+ (6—4.5)
4

{
=‘J (-1.52+ (—0.5)Z+ 0.5+ (1.5)? _ E

=1.118033
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(c) Sampling with replacement (infinite population): Here N = population size = 4 and » = sample
size = 2.
The total number of samples with replacement is N" = 4% = 16. Let us list all possible samples
of size 2 from population 3, 4, 5 and 6 with replacement.
We get

33 (34 (G5 3,0
43) 44 45 4,0
5,3) (5.4) (5,5 (5,6)
(6,3) (6,4) (6,5 (6,6)

Now, we compute the statistic mean for each of these 16 samples.
The set of 16 means X of these 16 samples gives rise to the distribution of means of the samples
known as the sampling distribution of means (SDM):

3 35 4 4.5
35 4 45 5
4 45 5 5.5
45 5 55 6

This SDM may also be arranged in the form of frequency distribution:

Sample mean X 3 35 4 4.5 5 5.5 6

Frequency f 1 2 3 4 3 2 1

(d) The mean of these 16 means is known as the mean of SDM:

= 13)26.5)3(4.0)+ 445 +3(5) +2(55) +1(6)

X 16

_72 _
=1£=45

(e) Variance of the SDM
2 (M (X, - uxy
O-.Tc = n

= % [1.3-4.5)2+2(3.5—4.5)

+3(4—4.57+4(4.5-4.57+3(5-4.5)
+2(5.5-4.57+1(6—4.5)]

10
16

This gives SD of the SDM .= 0.7905694.

=0.625
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Verification

() p=45=p,

o o _ 1118033 _
(i) 0,=0.79056 = F = 113055 = 0.79057

Example 4.2

Solve Example 4.1 without replacement.

Solution

(a) u=4.5
(b) o=1.118083

(c) Sampling without replacement implies finite population: Here N = population size =4 and n =

sample size = z.

The total number of samples without replacement is (%)

each of these samples as follows:

This SDM may also be arranged in the form of frequency distribution:

X, :

35 4

4.5

4.5

5

5.5

G-y ¢
The six samples are (3,4), (3,5), (3,6), (4,5), (4,6) and (5,6). We compute the statistic mean for

Sample mean

35

4

4.5

5

5.5

Frequency

1

1

2

1

(d) Mean of the SDM

T 6
(e) Variance of the SDM

2
o_=

X

N—

[(3.5—4.57 +(4—4.5)

+2(4.5 457 + (5 - 4.5)

+(5.5-4.5)]
_25_
-2 = 0.4166

u :3.5+4+2(4.5)+5+5.52524.5

6

This gives 0_=10.4166 = 0.645497.

Verification

() p,=45=u
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.. _ 0 I[IN-n
(i) 0.=0.4166 = AR

_ 111803 _[4-2 _
=TT = 04166

Example 4.3

Assume that the heights of 3000 male students at a college are normally distributed with mean 68 in.
and SD 3 in. If 80 samples consisting of 25 students each are obtained, what would be the expected
mean and SD of the resulting SDM if the sampling is done (a) with replacement and (b) without
replacement?

Solution The numbers of samples of size n = 25 that could be obtained theoretically from a popula-
tion of size N = 3000 are as follows:

(a) With replacement (infinite population): N* = 3000%
; . (N} _ (3000
(b) Without replacement: = (7) = (T)
These numbers are much larger than the number of samples which is §0.
We do not, therefore, get a true SDM, but only an experimental sampling distribution. Hence, the
expected mean and SD would be close to those of theoretical distribution.

(a) .= =68 in. and0'§=‘l—%=%
_3_0¢;
=3 0.6 in.
(R _ 0 _|N—-n
(b) u_=68 1n.and67\_—m {1 N=1

__3 [3000-25 _
2 (200025 _ 5975

6-~0.6
Example 4.4

In how many samples of Example 4.3 would you expect to find the mean (a) between 66.8 and 68.3
in. and (b) less than 66.4 in.?

, - : o _XBi_X-68
Solution The mean X of a sample in standard units is given by z = 6. =06

(a) 66.8 in. standard units = (66.8 — 68.0)/0.6 =—2.0
68.3 in. standard units = (68.3 — 68.0)/0.6 = 0.5

Proportion of samples with means between 66.8 and 68.3 in.

= area under normal curve between z=-2.0 and z= 0.5
= area between z=—-2 and z =0 + area betweenz=0and z= 0.5

=0.4772 +0.1915=0.6687
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.. The expected number of samples = 80(0.6687) = 53 (Figure 4.1)

Z

2.0 0 05

Figure 4.1 Example 4.4(a).

(b) 66.4 in. standard units = (66.4 — 68.0)/0.6 =—2.67
Proportion of samples with means less than 66.4 in.
= area under normal curve to the left of z =—-2.67
= area to the left of z =0 — area between z =—2.67 and z =0

=0.5—-0.4962 = 0.0038
.. The expected number of samples = 80 (0.0038) = 0.304 or zero (Figure 4.2).

2.67 0

Figure 4.2 Example 4.4(b).

4.5 SAMPLING DISTRIBUTION OF PROPORTIONS

Let p be the probability of occurrence of an event called its success and g = 1 — p be the probability
of non-occurrence of the event called its failure. Draw all possible samples of size n from an infinite
population. Calculate the proportion p of success for each of these samples.

Then the mean H, and the variance 0'12) of the sampling distribution of proportions are given by

mp =p (4.10)



Sampling Distributions 4-9

and
pq P(l - P)

ol =T =" (4.11)
where the population is binomially distributed and the sampling distribution of proportions is normally
distributed whenever » is large.

For a finite population (with replacement) of size N,

Mp=p (4.12)
and
2_ P49 (N—-n
o=t (N—l) (4.13)

Example 4.5
Find the probability that in 120 tosses of a fair coin (a) between 40% and 60% will be heads.

Solution We consider the 120 tosses of the coin as a sample from the infinite population of all pos-

sible tosses of the coin. In this population, the probability of heads is p = % and the probability of tails

isg=1-p= %

(a) We require the probability that the number of heads in 120 tosses will be between 40% and 60%:
40

P(40%) = 1 x 120 = 48
P(60%) = 16—000 x 120 =72

We use normal approximation to the binomial distribution. Since the number of heads is a discrete
variable, we ask for the probability that the number of heads lies between 47.5 and 72.5 (Figure 4.3).

—2.28 0 2.28
Figure 4.3 Example 4.5.

U = expected number of heads = np = 120 (%)

- - — 1,1 _
=060 and o= {npq = 120><2><2 =548
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47.5 in. standard units = 47.5-60 _ -2.28
5.48
. . 72.5-60
72.5 in. standard units = YT =2.28

The required probability is the area under normal curve between z = —2.28 and z = 2.28.
= 2 (area between z = 0 and z = 2.28)
=2(0.4887)=0.9774

4.6 SAMPLING DISTRIBUTION OF DIFFERENCES AND SUMS

Suppose that we are given two populations. For each sample of size n, drawn from the first population,
let us compute a statistic s,. This gives a sampling distribution for s, whose mean and SD are denoted
by /,L and o, respectlvely Similarly, for each sample of size n, drawn from the second population, let
us compute a statistic s, whose mean and SD are M, and o, respectlvely

Taking all possible combinations of these samples from the two populations, we can obtain a dis-
tribution of the two differences s, — s,, which is called the sampling distribution of differences of the
statistics. The mean and SD of thlS samphng distribution, denoted by H and o, respectively,
are given by b

[T i ) (4.14)

172 °1 "2

— 2 2
o, ., —,Gjl+ o (4.15)

provided that the sample chosen do not in any way depend on each other, i.c., the samples are inde-
pendent. In another words, the random variables s, and s, are independent.

If, for example, s, and s, are the sample means from two populations, denoted by X, andx, respec-
tively, then the sampling distribution of the differences of means is given for infinitive populations
with mean and SD, u,, 6, and u,, o, respectively, by

and

nu)—Cl—)—Cz = ‘u)_(l - :ugz = ‘Lll - nuz (416)

and

o. . ={olrol =2 + 2 (.17)
Yo%, X y, “\n n, :

This result holds for finite populations as well, if sampling is with replacement. The statement
variable
R .
o} o©o;

+ =
nl nz

(4.18)

In that case, it is very nearly normally distributed if #, and n, are large (n, n,2 30).
Similar results can be obtained for sampling distributions of difference of proportions from two
binomially distributed populations with parameters p,, ¢, and p,, g, respectively. We have
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M, =M, =M, =p =D, (4.19)

p4 pq
— 2 2 _ 111 212
Gprpz ,opl + sz = - + I, (4.20)

In sampling distribution of the sum of statistics s and s,, the mean and SD are given by

and

B =M+ (4.21)
172 1 2
and

o+ =7 1o (4.22)
1 2 1 2

if the samples are independent.

Example 4.6

Let U, be a variable denoting any of the elements of the population 3, 7 and 8 and U, a variable denot-
ing any of the elements of the population 2 and 4. Compute

@) Hy, (b) uy,) ©) Hy o,
(d) oy, (e) oy, (0 Oy, v,
Solution

(a) Hy = Mean of population of

U=1G+7+8)=6
(b) u,, =Mean of population of
2
1
U,= 5 2+4)=3
(c) The population consisting of the differences of any member of U, and any member of U, is

3-2=1 7-2=5 8-2=6
3-4=-1 7-4=3 8-4=4

yul _y, = mean of (U, -U,)

_I+5+6+(=1)+3+4
B 6

:3:#(}17[/2

This proves the general result Hy o, =Hy My

d) o, = Variance of population of
U\

b Bo6P+(T-6P+B=6F 14
1= 3 =3

=0, =SDof U, = \]% = 1.673320
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(e) Gi/ = Variance of population of

Q-3+ @37
S

:>0'U2:SDofU2:1

1

(H O'i,_ o = Variance of population of (U, — U,)

1~ Y

_ (=3 +(5-3)’(6-3)* +(-1-3)’ +(3—3)2 +(4-3)

6 6
-17
3
=0y 4= SD of (U, - U,)
= \{1?—7 =2.380476
This proves the general result Oy v, = \J qu1 + 0'2U2.

Example 4.7

Let X | and X, be the average drying times of two types of oil paints with sample sizes n, = n, = 18. Find
P()_(I -X ,> 1) assuming that 0, = 0, = 1 and the mean drying times are equal for the two types of oil paints.

Solution We have 0. _=ﬂ+&=i+i=l
X=X, 1 , 18 18 9
_ - (u, -
PX,-X,>1)=P 1)
Xl_Xz

P(z>3)=1-P0<z<3)=1-0.9987
=0.0013

Example 4.8

Determine the expected number of random sample having their means
(a) Between 22.39 and 22.41

(b) Greater than 22.42

(c) Less than 22.37

(d) Less than 22.38 or greater than 22.41

Solution For the following data
N = size of population = 1500
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n = size of samples = 36
Number of samples N, = 300
Population mean y =22.4
Population SD = 0.48

(a) P(22.39<X<2241)=P(-126<z<1.26)

. X—u
Since z = Cf/—m’

=2(0.3962) = 0.7924, from the normal tables

Expected number of samples = total number of samples X probability
=N, x P(X) =300 x 0.7924 = 238
(b) P (X>22.42)=P(z>2.53)=0.00057
Expected number of samples N_ = 0.00057 x 300 =2
(c) P(X<2237)=P(z<-3.8)=0.0001
Expected number of samples N =300 x 0.0001 =0
(d) P(X<22.38and X>22.41)=P(z<-2.53 and z > 1.26) = 0.0057 + 0.1038 = 0.1095
Expected number of samples N =300 x 0.1095 = 33

Example 4.9

Find the probability that in 120 tosses of a fair coin (a) between 40% and 60% with be heads and (b) %
or more will be heads.

Solution

() ,up=p=%=0.50andq=1—p=%=0.5

1)1
_[pa _ (E)(E) _

. .._040-0.50 _
40% in standard units = T 0.0456 = 2.19

0.60 - 0.50 _5 19

60% in standard units = 0.0456

The required probability is P(—2.19 <z < 2.19) = 2F(2.19) — 1 = 0.9714

5\ o/ 0.6250 — 0.5000
(®) P(Zg)‘P(Z 0.0456

=P(2.74)
=0.0040
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1 __ 1 __1
Note 5N =7%120 ~ 240
discrete variable.

Example 4.10

= (0.00417 is the correction factor since the proportion is actually a

A normal curve has mean X = 20 and the variance ¢* = 100. Find the area (a) between x = 26 and
x =38 and (b) between x = 15 and x = 40.

Solution
Mean x =20
SD o=10
The normal variate z = (x — Ww)/c
(a) Forx=26,we havez= % =0.6
and for x = 38, we have z = 3820 _ 1.8

10

From the tables, we find

P(0.6)=P(0<z<0.6)=0.2257

P(1.8)=P(0<2z<1.8)=0.4641

.. Area under the curve from x = 26 to x = 38 is equal to the difference between these:

= P(1.8) — P(0.6) = 0.4641 — 0.2257

=0.2384

orx =15, we have z= ——*==—(.
(b) Forx =15, we h 151020 0.50

and for x = 40, we have z = 40 1_020 =2

Since both the z-values are on either side of the mean the area between them has to be taken
as the sum of their tabulated values. From the tables showing the areas under normal curve from
0 to z, we find that the areas corresponding to z = 0.50 and z = 2 are 0.1916 and 0.4772 respec-
tively.

~.Required area = 0.1916 + 0.4772 = 0.6688.

Example 4.11

In a normal distribution, 7% of the items are under 35 and 89% are under 63. Determine the mean and
the variance of the distribution.

Solution It is gives that 7% of items are under 35. This implies that 43% of items lie between the mean
X and 35. From the tables of values of z, we find that the z-value that corresponds to the area 0.43 is z
= 1.48. We have to take z = —1.48.

35-%

So, we have z = =5 =-148
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It is given that 89% of items are under 63. It implies that 39% of items lie between x =X and x = 63
for which z = 1.23.

63-X_ 123

Soz= o

The two equation for X and care X + 1.230=63 and X — 1.480 = 35.

Subtracting, we find o = 28 _ 103321 and substituting this value in x = 35 + 1.480, we obtain

¥=502315, 271

Example 4.12

The income of a group of 10,000 persons was found to be normally distributed with mean
Rs 750 per month and the SD is Rs 50. Show that about 95% of this group has income exceeding Rs
668 and only 5% has income exceeding Rs 832. Also, find the lowest income among the richest 100.

Solution Here X =750, 0=50 and x = 668

. _668-750 _
z=008 0~ 164

The area to the right of the ordinate at z = —1.64 is 0.4495 + 0.50 = 0.9495.

-.Expected number of persons getting above 668 = 95% approximately.

Also, the standard normal variance corresponding to 832 is z = % =-1.64.

The area to the right of the ordinate at z = 1.64 is 0.5000 — 0.4495 = 0.0505 = 5% approximately.
Also, the number of persons getting Rs 832 and above is 10,000 x 0.0505 = 505.

4.7 SAMPLING DISTRIBUTION OF MEANS (0 UNKNOWN): £~-DISTRIBUTION

In Sections 4.4 and 4.5, while dealing with problems of inference on a population mean and the differ-
ence between two population means, it was assumed that the population SD ¢ was known.

If o is unknown, for large sample size n > 30, o can be substituted by the sample SD s, calculated
using the sample mean X, by the following formula:

2 — 1 < )2
52 = w=D ,gf(x" -X) (4.23)
In case the sample size n is small, n < 30, then the unknown o can still be substituted by s, provided
we assume that the sample is drawn from a normally distributed population.
Let X be the mean of a random sample of size n drawn from a normal population with mean f and
variance o? then
X-H

t= —
shn

(4.24)

is a random variable having the f-distribution with v=n — 1 dof.

In 1908, W. S. Gosset! first published the probability distribution of # under the name ‘Student’. So,
the t-distribution is known as Student’s 7-distribution. In 1925, R. A. Fisher used #-distribution to test
the regression coefficient.

"Wiiliam sealy Gosset, William sealy (1876-1937) is an English statistician.
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Thus, for small samples, n < 30, and with ¢ not known, a natural statistic for inference on popula-

tion mean M is
_X-p
1=

with the assumption that the sampling is from normal population. So, the above result is more general
than the central limit theorem. Since, o is not needed but less general than that since population is
assumed to be normal.

The t-distribution curve is symmetric w.r.t. mean 0, unimodal, bell-shaped and is asymptotic on
both sides of the #-axis (Figure 4.4). Thus, the #-distribution curve is similar to the normal curve. While
the variance for normal distribution is unity, the variance for the f-distribution is

A9

lo

Figure 4.4 Critical value t_for t-distribution.

greater than unity, since it depends on the is unity, the variance for the z-distribution is greater than
unity, since it depends on the parameter v. So, the #-distribution is more variable. As n — oo, variance
of the ¢-distribution approaches unity.

It follows therefore that as v = (n — 1) — oo, the ¢-distribution approaches the standard normal dis-
tribution. In fact, for n > 30, the standard normal distribution provides a good approximation to the
t-distribution.

4.7.1 Critical Values of t-Distribution

Critical values of #-distribution are denoted by . It is a point such that the area under the curve to the
right of ¢, is equal to ¢. Since the #-distribution is symmetric, it follows that

It means that the 7-value which has an area 1 — o to its right and an area « to its left is equal to the
negative ¢-value which has an area — o to its right and an area 1 — « to its left (Figure 4.5).

A

> 1

Heag= g ta

Figure 4.5 Symmetry property of f-distribution.
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The critical values ¢, are tabulated for various values of the parameter v. In these tables, the LH
column contains values of v while the column headings are areas « in the right-hand tail of the
t-distribution, the entries are values of 7.

Notes

1. In these tables, the areas are the column headings and the entries are the #-values. This is in con-
trast to what we find in normal tables, where the entries are areas and the column headings are the
z-values.

2. Exactly 95% of the values of ¢-distribution with v=n — 1 dof lies between ¢ | and ¢ ,..

The ¢-distribution is extensively used in tests of hypothesis about one mean or about equality of two
means when ¢ is unknown.

Example 4.13

A chemical engineer claims that the population mean yield of a certain fetch process is 500 g/mL of
raw material. To check this claim, he samples 25 batches each month. If the computer #-value falls
between — ¢, - and ¢, ., he is satisfied with his claim. What conclusion should be drawn from a sam-
ple that has a mean x = 518 g/mL and a sample SD s = 40 g? Assume the distribution of yields to be

approximately normal.

Solution From the tables, we find that z = 1.711 for 24 dof.
.. The manufacturer is satisfied with this claim if a sample of 25 batches yields a #-value between

—1.711 and 1.711.
If =500 then

518 - 500
==———=—==2725
40125

This value is well above 1.711. The probability of obtaining a z-value with v =24, equal to or greater
than 2.25 is approximately 0.02. If u > 500, the value of # computed from the sample would be more
reasonable. Hence, the manufacturer is likely to conclude that the batch produces a better product than
he thought.

Example 4.14

A company claims that the mean lifetime of tube lights is 500 h. Is the claim of the company accept-
able if a random sample of 25 tube lights produced by the company has mean 518 h and SD 40 h?

Solution Herex =518 h, n =25, s=40 and u=500.

X—H _518—500
t= = =225
SN 4025

Since r=2.25<1,, _,, =2.492, the claim of the company is acceptable.

Example 4.15

Find

(@) t,,,; whenv =14
(b) —1¢,, whenv=10
(©) )49s Whenv =7
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Solution From the #-distribution tables, we have

() 1., = 2.145
(b) —1,,, =—2.764

(©) Z4905 = L1005 = ~ Lo = —3-499

= ..t =t

I-a o
4.8 CHi-SQUARE ()?) DISTRIBUTION

LetO,and E, (I=1,2, 3, ..., n) be the observed and expected frequencies of a class interval, then x>
is defined by

. (O, _Ei)z
X=X —F— (4.25)

i-1 i
where 3.0, =3 E, =N} O, the total frequency with dofis n — 1.
It describes the magnitude of deviation between the observed frequencies O, and the expected fre-
quencies £,

For large sample sizes, the sampling distribution of ¢ can be closely approximated by a continuous
curve called x? distribution. It is defined by means of the following function:

y=ce ()

where v is the dof and c is a constant. In the case of binomial distribution, the dofis n — 1. For Poisson

distribution, it is » — 2 and for normal distribution, the dof is » — 3. In fact, if we have s X # contingency
2

table, then the dof is (s — 1) X (£ + 1). %2 curve reduces to y = ce™* /2 which is the right half of a normal

curve shown in Figure 4.6.

Figure 4.6 * curve forv—1.

If v> 1, then y? curve is tangential to the x-axis at the origin (Figure 4.7).
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x2=curve forv>1l

Figure 4.7 *curve forv>1.

As v increases, the curve becomes symmetrical. If v > 30, the %? curve approximates to the normal
curve and in such a case the sample is of large size and we should refer to the normal distribution table.
The probability P that the value of )’ from a random sample will exceed x; is given by

onj ydx

X2

0

The value of %2 for dof from v = 1 to v = 30 have been tabulated for various convenient probability
values. The table gives the values for the probability P that * exceeds a given value x; (Figure 4.8).

Hamlet discovered this y? distribution in 1875. Karl Pearson rediscovered it independently in 1900
and applied it to test ‘goodness-of-fit’.

S

2
0 x5 X2

Figure 4.8 y distribution.
The % test depends only on the set of observed and expected frequencies and on the dof. The 7?2

curve does not involve any parameter of the population. So, y? distribution does not depend on the
form of population. It is therefore called a non-parametric test or distribution-free test.

2
4.8.1 Properties of X Distribution

1. 2 distribution curve is not a normal curve. It lies completely in the first quadrant, since ¥ varies
from 0 to oo. Thus, %2 distribution is not symmetrical.

2. It depends only on dof v.
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3. It is a unimodal curve with its mode aty>=k— 1.

4. It is additive, i.e., if 3> and > are two independent distributions with dof v, and v, respectively,
then > + x> will be the  distribution of their sum with dof (v, +v,).

Here o denotes the area under the x* distribution curve to the right of . Thus a denotes the prob-
ability that a random sample produces a * value > x2. So, % represents the x> value such that the area
under the ? curve to its right is equal to c.

For various values of ¢ and v, the values of 2 are entered in tables.

In % table, the left-hand column contains values of v, the dof, the column headings are areas o; in
the right-hand tail of y¢? distribution curve, the table entries are values of x>

4.8.2 X’ Test as a Test of Goodness-of-fit

The 72 test is used to test the deviations of the observed frequencies from the expected (theoretical)
frequencies that they are significant or not. Thus, the test tells us how a set of observations fit a given
distribution. Hence 2 test provides a test of goodness-of-fit for binomial, Poisson and normal distri-
butions. If the calculated values of 2 are greater than tabular values, the fit is considered to be poor.
To apply x? test, we first calculate x> Then consulting the > table, we find the probability P cor-
responding to this calculated value of * for the given dof and apply the following hypotheses:

1. If P <0.005, the observed value of % is significant at 5% level of significance.
2. If P <0.01, the observed value of ¢? is significant at 1% level of significance.
3. If P>0.05, it is good fit and the value of ? is not significant.

This implies that we accept the hypothesis if the calculated ¥? is less than the tabulated value; oth-
erwise, it is to be rejected.

4.8.3 Conditions for the Validity of X’ Test

We have pointed out that 7 test is used for large sample size. For the validity of %> test as a test of
goodness-of-fit with regard to significance of the deviation of the observed frequencies from the
expected (theoretical) frequencies, the following conditions must be satisfied:

1. The sample observations should be independent.
2. The total frequency (the sum of the observed or expected frequencies) should be larger than 50.

3. No theoretical frequency should be less than 5 because %2 distribution cannot maintain continuity
character if the frequency is less than 5.

4. Constraints on the frequencies, if any, should be linear.

4.9 Sampling Distribution of Variance &>

The theoretical sampling distribution of the sample variance for random samples from normal
population is related to the uni-square distribution as follows:

Let s? be the variance of a random sample of size n, taken from a normal population having the
variance ¢?. Then

NGt X, - X

0-2 = 0-2

is a value of a random variable having the % distribution with 0 =#n — 1 dof.
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Exactly 95% of y? distribution lies between % ,.. and 7 ... When o7 is too small, x* value falls
to the right of x*, .. and when & is too large, x* falls to the left of )’ ... Thus, when 6is correct, x*
values fall to the left of )¢, . or to the right of °_ ..

Example 4.16

Find the mean and SD of sampling distribution of variances for the population 3, 4, 5 and 6 by drawing
samples of size 2 (a) with replacement and (b) without replacement.

Solution

(a) With replacement:
The 16 samples with their corresponding means are

3.3) 3.4) (3.5) 3.,6)

3 3.5 4 4.5
43) 44 4.5) (4,6)
35 4 4.5 5
(5,3) 5.4) (5,5) (5,6)
4 4.5 5 5.5
(6,3) (6,4) (6,5) (6,6)
4.5 5 5.5 6

We compute the statistic variance for each of these 16 samples:
The variance for the sample (3, 3) with mean 3 is

(B-3P+B-37
5 =0

The variance for the sample (3, 4) with mean 3.5 is

(3 —3.57+ (4—3.5)
2

=0.25

Similarly, computing the variance for each of the 16 samples we have

0 0.25 1 2.25
0.25 0 0.25 1
1 0.25 0 0.25
2.25 1 0.25 0

Thus, the SD of variances (with replacement) is

s? 0 | 025 1 2.25
Frequency | 4 6 4 2

4(0) + 6(0.25) + 4(1) +2(2.25)
16 -

Mean of the SD of variances 2= % =0.625
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Variance of the SD of variances

0%2= % [4(0 — 0.625)*+ 6(0.25 — 0.625)* + 2(2.25 — 0.625)?]

8.25 _
16

0.515625

SD of SD of variances 62 =10.515625 = 0.718
(b) Without replacement:

Samples 3.4 (3.5) (3,6) 4.5) (4,6) (5,6)

Means 3.5 4 4.5 4.5 5 5.5

Variances 0.25 1 2.25 0.25 1 0.25

Thus, the S.D. of variances (without replacement) is

2

o 0.25 1 225

Frequency 3 2 1

3(0.25) + 221)+ 12.25) =2 = 08333

Variance of S.D. of variances 67 » :% [3(0.25 - 0.8333)*+2(1 — 0.8333)? + 1(2.25 — 0.8333)?]

Mean of the SD of variances u; =

=3-0§i= 0.51388

SD of SD of variances O'j =1{0.51388

=0.71686

4.10 SNEDECOR’S F-DISTRIBUTION

Letx, x,, ..., an andy, y,, ..., yn2 be the values of two independent random samples drawn from two

normal populations with equal variance 6°. Let x and y be the sample means and suppose

$= Tll (- X) 4.27)

St I 0 (4.28)

Then we define the statistic F' by the relation

Sl
F=2% (4.29)
2
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The Snedecor’s F-distribution is defined by the function

y:cF(lz)(1+:—;F)( ) (4.30)

where the constant ¢ depends on v, and v, is so chosen that the area under the curve is unity. The
F-distribution is independent of the population variance 6 and depends only on v, and v,, the numbers
of dof of the samples. The F-curve is bell-shaped for v, > 2 as shown in Figure 4.9.

YA

0 >
z

Figure 4.9 Snedecor’s F-distribution curve.

Significant test is performed by means of Snedecors’s F-table which provides 5% and 1% of points
of significance for F. 5% of points of F' means that the area under the F-curve, to the right of the ordi-
nate at a value of F, is 0.05. Further, the F-table gives only single tail test. However, if we are testing
the hypothesis that the population variances are same, the #» we should use both tail areas under the
F-curve and in that case F-table will provide 10% and 12% levels of significance.

4.11 FisHER’S z-DISTRIBUTION

Putting F' = ¢*in the F-distribution, we get
y=ce'V (v,e¥+v,) (4.31)

which is called the Fisher’s z-distribution, where c is a constant depending upon v, and v, such that the
area under the curve is unity. The curve for this distribution is more symmetrical than F-distribution.
Significance tests are performed from the z-table in a way similar to that of F-distribution.

Example 4.17

An optical firm purchases glass to be ground into lenses, and it is known from past experience that the
variance of the refractive index of this kind of glass is 1.26 x 10™. As it is important that the various
pieces of glass have nearly the same index of refraction, the firm rejects such a shipment if the sample
variance of 20 pieces selected at random exceeds 2.00 x 107, Assuming that the sample values may
be looked upon as a random sample from a normal population, what is the probability that a shipment
will be rejected though 6% =1.26 x 1074?

Solution If s? is the variance of a random sample of size n taken from a normal population with
variance o2, then

n
, (m=1s* £
Y5 e T o?

(5~ 7

(4.32)
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is a random variable having the y? distribution with the parameter v=n — 1.
Here n=20sothatn—1=19
Sample variance of 20 pieces selected at random =2.00 x 10

0?=126x10*

Substituting these values into Eq. (4.32) for x? statistic, we get

19(2.00 x 10
2 ===
= 126x107 02

From the relevant table for 19 dof, we find that
X% s = 30.1
Thus, the probability that a good shipment will be rejected erroneously is less than 0.05.

EXERCISES

1. If a sample of size 5 results in the sample values of 8, 5, 9, 6 and 2, find the sample mean.

Ans: 6
2. In Question 1, find the sample variance s°.

Ans: 6

3. Assume that the heights of 3000 male students of a university are normally distributed with mean
68 in. and SD 3 in. If 80 samples consisting of 25 students each are obtained, what would be the
mean and SD of the resulting sample of means if sampling is done (a) with replacement and (b)
without replacement?

Ans: (a) 4-=u=68in.and 6_=0.6 in
e 2 3 PO00DE ik .
(b) u_=u=068in.and o>°= s 13000 = 1° which is slightly less than 0.6 in.
(a) In Question 3, how many samples would you expect to find the mean (a) between 66.8 and
68.3 in. and (b) less than 66.4 in.?
Ans: (a) 53 and (b) 0

4. The tools produced by a certain machine are found 2% defective. What is the probability that in a
shipment of 400 such tools (a) 3% or more and (b) 2% or less will be found defective?

Ans: (a) 0.1056 and (b) 0.5714

5. Consider ball bearings of a given brand weight 0.500z with a SD of 0.020z. What is the probability
that 2 lots of 1000 ball bearing each will differ in weight by more than 20z?

Ans: 0.0258
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. If 1 gallon can of paint covers on an average 513.3 sq. ft with a SD of 31.5 sq. ft, what is the prob-

ability that the sample mean area covered by a sample of 40 of these 1 gallon can will be anywhere
from 510.0 to 520.0 sq. ft?

Ans: z,=-0.066, z, = 1.34 and P(-0.066 <z < 1.34) = 0.6533

. A fuse manufacturer claims that with a 30% overload, the fuses will blow in 13.30 min on the aver-

age. To test this claim, a sample of 25 of the fuses was subjected to a 30% overload, and the time
it took them to blow had a mean of 11.70 min and a SD of 2.50 min. If it can be assumed that the
data constitute a random sample from a normal population, do they tend to support or refute the
claim of the manufacturer?

Ans: t=-3.20 < -2.797 and 0.005 is a very small probability,
so we conclude that the data tend to refute the manufacturer’s claim.

. If two independent random samples of size n,= 7 and n, = 13 are taken from a normal population,

what is the probability that the variance of the first sample will be at least thrice as large as that of
the second sample?

Ans: From table F .= 3.00 for v,=71=6

0.05

and v,= 13 — 1 = 12; required probability is 0.05

. A random sample of 100 is taken from an infinite population having the mean y = 76 and the vari-

ance 02 =256. What is the probability that X will be between 75 and 78?
Ans: 0.6268

MULTIPLE CHOICE QUESTIONS

1.

The size of the population is 2000 and the size of the sample is 200. Then the correction factor in
the population is

(a) 0.5 (b)0.6 (c)0.8 (d)0.9
Ans: (d)

Hint: N =2000 and » = 200 = correction factor = g: ‘1} =0.9

. The size of the sample is 25 and the population is 400 times the size of the sample. Then the

correction factor of the population is
(a) 0.9999 (b)0.9 (c)0.999 (d)0.99
Ans: (c)

. A population consists of four numbers 1, 2, 3 and 4. Consider all possible distinct samples of size 2

which can be drawn without replacement from the population. Then the population mean is
(a)3.5 ®)25 (¢)3 (d)2
Ans: (b)
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4.

10.

In Question 3, SD of population is

@ {315h) o 1)
@3 s%h) @S

Ans:
. In Question 3, the total number of samples without replacement is
(a)4 (b)3 (c)6 (d)10
Ans:
. In Question 3, the SE of means (without replacement) is (given that 6>=3.3)
(a) 1.9 (b)2 ()25 (d)22
Ans:

. If a sample is taken from an infinite population and sample size is increased from 25 to 100.

effect of this on SE is

(a) divided by 4 (b) divided by 3 (c) divided by 2 (d) multiplied by 2
Ans:
. Ifu=30.5,n=100,x=28.8 and o= 8.35, then |z| =
(a)2.5 (b)1.98 (c)2.4 (d)2.68
Ans:
. The sample of size 4 has values 25, 28, 26 and 25. Then variance of the sample is
(a)3 (b) 1 (©2 (4
Ans:

If a sample of size 64 is taken from a population whose SD is 0.4, then the probable error is

(a)0.118 (b)0.337 (c)0.216 (d)0.5

Ans:

(a)

(©)

(b)
The

(©)

(d)

(©)

(b)
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FILL IN THE BLANKS

1.

10.

11.

12.

. Formula for sample mean is

Population is also called as

Ans: Universe

. The number of possible samples of size n out N population units, without replacement is

s (3]

. The number of possible samples of size n out of N population units, with replacement is

Ans: N*

. The probability that any one sample of size » may be drawn out of N population units is

Ans: 1/(%)

. Finite population correction factor is

Ans: [(N—-n)/(N-1)]

. The name given to the parameter (N — n)/(N — 1), where N is the size of the population and # is

the sample size, is

Ans: Finite population correction factor

CIfx L x, . , X, X, X,, ..., X, are n observations, the formula for variance is

17772

1 < -
Ans: §*= x.—x)?
n—lz’l(' )

. The probability that a specific item is included in a sample of size n drawn out of a population of

size N is

Ans: %

The discrepancy between sample estimate and population parameter is calleda
Ans: Sampling error
A population consisting of all real numbers is an example of _____
Ans: An infinite population
The SD of all possible estimates from samples of fixed size is called a

Ans: Standard error
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5.1 INTRODUCTION

In Chapter 4, we have emphasized sampling properties of sample mean and sample variance and also
displays of data in different forms. These presentations are meant to lay a foundation that permits
statisticians to draw conclusions about the population parameters from experimental data. For
example, the central limit theorem provides information about the distribution of the sample mean X.
The distribution involves the mean of population u. Thus, any conclusions drawn concerning u from
an observed sample average must depend on knowledge of this sampling distribution. Similar remarks
hold in respect of s* and 6. Now, we begin by outlining the purpose of statistical inference.

5.2 SrtaTISTICAL INFERENCE

The theory of statistical inference consists of methods by which inferences or generalizations about a
population are made. It can be divided into two major types:

1. Estimation of parameters
2. Testing of hypotheses

A study of either type of inferences about a population may lead to correct conjectures about the
population.

The process of estimating a population parameter by using sample information is called estimation
and the processes by which we can decide whether to accept or reject a set of hypotheses are called
basis of hypothesis. There are two types of estimation procedures:

1. Point estimation
2. Interval estimation

5.3 PoinT ESTIMATION

Based on sample data, a single number is calculated to estimate the population parameter. The rule or
formula that describes this calculation is called the point estimator and the resulting number is called
a point estimate.

Sampling distributions provide information on the basis of which we can select the best estimator.
The sampling distribution of the point estimator should be quite close to the true value of the param-
eter to be estimated. That is, the estimator should not underestimate or overestimate the parameter of
interest. Such an estimator is said to be unbiased.
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An estimator of parameter is said to be unbiased if the mean of its distribution is equal to the true
value of the parameter. Otherwise, the estimator is said to be biased.
Figure 5.1 shows sampling distribution for an unbiased estimator and a biased estimator.

Unbiased Estimator Definition A statistic 8 is called an unbiased estimator of the corresponding
population parameter 0 if

E(8) = E(Statistic) = 0

Unbiased
estimator

Biased
estimator

True value of parameter

Figure 5.1 Sampling distributions for unbiased and biased estimators.

That is, the mean of the sampling distribution of estimator is equal to 6.

Maximum Error of Estimate E The sample mean estimate is seldom equal to the mean of popu-
lation 1. Hence a point estimate is generally accompanied by a statement of error which gives the
difference between the estimate and the quantity to be estimated, namely the estimator.

Thus, error =x — U.

For large n, the random variable i 'uis approximately equal to the normal variate. Now, the follow-

L . oln
ing inequality
X—u o

~Z,, S G S L,y O X U|SZ,, o

is satisfied with probability (1 — ).
Confidence interval for L.
A (1 — &) 100% confidence interval for is given by
X— szr <U<x+Z2, WG

So, the maximum error of estimate £ with probability (1 — &) is givenby E=Z Thus, in the point

o2 r
estimation of population mean ¢ with sample mean x for a large random sample (n = 30), we can assert

with probability (1 — ) that the error \x ,u\ will not exceed Z ,, F

Z oV
o2 .
E ) When o is

unknown or sample size n < 30, the maximum error estimate E'is E=1_, %with (1 — o) probability,

Sample Size When ¢, E and o are known, the sample size # is given by n =

where ¢ distribution is with (n — 1) degrees of freedom (dof).
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The second desirable characteristic of an estimator is that the spread (as measured by the variance)
of the sampling distribution should be as small as possible.

Figure 5.2 shows the sampling distributions for two unbiased estimators, one with small variance
and the other with larger variance.

The distance between the estimate and the true value of the parameter is called the error of
estimation.

We may assume that sample sizes are always large. Therefore, the unbiased estimators which we
will be studying will have sampling distribution that can be approximated by a normal distribution

Estimator with
/ smaller variance

Estimator with
larger variance

True value
of parameter

Figure 5.2 Sampling distributions for two unbiased estimators.
because of central limit theorem. For unbiased estimators, the difference between the point estima-
tor and the true value of the parameter will be less than 1.96 standard deviations or 1.96 standard

errors. This quantity called the 95% margin of error provides a practical upper bound for the error
of estimation (Figure 5.3).

1.96 1.96
SE SE

< Margin True ValueMargirl Sa.mple
—e— estimator

of error of error

Particular
estimate

Figure 5.3 Sampling distribution of an unbiased estimators: SE, standard error.
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Example 5.1

2 . . .
Show that S is an unbiased estimator of the parameter o>.

Solution Consider
20— =X [0 - E- )]

=3 (- W —2(x—pw

2 (%= J 4 n(¥ = py°
=2 (= {y = nx - py?
Now, -
>(x,~ 9
ES)=E|"——
=7 _11 [;E(xi_,u)z—nE(fc—'u)z]
But
G);:GZ fori:ls 29 -..9nand6§:%2
. 2y 1 o?\ _
"E(S)‘n=1(”"2‘”7)—02

This proves that S” is an unbiased estimator.

Though S” is unbiased estimator of 62, § is a biased estimator of ¢ with the bias becoming insig-
nificant for large samples.

This example shows why we divide by n — 1 rather than » when the variance is estimated.

If we consider all possible unbiased estimators of some parameter 6, the one with the smallest variance
is called the most efficient estimator of 6.

Example 5.2
A A . . AN A A . .
If 6, and 6, are two unbiased estimators of 6, then 6 = a6, + 30, is an unbiased estimator of 6, where
o and B are constants such that o+ f= 1.
Solution Suppose é\ , and é\z are unbiased estimators of 6. This implies that
EB)=60and E0) =0
Now E(8)=E(a8,+ B8

= aE(B,)+ BEO))
=ab+ pO=(a+ p)6=10
= E(0)=0 (co+B=1)

AN A A
-0 =00, + 6, isanunbiased estimator of 6.
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Example 5.3

Letx,x,, ...,x be arandom sample from a given population with mean g and variance ¢*. Show that
the sample mean ¥ is an unbiased estimator of population mean i , i.e. E(x) = U.

Solution We have

1

= (B(x) + B(x,) + - + E(x,))

—_

=g Uu+p+-+p[Ex)=pfori=1,2,..,n]

.. X is an unbiased estimator of L.
Example 5.4

Give examples of estimators (or estimates) which are (a) unbiased and efficient, (b) unbiased and inef-
ficient and (c) biased and inefficient.

Solution Assume that the population is normally distributed. Then

S o . o .
(a) The sample mean X and the modified sample variance S = # S* are two examples of unbiased
and efficient estimates.

(b) The sample median is an unbiased but inefficier}\t estimate of the population mean since mean of
its sampling is inefficient when compared with X.

(¢) The sample standard deviation S, the modified standard deviation S and the mean deviation are
examples of biased and inefficient estimates for evaluating the population standard deviation ©.

Example 5.5

Samples of 5 measurements of the diameter of a sphere are recorded as 6.33, 6.37, 6.36, 6.32 and
6.37 cm. Under the assumption that the measured diameter is normally distributed, find unbiased and
efficient estimates of

(a) True mean
(b) True variance

Solution
(a) An unbiased and efficient estimate of the true mean (population mean) is

2x _633+6.37+6.36+6.32+6.37
n 5

X=

=6.35cm
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(b) An unbiased and efficient estimate of the true variance (population variance)

Po_n g XY
n—1 n—1

(633 - 6.357 +(6.37 — 6.357 + (6.36 — 6357 +(6.32 — 6.35) + (6.37 — 6.35)
- 5-1 5-1

=0.00055 cm?

Note that § =10.00055 = 0.023 is an estimate of the true standard deviation but this estimate is
neither unbiased nor efficient.

Example 5.6
A company tested 50 engineers to estimate the average time it takes to perform a task getting a mean
X of 8.8 min and a standard deviation s of 1.8 min.

(a) If x = 8.8 is used as a point estimate of the actual average time required to perform the task, find
the maximum error with 95% confidence.

(b) Construct 99% confidence intervals for the true average time it takes to do the task.

(c) With what confidence can we assert that the sample mean does not differ from the true mean by
more than 15 s?

Solution Here x=28.8 and s = 1.8. For 95%, Z , = 1.96, where n = 50.

(a) Maximum error of estimate £ =Z_ 2 X =196 x = 18 _ =0.4989, assuming c=5=1.8

50
(b) For 99% confidence, Z , =2.575

WE=Z, x9=2575x L8

o "0 - =0.6555

99% confidence interval limits arex+ Z_, =X*E=8.8%0.6555

(o
2
..Confidence interval is (8.1445, 9.4555).

. o
(c) Wehaveto find Z , suchthat E=2Z X —

n
1 i 18
155—4m1n—Za/2><@
1. ¥50
:)Za/zle—g—09821

From normal tables, the area corresponding to Z , = 0.9821 is 0.3365. Then the area is between
Z ,,and Z ,. Thus we can assert with 67.3% confidence.

Example 5.7

The mean and standard deviation of a population are 225 and 278 respectively. What can we assert
with 95% confidence about the maximum error if X = 225 and »n = 100?
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Solution Mean of the population u = 225
Standard deviation of the population o= 278

Sample size n = 100

Formula for maximum error £ = Z X \I%

The value of Z_, for 95% confidence = 1.96
; — o

Maximum error £ = Z(Z 1 X v

278
=1.96 x =— =154.488
V100

Example 5.8
Construct 95% confidence interval for the true mean for Example 5.7.

Solution
95% confidence interval = (x th T X+tZ,, —)

We have computed that Z \/_ = 54.488 (in Example 5.7.)
It is given that X = 225.
.. The required confidence interval is

(225 — 54.488, 225 + 54.488) = (170.512, 279.488)

Example 5.9

An industrial engineer intends to use the mean of a random sample of size n = 144 to estimate the aver-
age mechanical aptitude of assembly line workers in a large industry. If, on the basis of experience,
the engineer can assume that o= 5.8 for such data, what can he assert with probability 0.99 about the
maximum size of his error?

Solution Maximum error £ is given by

o
E = Z{x/z ﬁ
Here we have n = 144, 6=5.8 and
Zoos = 2:575
.. We have
5.8
E=2575x—===1.24
1144

Thus, the engineer can assert with probability 0.99 that his error will be at most 1.24.
Example 5.10

A research worker wants to determine the average time it takes a mechanic to rotate the tyres of a car
and he wants to be able to assert with 95% confidence that the mean of the sample is off by at most
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0.25 min. If he can presume from his past experience that o = 0.8 min. what is the sample size to be
taken?

Solution Formula to determine sample size is

a2

E

n=

Z 0)2

Here E=0.25,0=0.8andZ ___=1.96

0.025

since # is to be an integer.
Hence the research worker will have to time 40 mechanics performing the task of rotating tyres.

5.4 INTERvAL ESTIMATION

An interval estimator is a rule for calculating two numbers a and b, say, to create an interval that we are
fairly certain contains the parameter of interest. By ‘fairly certain’, we mean ‘with high probability’.
We measure this probability using the confidence coefficient 1 — c.

The probability that a confidence interval will contain the estimated parameter is called the confi-
dence coefficient denoted by 1 — .

For example, those who conduct experiments often construct 95% confidence intervals. This means
that the confidence coefficient or the probability that the interval will contain the estimated parameter
is 0.95. We can increase or decrease the amount certainly by changing the confidence coefficient.
Some values used in this respect are 0.90, 0.95, 0.98 and 0.99.

Constructing a Confidence Interval When the sampling distribution of a point estimator is
approximately normal, an interval estimator or confidence interval can be constructed using the fol-
lowing procedure. Let us assume that the confidence coefficient is 0.95, for simplicity (Figure 5.4).

. Pararlneter Estimator

I Parameter + 1.96SE

Figure 5.4 Construction of a confidence interval: SE, standard error.
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1. Of all the possible values of the estimator that we might select, 95% of them will be in the interval:
parameter £1.96 standard error.

2. Since the value of the parameter is unknown, consider constructing the interval estimator £1.96
standard error which has the same width as the above interval but has a variable centre.

3. How often this interval will work properly and enclose the parameter of interest can be seen from
Figure 5.5.

95%

I T: — Interval 1
' ' Interval 2

} { Interval 3

Figure 5.5 Some 95% confidence intervals.

The first two intervals work properly. The parameter, indicated by thick line, is contained within
both intervals. The third interval does not work, since it does not enclose the parameter.

A (1 - ) 100% large sample confidence interval for point estimator is given by £ Z X (standard
error of the estimator).

where Z _ is the z-value with an area /2 in the right tail of a standard normal distribution.

a2
Table 5.1 gives values of z commonly used for confidence levels.

Table 5.1 Values of z commonly used for confidence intervals.

Coecfgzlifelite r(1103— Q) o a/2 | Z,,
0.90 0.10 | 0.050 | 1.645
0.95 0.05 0.025 | 1.960
0.98 0.02 | 0.10 2.230
0.99 0.01 | 0.005 | 2.580

Example 5.11

A random sample of size 100 is taken from a population with ¢ =5 — 1. Given that the sample mean
is X = 21.6, construct a 95% confidence interval for the population mean L.
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Solution Formula for confidence interval is

= o
’x+Za/2ﬁ

— (= o
_(X_Za/zﬁ

Here sample mean X = 21.6, sample size =n = 100 and o = 5.1 (standard deviation).
The value of Z , corresponding to 95% confidence is 1.96.

Z,=196

_ 1.96 x 5.1
x-7Z  Z=216-120%2.1
a/z\[ﬁ r—loo

=21.6 —0.9996 = 20.6004

o _ 1.96 x 5.1
Mﬁ_21.6+7‘“0.0

=21.6 -0.9996 =22.5996
Hence, 95% confidence interval for the population mean u is (20.6004, 22.5996).

Example 5.12

A sample of size 10 and standard deviation 0.03 is taken from a population. Find the maximum error
with 99% confidence.

Solution Here sample size = n = 10 and standard deviation s = 0.03.
The value of 7, corresponding to 99% confidence with dof v=9is¢ ,=3.25

=325%x0.03

S
2 10
=0.0308

Maximum error £ = t,

Example 5.13

What is the maximum error one can expect to make with probability 0.9, when using the mean of a
random sample of size n = 64 to estimate the mean of a population with 6> =2.56 ?

Solution The formula for maximum error is

o
E= Za/z m

The value of Z_, corresponding to 90% confidence is 1.645.
Z,,=1.645

Here standard deviation o =12.56 = 1.6 and sample size n = 64.

1.6
nE=1.645x -2 = 1.645%0.2=0.329
o4

Hence maximum error with 90% confidence is 0.329.
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Example 5.14

The dean of a college wants to use the mean of a random sample to estimate the average amount of
time students take to get from one class to the next and he wants to be able to assert with 99% confi-
dence that the error is at most 0.25 min. If it can be presumed from experience that ¢ = 1.40 min, how
large a sample will have to be taken?

Solution Formula for finding the sample size is
2
Za/z o

E

Here maximum error E = 0.25 min and standard deviation ¢ = 1.40 min.
The value of Z , corresponding to 99% confidence is Z , =2.575.
Substituting these values in the formula

n=

2
. sza)

E

_ 1.40\ _ _
- (2.575 x —0.25) —207.94 = 208

since 7 is to be an integer.
Example 5.15

A random sample of 10 ball bearings produced by a company have a mean diameter of 0.496 cm with
a standard deviation of 0.002 cm. Find the maximum error estimate £ and 95% confidence interval
for the actual mean diameter of all ball bearings produced by the company assuming that the sampling
is from a normal population.

Solution Since the sample size n = 10 is less than 30, we have to use #-distribution which relates to
small sampling.

At 95% confidence, ¢, =2.262

> T2

Also, n=10 and o= 0.002

.. Maximum error estimate at 95% confidence is

_, O _ 0.002 _ 3
E=t, i 2.262 x—m =1.4306 x 10
=0.00143
Since t,,,, withn —1=10-1=9 dof =2.262
95% confidence interval limits are X + th% =0.496 £ 2.262 x OJ'IO_(())Z =(0.49457, 0.49743)

5.5 BAYESIAN ESTIMATION
5.5.1 Introduction

Personal or subjective probability is a new concept introduced in the probability theory through Bayesian
methods.
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In general, the parameters that are to be estimated are unknown constants. But in Bayesian methods,
they are considered as random variables.

To estimate the mean of a population, u is treated as a random variable whose distribution indicates
the strong feelings or assumption of a person about the possible value of 1.

5.5.2 Bayesian Estimation

Let i, and o, be the mean and standard deviation, respectively, of such a subjective prior distribution.
Combining the prior feelings about the possible values of 1 with direct sample evidence, the poste-
rior distribution of 1 in Bayesian estimation is approximated by normal distribution with
1= nxo} + u,0°
' nol+o’
and
2~2
oo,

o'_ —_—
' lnol+o?

Here , is known as the mean and o, the standard deviation of the posterior distribution.

In computing 4, and o, we assume that 6 is known.

When o2 is unknown, ¢? is replaced by sample variance s? provided the sample is large for which
n 2 30.

5.5.3 Bayesian Interval for
A (1 — o) Bayesian interval for u is given by

u-2,0<u<p+Z, o

al2”1

Example 5.16

Let a sample of size n = 20 from a normal distribution with unknown mean y and variance 6> = 9.
Assume that the prior distribution for i is normal with mean g, = 2 and variance o, = 4. If the sample
mean ¥ = 1.5, then find the mean and standard deviation of posterior distribution approximated by
Bayesian formulas.

Solution Bayesian formula for

2 2
_ mOi+Uo
no?+o?

Heren=20,x=1.5,0;=4,u,=2and 6°=9

_20x1.5x4+2x9 138 _ 55

~H 20x4+9 89
. | op0?
Bayesian formula for 0, = {—5——
nog;+o

_[4x9 _[36 _
_\]20x4+9 _489 =0.6360
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EXERCISES

1. A computer company tested 40 engineers to estimate the average time it takes to assemble a certain
computer component. The mean is 12.73 min and the standard deviation is 2.06 min.

(a) If x=12.73 is used as a point estimate of the actual average time required to perform the task,
determine the maximum error with 99% confidence.

(b) Construct 98% confidence intervals for the true average time it takes to do the work.

Ans: (a) £=0.8387 and (b) 12.73 £ 0.7589
o 2.06
7 = 2575 X = 0 =0.8387
(b)x=12.73, 0=2.06, ZG 2.575 and n =40

For 98% confidence 1nterva1 E=233x 3/4%6 0.7589

2. In Question 1, with what confidence can we assert that the sample mean does not differ from the
true mean by more than 30 s?

Hint: (a) E=Z_, X

Ans: We can assert with 87.4% of confidence.

[Hint: From the normal tables, the area corresponding to Z , = 1.535 is 0.437. Area
between Z__ and Z_,, is 2(0.437) = 0.874.]

3. Given the population standard deviation as 0.3, find (a) 95% and (b) 99% confidence
intervals with the mean lead concentration recovered from a sample of lead measurements in 36
different locations is 2.6 g/mL.

Ans: (2)2.5<pu<2.7and (b) 247 <u<2.73

Hint:x+ Z XF 2.6 (1. 96or2575)
4. In Question 3, for 99% confidence, if our estimate of u is off by less than 1%, how large a sample
should be chosen?

Ans:n= (2 575 x 02031) = 5967.5625 = 5968

5. The mean weight loss of n = 16 grinding balls after a certain length of time in mill slurry is 3.42 g
with a standard deviation of 0.68 g. Construct a 99% confidence interval for the true mean weight
loss of such grinding balls.

Ans: (2.92, 3.92)

0.68
16

X =

[Hint:n=16, % =3.42,5=0.68 and ¢,

0 005

=2.947; for n—1=15 dof, 3.42 £2.947 = (2.92, 3.92)].

6. Sample size is 10 for a normal distribution with unknown mean u and variance o2 = 4. Assume
that the prior distribution for 4 is normal with mean p, = 0 and variance o= 1. If the sample mean
is 0.75, then find the mean and standard deviation of posterior distribution estimated by Bayesian
formulas.

Ans: 0.5357 and 0.5345
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FILL IN THE BLANKS
1. If é is an unbiased estimator of 0, then é *is a/an estimator of 6.
Ans: Biased
2. If él and éz are two unbiased estimators of 6 then é: is a/an estimator of 6.
Ans: aél + Béz (o0 + B) and unbiased
3. In sampling from an N(u, %) population, the sample mean is a estimator of 4.
Ans: Consistent
4. Ifx (i=1, 2, ..., n) is a random sample from a normal population N(u, 1), then ¢ = % i x?is
i=1
a/an estimator of

Ans: Unbiased and p?+1

5. If the maximum error with the probability 0.95 is 1.2 and the standard deviation of the population
is 10, then the sample size is

Ans: 267

al2 1 2
6. If n=16,s5=2 and X = 18, then 99% confidence interval for mean is

Ans: (16.5265, 19.4735)

Hint: n=(Z  x 2 =(1.96 x 10} = 266.77 = 267
[ine: = (2, % = f

[Hint: n = 16 < 30; therefore, small sample to use (1 — a) 100% confidence interval for u is

()—c—za X g X+ 1, X o) = (165265, 19.4735)

ot —2947forn—1—15dof]

o/ 2 O 005

7. A sample of size 100 is taken whose standard deviation is 5. The maximum error with probability
0.95is

Ans: 0.98

- 0.95)]

int: E = 0o _ 5
Hint: E=Z , X "= 1.96 x 0o
8. A sample size is 25. The maximum error with 0.95 probability is 0.1. Then the standard deviation

is

Ans: 0=0.2551

e T O _ o __
H1nt.E—Za/2><m _1'96X\/ﬁ_0'1

_0.1x5_
= 0= 196 = 0.2551
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9. If n=16, s =2 and x = 18, then 95% confidence interval for mean is

Ans: (16.9345, 19.0655)

Hint: 7, =1,,,,=2.131 forn— 1 = 15 dof = 18 + 2.131 x%: (16.9345, 19.0655)

=105 16

10. If there are 5 defective items among 4000, one-sided 99% confidence interval of proportion is

Ans: 0.0033



Inferences Concerning
Means and Proportions

6.1 INTRODUCTION

In practical situations, statistical inference can involve either estimating a population parameter or
making decisions about the value of the parameter. In the Chapter 5, we have considered estimation.
Now we take up a study of tests of hypotheses. In tests of hypotheses, a postulate or a statement about
a parameter of the population is tested for its validity.

Statistical decisions are conclusions arrived at about the population parameters on the basis of a
random sample from the population.

6.2 SrtaTisTicAL HYPOTHESES

Statistical hypothesis is a guess made about the parameter or parameters of population distributions.

Suppose, e.g., we want to decide that a coin is not fair. We formulate the hypothesis that it is fair,
i.e. P(H) = 0.5—the probability of heads occurring is 0.5. Similarly, if we want to decide that one
procedure is better than another, we make a hypothesis that there is no difference between the two
procedures.

6.2.1 Null Hypothesis

A null hypothesis (NH) is a statistical hypothesis formulated for reaching the decision to accept a
stated hypothesis or to reject it or sometimes not to make a decision yet but to take another sample.
An NH is denoted by /.

6.2.2 Alternative Hypothesis

Any hypothesis that differs from a given NH is called an alternative hypothesis (AH), e.g. the NH is
P(H) = 0.5 then AH is P(H) = 0.7, i.e. P(H) # 0.5 or P(H) > 0.5. An AH is denoted by H,.

6.3 TEesTs OF HYPOTHESES AND SIGNIFICANCE

A test of hypothesis is a process to determine whether to accept or reject the NH H,. This test deter-
mines whether the observed samples differ significantly from the expected results. Acceptance of
hypothesis only indicates that the data would not give sufficient evidence to refute the hypothesis,
whereas rejection is a firm conclusion where the sample evidence refutes it.

A test of hypothesis is also called a test of significance or decision rule. When the NH is accepted,
it means that the result is significant.
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6.4 TyrE I AND TYPE II ERRORS

If we reject a hypothesis when it happens to be true, we say that a Type [ error has been made. If, on
the other hand, we accept a hypothesis when it should be rejected, then we say that a Type II error has
been made. In either case, a wrong decision or error in judgement has occurred.

In order to have good tests of hypotheses, they must be designed to have minimum errors of deci-
sion. The only way to reduce both types of errors is to increase the sample size which may or may not
be possible. Table 6.1 illustrates types of errors in test of hypothesis.

Table 6.1 Types of errors in test of hypothesis.

Decision Unknown Truth

Accept H; H, is true H, is true.
True decisionp=1-« Type Il error p = 8

Accept H, Type lerrorp =« True decisionp=1-3

6.5 LEVELS OF SIGNIFICANCE

In testing a given hypothesis, the maximum probability with which we would be willing to risk a Type
I error is called the level of significance (LOS) of the test and is denoted by . This probability is often
specified before any sample is drawn so that results obtained will not influence our decision.

In practice, an LOS of or=0.05 or 0.01 is used. If, e.g., 2 0.05% or 5% LOS is chosen in designing
a test of hypothesis, then there are about 5 chances in 100 that we would reject the hypothesis when
it should be accepted. That is, whenever the NH is true, we are about 95% confident that we would
make the right decision. In such cases, we say that the hypothesis has been rejected at 0.05 LOS, which
means that we could be wrong with a probability 0.05.

An LOS is also known as the size of the test.
Thus, a = probability of committing Type I error

= P(reject H/H) = o

and
B = probability of committing Type II error

= P(accept H/H,) = f3
The power of the test is computed as 1 — .

Notes

1. When the size of the sample is increased, the probabilities of committing both Type I and Type II
errors, i.e. o and f3, are decreased.

2. ocand B are known as producer’s risk and consumer’s risk respectively.

3. When both aand f are small, then the test procedure is good and hence the chance of making right
decision is increased.

Simple Hypothesis It is a statistical hypothesis that completely specifies an exact parameter. An
NH H0.15 always a simple hypothesis stated as an equality specifying an exact value of the parameter
which includes any value not stated by an AH H,.
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Examples

1. NH H;: yt = u, (population mean is equal to a specified constant 4,

2. NH H;: p, — u, = 6 (difference between the sample means is equal to a constant J)

Composite Hypothesis It is a hypothesis stated in terms of several possible values in the form of

inequalities.

An AH is a composite hypothesis involving statements in the form of inequalities <, > or #.

Examples

L. AHH: u>u,
2. AHH: u<u,
3. AHH: u#u,

6.6 SrtaTisTIiCAL TEST OF HYPOTHESIS PROCEDURE

The hypothesis test procedure consists of the following steps:

1. Decide upon an NH H and an AH H| (which is usually the hypothesis we want to test).
. Select a test statistic (common test statistics are the sample mean X and the sample variance 5%).

. Choose ¢, the LOS of the test (o is usually chosen as 0.05 or 0.01 but any value between 0 and 1
can be selected).

. Choose a rejection region, called the critical region (CR) for the test, i.e. choose a set of possible
test statistic values such that if H is true then the probability that the value of the test statistic will
fall in the rejection region is .

(a) For one-tailed test (OTT), a CR is often chosen to be all the numbers greater or smaller than a
critical value.
(b) For a two-tailed test (TTT), another popular choice is the set of all numbers either less than a
left critical value or greater than a right critical value.
The complement of the rejection region is called the acceptance region.

. Calculate the test statistic of a random sample from the population. If this value falls in the CR then
reject H and accept H , otherwise accept H,.

. Calculate the p-value of the test. It is the probability test. If H| is true, a value at least as extreme
as the observed test statistic will be observed. Then the decision rule for accepting or rejecting is
“reject H, if the p-value is less than ¢”. The p-value provides useful information as to whether H
is to be accepted or rejected.

Example 6.1

A software development company has verified that the number of lines of code per programmer per
week X has a normal distribution with mean 280 and standard deviation 25. The company decides to
use a statistical test to determine whether the new program they have used has led to better productiv-

ity. A random sample obtained from 100 programmers yields X = 290 lines per week. Determine if at

5% LOS whether the mean of X has increased.

Solution We use the NH that there has been no change.

H: p =, =280 lines/week
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Hoping that u has increased, let
H.: pt> 280 lines/week

X is normally distributed with mean u = 280 and standard deviation 6= 25.
Also, sample size n = 100

Standard normal random variable is given by

g-A_H_ X —280 _ X—280
o 25 2.5
n 100
Since Z, ,, = 1.645, the rejection region is all X such that
X280
35 > 1.645 or

X >280+2.5 X 1.645=284.1125

Since X = 290, we reject H, and conclude that p > 280.
Suppose X, as it has a normal distribution with mean 285 and standard deviation 25 (Figure 6.1).

Reject H,

o=0.05

280 284.11

Figure 6.1 X has normal distribution with mean y = 280 and standard deviation o= 25.

Then the H, is simple and the test can be as shown in Figure 6.2. Here 3, the probability of accepting
H, when H_ is true, is the area under the density function for X' (when f, is true) to the left of 284.11.
Since for this calculation we assume that /| is true, 8 is also the area of the tail of a standard normal
density to the right of the value.

_285-284.11 _
Z= 35 =0.356

Consulting the normal table, we find = 0.3404. Hence the power of the test is 0.6596.

Suppose we reduce o to 0.01 (one per cent), the CR becomes X > 280 + 2 x (2.326) = 284.652.

Since Z, , = 2.326, this means that 3 is the area under the standard normal density function to the
right of

280 —284.652 _
35 =0.1392
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280 284.11 290

Figure 6.2 (Example 6.1).

So 3= 0.4443. Thus, making o smaller (moving the critical value to the right) increases 8, while
making o larger (moving the critical value to the left) decreases 5. The LOS chosen for a test is a
compromise.

6.7 REASONING OF STATISTICAL TEST OF HYPOTHESIS

The reasoning used in statistical test of hypothesis is similar to the process in a court trial. In trying
a person for theft, the court must decide between innocence and guilt. The accused is assumed to
be innocent. The prosecution collects and presents all available evidence to contradict the innocent
hypothesis and obtains a conviction. If there is sufficient evidence against innocence, the court rejects
the innocence hypothesis and declares the accused guilty. The court will find him not guilty if the
prosecution does not present sufficient evidence to prove the guilt of the accused. Note that this does
not prove that the accused is in fact innocent but only shows that there has not been enough evidence
to conclude that the accused has been guilty.

6.7.1 Critical Region

From the sample data, a test statistic S has been calculated. In any test of hypothesis, it is used to
accept or reject the NH of the test. Consider the area under the probability curve of the sampling
distribution of the test statistic, which follows some given distribution. This area under the probabil-
ity curve is divided into two regions: region of rejection and region of acceptance. In the region of
rejection, which is also called the region of significance or CR, the NH is rejected. In the region of
acceptance, which is also called the region of non-significance or non-CR, the NH is accepted.

The area of the CR is equal to the LOS . It is to be noted that the CR always lies on the tail regions
of distributions. Whether the CR lies on the left side tail or the right side tail or both the tails depends
upon the nature of the AH.

6.7.2 Critical Region or Significant Value

For a given LOS ¢, the value of the test statistic S_ that divides the area under the probability curve
into CR and non-CR is called the CR or significant value.

One-tailed Test

Right One-tailed Test Suppose that the AH is H: yt> u, or H :0,> > 0,” type. Then the entire CR lies
to the right side of the right-side tail of the probability density curve as shown in Figure 6.3. In this case
the test of hypothesis is known as the right one-tailed test (ROTT).
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Acceptable
region of
area (1-0)

Critical region of
area or

SO!
Figure 6.3 Right one-tailed test.
Left One-tailed Test Suppose the AH is H: y <y, or H : 6,> < 0, type. Then the entire CR lies to

the left side of the left-side tail of the probability density curve as shown in the Figure 6.4. In this case
the test of hypothesis is known as the left one-tailed test (LOTT).

Critical region
of area o

Acceptable region
of area (1-@)

Su
Figure 6.4 Left one-tailed test.

Two-tailed Test Suppose that the AH is H: y# u, or H: 6> # 0,” type. Then the CR lies on the
right of the right tail and the left side of the left-side tail of the probability density curve such that CR
of area %a lies to the right side of the right-side tail and the CR of area L 5 lies on the left side of the

left-side tail as shown in Figure 6.5. In this case the test of hypothesis is known as the two-tailed test
(TTT).
Refer to Table 6.2 for critical values for a given LOS ¢ for ROTT, LOTT and TTT.

Acceptable region
of area (1-a)

Critical region
of area ot/2

Critical region
of area o/2

Figure 6.5 Two-tailed test.
Example 6.2

The monthly salaries of women professionals average to Rs 66,030. Do men in similar positions have
average monthly salaries that are higher than those for women? A random sample of » = 36 men in
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Table 6.2 Critical values for a given LOS o for ROTT, LOTT and TTT.

LOS o (%) 15 10 5 4 1 0.5 0.2
LOS o 0.15 0.1 0.05 0.04 | 001 | 0.005 | 0.002
(~Zy Zyp) fOr TTT | (~1.44, | (-1.645, | (-1.96, | (-2.06, | (-2.58, | (-2.81, | (-3.08,
1.44) | 1.645) | 1.96) | 2.06) | 2.58) | 2.81) | 3.08)
-7, for LOTT ~1.04 | -128 | -1.645 | 2.6 | —2.33 | —2.58 | —2.88
Z, for ROTT 1.04 | 1.28 1.645 | 2.6 233 | 258 | 2.88

Notes: TTT, two-tailed test; ROTT, right one-tailed test and LOTT, left one-tailed test.

professional positions shows X =Rs 67,053 and s = Rs 1,800. Test the appropriate hypothesis using
a=0.01.

Solution We would like to show that the average monthly earnings of men are higher than Rs 66,030,
the women’s average. If i is the average monthly earnings of men, we can set out the formal test of
hypothesis in following steps:

1.

NH H: = 66,030

2. AH H,: t> 66,030

. Test Statistic Using the sample information with ¢ as an estimate of the population standard

deviation, we calculate
_ X — 66,030 _ 67,053 - 66,030 _

Z < T500 3.41
" 36

. Rejection Region This is an OTT. So, values of ¥ much larger than 66,030 would lead us to reject

H,, i.e. values of the standardized test statistic Z are in the right tail of the standard normal distribu-
tion. To control the risk of making a wrong decision or=0.01, we must set the critical value separat-
ing the rejection region from the acceptance region in such a way that the right tail is exactly o =
0.01. This value is found from table to be 2.33 as shown in Figure 6.6. The NH H will be rejected
if the observed value of the test statistic Z is greater than 2.33.

. Conclusion Compare the observed value of the test statistic Z=3.41 with the value necessary for

rejection of Z = 2.33. Since the observed value of the test statistic falls in the rejection region, we
can reject f and conclude that the average monthly earnings of men are higher than the average of
women’s earnings. The probability that we have made an incorrect decision is &= 0.01.

2)

Acceptance
region Rejection

region

o=0.01

Figure 6.6 Rejection Z region for a right-tailed test with or= 0.01.
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Example 6.3

The daily output of a chemical plant has an average of 590 tons. To know whether this average has
changed in recent months, a random selection of 100 days has been made. The average and standard
deviation are X = 585 tons and s = 16.5 tons. Test the appropriate hypothesis using o= 0.05.

Solution We want to show that the average output in recent months has improved and is higher than
590 tons. If u is the average output, we may set out the formal test of hypothesis as follows:

1. NH H: p=590
2. AHH: p#590
3. Test Statistic So, the point estimate for y is X. So the test statistic is

K 16.5 1.65
n {100

4. Rejection Region This is a TTT. We use values of Z in both the right as well as the left tails of
the standard normal distribution. Using o = 0.05, the critical values separating the rejection and

acceptance regions cut off areas of % = % = 0.025 in the right and left tails.

These values are Z =1t1.96 and the NH will be rejected if Z<—1.96 or Z> 1.96.

5. Conclusion Here Z = —3.03 and the calculated value of Z falls in the rejection region. We can
reject the NH A that 4 = 590 and conclude that it has changed. The probability of rejecting H,
when H| is true and a = 0.05, a fairly small probability. Hence, we can be confident that the deci-
sion is correct.

6.7.3 Calculating the p-Value

In Examples 6.1-6.3, the decision to reject or accept /, was made by comparing the computed value
of the test statistic with a critical value of Z based on the LOS « of the test. However, different LOS
may lead to different conclusions. For example, if in a right-tailed test the test statistic is Z=2.03, we
can reject H, at the 5% (or 0.05) LOS because the test statistic exceeds Z = 1.645. On the other hand,
we cannot reject H at the 1% (0.01) LOS because the test statistic is less than Z = 2.33 (Figure 6.7).
To avoid ambiguity in drawing conclusions, it is preferred to use a variable LOS called the p-value
for the test.

)

0.0500

0.0212
0.0100

0 1.6452.032.33 Z

Figure 6.7 Variable rejection regions.
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p-Value Definition The p-value or observed LOS of a statistical test is the smallest value of o for
which H| can be rejected. It is the actual risk of committing a Type I error, if H is rejected based on
the observed value of the test statistic. The p-value measures the strength of H,.

In the right-tailed test with observed test statistic Z =2.03, the smallest critical value we can use and
still reject H, is Z=2.03. For this critical value, the risk of incorrect decisions is

P(Z=2.03)=1-0.9788 =0.0212

This probability is the p-value for the test. Note that it is actually the area to the right of the calcu-
lated value of the test statistic.

A small p-value indicates that the observed value of the statistic lies far away from the hypothetical
value of u. This gives strong evidence that / is false and should be rejected. Large p-values indicate
that the observed test statistic is not far from the hypothetical mean and does not support rejection
of H,.

If the p-value is less than or equal to a pre-assigned LOS @, then NH H| can be rejected and we can
report that the results are statistically significant at level a.

In the previous case, by choosing o= 0.05 as LOS, H, can be rejected because the p-value is less
than 0.05. On the other hand, if we choose a=0.01 as LOS, the p-value 0.0212 is not small enough to
permit rejection of /. The results are significant at the 5% level but not at 1% level. This is reported
in professional journals as significant (p < 0.05).

Example 6.4

In Example 6.3, we want to know whether the daily output which averaged 590 tons has changed
in recent months. With the data calculated, compute the p-value for this TTT of hypothesis. Use the
p-value to draw conclusions regarding the statistical test.

Solution The rejection region for this TTT of hypothesis is found in both tails of the normal prob-
ability distribution. Since the observed value of the test statistic is Z = —3.03, the smallest rejection
region that we can use and still reject H is |Z| > 3.03. For this rejection region, the value of ¢ is the
p-value:

p-Value = P(Z > 0.03) + P(Z < — 0.03)
=(1-0.9988) + 0.0012 = 0.0024

Note that the two-tailed p-value is actually twice the tail area corresponding to the calculated value
of the test statistic. If this p-value = 0.0024 is less than or equal to the pre-assigned LOS ¢, H can be
rejected. For this test, we can reject H, at either the 1% or 5% LOS.

6.7.4 Hypothesis Concerning One Mean (6 Known)
Example 6.5

It is claimed that the thermal conductivity of a certain kind of cement brick is 0.340. To test this, a
test sample of size n = 35 has been taken with 0.05 LOS. From the information gathered from similar
studies, the standard deviation is 0.010.
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Solution We have the following:
1. NH H: u=0.340
2. AHH: u#0.340
3. LOS a=0.05
The AH H | is two-sided here since we want to reject the NH / if the mean of the determinations
is significantly less than or greater than 0.340.
Now the standardized statistic for test concerning mean o known is

z onm

CRes for testing ¢ = u, and normal population and o known are given in Table 6.3.

Table 6.3 Critical values.

AHH, Reject NH H
<y, IfZ<-27,

w> IfZ>7,
JIENN fzZ<-272, o02>2,

If = 0.05, the critical values of the criteria are —1.645 and 1.645 for one-sided alternatives and
—1.96 and 1.96 for the two-sided alternatives.

If = 0.01, the critical values are —2.33 and 2.33,

for one-sided alternatives, and the critical values are —2.575 and 2.575,

for two-sided alternatives, and they are as shown in Table 6.3.

Example 6.6

A manufacturer of a patent medicine claimed that it was 90% effective in relieving an allergy for a

period of 8 h. In a sample of 200 people who had the allergy, the medicine provided relief for 160
people.

(a) Determine whether the manufacturer’s claim is legitimate by using 0.01 as the LOS.
(b) Find the p-value of the test.

Solution

(a) Let p denote the probability of getting relief from the allergy by using the medicine. In the test of
hypothesis, the various steps are as follows:

1. NHH, : p=0.9 and the claim is correct.
2. AHH,:p <0.9 and the claim is incorrect.

We choose an OTT because we are interested in determining whether the proportion of
people relieved by the medicine is too low.
Let the LOS be 0.01. If the shaded area in Figure 6.8 is0.01,then Z, =—2.33 from Table 6.2.
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Critical
region

5,=-233
Figure 6.8 Critcal region of example 6.6.

Decision Rule

1. The claim is not legitimate if Z < —2.33 (in this case, we reject H,).

2. Otherwise, the claim is legitimate, and the observed results are due to chance (in this case,
we accept H).
Let H, be true. Then

= np=200x0.9=180
o =1npg ={200 X 0.9 x 0.1 =4.23

We write 160 in standard units.
X—H 160—180 _
G =433 - 473

This is much less than —2.33.
By our decision rule, we conclude that the claim is not legitimate and the sample results
are highly significant.
(b) The p-value of the test is P(Z < —4.73) = 0. This shows that the claim is almost certainly false.

That is, if H is true, it is almost certain that a random sample of 200 allergic suffers who used the
medicine would include more than 160 people who found relief.

Example 6.7

The mean lifetime of a sample of 100 bulbs produced by a company is computed as 1570 h with a
standard deviation of 120 h. If u is the mean lifetime of all the bulbs produced by the company, test
the hypothesis (= 1600 h against the AH p # 1600 h using a LOS of as (a) 0.05 and (b) 0.01. Also (c)
find p-value of the test.

Solution We have to decide between the two hypotheses

1. NHH,: = 1600
2. AHH, : i # 1600

Here we have to use a TTT because the inequality u # 1600 includes values both greater than and
smaller than 1600.

(a) ForaTTT ata LOS of 0.05, we have the following decision rule:
1. Reject H, if the Z score of the sample mean is outside the range —1.96 to 1.96.
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2. Accept H, (or withhold any decision) otherwise.

The statistic under consideration is the sample mean X. The sampling distribution of X has a
mean 4= u and standard deviation 0. = 6/, where ( and o are the mean and standard devia-
tion of the population of all bulbs produced respectively.

Under the hypothesis H, we have = 1600. Also 0, = o/in = % = 12, using the sample

standard deviation as an estimate of ©.

X —
Now Z = M 1570 — 1600:_2'50

ohn 12
It lies outside the range —1.96 to 1.96.
. We reject H ata 0.05 LOS.
(b) Suppose the LOS is 0.01, the range —1.96 to 1.96 in the decision rule of part (a) is replaced by
—2.58 to 2.58. Since the Z score of —2.50 lies inside this range, we accept H, (or withhold any
decision) at a 0.01 LOS.

(c) The p-value of the TTT is P(Z < -2.50) + P(Z 2 2.50) = 0.0124.

This is the probability that a mean lifetime of less than 1570 h or more than 1630 h would occur by
chance if H, were true.

Example 6.8

In Example 6.7, test the hypothesis 1 = 1600 h, using a LOS of (a) 0.05 and (b) 0.01. Also (c) find the
p-value of the test.

Solution We have to decide between the two hypotheses:

1. NH H, : u=1600
2. AHH, : u<1600

An OTT has to be used here.
(a) The LOS is 0.05 and is shown in Figure 6.9 as the shaded region.

Critical
region

z
Figure 6.9 Critcal region of example 6.8.
It has an area of 0.05. The corresponding value of Z is — 1.645. We adopt the decision rule:

1. Reject H, if Z<~1.645
2. Accept H, (or withhold any decision) otherwise
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(b) Let the LOS be 0.01.Then Z-value is —2.33. So, we adopt the decision rule:
1. Reject Hif Z <-2.33
2. Accept H, (or withhold any decision) otherwise

Asin (a), the Z score is —2.50. This is less than — 2.33. So, we reject H ata 0.01 LOS. Note that
this decision is not the same as that reached in Example 6.8 (b) using a TTT.

It follows that decision relating to a given hypothesis H based on OTT and TTT are not always
in agreement. This is, of course, to be expected because we are testing H, against a different
alternative in each case.

(c) The p-value of the test is P(Z < 1570) = 0.0062.

This is the probability that a mean lifetime of less than 1570 h would occur by chance in case H,
is true.

6.8 INFERENCE CONCERNING Two MEANS
6.8.1 Introduction

There arise many statistical problems in which we have to take decisions about the relative size of the
means of two or more populations. We shall therefore consider below tests concerning the difference
between two means.

6.8.2 Inference Concerning Two Means Procedure

Consider two populations having the means y, and i, and variances o,> and o,>. Suppose we want
to test the NH H: u, — u, = 6, where & is a specified constant, on the basis of independent random
samples of size n  and n, respectively.

Similar to the tests concerning one mean, we consider tests of this NH against each of the AH as
follows:

1. Hip, —u, <6
2. H:p —,>06
3. Hiu —u,#06

The test itself will depend on the difference between the sample means: X, = )_(2-
If both samples are from normal populations with known variances, it can be based on the statistic
7 X, -X)-6
% - 1)
which is a random variable having the standard normal distribution.

Here 0%, -%,) is the standard deviation of the sampling distribution of the difference for random
samples from infinite populations which may be obtained using the following theorem:

Theorem If the distribution of two independent random variables have the means 4, and u, and the
. 2 2 . . . . .
variances ¢, and o, then the distribution of their sum (or difference) has the mean u, + i, (or p, — 1,)
and the variance 0'? + O'z (O'T - Gi)
To find the variance of the difference between the means of two independent random samples of
size n, and n, from infinite population, note that the variances of the two means are
2 2

o o
2 1 2 2
o-=-and 05 =+
X1 I’ll X2 l/l2
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where (7? and 0'2 are the variances of the respective populations. By the above theorem, we have

2
O-x)=7, * 7

The test statistic can be written as

2
1

Q
+
qu\)

I’l1 n,

which is a random variable having the standard normal distribution. In deriving this result, we have
assumed that the sampling is from normal populations. However, the above statistic can be used when
the samples are large enough so that we can apply the central limit theorem and approximate o, and
o, with §, and S, i.e. when n, and n, = 30.

Z:()_(l—)_(z)—é

2

1 2

The CRs for testing the NH u, — u, = § are given in Table 6.4. Table 6.4 gives the CRs for test-
ing 4, — p, = 6. Normal populations and o, and o, are known or large samples with size n, and
n, = 30.

2

Table 6.4 Decision rule for alternative hypotheses.

AHH, Reject NH H,,
=1, <0 IfZ<-Z,
= H,>0 IfZ>Z,
u—l,#0 IfzZ<-2Z,o0Z2>Z7,

Although 8 can be any constant, it is to be noted that in majority of the problems if value is zero, we
test the NH of no difference, i.e. H: u, = 4,.

Example 6.9

It has been claimed that the resistance of electric wire can be reduced by more than 0.050 ohm by
alloying. To test this claim, 32 values obtained for standard wire yielded )_(2 = 0.136 ohm and s, =
0.004 ohm and 32 values obtained for alloyed wire yielded x, = 0.083 ohm and s, = 0.005 ohm. At
the 0.05 ohm LOS, does this support the claim?

Solution We follow the following steps:
1. NH H: p, — 1, =0.050
2. AHH: u, —u,>0.050
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3. LOS a=10.050
4. Criterion Reject the NH H
5. Calculation IfZ> 1.645, then

_ ()_(1 _)_(2)_5
- 2 2
1 2

n 2

v Z

0
+
*}

_(0.136 — 0.083) — 0.050
4(0.004)2 R (0.005)?
32 32

=2.65

6. Conclusion Since Z = 2.65 is greater than 1.645, the NH must be rejected.

The claim is supported by the data. Also, the p-value is 0.004. So, the evidence for alloying is very
strong. Only 4 in 1000 times would Z be at least 2.65 if the mean difference is 0.05.
Example 6.10

A company claims that the light bulbs are superior to those of its main competitor. If a study showed
that a sample of n, = 40 of its bulbs has a mean lifetime of 647 h of continuous use with a standard
deviation of 27 h, while a sample of n, = 40 bulbs made by the competitor had a mean lifetime of 638
h of continuous use with a standard deviation of 31 h. Does this support the claim at 0.05 LOS?

Solution We follow the following steps:

L. NHH; u -pu,=0
2.AHH:u —u,>0
3. LOS a=0.05
4. Criterion Reject the NH H
5. Calculation IfZ> 1.645, then
X-X)-6
Ly W) -0 647638 4
[S.8 |Iar
RN 40 40
1 2

6. Conclusion Since Z = 1.38 does not exceed 1.645, the NH cannot be rejected. That is, the
observed difference between the two sample means is not significant.

Also, the p-value = 0.0838 (Figure 6.10) so the evidence against equal means is not very strong.

~.p-Value = 0.0838 for Z=1.38
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0.0838

0 1.645 z

Figure 6.10 Large samples test for example 6.10.

EXERCISES

1. A machine runs on an average 125 h/year. A random sample of 49 machines has an annual average
use of 126.9 h with standard deviation of 8.4 h. Does this support the claim that machines are used
on an average more than 125 h/year at 0.05 LOS?

Ans: H: u=125H: u>125and LOS =0.05,CRZ>Z =7 .

X 1269 — 125
T oiln T 8.4/449

=7 =1.58. Accept H ifZ=1.58<1.64=Z ..

Cannot believe that machine works more than 125h/year.

2. The breaking strength of cables produced by a manufacturer has mean 1800 Ib and standard
deviation 100 Ib by a new technique. It is claimed that the breaking strength can be increased. To

test this claim, a sample of 50 cables is tested and it is found that the mean breaking strength is
1850 1b.

(a) Can we support the claimata0.01 LOS?
(b) What is the p-value of the test?

Ans: (a) H: pt=1800, H: > 1800 and OTT at LOS o= 0.01;
§=3.55>2.33=Z . Results are highly significant, so claim should be supported.

(b) P(Z>3.55) = 0.0002

3. A tracking firm suspects the claim that the average lifetime of certain tyres is at least 28,000 miles.
To check the claim the firm puts 40 of these tyres on its trucks and gets a mean lifetime of 27,463

miles with a standard deviation of 1,348 miles. What can we conclude if the probability of Type I
error is to be at most 0.01?

Ans: H: 11>28,000, H: 1< 28,000 and at LOS o< 0.01.

. . X- -
H, must be rejected if Z < —2.33 where M _ 27,463~ 28,000

oNn 1348440

=-2.52<-233 =7 . Firm’s suspicion is confirmed.
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4. A random sample of 6 steel beams has a mean compressive strength 58,392 psi with standard
deviation 648 psi and LOS o = 0.05. Test whether the true average strength of the steel from
which the sample is taken is 58,000 psi. Assume normality.

Ans: Accept NH H

[Hint: NH H: u = 58,000; AH H: u # 58,000 and LOS o = 0.05. Test statistic ¢ = %,

58,392 — 58,000

where X = 58,392, 0= 648 and n = 6. Therefore, computed value of 7 = CA3C =1.49.
So,t,,=1,,5=2.57. Since t <1 .., the decision is to accept NH H,.]
FILL IN THE BLANKS
1. Ifp=0.9,n=64,02=2.56 and Z,,=1.645, then maximum error £ =
Ans: 13,290
s o _ V2.56 _
[Hlnt. E=Z, xw/_ﬁ =1.645 x v 13290]
2. If maximum error £=0.49, =2 and Z_, = 1.96, then sample size n =
Ans: 64
. o 2 2 2
Hint: n =(Z,,x 2 = (196 x 545 =64
3. IfNHH: u=2800and AH H: u# 800, then the CR is if LOS 0= 0.5%.

Ans: —2.81<Z <2381

4. IfX=788,n=30, =800 and o =40, then test statistic Z=

Ans: —1.643
o, X-u_788-800_ _
Hint: Z = o = 40730 1.643
5. IfZ=-1.643>-281=2 ,= ZO_OO%’ then decision is
Ans: Accept NH H|

6. The CR for LOS a=1% is .
Ans: —2.58<7<2.58

7. The decision in Question 6 if Z=-1.643 >-2.58=Z2 =7 is

0.0025 —

Ans: Accept NH H|
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X-pu
o ——

8. IfX=31.45,u=323,0=1.6and n=40, then Z=
Ans: —3.33

9. If)i(1 =292.5, X’Z =266.10, 0, =15.6, 0,= 18.2, 6= 70, n, = 60 and n, = 60, then the test statistic
Z for two means is

Ans: —14.09
X -X,-8 _ _ - _
Hint: 7= %2~ 0 _292.5-266.1-70 _ 43.6 _436__, 4.09]
o o} JIS.6Z+ 18.22 14.056+5521  3.095
7t 60 60
_ _ X -X-38
10. Ifn,=10,n,=10,X,=121,X,=112,0,=8,0,=8and 9 =0, then Z = —— = :
o, 9
o,
Ans: 2.52

X -X,-6 _112-
Hint 7 X0~ % =8 _121-112-0__ 9 9 =2_52}

m [F. 5 T V64+64 3577
71+”_z 10 " 10




Tests of Significance

7.1 INTRODUCTION

In Chapter 6, we have considered large sample statistical estimation and hypotheses testing techniques
which depend on the central limit theorem to justify normality of the estimators and the test statistics.
They apply when the samples are large (n = 30).

Situations arise where large sampling is not possible. Consider, e.g., populations such as syn-
thetic diamonds, satellites, aeroplanes, super computers and nuclear reactors which involve heavy
expenditure. In such cases, the size of the sample is small (z < 30) and we have to consider statistical
techniques that are suitable for them.

7.2 TEST FOR ONE MEAN (SMALL SAMPLE)

7.2.1 Student’s t-Distribution

While discussing sampling distribution, we noted the following points:

u oy
ol both have normal distribu-

1. When the original sampled population is normal, X and Z =

tions for any sample size 7.

A both have approximately

2. When the original sampled population is not normal, X and Z =T

normal distributions, if the sample size # is large.

. . . X- N
But when the sample size » is small, the statistic Z= #does not have normal distributions. In such

a case, there are two ways to proceed:

u
T for each sample.

The relative frequency distribution that we construct using these values will approximate the shape
and locations of the sampling distribution.

1. We use an empirical approach. We draw repeated samples and compute Z =

2. We use a mathematical approach to derive the actual density function or curve that describes the
sampling distribution.

The second approach was used by an English statistician W. S. Gosset in 1908. He derived a com-
X-nu

S/—Jﬁfor random samples of size n from a normal

plicated formula for the density function of ¢ =
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population. He published his results under the pen name ‘Student’ and hence the statistic has been
known as Student’s #-distribution. It has the following characteristics:

1. It is mound shaped and symmetric about ¢ = 0 just like Z.

2. It is more variable than z. It has heavier tails. That is the #-curve approaches the horizontal axis more
slowly when compared with the normal curve. This is due to the fact that s-statistic involves two random
quantities X, and s whereas the Z-statistic involves only the sample mean X (Figure 7.1).

Normal distribution

t distribution

Figure 7.1 Standard normal Z and t-distributions.

3. The shape of the ¢-distribution depends on the sample size n. As n becomes larger, the variability
of t decreases because the estimate of s of o'is based on more and more information. Consequently,
when 7 is infinitely large, the ¢ and Z distributions are identical.

The sample variance s? is given by the formula

Z()c.—)_()2
PP
n—1
or by R
2 (zxi)
Szzz'xi_ n
n—1

where lez is the sum of the squares of the individual sum of the squares of the individual measure-
ments and (Y, )2 is the square of the sum of the individual measurements.

The divisor (n — 1) in the formula is called the number of degrees of freedom (dof) associated with
s2. It determines the shape of the ¢-distribution. The term ‘degrees of freedom’ refers to the number of
independent deviations in s* that are available for estimating 0. The dof may be different for different
applications and may specify the correct ¢-distribution to be used.

For calculating critical values or p-values for the f-statistic, the table of probabilities for
the standard normal Z-distribution is not useful. Instead, we have to use the ¢-distribution
table.

For a t-distribution with 5 dof, the value of ¢ that has area 0.05 to its right is found in row 5 in the
column ¢ .. For this particular ¢-distribution, the area to the right of # =2.015 is 0.05. Only 5% of all

0.05°
values of the z-statistic will exceed this value.

Example 7.1

Suppose that we have a sample of size n = 10 from a normal distribution. Find the value of # such that
only 1% of all values of # will be smaller than this.
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Solution The dof that give us the correct s-distribution are n — 1 = 10 — 1 = 9. The required #-value
must be in the lower portion of the z-distribution with area = 0.01, i.e. 1%, to its left (Figure 7.2). Since
the r-distribution is symmetric w.r.t. 0, this value is the negative of the value on the right-hand side
with area 0.01 to its right, i.e. —#, =-2.821.

0.01

-2.821 0 t

Figure 7.2 t-distribution for example 7.1.

Assumptions Relating to Student’s t-Distribution The critical values of ¢ permit us to make
reliable inferences only if we follow all the rules. This implies that the sample must meet the following
requirements specified by the 7-distribution:

1. The sample must be randomly selected.

2. The population from which sampling is done must be normally distributed.

7.2.2 Small Sample Inferences Concerning a Population Mean

We have considered large sample inferences in Section 7.2.1. As with large sample inference, small
sample inference may involve either estimation or hypothesis testing. Instead of Z-statistic and

K and a different sampling

normal distribution, we will use a different sample statistic, namely, # = T

distribution, namely, the Student’s #-distribution with (n — 1) dof.
Small Sample Hypothesis Test for u
1. Null hypothesis (NH) H: u = u,
2. Alternative hypothesis (AH) H: 1< 1,
(a) One-tailed test: H: > pi, or H: p<pi
(b) Two-tailed test: H: # U,

X—-u,

3. Test Statistic: 7= i

4. Rejection Region: Reject H when
(a) One-tailed test: t>t ort<-—t whenthe AHis H: u<py, orp value < o
(b) Two-tailed test: t>t ,ort<—t ,

The critical values of ¢, z, and ¢, based on (n — 1) dof are shown in Figure 7.3. These values are
found in the #-distribution table.

Small Sample (1 - @) 100% Confidence Interval for u It is

v S v s
(X_ta/z\/ﬁ’X—i_ta/zm
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o o/2 a2

0 ty “Lan 0 lap

(a) (d)
Figure 7.3 Critical values of t, t, and ¢, , based on (n — 1) dof.

where %is the estimated standard error of X. It is called the standard error of the mean.

Two Ways to Conduct a Test of Hypothesis They are as follows:

1. Critical Value Approach Based on the critical value of the sampling distribution of the test
statistic, we set up rejection region. If the test statistic falls within the rejection region we can reject
H,

2. p-Value Approach Based on the observed value of the test statistic, calculate the p-value. If it is
smaller than the LOS @, we can reject H,.

Note Example 7.2 uses the first approach and Example 7.3 uses the second approach.

Example 7.2

A new process of producing synthetic diamonds can be operated at a profitable level only if the average
weight of the diamonds is greater than 0.5 carat. To test the profitability of the process, 6 diamonds are
produced with weights 0.45, 0.60, 0.52, 0.49, 0.58 and 0.54 carat respectively. Do the 6 measurements
present sufficient evidence to indicate that the average weight of the diamonds produced by the process
is in excess of 0.5 carat?

Solution The mean of the population of the diamonds produced by the new process is (= 0.5.
Mean of the weights of the six diamonds is

X=1sx-= % [0.45 + 0.60 + 0.52 + 0.49 + 0.58 + 0.54] = 3~—618 -0.53

Y —X)’=(0.45 — 0.53) + (0.60 — 0.53)* + (0.52 — 0.53) + (0.49 — 0.53)* + (0.58 — 0.53)?
+(0.54 - 0.53)?

=(=0.08)2 + (0.07)> + (—0.01)2 + (—0.04)* + (0.05)? + (0.01)?
=0.0064 + 0.0049 + 0.0001 + 0.0016 + 0.0025 + 0.0001
=0.0156

Sample size n =6
Sample variance _
e 2E—5” 00156

L =010 = 0.00312

Sample standard deviation

5 =10.00312 = 0.05586
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We now carry out the formal test of hypothesis in steps as follows:
1. NHH; u=0.5
2. AHH: u>0.5

X'_
3. Test Statistic: =~ 0= 053-0.50 _ 355

- shm 0.05586/6

The test statistic provides evidence for either rejecting or accepting //, depending on how far from
the centre of the ¢-distribution does the test statistic lie.

4. Rejection Region: Let us choose a 5% LOS, i.e. = 0.05. The right-side tail rejection region is
found using the critical values of ¢ from the 7-distribution table.
Number of dof=n—-1=6-1=5
So, we can reject Hif t > ¢, . =2.015, as shown in Figure 7.4.

S

0.05

2.015 t
0 1.32 I—Rc:ject H,

Figure 7.4 Rejection region for example 7.2.

5. Conclusion: Here the calculated value of test statistic is # = 1.3155. It does not fall within the
rejection region. Therefore, we cannot reject H,. Hence the data do not give sufficient evidence to
indicate that the mean diamond weight exceeds 0.5 carat.

6. Remarks: The conclusion to accept H, requires the difficult calculation of . This is the case of
Type Il error. To avoid this, we choose not to reject H,. Towards this end, we consider a 95% lower
one-sided confidence bound for u as follows:

- S\ 0.05586
x—ta(ﬁ—o.% ~2015x 222

=0.53-0.04595=0.484

Thus, a 95% lower bound for u is u > 0.484. The range of possible values includes mean dia-
mond weights both smaller and greater than 0.5. This confirms the failure of our test to show that
U exceeds 0.5.

Example 7.3

Labels on one-gallon cans of paint indicate the drying time and the area that can be covered in one coat.
A manufacture of paints claims that the brand of paint they manufacture will cover 420 sq. ft per 1 gallon.
To test this, a random sample of 10 one-gallon cans of paints was tested. The actual areas painted in
sq. ft are 362, 356, 413, 422, 372, 416, 376, 434, 388 and 421.

(a) Do the data present sufficient evidence to indicate that the average differs from 425 sq. {t?
(b) Find the p-value for the test and use it to evaluate the statistical significance of the results.
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Solution
(a) First we calculate the mean X of the sample

%xi =% [362 +356 +413 +422+372+416+376+434 + 388 +421] =396
Next, we find the sample variance

S Xy
o ZE-XP

n—1

X=

= % [(362 — 396) + (356 — 396)* + (413 — 396) + (422 — 396)* + (372 — 396)°
+ (416 — 396) + (376 — 396)* + (434 — 396)° + (388 — 396) + (421 — 396)’]
= %[(- 34Y2 + (— 40) + (17) + (26)* + (= 24)° + (20)* + (= 20)2 + (38)? + (— 8)* + (25)*]

- 77—% —803.3333

Now, the standard deviation is

s=1s> =28.343

We calculate the test statistic

X—Hy 396420 _, (g

t= =
SN 28.343M10

The p-value for the test is the probability of observing a value of the #-statistic as contradictory to
NH. For the above set of data, we have obtained 7 =—2.678. This is a two-tailed test. The p-value is the
probability that either < —2.678 or t > 2.678.

From the #-distribution tables, we observe that it gives values of 7 corresponding to right-side tail
areas. Since in the present case dof =n — 1 =9, we read the areas ‘¢ in row 9 corresponding to the
values of t:

t 0.100 | 0.050 | 0.025 | 0.010 | 0.005
a 1.383 | 1.833 | 2.262 | 2.821 | 3.250

The five critical values for various tail areas are also shown in Figure 7.5.

The value ¢ = 2.678 falls between 2.262 and 2.821 which correspond to ¢ . and £,
respectively.

This area represents only half of the p-value. We have 0.01 < % (p-value) < 0.025 < 0.02
< p-value < 0.05, so reject [ at the 5% level but not at the 2% or 1% level. Therefore, the p-value is
less than 0.1.

For this test of hypothesis, H is rejected at the 5% LOS. There is sufficient evidence to indicate that
the average coverage differs from 420 sq. ft.
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f®

> 0.100

—> 0.050

Y 0.025

1.3831.8332.2622.8213.250 t

2.678

Figure 7.5 p-value for example 7.3.

(b) Limits for the actual average coverage A 95% confidence interval gives the limits for u as
Y_, (ST s\ = _ 20.343 20.343
(Bt ) X 1 ) (396 2.262( = ) 396 + 2.262( o5 ))
=(375.73,416.27)
We can estimate that the average coverage of area by one gallon of paint lies in the interval (375.73,
416.27). If we increase the size of the sample, a shorter interval can be obtained.
Observe that the upper limit of the interval 416.27 is close to 420 sq. ft, the coverage claimed on

the label. The observed value of 7 is —2.678 which is slightly greater than the left critical value of 7, .
= —2.821, making the p-value slightly more than 0.05.

7.3 Test FOR TWwo MEANS
7.3.1 Small Sample Test Concerning Difference Between Two Means

Let n, and n, be the two sides of two samples, which are small (i.e. #, and , < 30). Suppose that these

samples are drawn from two normal populations with population variances Gf and 0'2 unknown but
equal (i.e.0, = 0, = 0). Then the pooling variance ¢ is given by

o= Z(XU _‘Yl)z-’-Z(le'_ng

2
X +x2

2 2
_(n,=Ds;+(n,— Ds,
n +n—2

where X, sf and X, sz are the mean and variance of two samples of sizes n, and n, respectively. In a test
concerning the difference between the means for small samples, the #-test statistic is given by

_®-X%)-5

G— —
X- X%
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with (n, + n, — 2) dof. This test is also known as two-sample pooled -test. The above formula can be
rewritten as o
X, -X)-96 nn(n +n,—2)

t=
n1+n2

A, - Ds 4 (- D5

with (n, + n, — 2) dof.
Test of Hypothesis Concerning the Difference between Two Means Based on Independent
Random Samples
1. NHH: u, —u,=8Hu, — u,=0where §is some specified difference that you wish to test. In many
tests it may be assumed that there is no difference between p, and u, so that §=0.
2. AH
(a) One-tailed test: H: u, — u,>6or H: u, —u, <0
(b) Two-tailed test: H,: u, — U, # 6
3. Test Statistic:
B X -X,-6

.1
Sz(n—l+n—2)
2

2
, (n,=1)s;+(n,— D,
B n +n,—2

where

4. Rejection Region: Reject H when
(a) One-tailed test: t >t ort<—t whenthe AH is H : u —u, <6 or when p value < &
(b) Tiwo-tailed test: t>t ,ort<—t_,

The critical values of z, 7 and 7 , are based on (n, + n, — 2) dof.

Small Sample (1 — &) 100% Confidence Interval for (i, — u,) Based on Independent Random

Samples
v _ v , 1,1
()(1 _XZ) + S2 n—l + ”_2)

where s? is the pooled estimate of ¢2.
Example 7.4

In a manufacturing company, a one-month training programme is conducted to each employee. A new
training programme has been developed. To test the new programme, 2 groups of 9 employees each
were assigned a job, the first group trained under the old system and the second trained under the new
programme. Their performance timings in minutes are recorded as follows:

Old programme | 3] 38 36 30 4 34 32 33 39

New programme 34 33 26 36 31 28 27 29 35
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Do the job execution times present sufficient evidence to indicate that the mean time is less for the
new training programme?

Solution Let 4, and u, be the mean time to execute the job after the old and new training program-

mers respectively. Then, as we would like to gather evidence to support the theory that i, > [, we

test the following:

L NHH; p,=p,or H: pu, —,=0

2.AHH: p, >porH:pu —u,>0

3. Test Statistic: In order to conduct the #-test for these two independent samples, we assume that
the sampled populations are both normal and have the same variance 2.

We have
__lei
1 X,
:31+38+36+30+42+34+32+33+39:31_5:35
9 9
- _ 2%
27 X,
_34+33+26+36+31+28+29+35_279 _
= ====31
9 9
Z_Z(XU_)_(I)Z
5= n —1

:%[(—4)2+32+12+(—5)2+72+(— 1P+ (=3)+(—2)*+4%

=%(16+9+1+25+49+1+9+4+16)

_130
3 =16.25
2 z(le'_‘?z)z
5, ==
n,—1

:%[(+3)2+22+(—5)2+52+0+(—3)2+(—4)2+(—2)2+42]
=%(9+4+25+25+0+9+16+4+16)

_108
8

Next, we have the standard deviations of the two samples as

=13.50

s, ={s’ =116.25 =4.0311

s, =1s’ =113.50 = 3.6742
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There is no significant variation between these figures and we may assume that the two distribu-
tions are of the same shape.
We now calculate the pooled estimate of the common variance as

(n,— s +n,—1)s
— 1 1 2 2

2
s
no+n,—2

_ 8(4.0311) + 8(3.6742)

5193 =14.8748

We then calculate the test statistic # given by

_ XX 35-31  _ 4x3  _
L1 11| 48748%x2
s i 148748 (§+§)

Here the number of dof is n+n-2=9+9-2=16.

4. Rejection region: The alternative hypothesis f: i, > u, or H: pt, — 1, > 0 implies that we have to
use a one-tailed test on the right-side tail of the #-distribution with 16 dof. The appropriate critical
value for a rejection region with o= 0.05 from the Student’s #-distribution table can be found and
H, will be rejected if # > 1.746. The observed value of test statistic # is 2.2. Comparing this with
the critical value ¢ = 1746 we can reject H,. There is sufficient evidence to indicate that the new
training programme is superior at the 5% LOS (Figure 7.6).

5. Conclusion: Since the observed test statistic value ¢ = 2.2 is greater than the critical value 7, .
=2.120, we can conclude that the new training programme excels at the 2.5% LOS.

Example 7.5

Find the p-value that would be reported for the statistical test of Example 7.4.

Solution The observed value of 7 for this single-tailed test is £ = 2.2 for a ¢-statistic with 16 dof.
The observed value of t = 2.2 lies between ¢, ,. = 2.120 and ¢, ,, = 2.583 and the tail area to the
right of = 2.2 is between 0.01 and 0.025. The p-value for this test would be reported as 0.01 <
p-value < 0.025.

Since the p-value is less than 0.025, most researches would report the results as significant.

S

Figure 7.6 Rejection region for example 7.4.
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7.3.2 Paired Sample -Test

Let u, and p, be the unknown means of two samples of the same size n drawn from two normal
distributions. We would like to test NH that the means are equal u, = u, against the AH p, = p, (say).
The variances need not be known but are assumed to be equal.

Suppose each value of the first sample corresponds precisely to one value of the other because cor-
responding values result from the same person, animal or thing (paired comparison). For example, two
measurements of the same thing by two different methods or two measurements from the two eyes of
the same person or animal. More generally, they may result from pairs of similar individuals or things,
e.g. identical twins and pairs of used front tyres from the same car.

In such cases, we have to form the differences of corresponding values and test the hypothesis that
the population corresponding to the differences has mean zero. If the two samples are not independ-
ent, we cannot use the previous method.

Paired t-test is applied for n paired observations, which are dependent, by taking the signed dif-
ferences d, (i=1, 2, ..., n) of paired data. To test whether the differences d form a random sample is
from a normal population with = d,, use large sample test, otherwise use sample -test if the sample
is small (n < 30). The one-sample test in this case is known as paired sample #-test or matched pairs
t-test or simply the paired #-test.

The test statistic for the paired #-test is

_ L_i—,ud _ d—u,
Sd/m Sd/‘/ﬁ

withv=n—1 dof

where
- xd .
d =—;* is the mean
) (di ~ 3)2 . . " . .. .
53 = -1 s the variance and the positive square root ‘s d‘ is the standard deviation of the dif-
ferences d, (i=1,2, ..., n)

Example 7.6

The following are the average weekly losses of worker-hours due to accidents in 10 industrial units
before and after introduction of certain safety measures.

Use 0.05 LOS to test whether the safety measures are effective.

Before 43 66 109 35 56 85 36 38 49 42
After 36 50 96 37 53 78 28 48 41 42

Solution In this problem, the independent sample test is not applicable because the data in the
first row and that in the second row are correlated. There is thus obvious pairing of the two sets of
observations. We apply the paired t-test to the data following the usual steps:

1. NHH; g, —p,=u,=0
2. AHH: b, —u,=u,>0
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AN L A~ W

. LOS ox=0.05
. Criterion: The value of t, .=1.833forn—1=10-1=9 dof.

0.05

. Rejection region: Reject [ if ¢ > 1.833
. Calculation: d.=(7,16,13,-2,3,7,8,-10,8,0)

Mean of differences

d—T——10(7+16+13 2+3+7+8 10+8+0)——10—5
. Z(df_g)z 1
Variance 52 = e ) [224+ 112+ 8+ (=7)*+ (=2)*+ 22+ 32+ (=15)*+ 3%+ (-5)7]

=é(4+121+64+49+4+4+9+225)

_ol4_
=7 = 57.1111
Standard deviation s, = \{s_f] =V57.1111 =7.5571
. Test Statistic:
d—H,__ 5-0
t= = =2.0922
s,Nm7.5571 ATO
. Conclusion: The observed z-statistic value is ¢t = 2.0922. This figure exceeds the critical value

of t, viz. t, ;= 1.833 at v=n—1=10 — 1 =9 dof. Hence, we conclude that the industrial safety

measures adopted are effective and the evidence is strong to this effect.

. p-Value: The observed t-statistic value viz. ¢ = 2.09 lies between ¢ .= 1.833 and

0.05

toops= 2-262 at 9 dof and the tail area to the right of #=2.09 is between 0.025 and 0.05. The p-value
for this test would be reported as 0.025 < p-value < 0.05. Since the p-value is less than 0.05, most
researches would report the results as significant.

Example 7.7

In Example 7.6, find a 90% confidence interval for the mean improvement in lost worker-hours.

Solution Here n = 10, mean of the differences d = 5.0. Also, the standard deviation s ,=7.56. Since

r

os= 1.833 at 9 dof, the 90% confidence interval for i, the mean improvement, is

d—1, |2 d+i [~
— ta (W) < ‘Ud< + to: (ﬁ)

7.56
5.0-1.833 (=
(\}10

<1L,<50+1.833 (%)

0.62 < 11,<9.38

We conclude that 90% confidence interval for the mean improvement in lost worker hours per week is
lost, on an average, after the implementation of the safety measures in the industrial unit.
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7.4 TEesT oF HYPOTHESIS

7.4.1 Test of Hypothesis: One Proportion (Small Sample)

Tests of hypothesis concerning proportions are required in many areas.

Examples

1. A politician is interested in knowing what fraction of the voters will favour him in the next election.

. All manufacturing companies are concerned about the proportion of defective items while

marketing.

. A gambler wishes to know what proportion of outcomes would be favourable to him.Consider the

problem of testing the hypothesis that the proportion of success in a binomial experiment is equal
to a given value. The steps for testing an NH about a proportion against various alternatives using
the binomial probabilities are the following:

1. NHH; p=p,
2. AHH:p<p,
(a) One-tailed test. H:p>p,or H:p<p,
(b) Two-tailed test: H: p #p,
. Choose an LOS
. Test Statistic: Binomial variable x with p =p,
. Computations: Find x, the number of success and compute the appropriate p-value

AN W B~ W

. Conclusion: Draw appropriate conclusions based on the p-value

Example 7.8

A builder claims that heat pumps are installed in 70% of all homes being constructed today. Would
you agree with this claim if a random survey of new homes shows that 8 out of 15 had heat pumps
installed? Use a 0.10 LOS.

Solution

1.

& N VS N ]

NHH:p=0.7

.AHH:p=#0.7
. LOS o =0.10
. Test statistic: Binomial variable x with p =0.7 and n =15

. Computations: x =38 and np = 15(0.7) = 10.5. From the table of binomial probability sums, we

find that the computed value of p is
8
p=2P(x<8whenp=0.7)=2Y b(x:15,0.7)=0.2622 > 0.10
x=0

. Conclusion: Do not reject H,. We conclude that there is insufficient reason to doubt the builder’s

claim.
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7.4.2 Test of Hypothesis: One Proportion (Large Sample)

For large samples, normal curve approximation with parameters u = np and 6*=np g, is usually pre-
ferred for large n. This gives accurate results as long as p, is not extremely close to 0 or 1. For using
normal approximation, the Z-value for testing p = p, is given by

x—np,

Py,

which is a value of the standard normal variable Z. Hence, for a two-tailed test at the LOS ¢, the

critical region is Z < — Z , and Z > Z . For one-sided alternative p < p,, the critical region is

Z < —Z and for the alternative p > p, the critical region is Z> Z .
Example 7.9

A commonly prescribed drug for relieving nervous tension is believed to be only 60% effective.
Experimental results with a new drug administered to a random sample of 100 adults who had been
suffering from nervous tension show that 70 received relief. Is this sufficient evidence to conclude that
the new drug is better? Use a 0.05 LOS.

Solution

.NHH:p=0.6
.AHH:p>0.6

. LOS a=0.05

. Critical region Z > 1.645

wm AW N =

. Computations: Here x =70 and n =100
np,= 100 x 0.6 = 60

7= ___T0-60 __ _, 0y
nmpg,  1100x 0.6 x 0.4

p=P(Z>2.04)<0.025

6. Conclusion: Reject H,. We conclude that the new drug is superior.

7.4.3 Test of Hypothesis: Two Proportions

Let 4 and B be two distinct populations and suppose each member of these populations belongs to two
mutually exclusive classes depending on whether it possesses an attribute C (success) or not (failure).

Table 7.1 Success and failure in random samples of sizes 1, and n, from two populations A and B.

Class with Attribute C (Success) | Class Without C (Failure) | Total

Sample from 4 X, n —x, n,

Sample from B X, n,—x, n,

Total X, +X, no+n,—x —Xx, 0
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Let x, and x, be the number of items possessing attribute C in random samples of sizes x, and x,

drawn from the two population 4 and B respectively (Table 7.1).
X X
Then p = n—l and p,= n_z are the sample proportions.
1

Let p, and p, be the population proportions of 4 and B respectively. To determine whether the
proportion of items having attribute C (success) is same in both the population tests, the steps are as
follows:
I. NHH:p =p,orp —p,=0
2. Against AH H: p, <p,

(a) One-tailed test: H:p, >p,or H:p <p,

(b) Two-tailed test: H:p #p,

For large samples when n, and n, 2 30, p, and p, are asymptotically normally distributed and hence

the sampling distribution of differences in proportions (p, — p,) will be approximately normally dis-
tributed with mean u, =0 and standard deviation is given by
1772

A A
o, ,=1h(1-h)

1 1
n

Here, an unbiased pooled estimate of the population proportion p is

A_”1p1+nzpz _N X,
pP= notn, o tn,

obtained by pooling together the data from both the samples.
.. Z-statistic for testing p, = p, is given by

3|

X
Z:pl_pZ _ n,

Gl’ P A A
b \Jp(l—p)

2
1 1
n_ﬁni)

Using the critical points of the standard normal curve, the critical regions are determined depending
on the appropriate AH.

Example 7.10

If 120 out of 200 patients suffering from a certain disease are cured by allopathy and 240 out of 500
patients are cured by homeopathy, is there reason enough to believe that allopathy is better than home-
opathy in curing the disease? Use or=0.05 LOS.

Solution Letp, and p, be the proportions of patients cured by allopathy and homeopathy respectively.
1. NHH;:p, =p,

There is no difference between allopathy and homeopathy.
2. AHH:p >p, .

Allopathy is better than homeopathy.

3. LOS a=0.05
Reject H, if critical region Z > 1.645
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4. Computations:

Probability and Statistics

By a right-side one-tailed test,

~5_ 120 _
Pi=R =500 = 0.60
_%_240 _
P=0=500 = 0.48
- A xl +x2
Pooled proportion p = ——-~
1 2

5.

_ 1204240 _ 5,

=200+ 500
xl x2
Z=

{ha-plm+it

_ 0.60 — 0.48 0
\j(o.51) (0.49) (ﬁ + ﬁ )

p=p(Z>29)=0.0019

Conclusion: Reject H and agree that the proportion of patients following allopathy is higher
than the proportion following homeopathy, i.e. allopathy is better than homeopathy in curing par-
ticular disease.

7.4.4 Test of Hypothesis for Several Proportions

Consider K as the binomial populations with parameters p,, p,, ..., p, to test whether the population
proportions of these K populations are all equal. Consider the following:

1.
2.
3.

NHH:p =p,=-=p,
Against AH H: p, # p, for some i,

Computations: Let us draw K independent random samples of sizes n, n,, ..., n,, one from each
of the K populations. Letn , n,, ..., n, denote the number of items possessing the attribute (success)
Table 7.2.

Here n denotes the total number of trails and x denotes the total number of successes for all the

samples put together. The expected cell frequencies e, are calculated by

Table 7.2 Success and failures of all samples.

Sample1 | Sample 2 Sample K | Total
Success X, X, X, X
Failure n =X, n,—Xx, n,—x, n—x
Total n, n, n, n
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nx
¢ =
nj(n - X)
2j = n

4. Test Statistic: Difference among the proportions is given by

where 0, are the observed cell frequencies and e, are the expected cell frequencies.
5. Conclusion: Reject H if * > Xi with (K — 1) dof.

Example 7.11

In a shop study, a set of data was collected to determine whether or not the proportion of

defectives produced by workers was the same for the day, evening or night shift worked
(Table 7.3).

Table 7.3 Number of products produced in a day for all three shifts.

Shift Day Evening | Night
Defectives 45 55 70
Non-defectives 905 890 870

Use a 0.025 LOS to determine if the proportion of defectives is the same for all three shifts.

Solution Letp,, p, and p, represent the true proportions of defectives for the day, evening and night
shifts respectively.

L. NHH: p,=p,=p,

2. AHH: p,, p, and p, are not all equal.

3. LOS o =0.025

4. Critical Region: X’ >7.378 for v =2 dof
5

. Computations: Corresponding to the observed frequencies o, =45 and o, = 55, we find the fol-
lowing expected frequencies:

_950x750 _

e = 9835 — 57.0 and
_945x170 _

&= 0835 = 56.7

All other expected frequencies are found by subtraction and are displayed in Table 7.4.
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Table 7.4 Observed and expected frequencies.

Shift Day Evening Night Total
Defectives 45(57.0) 55(56.7) 70(56.3) 170
Non defectives | 905 (893.0) 890(888.3) 870(883.7) 2665
Total 950 945 940 2835
1 (45 -57.0)> (55-56.7)? + (70 — 56.3)?
57.0 56.7 56.3
(905 — 893.0)*> (890 — 888.3)?
893.0 888.3
(870 — 883.7)*
+ —R37 - 6.29
and
p=0.04

6. Conclusion: We donotreject H, at o.=0.025. With the above p-value computed, it would certainly
be improper to conclude that the proportion of defectives produced is the same for all shifts.

7.5 ANALYSIS OF R x C TABLES (CONTINGENCY TABLES)

A classification in which attributes are divided into more than two classes is called a manifold clas-
sification. Let an attribute 4 be divided into r classes 4, 4, ..., A and another attribute B be divided
into c classes B, B,, ..., B_. Then the various cell frequencies can be expressed in the form of a table
called an r X ¢ (r by ¢) manifold contingency table. In this table, 4, is the number of items possessing
the attribute 4, withi=1, 2,..., » and Bj is the number of items having attribute B, withj =1, 2, ..., c.
Also, o, called the observed frequencies, denote the number of items possessing {)oth the attributes 4,
and Bj (Table 7.5). Here the total frequency is

N=Y 4=3 B,
i=1 j=1 J
Table 7.5 r x c table.
A/B B, B, B, B, Row Total
Al 011 012 01/’ Olc RTI
AZ 02] 022 OZj 024‘ RTZ
Ai Oil oiZ ij Oic RTI
A, o, 0, o, o, RT
Column Total | CT, | CT, CT, CT N= 2 4= Z
i=1 ! j=1
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Notes RT, row totals and CT column totals. They are also known as marginal frequencies.

Thus r X ¢ table is expressed in a matrix form with » as rows and ¢ as columns containing
m X n (r X c) cells with cell frequencies o,.

These tables are essentially in the following two kinds of problems:
1. Test for independence

2. Test for homogeneity

7.5.1 Test for Independence

In this kind of problems, ¢ samples from one population with each item are classified w.r.t. two
qualitative attributes. The row totals and column totals are not fixed, but random. Only the grand
total N is fixed. The NH consists of testing whether the two attributes are independent. Then

;= (probability of getting a value belonging to ith row) X (probability of getting a value belonging
to jth column)

The AH is that the two attributes are not independent, i.e. the attributes are dependent.

7.5.2 Test for Homogeneity

In this kind of problem, samples from several ¢ populations are considered with each trial
permitting more than two possible outcomes. Here both the marginal frequencies, i.e. row and
column totals, are fixed beforehand. To test whether an attribute is common to all the popula-
tions, i.e. to determine whether the ¢ populations are homogeneous w.r.t. an attribute, consider
the following:

I.NHH;p,=p,=...=p,fori=1,2,...,r,ie. probability of obtaining an observation in the rth
row is the same for each column,, p;= 1 for each column.
i=1

2. The AH of p’s are not all equal for at least one row (i.e., non homogeneous). In either of the prob-
lems the expected cell frequencies denoted by e, are calculated by

e,= (total observed frequencies in the jth column) X (total observed frequencies in the rth row)
+ (total of all cell frequencies)

= (column total X row total)/grand total

3. Test Statistic: Statistic for analysis of 7 X ¢ tables is

(0,—e)
Y ——— with(r—1)x(c—1) dof

1j=1 ij

X'=

r
i=

4. Conclusion: Reject H, if X* > X, with (» — 1)(c — 1) dof

7.6 GooODNESs-OF-FIT TEST: ?> DISTRIBUTION

To determine if a population follows a specified theoretical distribution such as normal, binomial or
Poisson distribution, the y?test is used to ascertain how closely the actual distribution approximates
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the assumed theoretical distribution. This test which is carried out to see how good a fit is between

the observed frequencies o, from the sample and the expected frequencies e, from the theoretical dis-

tribution is known as goodness-of-fit test. This test judges whether the sample is drawn from a certain

hypothetical distribution, i.e. whether the observed frequencies follow a postulated distribution or not.
The test statistic X’ is a measure of the discrepancy between the observed and expected frequencies.
Statistic for test of goodness-of-fit is

(0,~ ¢

k .
Xzzg —— (7.1)

Here o, and e, are the observed and expected frequencies of the ith cell or class interval such that
2 0,=Y e = N =total frequency.

K is the number of cells or class intervals, in the given frequency distribution.

%?is a random variable which is closely approximated with v dof.

Degrees of Freedom for x> Distribution
Let K be the number of terms in the Eq. (7.1) for X’. Then the dof for X are as follows:

1. v=K — 1 if e, can be calculated without having estimate population parameters from sample
statistics.

2. v=K-1-mife, can be calculated only by estimating m number of population parameters from
sample statistics.

Binomial Distribution p is the parameter and m = 1, then
v=K-1-m=K-1-1=K-2
Poisson Distribution A is the parameter and m = 2, then
v=K-2
Normal Distribution ( and o are two parameters and m = 2, then

v=K-1-m=K-1-2=K-3

TeST FOR GOODNESS-OF~FIT

1. NH H: Good fit exists between the theoretical distribution and given data (observed frequencies).
2. AH H,: No good fit.

3. LOS o (given).

4. Critical region: Reject H if X* > X, with v dof, i.e. the theoretical distribution is a poor fit.

5

. Computation: Calculate X’ using formula.
6. Conclusion: Accept H,if X’ > X, , i.e. the theoretical distribution is a good fit to the data.

Conditions for Validity of X Test Sample size n should be large n > 50. If individual
frequencies o, (or e) are small, i.e. o, < 10, then combine neighbouring frequencies so that
combined frequency o, 2 10. The number of classes K should be in several, within the range
4<K<16.
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Example 7.12

Fit a Poisson distribution to the following data and test the goodness-of-fit at a 0.5 LOS:

x 0 1 2 3 4 5 6 7

Slx) 305 366 210 80 28

Solution

1. NH H_: Poisson distribution is a good fit.

2. AH H,: Poisson distribution is not a good fit.
3. LOS = 0.05.

4. Critical Region: X’ <X s with 4 dof.

5 (0,—e )
5. Test Statistic: >=) e
i=1 i

6. Computations: To find the mean of the distribution u

o 2
/()

_ 0x305+1x366+2x210+3 x80
T 305+366+210+80+28+9+2+1

+4x28+5Xx9+6x2+7x1
305+366+210+80+28+9+2+1

_ 1202 _
= 1001 = !
Recurrence formula for the Poisson distribution is P(x + 1) = x% P(x)

Expected frequency f(x) = NP(x) where N = 1001
fo+ ) =—E fw)

£(0) = 1001 x &2 = 1001 x 0.3 = 300.3
S =12 1(0)=1.2x3003 = 360.36
f@=12 £(1)=06x36036 =216.216
13) = 13—2 £(2)=0.4x216.216 = 86.486
f4) = % £(3) = 0.3 x 86.486 = 25.946

£(5)= 15—2 f(4) = 0.24 x 25.946 = 6.227

7-21
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£(6)= % £(5)=0.20 x 6.227 = 1.245

N = 17+2f(6) - 172 x 1.245=0.213
Taking o, + o, + 0, = 12 (sum of the last three) so that N = 1001. We construct Table 7.6.

Table 7.6 Table of observed and expected frequencies.

X Observed Expected
Frequency | Fequency | o,—e, | (0,-¢)’
0 305 301 4 16
1 366 361 5 25
2 210 216 -6 36
3 80 87 -7 49
4 28 26
5,6and 7 12 10

n=6
v=n—-2=6-2=4dof

X5 (4)=9.488

s 16,25 .36 49,4 4 _
=301 361t 216 87 T 26 T 10 - 14!

X2 (= 1.41) <X, (4)(=9.488)

7. Conclusion: Accept H,. Poisson distribution is a good fit.

7.7 ESTIMATION OF PROPORTIONS
7.7.1 Introduction

Problems dealing with proportions, percentages or probabilities are the same. This is because a pro-
portion multiplied by 100 is a percentage. Also a proportion with a very large number of trials is a
probability.

Sample proportion = % where x is the number of times an event occurs in 7 trials.

Sample proportion is an unbiased estimator of true proportion, the binomial parameter p.

We know that the mean and standard deviation of the number of successes are given by np
and {np(1 — p) respectively, where p is the probability of success.

EX)=np
Var(X) = np(1 - p)

o=wnp(l-p)
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Also,

E(%():%E(X)z%np:p

o _ np(1 - p)
n- 7

If P denotes sample proportion, then

EP)=E(X)=P

n
nP P
Var(P) = Var (%() = # Var(X) = —n2Q = TQ
Standard error of P = @

If the sample is taken from a finite population of size N, then standard error of proportions

P
SE(P)=|N=1 T2

7.7.2 Large Sample Confidence Interval for p

When # is large, normal approximation is used for binomial distribution to construct confidence inter-
val for p from the inequalities

-7 <ﬂ<z

= ) <

by replacing % by p. Thus the confidence interval for p, when 7 is large, is given by

7.7.3 MaxiMmuM ERROR OF ESTIMATE

The magnitude of error committed in using sample proportion % for true proportion p is given by the
maximum error of estimate £, where

r(1-p)
E: Za/2 n

7.7.4 Sample Size n

1. When p is known, the sample size # is given by

x=p(l —p)(%)2

2. When p is unknown, then
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7.7.5 One-sided Confidence Interval

For p — 0 and n — oo, binomial distribution is approximated by Poisson distribution with A = np. In
this case, instead of the two-sided confidence interval, one-sided confidence interval of the form

1.
P<5, %X

is used. Here y? is with 2(x + 1) dof.

Example 7.13

In a random sample of 400 industrial accidents, it was found that 231 were due to unsafe working
conditions. Construct a 99% confidence interval for the corresponding true proportion using large
sample formula.

Solution Here n =400 and X =231
ili _x_231_
Probability of success P = 3; 200 0.576
0=1-P=1-0.578=0.422

Confidence interval
P P
P_Za/z TQ<p<P+Za/z TQ

Z,=258
PO _ 0.422 X 0.578 _
ZMVT =2.58 VT =0.064

Therefore, confidence interval is (0.058 — 0.064, 0.578 + 0.064) = (0.514, 0.642)

Example 7.14

In Example 7.13, what can we say with 95% confidence about the maximum error if we use the
sample proportion to estimate the corresponding true proportion.

Solution Here P=0.578, 0 =0.422,n =400 and Z, , = 1.96

Maximum error E = Z,, \]%

_ 0.578 x 0.422
=1.96 200

=0.048

Example 7.15

In a recent study, 69 of 120 meteorites were observed to enter the earth’s atmosphere with a velocity
less than 26 miles/s. If we estimate the corresponding true proportion as P, what can we say with 95%
confidence about the maximum error?
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Solution Here sample proportion P =69 +120=0.58, 0=1-P=042,n=400and Z , = 1.96

V2

Maximum error £ =7
_ 0.58x0.42 _
=1.96 0 - 0.088

Example 7.16

In a study designed to investigate whether certain detonators used with explosives in coal mining meet
the requirement that at least 90% will ignite the explosive when charged, it is found that 174 of 200
detonators function properly. Test the NH P = 0.9 against the AH P < 0.9 at the 0.05 LOS.

Solution Here P=0.9,0=1-P=0.1,n=200and p =0.87
.NHH;:P=09
.AHH:P<09

. LOS a=0.05
. Critical Region: Reject H ifZ<Z =7

S, P—P _ 87-09
PO  [09x0.1
22 10%%

=—141>-1645=2,

AW N =

5. Computations:

6. Conclusion: We accept H since Z>Z_ . There is no significant evidence to say that the given kind
of detonator fails to meet the required standard.

EXERCISES

1. In 1950, the mean life expectancy was 50 years in India. If the life expectancies from a random
sample of 11 persons are 58.2, 56.6, 54.2, 50.4, 44.2, 61.9, 57.5, 53.4, 49.7, 55.4 and 57.0, does
it confirm the expected view?

Ans: Reject H

[Hint: H; j1=50, H,: 1 50,5 =952 5 =4859 and r=3.01.
Reject H since t=3.01>2.228 =t .. with 10 dof.]

0.025

2. In an examination, 9 students of class A and 6 students of class B obtained the following marks:
A: 44 71 63 59 68 46 69 54 48
B: 52 70 41 62 36 50

Test at 0.01 LOS whether the performance is same or not for classes A and B, assuming that the
samples are drawn from normal populations having the same variance.

Ans: Accept H
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- 22X 52 ~ 311 , XX -X g1
X l :TZSS’XB:T:51’83’SA:ﬁ =T=109

Hint: §,= 10.44; 52 = 80483 ¢ _ 15 69

B )_(A—)_(B—(ul—‘uz) nn(n +n,—2)

- =1.03
{(n,~1)S2+(n,— 1)S2 n+,

Accept H, since t=1.03 <3.012 = to.os.]

3. A study shows that 16 out of 200 tractors produced on one assembly line required extensive
adjustments before they could be shipped, while the same was true for 14 out of 400 tractors
produced on another assembly line. At a 0.01 LOS, does this support the claim that the second
production line does superior work?

Ans: H, is rejected. Second production is not superior.
[Hint: Test statistic Z=2.37>Z = 2.33. Hence H, is rejected.

Second production is not superior. ]

4. Use paired sample test at a 0.05 LOS to test from the following data whether the differ-
ences of the means of the weights obtained by two different weighing machines are sig-

nificant.
Scalel (wting) 11.23 14.36 8.33 10.50 23.42
Scale 2 (wting) 11.27 14.41 835 10.52 23.41
Scalel (wting) 9.15 13.47 6.47 1240 19.38
Scale 2 (wting) 9.17 13.52 6.46 12.45 19.35
Ans: No significant difference in the two scales.
x——(i—o——002 §=0.028674, n=10
. -0.02 -0
Hint: t = —=——= — 2.21; ¢t .= 1.833 with 9 dof No significant difference in the
0.028/10 005 = &
two scales.]

5. In a sample of 90 university professors, 28 own a computer. Can we conclude at 0.05 LOS that at

most 1 of the professors own a computer?

Ans: Accept H,. At most of % of the professors do own a computer.

Hint: NH H: P = 1 against AH H: P > 1

4 4
28 — (90) (%)
since Z = ﬁ= 1.34<1.645=2,
(90 X 1 X Z)

Accept H . At rnost 1 o the professors do own a computer.

6. A study of TV viewers was conducted to find the opinion about the mega serial Ramayana. If 50%
of a sample of 300 viewers from south and 48% of 200 viewers from north preferred the serial,
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test the claim at 0.05 LOS that (a) there is a difference of opinion between south and north and
(b) Ramayana is preferred in the south.
Ans: (a) Accept H,. No significant difference.

(b) Reject H,. Ramayana is not just preferred in the south.

.+~ 0.560 — 0.480
[Hint: 2="5 5456
A an] + n2P2 3

=0.0456

_ 1,1
G”l - pq (n_lJrn_z
(a) Accept H,. No significant difference between north and south viewers since Z = 1.75 lies in
(-1.96, 1.96).
(b) Reject H, since Z=1.75>Z = 1.645. Ramayana is not just preferred in the south.]

7. Determine whether physical handicap affects the performance of a worker in an industry with the
following results.
Test the claim that handicap has no effect on the performance at 0.05 LOS.

Performance
Good Satisfactory | Not Satisfactory Total
Blind 21 64 17 102
Deaf 16 49 14 79
No handicap 29 93 28 150
Total 66 206 59 331

Ans: Accept H,. Handicap has no effect on performance.

[Hint: e  =20.34, ¢ ,=63.5,¢,=18.18

e, =15.75,¢e,=49.17, e,,=26.74

e, =29.90,e,=93.35,¢e,=26.74

x>=0.19472; 0.195 < 9.488 = %7

with (3 —1) (3 - 1) =4 dof. Accept H,. Handicap has no effect on performance.]

8. To determine the effectiveness of drugs against Aids, three types of medical treatments were
tested on 50 patients with the following results:

Drug
2 Allopathy Homeopathy Ayurveda Total
S No relief 11 13 9 33
E Some relief 32 28 27 87
= Total relief 7 9 14 30
Total 50 50 50 150

Ans: Accept H,. Three days are equally effective (homogeneous).
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[Hint: e, =11 e,=11 e,=11
e, =29 e, =29 e, =29
e. =10 e. =10 e.=10

31 32 33

Accept H, since X = 3.8100313 < 9.488 = X5 with v = (3 — 1) (3 — 1) = 4 dof. Three days are
equally effective (homogeneous).]

9. Test for goodness-of-fit of a uniform distribution to the following data obtained when a die is
tossed 120 times:

Ans: Accept H,. Uniform distribution is good fit to the data.
_(20-20)° N (22 - 20)? N (17-20)? N (18 — 20)?
20 20 20 20
(18-20)"  (19-20)* (24 -20)*
"7 t* 720 T2 ~
Accept H, that die is balanced since X'=17<11.70= X(Z)_OS with 6 — 1 =5 dof. Uniform distribu-
tion is good fit to the data.]

Hint: x?

1.7

10. Test for goodness-of-fit of normal distribution to the following frequency data:

Class 1.45-1.9511.95-2.45|2.45-2.95|2.95-3.45|3.45-3.95|3.95-4.45|4.45-4.95

Frequency
O,

i

2 1 4 15 10 5 3

Ans: 3.05
[Hint: e, =0.5+2.1+59=85¢,=103¢,=7.0+3.5=10.5; ¢,=10.7]
_ (7—8.5)2+ (15— 10'3)2+ (10-10.7)> (8 —10.5)

T . Ag2 —
Hint: =375 103 07 105 %

FILL IN THE BLANKS

1. Ifx=23,5=639, u=20and n=6then ¢ =
Ans: 1.15

X—[_23-20 _ 5

Hint:z = =
s T 6,396
2. In Question 1, H: x =20 min and H,: x > 20 and &= 0.10. H,

Ans: Accept

[Hint: Accept H, since t=1.15<1476=1 ]
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. If=1.95,5=0.207,n=8 and u=1.83, then ¢ =

Ans: 1.64

XM _1.95-1.83 _ | ¢4

Hint: ¢ = =
Sl 0.207/8
. In Question 3, H: u=1.83 against H,: > 1.83 with 95% confidence. H,

Ans: Accept

[Hint: Accept H since t=1.64 < 1.895=1/ ]

. If sample size n = 144, standard deviation o =4 and the mean x = 150, then 95% confidence in-

terval for u is

Ans: (149.35, 150.65)

. If 60 out of 100 students use ball pens, the maximum error for true proportion at 95% confidence

level is

Ans: 0.096

. If the maximum error with 99% confidence is 0.06 and o= 1, then the size of the sample is

Ans: 1849

. If the maximum error with 0.99 probability is 0.25 and the sample size is 400, then the standard

deviation of the population is
Ans: 1.93

. A sample of 64 was taken and it was found that 15 are smokers. The standard error of proportion

1S

Non Smokers Moderate Smokers Heavy Smokers
HT 21 36 30
NO HT 48 26 19

Ans: 0.0275

The size of the sample is 16 and the standard deviation is 3. The maximum error with probability
0.95is .
Ans: 1.6

In a random sample of 200 patients suffering from headache, 160 got relief using a particular
drug. The manufacturer’s claim is that his drug cures 90% of the suffers. i and o are and
respectively.

Ans: u=180and 0=4.23

[Hint: 4t =np =200 % 0.9 =180 and o= {npq =4.23]
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12. In Question 11, the test statistic Z =
Ans: —4.73

o, X-u 160 — 180 _
Hint: Z = 5 = 773 —-4.73

13. In Question 11, can we accept the manufacturer’s claim in Question 11, if we use ¢=0.01 LOS?

Ans: No

[Hint: Since Z=-4.73<—2.33=2.]

0.01°

14. To determine whether hypertension (HT) is dependent on smoking habits, the following table
gives experimental data on 180 persons:

ellz—

e.. =

Ans: e, =33.35,¢,=29.97,¢, =35.65and ¢, = 32.03

Hint: e, = 69 (%) 3335, ¢, —62( 18870) 29.97

93
~ 69 (W) 35.65

en=62(o5)= 32.03]

15. A die is thrown 1024 times. Getting an even digit is a success. Then the standard error of true
proportion is

Ans: 16

16. To test the goodness-of-fit, Poisson distribution was fitted. If ¢ = 0.05 and the expected frequency
when x =1 1is 118, then f(2) =

Ans: 29.5

17. Two random samples of sizes 40 and 50 have standard deviations 10 and 15 respectively. Then vari-
ance of the difference between means of the sampling distribution is

Ans: 7



Curve Fitting: Regression
and Correlation Analysis

8.1 INTRODUCTION

The main objective of many statistical investigations is to make predictions. Such predictions require
that a formula is found which relates the dependent variable to one or more independent variables.

Suppose that a dependent variable is to be predicted in terms of an independent variable. In such a
case, the independent variable is observed without error or with a negligible error when compared with
an error in the dependent variable. Though the independent variable is fixed at x, repeated measurements
of the dependent variable may lead to y values, which differ considerably. In most situations of this
kind, we are interested in the relationship between x and the mean of the corresponding distribution of
the random variable y. We refer to their relationship as the regression curve of y on x.

8.2 LINEAR REGRESSION
Let the mean distribution of y’s be given by a linear relation of the form
ux) = o+ Bx (8.1)

We may want the sample values as » points (x, ) where i =1, 2, ..., n in the xy-plane. Fit a straight
line through them and use it for estimating £i(x) at values of x that interest us.

8.2.1 Scatter Plot

Consider the data in Table 8.1.
Table 8.1 Table of data relating x and y.

x| 1 2 3 4 5 6 7 8
y| 20| 32|49 | 72 | 88 102 | 115|124

Plotting these points in the xy plane, we find that a straight line gives a good approximation over the
range of the given data (Figure 8.1). This kind of diagram, which shows how data points are scattered,
is called a scatter plot or scatter diagram.

8.2.2 Method of Least Squares Linear Curve

In general, more than one curve of given type will appear to fit a set of data. We will now see how
we can isolate ‘the best-fitting curve’ by the method of least squares, which is based on Gauss’s least
squares principle. This principle is said to have been suggested by A.-M. Legendre'.

"Legendre, Adrien-Marie(1752-1833) is a French mathematician.
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140 | o
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100 o

80 + o

60 | o

20 F o

Figure 8.1 Scatter plot indicating linear regression.

Let (x, y), where i = 1, 2, ..., n, be the data points and c:y = f(x) be the approximating curve.
Then for a given value of x, say x,, there will be a difference between the value y, and the corre-
sponding value as determined from the curve c. We denote this difference by d, or e, called
a deviation, error or residual and may be positive, negative or zero. A measure of the goodness-
of-fit of the curve c to the set of data is provided by the quantity s = al[2 (or Y ef). If this is small,
the fit is good.

Of all curves in a given family of curves approximating a set of n data points, a curve having the

property that s = all.2 is a minimum is called a best-fitting curve (or regression curve) in the family.
Determination of such a curve to a given set of data is called curve fitting.
Suppose that we predict y by means of the equation

Y=a+bx (8.2)

whereﬁ stands for the estimated value of y and a and b are constraints. Eq. (8.2) is called the sample
regression line because it will be the counterpart of the population regression line of Eq. (8.1).

The sample point (x,, y,) has the vertical distance ’d[‘ from Eq. (8.2) given by

di

= ‘yi—(a+bx,,)‘ (8.3)

We want to determine a and b so that these deviations are as small as possible, by applying Gauss’s
least squares principle (Figure 8.2).

The straight line should be fitted through the given points so that the sum of the squares of the dis-
tances of those points from the straight line is minimum, where the distance is measured in the vertical
direction (y-direction).

Hence the sums of the square of these distances is

s=3 (0, —a—bxy (8.4)
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Figure 8.2 Vertical distance of a point (x, y,) from straight line y = a + bx.

In the method of least squares, we now have to determine a and b such that s is minimum. Before
minimizing the sum of the squared deviations to obtain the least squares estimators, we introduce the
following notations:

n 2

Sx,

i=1

(x,—X)*= Zx —%

9%)
M:

X

i=1

B

“ 2 %2 1] 2
5,=30,-9" =5 (3

n
5

=1

S, =390, =35y, 5

5 (8.5)

=1

From Calculus, we know that a necessary condition for S at Eq. (8.3) to be minimum is that the
following equations hold:

3 S
So=0and §3=0 (8.6)

Differentiating Eq. (8.3) w.r.t. @ and b, we obtain

as _ o 9S__ oy o _
S 22(}/ a-bx)=0 and 5 2;xi(yi a—->bx)=0 (8.7)

These equations yield the following normal equations:

na+byx =%y ~ or  na+bYx=Yy
2. a¥x +bYx =Yxy or  aYx+bYx=Yxy (8.8)
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for simplicity. Its coefficient determinant is

X

Al
T3 sz

=n2x®— Xx? =nmn - )=nY(x,—x)

SZ
X

where A # 0 since x values are not all equal. Hence the system has a unique solution.

Xy Xx
Also, A = =222y — 2x XXy
DY Y
no Xy
A = =nYxy — XY
TXx Xy
By Cramer’s rule, we have
Aa _ 22Xy — YX¥Xy ==
a=5m=FS5—5=— o a=y—-bx
AT Yy, - () g
poAb_ nIWIX—3y o, MRy 3X DY
nxt = (Xx)? n(n — l)s)zC
The equation for the regression curve is
y=a+bx=a+ sl X

xx

The slope b is called the regression coefficient and is also given by

Sxy
b = —
N

X

8.2.3 Least Squares Quadratic (Parabolic) Curve

Let the quadratic curve

— 2
y=a,tax+ax

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

approximate to the given data. Using the least squares principle, we can derivate the normal equations

for determining a,, a, and a, as follows:
na,+ayx+ayx’=yy
aYx +a, Y X+ a,yx =YXy
A 2% + a2 x + a,yxt =Y xy

8.2.4 Least Squares Non-linear Curves
For non-linear curve
y = ab* (exponential curve)

y = ax’ (power curve or geometric curve)

__ 1 :
y= aFax (reciprocal curve)

(8.17)

(8.18)
(8.19)

(8.20)
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A transformation of variables reduces them to linear form. Consider, e.g., Eq. (8.18).
Applying logarithms on both sides, we get

y=A+B,

where 4 =log a, B=1og b and y =log y.

8.3 REGRESSION ANALYSIS

In regression analysis, the nature of actual relationship between two or more variables is studied by
determining the mathematical equation involving the variables.

It is mainly used to predict or estimate the dependent variable in terms of other independent variables.
It is also used in optimization to determine the values of the independent variables for which the
dependent variable has an extreme value.
1. Simple Regression: It establishes the relation between two variables.
2. Multiple Regression: It involves more than two variables.

3. Linear Regression: The relationship between the variables is linear and geometrically, it repre-
sents a straight line known as the regression line.

4. Regression Line of y on x: The linear relation
y=a,tax (8.21)

between x and y is known as the regression line of y on x.

5. Multiple Regression: It is of the following form:

y=Ax,%, .00 x) (8.22)
If f1is linear of the form
fx, %, x)=a,+ax +---+ax

then it is called a multiple linear regressions. Otherwise, it is called a multiple non-linear regression.

8.4 INFERENCES BASED ON LEAST SQUARES ESTIMATION
Simple linear regression model is given by
o+ PBx+e (8.23)

where ¢ is the unknown intercept, f is the unknown slope parameters and € is called the random error
or disturbance. It is assumed to be normally distributed with mean £(g) = 0 and variance (known as
residual variance or error variance) is 6°. In order to estimate the regression coefficients ¢« and f3, a
regression line

y=a,+ax (8.24)

is fitted based on the principle of least squares. The least squares estimates of o and 3 are a, and a,
respectively and are given by

a,=y—-ax (8.25a)



(8.25b)
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The slope of the regression line is the change in the mean of y corresponding to a unit increase in x.

8.4.1 Confidence Intervals
A (1 — &) 100% confidence interval for the parameter f3 is
SS SS
a =1, <ﬂ<a1+tgs (8.26)
where ¢ 1s the value of #-distribution with (n — 2) degrees of freedom (dof).
2
A (1 — @) 100% confidence interval for the parameter o is
s s
ay—t, ==<oa<a+t, s"f (8.27)
2 7\)1
X X
where si = unbiased estimate of
S8, — (S,
2 XXy Xy
o’= n(n=2)S.. (8.28)
8.4.2 Test of Hypothesis
Statistics for inferences about oz and f3:
1. For the slope 3
a - B\ [S.
- 5,47 (8.29)
2. For the intercept o
_|%— o ) ‘J S
t= 3 S+ (o (8.30)

where ¢-distribution is of (n — 2) dof.
Fit a least squares line to the data in Table 8.2 for (a) x as independent variable. Estimate y at x = 11

Example 8.1
Table 8.2

and (b) x as dependent variable. Estimate x at y = 2.
14

11

8 9
5 7 8 9

x
y 2
Solution Let (a) y=a+ bx and (b) x = ¢ + dy be the straight line to be fixed to the data in Table 8.2

The number of data points # = 8. We construct a table of sums Y x, > x%, etc. as in Table 8.3.
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Table 8.3

X y 5" xy e

1 1 1 1

3 2 9 6 4

4 4 16 16 16

6 4 36 24 16

8 5 64 40 25

9 7 81 63 49
11 8 121 88 64
14 9 196 126 81

Sx=56 | Sy=40 | Yx?=524 | Tay =364 | ) =256

(a) Normal equations are
na+bYx=3y
ayx+b ¥x’=3xy

Substituting the values, we get
8a+56b=40=a+7b=5

56a +524b =364 = 56(5-76) + 524b =364 = 132b=84=b =1—71
amt
1 6,7
The required line is y = TR

=0.545 + 0636x.
(b) In this case, we have
8c+40d=56 = c+5d="7
40c +256d =364

S6d=84=d=2
—7_54=7-_5(3|=_1
c=7-5d=7-53)=-1
. . 1.3
The required line is x = —3t5¥
=—0.5+ 1.5
Alsoy (atx=11)=13 andx(atyzZ)z%
Example 8.2
Fit a least squares parabola to the data in Table 8.4.

Table 8.4

1218314957 |7.1|86]9.38
451591707872 |68|45]|27

Find y_(1.2).
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Solution Let y =a + bx + cx? be the parabola. Then the normal equations are

xa+bYx+cYx*=y
ayx+bYxt+cdxi=Yxy

aYyxP+bY X +cdxt=dxy

The number of data points n = 8. We construct the table of values Y x Y x?, etc. as in Table 8.5.

Table 8.5
x y x? X’ xt xy x’y
1.2 45 1.44 1.73 2.08 5.40 6.48
1.8 5.9 3.24 5.83 10.49 10.62 10.12
3.1 7.0 9.61 29.79 92.35 21.70 67.27
4.9 7.8 24.01 117.65 576.48 38.22 187.28
5.7 72 32.49 185.19 1055.58 41.04 233.93
7.1 6.8 50.41 357.91 2541.16 48.28 342.79
8.6 45 73.96 636.06 5470.12 38.70 332.82
9.8 2.7 96.04 941.19 9223.66 26.46 259.31
Yx=422|Yy=464 XX =29140| ¥x3=227535 | ¥ x*=18971.92 | ¥ xy=230.42 | ¥ x2y =1449.00

Here n = 8. Substituting the values in the normal equations, we get

Solving the equations, we get a = 2.588, b =2.065 and ¢ =— 0.211.

8a +42.2b+291.20c =46.4

42.2a +291.20b0 + 2275.35¢ =230.42

291.20a + 2,275.35b + 18,971.92¢ = 1,449

Hence the required least squares parabola is

y=2.588+2.065x—0.211 x?

Estimated value of yat x = 1.2 is

,,(1.2)=2.588 +2.065(1.2) - 0.211(1.2)*

=4.762

which is different from the tabulated value of y(1.2) =4.5.
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8.4.3 Inferences Based on Least Squares Estimates

Example 8.3

Fit a least squares straight line to the data given in Table 8.6.

Table 8.6
2 7 9 1 5 12
y 13 21 23 14 15 21

8-9

Solution The number of data points » = 6. We construct the table of values Y x,>x% etc. as in

Table 8.7.
Table 8.7
x y x? Y xy
2 13 4 169 26
7 21 49 441 147
9 23 81 529 207
1 14 1 196 14
5 15 25 225 75
12 21 144 441 252
Sx=36 | Ty=107 | Tx*=304 | 312 =2001 | Tay =721
Also
__3__
X= 3 =6
Y:l'%z 17.833

S =n¥x’ — ($x)* = 6(304) — (36)° = 528
Syy = nZylz - (Zyi)2 =6(2001) - (107)2 =557

S, =n¥xy,=(Tx)(y) = 6(721) — 36(107) = 474

S
. o Do 474
Regression coefficient = b = S =% 0.8977

Intercept =a =Y — bX = 17.833 — (0.8977) x 6 = 12.447
The straight line of least squares is y = a + bx = 12.45 + 0.8977x.

Example 8.4

In Example 8.3, find the standard error of estimate sf. Also, test for null hypothesis (NH) = 1.2

against alternative hypothesis (AH) < 1.2 at 0.05 level of significance (LOS).
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Solution The standard error of estimate

2 S.%S,= (8, (528)(557) — (474
e T T an-2)5_  6(6-2)528

=5.47822

N

=, = 15.47822 =2.3405596 = 2.341
Test of significance
1. NHH;: =12
2. AHH:B<12
3. LOS a=10.05
4

. Critical Region: It is a left-side one-tailed test. Reject NH H  if t <—¢ =—1 . withn—2 dof.

From t-distribution table, the value of z, . =2.132 withn —2 =6 —2 =4 dof.
Thus reject NH H, if £ <—2.132.

5. Calculations: Test statistic # is given by

Here n=6,b=0.8977, =12, s,=2.341 and §_ = 528. Substituting these values, we get

_0.8977 1.2 [528 _
1= P = 121137

6. Conclusion: Accept NH H. Since ¢ = — 1.211 > ¢ = — 2.132 with 4 dof, we cannot reject

NH H,.
Example 8.5
Construct a 95% confidence interval for (a) and (b) 3 for Example 8.4.
Solution

(a) 95% confidence limits for ¢ are

S+ X0

39% & (616)2
a#t,x SS‘JT = 12.45 £ (2.776)(2.34) X \JM

6(528)
= 12.45+4.93

- 95% confidence interval for ocis (7.52, 17.38), since ¢, = £, ,, = 2.776 from the t-table.

(b) 95% confidence limits for 3 are

btt,,xS, x JSE =0.8977 + (2.776)(2.341) \]%
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=0.8977 £ 0.6925
. 95% confidence interval for B is (0.205, 1.59).

8.5 MuLTIPLE REGRESSION

In agriculture, the crop yield (y) depends on many factors: it depends on the rainfall (x,), the amount
of fertilizers (x,) used, the pesticides (x,) utilized, the quality of soil (x,) and so on. This is an example
of multiple regression. In multiple regression, the dependent variable y is a function of more than one
independent variable:

y=fx,x,...x) (8.31)

If fis a non-linear function, it is a case of non-linear regression. In multiple linear regression, f'is a
linear function of the form

Y =By + Bx, + B+ + Bx, (8.32)

Response surface analysis deals with statistical methods of prediction and optimization.

8.5.1 Linear Multiple Regression
Let y depend on two variables x, and x,. The relation is given by

y=By+ B, + By, (8.33)

Then the linear multiple regression problem is to fit the regression plane Eq. (8.32) to a given set of
ordered triples (x,, x,, y,) (Figure 8.3).

i

l X1, Xop X))

Figure 8.3 Linear multiple regression.
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In order to estimate the coefficients 3, 3, B,, apply the method of least squares and minimize the

quantity
g[yi —(b,+bx, +byx,)I
We obtain the following three normal equations:
Nb,+b Yx, +byx, =y,
bx, +b X +bYx x, =Yx .
by, +b XX X, +b,Yx, =YX,y

where b, b, and b, are the least squares estimates of §, B, and f3, respectively.
If we put

DY TRD Y D ¥
Y=L TN andy—T

V=Y, =X, =X~ X and ¥, =x, — X,

The three normal equations (Eq. 8.34) reduce to the following two equations:
bl ><z“()_cli)z + blzili)_cli = z:’fliyi
bl X 2)_611')_(21' + bzz()_czi) = Z)_CZI')_}i

8.5.2 Linear Multiple Regression in K Independent Variables

We can generate the above analysis to fit N(k + 1) triples (x , x,,..., x,), fori =1, 2,
equation.
Using Eq. (8.32), we obtain the following (K + 1) normal equations:

Nbo + bllei + bZZXZI + '+b1<2x1<f = zy[
2
bolei + bllei + bzz-xuxzf oot bklezxm = lesyi

2
bozxxlei + blle([xzi oot szxKi = z'xm'yi
Example 8.6

Find the least squares regression equation of x, on x, and x, from the data in Table 8.8.

Table 8.8

3 5 6 8 12 14
16 10 7 4 3 2
X 90 72 54 42 30 12

Solution Letx =a,+ax,+ax,

5 _(16+10+7+4+43+2) 42 _

2 6 6 7

(8.34a)
(8.34b)

(8.34¢)

(8.35)

(8.36)

..., N, to the

(8.37)
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_  (90+724+54+42+30+12) 300
%= 6 =% =
We shift the origin to (X,, X,) by putting
u=x,—x,=x,—7and v=x, - X, =x,— 50
Let x, = a + bu + cv. The normal equations are
na+byu +cyv=73x,
ayu, + qul2 +eYuy,=yx u,
ayy,+byuy, + chf =Xy,

8-13

The number of data points » = 6. We construct the table of values required to feed the equations

(Table 8.9).
Table 8.9
2 2 2
% 2 X3 L0 v, X xliui uiui U Uil)i
3 16 90 9 40 27 120 360 81 1,600
5 10 72 3 22 15 110 66 9 484
6 7 54 0 4 0 24 0 0 16
8 4 42 -3 -8 —24 —64 24 9 64
12 3 30 —4 -20 —48 -240 80 16 400
14 2 12 -5 -38 -70 -532 190 25 1,444
o[ Tx | Te=(Zw |y | Tew Iy, | Zwy, (T |3V
=48 | =42 | 300 =0 =0 =—100 |=-582 [=720 |=140 [ =4008

Substituting these values into the normal equations, we get
6a+0+0=48=a=38
1405 + 720c = — 100 = 7b + 36¢ = — 20
720b +4,008¢ = — 582

CoefTicient determinant A = 7 36 =28.056 —25.920=2136
720 4008
=720 36 |__g0,160 + 20,952 = —59208
b~ 1-582 4008
A= 720 4074+ 14400 = 10326
“Tl20 582
_Ab_ —59208 _
p=f2 =" - 277191
=Ac 10326 _ 4 g343

A 2136
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8.6 CORRELATION ANALYSIS

We have so far considered problems where the independent variable is assumed to be known without
error. There occur problems in which this may not happen. In such cases, both x and y values are assumed
by random variables, e.g. the relationship between the tensile strength and hardness of aluminium or that
between impurities in the air and the incidence of a certain disease. Problems such as these are referred
to as problems of correlation analysis. It is assumed here that the data points (x, ), fori=1, 2, ..., n, are
values of a pair of random variables whose joint density is given by the function f{x, y).

The scatter plot provides a visual impression of the relation between the x and y values in a bivariate
(two variables) data set. In many cases, the points appear to scatter about a straight line. The closeness
of the scatter to a straight line can be expressed numerically in terms of the coefficient. The sample
correlation coefficient can be interpreted in terms of the standardized observations

Observations — Sample mean X, —X

Sample standardized deviation T, (8.38)

where the subscript x on s distinguishes the sample variance of the x observations from the sample
variance of the y observations.

2_2(3‘,-_3‘)2 _ Sxx
 (n=1)  (m-1

The sample correlation coefficient r is the sum of products of the standardized variable divided by
(n — 1), the same divisor used for variance.

N

(8.39)

1 (=3 -
o-1 ; 5 5, (8.40)
8.6.1 Types of Correlation
Let (x,y), fori=1,2, ..., n, be the n ordered pairs of random variables x, and y.. Plotting these points

in the xy-plane, we get a scatter diagram.
The following cases are distinguished:

1. The correlation is said to be linear if the points are scattered about a straight line and
non-linear (curvilinear) if the points are scattered about a non-linear curve (parabola,
exponential or power curve).

2. The correlation is said to be positive or direct if y increases as x increases; and is said to be negative
or inverse if y increases as x decreases.

Examples

1. Positive correlation
(a) Age and growth of a child
(b) Distance travelled and the quantity of fuel consumed
2. Negative correlation
(a) Number of workers and hours spent by them in completing a work
(b) Number of shareholders and share of profit of each one of them.
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Example 8.7
Calculate the sample correlation coefficient  using the data in Table 8.10.

Table 8.10

11.1 | 10.3 | 12.0 | 15.1 | 13.7 | 185 | 173 | 142 | 14.8 | 153
y|109 | 142 | 13.8 | 21.5 | 13.2 [21.1 | 164 (193 [17.4|19.0

Solution The number of data points #n = 10. We construct table of values Y x?, >3 etc. for calculat-
ing the correlation coefficient (Table 8.11).

Table 8.11
X y x2 xy 2
11.1 10.9 123.21 120.99 118.81
10.3 14.2 106.09 146.26 201.64
12.0 13.8 144.00 165.60 190.44
15.1 21.5 228.01 324.65 462.25
13.7 13.2 187.69 180.84 174.24
18.5 21.1 342.25 390.35 445.21
17.3 16.4 299.29 283.72 268.96
14.2 19.3 201.64 274.06 372.49
14.8 17.4 219.04 257.52 302.76
15.3 19.0 234.09 290.70 361.00
Yx=1423 |3 y=166.8 | 3 x*=2085.31 | Yxy=2434.69 | 3)*=2897.80

» XX

Sxx=2xi_ n

- _1 2
=2085.31 10 (142.3)

=60.381

2
s, =3y - (2,‘:") =2897.80 — % (166.8)°

yy

=115.576
Sxy=z‘xiyi_%2xi2yi

=2434.69 — % (142.3)(166.8) = 61.126
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Sample correlation coefficient

Ky
.
‘js ><S

_ 61126
160.381 x 115.576

=0.7317

r is positive. This confirms a positive association. Since » = 0.7317 is moderately large, the pattern of
scatter is moderately narrow.

The correlation is said to be simple if it is between two variables. It is called multiple if it is between
more than two variables.

The correlation coefficient » ranges between —1 and 1, i.e. =1 <r < 1 (Figure 8.4):

» vt

@ r=+1 (b) r=-1

(© (d)

Figure 8.4 Correlation coefficient r ranges between —1 and 1.
1. r=11ifall pairs (x, y) lie exactly on a straight line having a positive slope.
2. r=~—11ifall pairs (x, y,) lie exactly on a straight line having a negative slope.
3. r> 0 if the scatter diagram runs from lower left up to upper right.
4

. <0 if the scatter diagram runs from upper left down to lower right.

8.7 LEAsT SQUARES LINE IN TERMS OF SAMPLE VARIANCES AND COVARIANCE

The sample variances and covariance of x and y are given by

§= Z(xn— Xy
= Z(yn— W
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5, = 2600 =) (8.41)
s, = M (8.42)
4= 2= 3:?0/ -J) (8.43)
In terms of these, the least squares regression line of y on x is
y—y=%(x—)_c) (8.44)
and that of x on y is )
x—;‘cz%(y—y) (8.45)
If we formally define the sample correlation zoefficient by
e SS_S) (8.46)
then Eq. (8.44) and (8.45) can be written as
r=r_, (ﬂ) (8.47)
and g >
%f:r(yszy) (8.48)

These two lines are different unless » == 1 in which case all sample points lie on a line. In this case,
there is perfect linear correlation and regression.

If the two regression lines (Eq. (8.47) and (8.48)) are written as y = a + bx and x = ¢ + dy respec-
tively, then

bd =12 (8.49)

8.8 STANDARD ERROR OF ESTIMATE

Let y_ denote the estimated value of y for a given value of x, as obtained from the regression curve of
v on x. Then a measure of the scatter about the regression curve is supplied by the quantity

JZ(Y ; y.r

yx

(8.50)

It is called the standard error of estimate of y on x. We know that ¥ (y -y, )* = d*. Hence out of all
possible regression curves the least squares curve has the smallest standard error of estimate.
In the case of a regression line

Y =a+bx (8.51)

with @ and b given by the normal equations

na+byx=yy (8.52)

ay x+by x*=3Yxy (8.53)
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We have

2 Xy —ayy-bYxy
S = 7

X

_S0-3P -b3x -0 -7)
n

(8.54)
We can express s; for the least squares lines in terms of variance and correlation coefficient as
si=s(1-r?) (8.55)
From this, it follows that
r<lfor—-1<r<l (8.56)

The standard error of estimate has properties analogous to those of standard deviation.
An unbiased estimate of population variance is given by

A2 2

s =ﬁ (8.57)

Similarly, there is an unbiased estimate of the square of the standard error of estimate. It is given by

A x
Su= 7 (8.58)
8.8.1 Relation Between Variations
Example 8.8
Prove the following relation
2Oy =20-y )+ X0, V) (8.59)
Solution Consider the equation
V=9=0-r)+0,—» (8.60)
Squaring both sides and summing, we get
ZO=PP =20 =0 )+ 20 =P+ 220~ 1 )0 =) (8.61)

We now show that the last sum is zero, which completes the proof.
In the case of linear regression,

20 =Y V=V =2y —a—bx)(a+bx-y) (8.62)
=ay(y—a—-bx)+bdx(y—a-bx)-yd(y—a—bx)=0 (8.63)

Because of the normal equations
Yy—a-bx)=0, Sx(y—a—bx)=0 (8.64)

The result is true for non-linear regression also.
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The above proof can be generalized in the case of non-linear regression using the least squares
curve given by
V=, tax+ax’+-+ax" (8.65)

8.8.2 Linear Correlation Coefficient

The quantity Y(y — y)* is called the total variation; the sum »(y — y_)* is called the unex-
plained variation and (v, — y)* is called the explained variation. This terminology arises
because the deviations (y — y_ ) behave in a random or unpredictable manner while the deviations
(v, — ) are explained by the least squares regression line.

In terms of S and S, the correlation coefficient 7 is given by

So-r.)
Y-y)

_ 20 =Y _ Explained variation
~ Y(-y?  Total variation

rr=1- =7

(8.66)

. r* can be interpreted as the fraction of the total variation that is explained by the least squares
regression line. The correlation coefficient can be computed from

Sy Fx-D@-7)
WS- X0 -y

=

(8.67)

or
e Explained variation _ X(V,, =)
~ Total variation Y (y—y)

(8.68)

which, for linear regression, are equivalent. Eq. (8.67) is often referred to as the product-moment
formula for linear correlation.
Formulas equivalent to those given above, which are used in practice, are

D 010 ) 569)
[nXx — Xx] {nXy? — Q)
and . __
Xy (8.70)

Example 8.9
Find the least squares regression line of y on x and that of x on y, using the data in Table 8.12.

Table 8.12

X 65 63 67 64 68 62 70 66 68 67 69 71
y 68 66 68 65 69 66 68 65 71 67 68 70
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Solution The number of data points » = 12. We construct table of values Yx, Dy, Dx? etc.
(Table 8.13).

Table 8.13

x y X xy 2

65 63 4,225 4,420 4,624
63 66 3,969 4,158 4,356
67 68 4,489 4,556 4,624
64 65 4,096 4,160 4,225
68 69 4,624 4,692 4,761
62 66 3,844 4,092 4,356
70 68 4,900 4,760 4,624
66 65 4,356 4,290 4,225
68 71 4,624 4,828 5,041
67 67 4,489 4,489 4,489
69 68 4,761 4,692 4,624
71 70 5,041 4,970 4,900

Yx=2800 | Yy=811|Yx*=53,418 | Dxy=54,107 | Y»*= 54,849

Let the regression line of y on x be
y=a+bx
The normal equations are
an+bYx=Yy
aYx +byx*=3xy
Substituting the computed values, we get
12a + 800H =811
800a + 53,418b = 54,107
Solving we get
a=35.82and b=0.476
The required line is
y=35.82+0.476x
Now, let the regression line of x on y be
x=c+dy
The normal equations are
en+dYy=Yx
Xy +dYy?=Yxy
Substituting the computed values, we get
12¢ + 811d = 800

811c + 54,849d = 54,107
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Solving we get
c=-3.38and d=1.036

.. The required line is
x=-3.38+1.036y

Example 8.10
Compute the standard error of estimate s for the data of Example 8.9.
Solution The regression line of y on x is

y=35.82+0.476x

The actual values of y are entered in Table 8.13. The estimated values of y, denoted by y_, as

obtained from the regression line are entered in Table 8.14.

est’

Table 8.14

x |65 |63 [67 |64 (68 [62 |70 |66 (68 [67 |69 |71
y |68 |66 [68 |65 |69 [66 |68 |65 |71 |67 |68 |70
V. |66.76|65.81|67.71]66.28 68.19|65.33(69.14 | 67.24 [ 68.19| 67.71 | 68.66 | 69.02
y-y. | 124] 0.19] 029|-128| 0.81| 0.67|1.14|-224| 2.81|-0.71 [-0.66 | 0.38

Now

2 2(-)/ _yest)2
Syx - n

_ (1.24) + (0.19)2 +-+(0.38)"

B =1.642

cs, =642 =128

Example 8.11

Compute the following for the data of Example 8.9:
(a) Explained variation

(b) Unexplained variation

(c) Total variation

Solution We have y = 2 = Bll- 6758,

Using the values y_ from Table 8.14, we construct Table 8.15.
Table 8.15

Y~y | —0.82|-1.77]0.13 | -1.30 | 0.61 | -2.25 | 1.56 | -0.34 | 0.61 | 0.13 | 1.08 | 2.04
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(a) Explained variation

Y, ¥ =(=0.82)"+ - +2.04)*=19.22
(b) Unexplained variation

Sy y=ns, =19.70
(c) Total variation

Y —y)?=19.22+19.70 = 38.92
Example 8.12
Find the following for the data of Example 8.9:
(a) Coefficient of determination
(b) Coefficient of correlation

Solution
(a) Coefficient of determination

_ Explained variation _ 1922
" Total variation ~ 38.92

(b) Coefficient of correlation

r=%10.4938 =+ 0.7027

2

=0.4938

Since the variable y__ increases as x increases, the correlation is positive, i.e. » = 0.7027.

est

8.8.3 Test of Hypothesis for Correlation Coefficient

We often have to estimate the population correlation coefficient p from the sampling correlation coef-
ficient  or to test hypothesis concerning p. For this, we must know the sampling distribution of . In
case p = 0, this distribution is symmetric and a statistic having Student’s 7-distribution can be used.
For p # 0, the distribution is skewed. In such a case, a transformation due to Fisher produces a statistic
which is approximately normally distributed.

rin—2
Tr

1. Test of Hypothesis when p =0 Here we use the fact that the statistic ¢ = has Student’s
t-distribution with (rn — 2) dof.

2. Test of Hypothesis when p =0 Here we use the fact that the statistic (Fisher’s Z-ransformation)

_1, (1+7)_ 1+r
Z=Lin[1EL) = 11513 xlog, (2L

is approximately normally distributed with mean and standard deviation given by
1, (1+p) 1+p

u= jln (—1 — p) =1.1513 log,, (—1 — p)

o (8.71)

Example 8.13

A correlation coefficient based on a sample of size 18 was computed to be 0.32. Can we conclude at
an LOS (a) 0.05 and (b) 0.01 that the corresponding population correlation coefficient is significantly
greater than zero?



Solution

L. NHH:p=0

2. AHH:p>0

3. LOS: (a) ¢=0.05and (b) a=0.01

4. Critical Regions: Reject H if
(@ t>1,,,=175
(b) t>1¢,,,=2.58
forv=n—-2=18-2=16 dof

5. Computation:

t:r\[n——z
M=r

_03218=2
T-(032)

6. Conclusions:

=1.35

Curve Fitting: Regression and Correlation Analysis
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(a) On the basis of a one-tailed test of Student’s ¢-distribution at a 0.05 level, we would reject H if

t>t,,.=1.75forv=16 dof. Since = 1.35 < 1.75, we cannot reject H at o= 0.05 level.

(b) Since we cannot reject H at 0.05 level, we certainly cannot reject it at 0.01 level.

Example 8.14

A correlation coefficient based on a sample of size 24 was computed to be »=0.75. Can we reject the
hypothesis that the population correlation coefficient is as small as (a) p = 0.60 and (b) p=0.50 at a

0.05 significance level?

Solution

1. NH H: (a) p=60 and (b) p =50
2. AH H: (a) p> 60 and (b) p > 50
3. LOS ax=10.05

4. Computation:

Z=11513log [{872) = 0.9750

(a) 1, =1.1513 x log (1+—0~60) — 0.6932

1-0.60

1
=——=0.2182
2 dn-3 21

The standardized variable is then

7 Z7H _ 09730 - 0.6932
o 0.2182

=1.28
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- 1+0.50
(b) p,=1.1513 ><1og(1 pk )

=1.1513 x log3 = 0.5493

0.9730 - 0.5493 _
Z=="07180 194

5. Conclusions:

(a) Using a one-tailed test of normal distribution, we would reject H, only if Z > 1.64. Since
Z=1.28 < 1.64, we cannot reject H, i.e. the population correlation coefficient p is as small as
0.60 ata 0.05 LOS.

(b) In this case, Z = 1.94 > 1.28. Therefore, we can reject H, i.e. the population correlation
coefficient is as small as p=0.50 at a 0.05 LOS.

8.9 SrearMAN’s RANK CORRELATION

Often there arise problems in which quantitative measurement of data is not possible and only qualita-
tive assessment has to be made. In such cases, the usual Pearson correlation cannot be calculated. To
overcome this difficulty, C. E. Spearman? in 1906 developed a non-parametric correlation coefficient
as follows.

Let a group of » individuals be arranged in order of merit in respect of two characteristics 4 and B.
The ranks in the two characteristics are, in general, different. Suppose 4 stands for intelligence and B for
beauty. An intelligent person need not be beautiful. Let (x,, ), fori=1, 2, ..., n, be the ranks of » indi-
viduals, in respect of characteristics 4 and B respectively. Pearsonian coefficient correlation between
the ranks x, and y, is called the rank correlation coefficient between the characteristics 4 and B for that
group of individuals. Since each of the variables assumes values 1, 2, 3, ..., n in some order, we have

f=y=g(l+2+tm)=2(n+1)
If x and y be the deviations of x and y from their means, then
S x,= S, - 3
=Y +nEP - 2% Yx,
=Zn2+%(n+1)2—2n7+12n

_nn+1D(2n+1)
==

Similarly, Yy, = % (n*—n)

Now, letd =x, -y, =(x,—x) = (,—y) =x,~-,

n 2_n PR G
+4(n+1) 4(n-i—l) 12(n n)

= Yd =3x + Xy - 22y,
:>ngyiz%(zxf+2yf—df):11_2()63_”)_%26{?

“Spearman, Charles Edward (1863—1945) is a psychologist.
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Hence the rank correlation coefficient between these variables is

T, Le-m-izd  6%d
r = = =
13 ! S@-n "
Note If there occurs a tie between two values of x (or ), assign the mean of the ranks to both these
places.

Example 8.15

Ten participants in a contest are ranked by two judges as shown in Table 8.16.

Table 8.16

x| 1 |[6[5]10[3]|2|4(9]|7]|38
yl|6|4(9]|8 |12 3]105]|7

Calculate the rank correlation coefficient r.

Solution We construct the table of values for calculating the rank correlation coefficient
(Table 8.17).

Table 8.17
d=x-y | 5 | 2 | -4 | 2 2 0 1| -1 | 2 1
d; 25 | 4 | 16 | 4 4 0 1 1 4 I | Xd; =60
Hence
63d
T 6x60
ro=l-—— = 1= 2550 =06

Example 8.16

The marks secured by applicants in the selection test (x) and in the proficiency test (y) are given in
Table 8.18.

Table 8.18 Marks secured by applicants in selection and proficiency tests.

SerialNo. | 1 |2 [3 |4 [5|6|7 8|9
X 10151217 |13|16(24| 14|22
y 30 (42| 45|46 (33|34 (40|35 39

Calculate the rank correlation coefficient.

Solution Assigning ranks 1-9 according to the decreasing order of marks in x and in y, we construct
the table of values for calculating the rank correlation coefficient (Table 8.19).
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Table 8.19
x 10 15 12 17 13 16 24 14 22
y 30 42 45 46 33 34 40 35 39
x,=rankin x 9 5 8 3 7 4 1 6 2
y,=rankiny 9 3 2 1 8 7 4 6 5
d=x-y, 0 2 6 2 | - 3 -3 0 | -3 |3d=0
d; 0 4 | 36 4 1 9 9 0 9 Sd
o Zd’z 6x72
° =] - =|— X = — =
sr=1 py 1 080 1-06=04

Example 8.17

Ten students were ranked in laboratory (x) and lecture (y) portions (Table 8.20). Find the rank
correlation coefficient.
Table 8.20

Laboratory (x) |83 |9 |2 |7 |10(4]|6|1|5
Lecture (y) 9|5(10|1 (8|7 [3|4]2]6

Solution = We construct the table of values for calculating the rank correlation coefficient
(Table 8.21).

Table 8.21
d=x-y |-1|-=2|-1|1]|-1]3]1|[2]|-1]|-1]|Xd*=24
d: L4 | 1|11t |of|t]|4]1]1]|Xd=24
63d’
Pl =122 _gg5s
s n(m*-1) " 0 10102-1)

Example 8.18
Calculate the rank correlation coefficient for the data in Table 8.13 of Example 8.9.

Solution Arranging x values in ascending order of magnitude, we get
x:62 63 64 65 66 67 67 68 68 69 70 71 (1)

Since the 6th and 7th places represent the same value 67, we assign a mean rank 6.5 to both these
places. Similarly, the 8th and 9th places are assigned the rank 8.5. We have

1 2 3 4 5 65 65 85 85 10 11 12 2)

Again, arranging y values in ascending order of magnitude, we get

y: 65 65 66 66 67 68 68 68 68 69 70 71 3)
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Since the 6-9th places represent the same value 68, we assign the mean rank (6 +7 +8 +9)/4="7.5

to these places. We have

1.5 15 35 35 5 75 75 75 75 10 11 12 “)
Using the correspondences (1) and (2), (3) and (4), we get Table 8.22.
Table 8.22

x 65 63 67 | 64 | 68 62 70 66 68| 67 | 69 71

Y 68 66 68 | 65| 69 | 66 68 65 71| 67 | 68 70
Rank in x (x,) 4 2| 65 3|85 1 11 5 85| 6.5 10 12
Rank in y (y,) 7.5 35| 75| 15 10 | 3.5 7.5 1.5 12 5|75 11

d, -35 |15 |-1.0 | 1.5 |-1.5 |-2.5 35 35 | -3.58| 1.5 |25 1.0

d? 12.25 | 2.25| 1.00| 2.25| 2.25| 6.25| 12.25| 12.25| 12.25| 2.25| 6.25 | 1.00

6Yd
. —1——2 L= 0230 _ 7465
ST nm-1) " 12(122-1)

8.10 CORRELATION FOR BIVARIATE FREQUENCY DISTRIBUTION

When the set of data is very large, it is arranged in the form of a bivariate frequency table or bivariate

frequency distribution, as shown in Table 8.23.

Table 8.23 Class intervals for x.

X
v XL,. = XU,. XLk = XUk Total
YLi B YUI fll flk
fij
YLm_ YUm fml fmk
YLm - YUm
Total N

Assume that
X is grouped into k classes.
Y is grouped into m classes.
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fi/_, or f'simply, is the cell frequency of the ith X class interval and jth Y class interval.
X ,and X, X, , X, denote the lower and upper limits of the ith class.
Y, andY, denote the lower and upper limits of the jth class.
A blank cell represents zero cell frequency.
m k
Total frequency=N=Y, Y.f

i
j=1i=1 v

Let X, be the mid-value (class mark) of the ith X class and Yj be the mid-value (class mark) of the
jth Y class
_X—-4 _1tY-B
Put U= C ande—T

X
1 2

where
C, = class size of X intervals
C, = class size of Y intervals
A = assumed class mark for X classes
B = assumed class mark for Y classes
J,= marginal frequencies of X (column sums of j;’s)

/, = marginal frequencies of Y (row sums of ﬁj’s)

Notethat 3 /=3 =N
Note also that fU U, is denoted by a number in the box at right top corner of each cell
(Table 8.24).

Table 8.24 Correlation table.

Mid-value X | X X, X,
Sum of
Mid- U, boxed
value Y U, Iy 1Yy Y numbers in
each row
Yl
Y2
Y3
Ym
f;\r N:zf)( Zny zfyUy nyUi ZfUXUY
Sy 2SYy
fU, WA CHECK
Sum of boxed numbers
in each column LUY,




Now the correlation coefficient is given by

NYSU, XUY

QARUYERY,

Curve Fitting: Regression and Correlation Analysis

VY- (U

Notes

1. U,and U, turn out to be 0, £1, £2, ...

2. In general C, = C,

3. Check Total frequency N=3 .1, =3 f,

4. Check » fU U

Example 8.19

VYU - U

,=2.fU,U, obtained from row sums and column sums

Find the correlation coefficient for the bivariate distribution in Table 8.25.

Table 8.25
X
y 15-25(25-35|35-45 | 45-55 | 55-65 | 65-75
15-25 1 1
25-35 2 12 1
3545 4 10 1
45-55 3 6 1
55-65 1 2 4
65-75 1

8-29

Test NH H p = 0 against AH H, p # 0 at 0.05 LOS. Determine whether there is a relationship

between X and Y.

Solution We construct the bivariate correlation table (Table 8.26).

We have
N=153,

Xf UXUY

> fU,=10,Y fU,=16, 3 fU,=98, 3 fU,=92,

U,=

X

X-40

10

and U, =

Y-40

10
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Table 8.26 Bivariate correlation table.

Mid-value X | 15-25 | 25-35 | 35-45 | 45-55 | 55-65 | 65-75
X 20 | 30 40 50 60 70
Mid- U, 2 | -1 0 1 2 3| Total | /U, | /U, | fUU,
value
Y Y f
15-25 | 20 -2 la | 12 2 | -4 8 6
12
25-35 | 30 -1 24 1lo 15 [-15| 15 | 16
12
10
3545 | 40 0 4lo. llo 15 0|0 0
lo
45-55 | 50 1 3lo 6l6 12 10 10 | 10 8
60 2 2 | 4 2 8 16 | 32| 32
55-65
e 13
2
65-75 | 70 3 3 9 | 27| 24
o | b8
Total / 3 17 14 9 6 4 |N=53|16 | 92 | 86
fU, -6 | -17 0 9 12 12 10
1U, 12 17 0 9 24 36 98 CHECK
fUU, 8 14 0 10 24 30 86

The coefficient of correlation 7 for the bivariate distribution is

=

NYf UXUY

AUYELYY

\IVEAU - CAUP {INSLU = (3,0

53 x86—-10x16

_ 4398

T 53 %98 — 100153 x 92 — 256 _ 4850

=0.91
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Test of significance

1.

2
3
4.
5. Computation: The value of Z" corresponding to 7= 0.91 is

1. (1+r
21“(1—r

6.

NHH, p=0

. AHH:p#0
. LOS a=0.05

Critical Region: Reject H if Z<—-1.96 or Z> 1.96, where Z = (IN=3)Z".

Z*

-

1+091
1-0.91

Z=(IN=3)72"=(53-3) 7"
=7.071 x 1.5275 =10.801
cz=1n—-3z"=V53 -3 z*

=7.071 x1.5275 =10.801

): 1.5275

Conclusion: Reject NH A, of non-linear association because Z=10.801 > 1.96. So, we conclude

that there is a relationship between the two observations.

EXERCISES

1.

Fit a least squares straight line to the following data:

X 2

7

9

1

12

y 13

21

23

14

21

Y x=36,Y y=107,Yx>=3.04, Y *=2001, Y xy =721

+=36_¢ 5107 _

=% =6,y= 6 =17.833 2

[Hint: n=6,s_=nyx*— (Zx)
=6(304) — (36)*

=528

5, = X3y = (2y)2 =6(2001) — (107)?

=557

S, =N
y=a+bx=12.45+0.8977x]

Ans: y=12.45+0.8977x
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2. Fit a second-degree parabola to the following data using method of least squares:

x [ o | 1] 2|34
y | 1 | 18] 13 [25]63

Ans: Y=1.42-1.07x + 0.55x?

[Hint: Normal equations are Sa + 105 + 30c = 12.9; 10a + 305 + 100c = 37.1;
30a + 1005 + 354¢ = 130.3 Solving we get y = 1.42 — 1.07x + 0.55x%]

3. Fita parabola y = a + bx + cx? to the following data:

x| 123|456 |7|8]9
y|2|6|7|8[10{11]11]10]9

Ans: a=-1,b=3.55and ¢ =-0.27

4. (a) Predict y when x =210 by fitting a least squares straight line to the following data:

(b) Determine 95% confidence interval for o and f3.
(c) Test NH H =0 against AH H, # 0 at 0.05 LOS.

x| 20 60 | 100 | 140 | 180 | 220 | 260 | 300 | 340 | 380
y|018]037]035]|0.78]0.56|0.75|1.18 | 1.36 | 1.17 | 1.65

Ans: (a) y=0.867
(d) —0.164 < @< 0.302 and 0.00348 < < 0.004119
(e) Reject NH H 3= 0, since = 8.36 >2.306

N=10,¥ X=2,000, ¥ X*= 532,000, ¥ Y =8.35, 3 XY =21,754

[Hint: s = 13,20,000, 5, = 21.3745, 5, = 5054, 52 = 0.0253
(2) y=a+bx=0.069 +(0.0038 x 210) = 0.867]

5. Find y when x, = 10 and x, = 6 from the least squares regression equation of y on x, and x, for the
following data:

90 | 72 | 54 | 42 | 30 | 12
X 3 516 | 8 |12]14
x, [16 |10 7 | 4| 3 | 2

Ans: y=40
[Hint:n=6, Yy =300,% x, =48, Y x, =42, ¥ x, ¥ x, =236

Sx =474, Yx, =434, Y x,y = 1818, Y x, = 2820
y=61.40 = 3.65 x, +2.54 x, (10.6) = 40.14 = 40]
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(a) Estimate the blood pressure (BP) of a woman of age 45 years from the following data which
shows the ages (x) and systolic BP (y) of 12 women.

Age(x) | 56 | 42 | 72 | 36 | 63 | 47 | 55 | 49 | 38 | 42 | 68 | 60
BP(y) | 147 | 125 | 160 | 118 | 149 | 128 | 150 | 145 | 115 | 140 | 152 | 155

(b) Are the two variable ages (x) and BP (y) correlated?
Ans: (a)y=132
(c) Age (x) and BP (y) are strongly positively correlated.
[Hint: Yx=628; >y=1,684; Yx?=134,416; > )*=2,38,822; > xy =89,894; n = 12.
Substituting in y = a + bx = 80.777 + 1.138(45) = 132 r = 0.8961. Therefore, age (x) and BP ()

are strongly positively correlated.]

Find the curve of best fit of the type y = ae® to the following data by the method of least squares:

X 1 5 7 9 12
y 10 15 12 15 21

Ans: y=9.4754¢%%°

Find the least squares regression equation of x, on x, and x, from the following data:

X 3 5 6 8 12 | 14

X, 16 | 10 | 7 4 3 2

b 90 | 72 | 54 | 42 | 30 | 12

Ans: x, = 16.1 +0.417x, - 0.22x,

Calculate the correlation coefficient for the heights of fathers and their sons.

x | 656667 |67|68|69|70(72
y |67 6865687272169 |71

Ans: r=0.603

Obtain the rank correlation coefficient for the following data:

x|[68]64|75|50|64|80|75|40|55]|64
y|62|58|6845|81|60(68|48 5070

Ans: r=0.545
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11. Forn=12and r = 0.75, test NH H P = 0.6 against AH H P> 0.6 at an o= 0.05 LOS.
Ans: H cannot be rejected.

[Hint: Reject H if Z>1.65=Z .. Z, corresponding to » = 0.75 is 0.973 and u, = 0.693.

Z,—1
So, Z= % =0.840
Hence, H, cannot be rejected. ]

12. Find the correlation coefficient for the following bivariate frequency distribution:

20-24 | 25-29 | 30-34 | 35-39 | 4044
20-24 20 10 3 2
25-29 4 28 6 4
30-34 5 11
35-39 2
40-44

Ans: r=0.613

Hint: N =100, Y, U,U, =138, 3 f,U,=-80, Y, f,U,=-100, 3. £,U, = 150, Y, £,U, = 204

_NSUY,  GRUIGRY) s

NSO =AU AINSLU. - (SAU

FILL IN THE BLANKS

1. The purpose of is to estimate the dependent variable from the independent variable.

Ans: curve fitting

2. The process of estimation of the dependent variable from the independent variable is
called .

Ans: regression

3. Of all the curves in a given family of curves approximating a set of » data points, a curve having
the property that the sum of squares of deviations, Viz.zdl.z, is a minimum is called a

Ans: best-fitting curve
4. (Explained variation)/(total variation) =

Ans: (v, — Xy =Yy
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5. Coefficient of rank correlation » =
Ans: 1 -6 Yd*n(n*-1)

6. In Fisher’s Z-transformation, the test statistic is

Ans: Z—% (1+r)

7. If the equation of the regression line is y = 0.545 + 0.636x, then the estimated value of y when
x=121s

Ans: 8.2

8. If the slope of the regression line of y on x is b = 0.476 and that of the regression line of x on y is
d = 1.036, then the correlation coefficient r is

ns: 0.7022
9. The two lines of regression y = a + bx and x = ¢ + dy always pass through the point ______
Ans: (¥, y)
10. Ifsxy =72 and Sj = 50 then the slope b of the regression line y=a +bxisb=_____
Ans: 1.44
Hing: b =2 = = =144
11. If ¥ =3.2 and y = 4.5, then the intercept a of the regression liney=a+ 1.2xisa=_____
Ans: 0.66
[Hint: a=y—-bx =4.5-12x%x3.2=0.66]
12. If the coefficient of rank correlation between x and y is P = 0.8 and de =33,thenn=___
Ans: 10
Hint: n(n? - 1):% - ff&% —10x99=10 (10> = 1) = n= 10]
13. If rank correlation coefficient is » = 0.4, 3 d = 72 and no rank is repeated, thenn=_____
Ans: 9

6Yd. _6X72 _6x72

o _
Hint: n(m* = 1) =(n-Dnn+ D=7—""=7"07""0%

=720=8><9><10:>n=9]
14. If r=0.4 and n = 16, then the standard error SE(r) =
Ans: 0.21

— (0.4
dﬁ

Hint: SE(r) = 1= —r =021
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15. In Question 14, the probability error of the correlation coefficient is

Ans: 0.1416

[Hint: PE(r) = 0.6745 SE = 0.6745 x 0.21 = 0.1416]

16. If r=—0.32 and n = 64, then the standard error SE(r) =

Ans: 0.1122

_(— 2
Hint: SE() = 121" = ! %32) =0‘8§76=0.1122

17. In Question 16, the probability error of the correlation coefficient is

18.

19.

20.

21.

22.

23.

Ans: 0.0757
[Hint: PE(r) = 0.6745 x 0.1122 = 0.757]

If de = 104 for the following pair of observations

x|10)15])12 |17 |13 |16 |24 |14 |22 |20
y|30]42]|45|46|33|34|40|35|39]38

then the rank correlation is

Ans: 0.3697
0 d'z 6x104 624
= X —1_044 _
w7 =1) 1 1 0.3697

Hint: r =1 “T000-1) ' T 990

Ifs =8,s =42, s, = 16 and the standard error SE(r) = 0.0476, then n =

Ans: 25
. Syy 16 1 -7 0.238
Hint: r = L= 1-”=1-0.7619=0.238vn = = =
nt: » B>, wxa 0.7619=0.238 vn 5, 0.0476 5
If variables x and y are independent, then the angle between the two regression lines is
T
Ans: )
The lines of regression are coincident if the correlation coefficient is
Ans: —1

The lines fitted by the least squares method is y = a + 3.25x and the means of x and y are 20 and
72 respectively, then a =

Ans: 7
[Hint: a=y—-325x=72-325%x20=17]

The arithmetic mean of the coefficient of regressions is

Ans: the correlation coefficient
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24. 1If 0,0, = o and the angle between the regression lines is tan*%, then the coefficient of correlation
is__

.1
Ans: 3
O O 2 2
ke 5% o 1 _(l=r
Hint: K = O'jdj =55 Z:tane ( = )
_1-r_4
K=%73
=32 +8r—3=(Gr-1)(r+3) =0:>r=%(|rK|)]
25. If @1is the angle between two regression lines, » = 0.25 and o,= 20, then tan 6=
Ans: 3
, (1 2 2
20 7
_ xy x _2 _ (1= _2 (4)_;1_5:§
Hint: K o o rad 5tan@—K( g ) 5 (l) )
x Ty X 4
26. If Y x, =30, Yxy,=25,% y,=50, fo = 95, then the slope of the regression line is .
Ans: 4
Yay - 25—
Hint: b= = =
X _30x 390
fo—in = 95 30><10
27. The coefficient of correlation is % Also 0, = 30, Then the angle between the regression
lines is
Ans: tan'l
4
2 2
1_ = 2
i~ _1-r 99 _ (3) 30, 533 _1
Hint: tan 0=~ O'j O'i_ % —320'in 0270 4
o, . . 2 . . . 1
28. If | 5| = m the correlation coefficient r = 3 and the regression lines is tan™ 1 then m =
' Ans: 3 or%
, 1-2 9% _ 1
Hint: tanf = ~—; O'ZyTGZZ}'Z
y X
2 2
-3 mo’
) — = 3(m*+ 1)
z (m*+1)0
=10m = Bm—-1)(m-3)=0
—m=3ort
3
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29. If Y = 146, ¥,y = 102, Y,xy = 1334 and 5, = 93, then 7 =

Ans: 12
e DXy o XXy _146x102 _ T3x17x12 _
Hint 2y =y = == o, T 1334-93 = 14112
30. Ifs =126, s, = 123 and s_ = 93, then sample correlation coefficient » =
Ans: 0.747

Sy 93 _
.5,  1126x123

Hint: r = 0.747




Analysis of Variance

9.1 ANALysis OF VARIANCE (ANOVA)

Analysis of variance (abbreviated as ANOVA) is an extremely useful technique concerning researches
in the fields of economics, biology, education, psychology, sociology, business/industry and
in researches of several other disciplines. This technique is used when multiple sample cases are
involved. The significance of the difference between the means of two samples can be judged through
either z-test or the #-test, but the difficulty arises when we happen to examine the significance of the
difference amongst more than two sample means at the same time. The ANOVA technique enables us
to perform this simultaneous test and as such is considered to be an important tool of analysis in the
hands of a researcher. Using this technique, one can draw inferences about whether the samples have
been drawn from populations having the same mean.

The ANOVA technique is important in the context of all those situations where we want to compare
more than two populations such as in comparing the yield of crop from several varieties of seeds, the
gasoline mileage of four automobiles, the smoking habits of five groups of university students and so
on. In such circumstances one generally does not want to consider all possible combinations of two
populations at a time for that would require a great number of tests before we would be able to arrive
at a decision. This would also consume lot of time and money, and even then certain relationships
may be left unidentified (particularly the interaction effects). Therefore, one quite often utilizes the
ANOVA technique and through it investigates the differences among the means of all the populations
simultaneously.

9.2 Wmaar 1s ANOVA?

Professor R. A. Fisher was the first man to use the term ‘Variance’ and, in fact, it was he who devel-
oped a very elaborate theory concerning ANOVA, explaining its usefulness in practical field. Later
on professor Snedecor and many others contributed to the development of this technique. In fact,
ANOVA is essentially a procedure for testing the difference among different groups of data for homo-
geneity. ‘The essence of ANOVA is that the total amount of variation in a set of data is broken down
into two types, that amount which can be attributed to chance and that amount which can be attributed
to specified causes.” There may be variation between samples and also within sample items. Further,
ANOVA consists in splitting the variance for analytical purposes. Hence, it is a method of analysing
the variance to which a response is subjected to its various components corresponding to various
sources of variation. Through this technique one can explain whether various varieties of seeds or
fertilizers or soils differ significantly so that a policy decision could be taken accordingly, concerning
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a particular variety in the context of agriculture researches. Similarly, the differences in various types
of feed prepared for a particular class of animal or various types of drugs manufactured for curing a
specific disease may be studied and judged to be significant or not through the application of ANOVA
technique. Likewise, a manager of a big concern can analyse the performance of various salesmen of
his or her concern in order to know whether their performances differ significantly.

Thus, through ANOVA technique one can, in general, investigate any number of factors which are
hypothesized or said to influence the dependent variable. One may as well investigate the differences
amongst various categories within each of these factors which may have a large number of possible
values. If we take only one factor and investigate the differences amongst its various categories having
numerous possible values, we are said to use one-way ANOVA and in case we investigate two factors
at the same time, then we use two-way ANOVA. In a two or more way ANOVA, the interaction (i.e.,
inter-relation between two independent variables/factors), if any, between two independent variables
affecting a dependent variable can as well be studied for taking better decisions.

9.3 THE Basic PriNcIPLE OF ANOVA

The basic principle of ANOVA is to test for differences among the means of the populations by exam-
ining the amount of variation within each of these samples, relative to the amount of variation between
the samples. In terms of variation with the given population, it is assumed that the values of (X)) dif-
fer from the mean of this population only because of random effects, i.e., there are influences on (X))
which are unexplainable, whereas in examining differences between populations we assume that the
difference between the mean of the j” population and the grand mean is attributable to what is called
a ‘specific factor’ or what is technically described as treatment effect. Thus, while using ANOVA, we
assume that each of the samples is drawn from a normal population and that each of these populations
has the same variance. We also assume that all factors other than the one or more being tested are
effectively controlled. This, in other words, means that we assume the absence of many factors that
might affect our conclusions concerning factor(s) to be studied.

In short, we have to make two estimates of population variance viz., one based on between samples
variance and the other based on within samples variance. Then the said two estimates of population
variance are compared with F-test, wherein we work out:

Fe Estimate of population variance based on between samples variance

Estimate of population variance based on within samples variance

This value of F is to be compared with the F-limit for given degrees of freedom. If the F-value we
work out is equal or exceeds the F-limit value (to be seen from F-tables No. A.9 and A.10 given in
appendix), we may say that there are significant differences between the sample means.

9.4 ANovA TECHNIQUE

One-way (or single factor) ANOVA: Under the one-way ANOVA, we consider only one factor and then
observe that the reason for a said factor to be important is that several possible types of samples can
occur within that factor. We then determine if there are differences within that factor. The technique
involves the following steps:

(i) Obtain the mean of each sample, i.e., obtain

X1, X2, X5,..., X«
when there are k samples.
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(iii)

(iv)

V)

(vi)

(vii)
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Work out the mean of the sample means as follows:

}1 +}2 +}3 +-~~+}k
No. of samples (k)

X =

Take the deviations of the sample means from the mean of the sample means and calculate
the square of such deviations which may be multiplied by the number of items in the corre-
sponding sample, and then obtain their total. This is known as the sum of squares for variance
between the samples (or SS between). Symbolically, this can be written as:

SS between =1, (X1 = X)* + 1y (X2 — X)? +-+n,(Xi - X)?

Divide the result of step (iii) by the degrees of freedom between the samples to obtain variance
or mean square (MS) between samples. Symbolically, this can be written as:

SS between
(k=1

MS between =

where (k — 1) represents degrees of freedom (d.f.) between samples.

Obtain the deviations of the values of the sample items for all the samples from corresponding
means of the samples and calculate the squares of such deviations and then obtain their total.
This total is known as the sum of squares for variance within samples (or SS within). Symboli-
cally, this can be written as:

SS within = Y (X}, = X1)” + 3 (X, = X2)? 44 3 (X = X6)? i=1,2,3, ...

Divide the result of step (v) by the degrees of freedom within samples to obtain the variance
or mean square (MS) within samples. Symbolically, this can be written as:
SS within

(n=k)

MS within =

where (n — k) represents degrees of freedom within samples, n = total number of items in all
the samples, i.e., n + n,+ --- + n, and k = number of samples.

For a check, the sum of the squares of deviations for total variance can also be worked
out by adding the squares of deviations when the deviations for the individual items in all
the samples have been taken from the mean of the sampled items. Symbolically, this can be
written as:

SS for total variance = Z(Xi/ —})2 Lj=1,2,3,...

This total should be equal to the total of the result of the steps (iii) and (v) explained
above, i.e.

SS for total variance = SS between + SS within

The degrees of freedom for total variance will be equal to the number of items in all samples
minus one, i.e., (n — 1). The degrees of freedom for between and within must add up to the
degrees of freedom for total variance, i.e.
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(n=D)=((k=-1)+(n-k)

This fact explains the additive property of the ANOVA technique.

Finally, F-ratio may be worked out as given hereunder:
. MS between
F-ratio = ———

MS within

This ratio is used to judge whether the difference among several sample means is significant
or is just a matter of sampling fluctuations. For this purpose we look into the table, giving
the values of F for given degrees of freedom at different levels of significance. If the worked
out value of F, as stated above, is less than the table value of F, then the difference is taken
as insignificant, i.e., due to chance and the null-hypothesis of no difference between sample
means stands. In case the calculated value of F happens to be either equal or more than its
table value, the difference is considered as significant (which means the samples could not
have come from the same universe) and accordingly the conclusion may be drawn. The higher
the calculated value of I is above the table value, the more definite and sure one can be about
his or her conclusions.

SETTING UP ANALYSIS OF VARIANCE TABLE

For the sake of convenience, the information obtained through various steps stated above can be
represented as Table 9.1.

Table 9.1 Analysis of variance table for one-way ANOVA (there are k samples
having in all n items).

Mean Square (MS) (This
Source of Degrees of | is SS Divided by d.f.)
Variation Sum of Squares (SS) Freedom | and is an Estimation of F-ratio
(d.f.) Variance to be Used in
F-ratio
Between =, . SS between MS between
samples or m(X1=X) ot (X = X) (k-1) - _
categories (k=1) MS within
WWitin XV 4 “Xi) SS within
samples or Z(Xli Xl) + +2(in Xl‘) (}’l *k) —k
categories i=1,2,3,... (n=k)
T2
Total DX =X) (n-1)
ij=1,2,3, ...
9.6 SzorTcUT METHOD FOR ONE-WAY ANOVA

ANOVA can be performed by following the shortcut method which is usually used in practice since
the same happens to be a very convenient method. This is particularly useful when means of the
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samples and/or mean of the sample means happen to be non-integer values. The various steps involved
in the shortcut method are listed hereunder:

(i) Take the total values of individual items in all the samples, i.e., work out

Y X, ij=1,2,3,..andcallitas T

(i1)) Work out the correction factor as under

(Ty

n

Correction factor =

(iii) Find out the square of all the item values one by one and then take its total. Subtract the correction
factor from this total and the result is the sum of squares for total variance. Symbolically, we
can write

2
Total SS = Y X’ I Lj=1,2,3,...
n

(iv) Obtain the square of each sample total (T )2 and divide such square value of each sample by the
number of items in the concerning sample and take the total of the result thus obtained. Subtract
the correction factor from this total and the result is the sum of squares for variance between the
samples. Symbolically, we can write

ay

SS between= z
n

j=1,2,3, ...

j

where subscript j represents different samples or categories.

(v) The sum of squares within the samples can be found out by subtracting the result of step (iv),
from the result of step (iii) stated above and can be written as

i : (M| @) @)
SSw1th1n—{ZXij " } {z Y " }
(T,
=2.%, 2

J

After doing all this, the table of ANOVA can be set up in the same way as explained earlier.

9.7 CobpiNnG MEeTHOD

Coding method is furtherance of the shortcut method. This is based on an important property of
F-ratio that its value does not change if all the » item values are either multiplied or divided by a com-
mon figure or if a common figure is either added or subtracted from each of the given # item values.
Through this method big figures are reduced in magnitude by division or subtraction and computation
work is simplified without any disturbance in the F-ratio. This method should be used specially when
given figures are big or otherwise inconvenient. Once the given figures are converted with the help
of some common figures, then all the steps of the shortcut method stated above can be adopted for
obtaining and interpreting the F-ratio.
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Example 9.1

Set up an analysis of variance table for the following per acre production data for three varieties of
wheat, each grown on 4 plots and state if the variety differences are significant.

Per Acre Production Data
Plot of Land Variety of Wheat
A B C
1 6 5 5
2 7 5 4
3 3 3 3
4 8 7 4
Solution
Direct method: First, we calculate the mean of each of these samples:
= +7+3+ = +5+3+ = +44+3+4
Xl:w:@ X2=¥=5; )@:%:4

}i+}2+}3_6+5+4_5

Mean of the sample means or ; = p 3

Now, we work out SS between and SS within samples:

SS between = (X1 — X)* + 1, (X2 — X) +ny(X3 — X)?
=4(6-5)" +4(5-5)* +4(4-5)*

=4+0+4
=8

sS within= Y (X, -X1) + 3 (X, - X2 ) + XXy - Xs) i=1,2.3.4

=[ (6-6) +(7-6) +(3-6)" +(3-6)'|

+[ (55 +(5-5)" +(3-5) +(7-5)" |
+[(5-4y +(4-4) +(3-4) +(4—4)2]

=(0+1+9+4)+(0+0+4+4)+(1+0+1+0)
=14+8+2
—24
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=\2
SS for total variance :z(le —X) i,j=1,2,3,..
=(6-5)"+(7-5)" +(3-5)" +(8-5)’
+(5-5)" +(5-5)" +(3-5)" +(7-5)
+(5-5) +(4=5) +(3-5)" +(4-5)’
=1+4+44+9+0+0+4+4+0+1+4+1
=32

Alternatively, it (SS for total variance) can also be worked out thus:
SS for total = SS between + SS within
=8+24
=32
We can now set up the ANOVA table for this problem:

Table 9.2 shows that the calculated value of F is 1.5 which is less than the table value of 4.26 at 5 per
cent level with d.f. being v, =2 and v, =9 and hence could have arisen due to chance. This analysis
supports the null hypothesis of no difference in sample means. We may, therefore, conclude that the
difference in wheat output due to varieties is significant and is just a matter of chance.

Table 9.2
Source of . 5% F-limit from
Variation = eh L EHG the F-table
4.00
Between sample 8 B-1)=2 § =4.00 — =15 F(2,9)=4.26
2 2.67
- 24
Within sample 24 | (12-3)=9 ry =2.67
Total 32 [(12-D=11

Shortcut method: In this case, we first take the total of all the individual values of # items and call
itas 7.
T in the given case = 60 and n =12

Hence, the correction factor = (7)?/n = 60 x 60/12 = 300. Now, the total SS, SS between and SS within
can be worked out as

T2
TotalSS:EX;—( ) i, j=1,2,3,..
n

(6 +0) #3557 5 +(3) +(7) +(5) +(4) +0) (47 o “57

=332-300
=32
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T)" @y

I’lj n

24x24 20x20 16x16 60x60
= + + +
4 4 4 12

=144+ 100 + 64 — 300

SS between = Z

=8
t.2
SS within =Y X -y -

n;

=332-308
=24

It may be noted that we get exactly the same result as we had obtained in the case of the direct
method. From now onwards we can set up ANOVA table and interpret F-ratio in the same manner as
we have already done under the direct method.

9.8 Two-WAyY ANovA

Two-way ANOVA technique is used where the data are classified as the basis of two factors. For exam-
ple, the agricultural output may be classified on the basis of different varieties of seeds and also on the
basis of different varieties of fertilizers used. A business firm may have its sales data classified on the
basis of different salesmen and also on the basis of sales in different regions. In a factory, the various
units of a product produced during a certain period may be classified on the basis of different varie-
ties of machines used and also on the basis of different grades of labour. Such a two-way design may
have repeated measurements of each factor or may not have repeated values. The ANOVA technique
is little different in case of repeated measurements where we also compute the interaction variation.
We shall now explain the two-way ANOVA technique in the context of both the said designs with the
help of examples.

(a) ANOVA technique in the context of two-way design when repeated values are not there: As we do
not have repeated values, we cannot directly compute the sum of squares within samples as we
had done in the case of one-way ANOVA. Therefore, we have to calculate this residual or error
variation by subtraction, once we have calculated (just on the same lines as we did in the case of
one-way ANOVA) the sum of squares for total variance and for variance between varieties of one
treatment as also for variance between varieties of the other treatment.

The various steps involved are listed hereunder.

(1) Use the coding device, if the same simplifies the task
(i1) Take the total of the values of individual items (or their coded values as the case may be) in
all the samples and call it T.
(i) Work out the correction factor as under

(T)’

n

Correction factor =



(iv)

™)

(vi)

(vii)

(viii)
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Find out the square of all the item values (or their coded values as the case may be) one by
one and then take its total, subtract the correction factor from this total to obtain the sum
of squares of deviations for total variance. Symbolically, we can write it as:

T )2
Sum of squares of deviations for total variance or total SS = Z(X p ) &)
n

Take the total of different columns and then obtain the squares of each column total and
divide such squared values of each column by the number of items in the concerning
column and take the total of the result thus obtained. Finally, subtract the correction factor
from their total to obtain the sum of squares of deviations for variance between columns
or SS between columns.

Take the total of different rows and then obtain the square of each row total and divide
such squared values of each row by the number of items in the corresponding row and
take the total of the result thus obtained. Finally, subtract the correction factor from this
total to obtain the sum of squares of deviations for variance between rows (or SS between
TOWS).

Sum of squares of deviations for residual or error variance can be worked out by subtract-
ing the result of the sum of (v) to and (vi) the steps from the result of (iv) the step stated
above. In other words, Total SS — (SS between columns + SS between rows) = SS for
residual or error variances.

Degrees of freedom (d.f.) can be worked out as
d.f. for total variances =(cr-1)
d.f. for variance between columns =(c-1)
d.f. for variance between rows =(r-1)
d.f. for residual variance =(c-1)(r-1)

where ¢ = no. of columns and r = no. of rows

(ix) ANOVA table can be set up in the usual fashion as shown hereunder.

Table 9.3 Analysis of variance table for two-way ANOVA.

Source of Sum of Squares Degrees of Mean Square .
- Freedom F-ratio
Variation (SS) (MS)
(d.f)
Between (T (1) SS between columns | MS between columns
columns 2 ——— | (-] :
treatment n; n (c=1) MS residual
Between rows z (T, (T )? 1) SS between rows MS between rows
treatment n n (r-1) MS residual
Residual or Total 55— (SS SS residual
between columns (c—D@Fr-1) ﬁ
error + SS between rows) (e=D(r-1
2
Total 3 (X)) - (G [P
n
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In this table, ¢ = no. of columns
7 =no. of rows
SS residual = Total SS — (SS between columns + SS between rows)

Thus, MS residual or the residual variance provides the basis for the F-ratios concerning variations
between columns treatment and between rows treatment. Further, MS residual is always due to the
fluctuations of sampling, and hence serves as the basis for the significance test. Both the F-ratios
are compared with their corresponding table values, for given degrees of freedom at a specified level
of significance, or usual and if it is found that the calculated F-ratio concerning variation between
columns is equal to or greater than its table value, then the difference among columns means is
considered significant. Similarly, the F-ratio concerning variation between rows can be interpreted.

Example 2

Set up an analysis of variation table for the following two-way design results.

Per Acre Production Data of Wheat
(in metric tonnes)
Varieties of Seeds A B C
Varieties of Fertilizers

W 6 5 5

X 7 5 4

Y 3 3 3

z 8 7 4

Also state whether variety differences are significant at 5 per cent level.
Solution

As the given problem is a two-way design of experiment without repeated values, we shall adopt all
the above stated steps while setting up the ANOVA table as is illustrated on the following page.

ANOVA table can be set up for the given problem as shown in Table 9.5.

From the said ANOVA table, we find that differences concerning varieties of seeds are insignificant
at 5 per cent level as the calculated F-ratio of 4 is less than the table value of 5.14, but the variety
differences concerning fertilizers are significant as the calculated F-ratio of 6 is more than its table
value of 4.76.

(b) ANOVA technique in the context of two-way design where repeated values are there: In case of a
two-way design with repeated measurements for all of the categories, we can obtain a separate
independent measure of inherent or smallest variations. For this measure we can calculate the sum
of squares and degrees of freedom in the same way as we had worked out the sum of squares for
variance within samples in the case of one-way ANOVA. The total SS, SS between columns and SS
between rows can also be worked out as stated above. We then find left-over sums of squares and
left-over degrees of freedom which are used for what is known as ‘inferaction variation’ (interac-
tion is the measure of inter-relationship among the two different classifications). After making all
these computations, ANOVA table can be set up for drawing inferences. We illustrate the same
with an example.
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Table 9.4 Computations for two-way ANOVA (in a design without repeated values).

9-11

1 = = 2
Step (i) T=60,n =12, .correction factor = (1) = 60 x 60 =300
oo 60x60
Step (ii) Total SS=(36 +25+25+49+ 25+ 16+ 9+ 9+ 9+ 64 + 49 + 16) — 3
=332-300
=32 -
Step (iii) SS between columns treatment = 24x24 + 2020 + 16x16 - 6060
4 4 4 L 12
=144 + 100 + 64 — 300
=38
Step (iv) SS between rows treatment = 16x16 + 1616 + 99 — 6060
4 4 4 12|
=85.33 +85.33 +27.00 + 120.33 — 300
=18
Step (v) SS residual or error = Total SS — (SS between columns + SS between rows)
=32-(8+13)
=6
Table 9.5 The ANOVA table.
Source of . 5% F-limit (or the
Variation = el L LRlate Tables Values)
Between columns
(i.e., between vari- 8 3-1=2 8/2=4 4/1=4 F(2,6)=5.14
eties of seeds)
Between rows (i.e.,
between varieties 18 4-1=3 18/3=6 6/1=06 F(3,6)=4.76
of fertilizers)
Residual or error 6 B-Hx@4-1)=6 6/6 =1
Total 32 3x4-1=11
Example 3

Set up ANOVA table for the following information relating to three drugs testing to judge the effec-

tiveness in reducing blood pressure for times different groups of people.
Amount of blood pressure reduction in millimetres of mercury

Drug
X Y Z
14 10 11
Group of People A

15 9 11

12 7 10
B

11 8 11

10 11 8
C

11 11 7
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Do the drugs act differently?

Are the different groups of people affected differently?

Is the interaction term significant?

Assure the above questions taking a significant level of 5 per cent.

Solution

We first make all the required computations as shown hereunder.
We can set up an ANOVA table as shown in Table 9.7.

Table 9.6 Computations for two-way ANOVA (in design with repeated values)

187 x 187

Step (i) 7= 187, n = 18, then, the correction factor = T =1942.72
Step (ii) Total SS = [(14)* + (15)> + (12)*> + (11)> + (10)*> + (11)> + (10)* + (9)*> + (7)> + (8)?
(187)*
+ (112 + (11 + (11> + (11)> + (10)> + (11)> + (8)* + (7)* - T

=2019-1942.72
=76.28
Step (iii) SS between columns (i.e., between drugs)

_[73x73 56x56 _ 58x58 _{087f]
6 6 6 18

=888.16 +522.66 + 560.67 — 1942.72
=28.77
Step (iv) SS between rows (i.e., between people)

_[70x70_59x59 _58x58 _{087f]
6 6 6 I8

=816.67 +580.16 + 560.67 + 1942.72
=14.78

Step (v) SS within samples = (14 — 14.5)? + (15— 14.5? + (10— 9.5+ (9 - 9.5)* + (11 — 11)?
+ (11 =112+ (121152 + (11 = 11.52+ (7 -7.5)*+ (8 = 7.5)°
+(10—-10.52 + (11— 10.5)> + (10 — 10.5)> + (11 — 10.5)?
+ (11 =112+ (11 -11)*+ (8 -7.50+(7-7.5)
=3.50

Step (vi) SS for interaction variation = 76.28 — [28.77 + 14.78 + 3.50]
=29.23
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Table 9.7 The ANOVA table.

e Ss d.f. MS F-ratio 5% F-limit
Variation
Between columns 28.77 3-1=2 |28.77/2=14.385 14.385/0.389=36.9| F(2,9)=4.26
(i.e., between drugs)
Between rows 14.78 3-1=2 14.78/2=17.390| 7.390/0.389=19.0 | F(2,9)=4.26
(i.e., between people)
Interaction 29.23* 4% 29.23/4 7.308/0.389 F(4,9)=3.63
Within samples (error) 3.51 18-9=9 350/9=10.389
Total 76.28 18—-1=17

*These figures are left-over figures and have been obtained by subtracting from the column total the total of all other value
in the said column. Thus, interaction SS = (76.28) — (28.77 + 14.78 + 3.50) = 29.23 and interaction degrees of freedom
=17)-Q2+2+9) =4

Table 9.7 shows that all the three F-ratios are significant of 5 per cent level which means that
the drugs act differently, different groups of people are affected differently and interaction term is
significant. In fact, if the interaction term happens to be significant, it is pointless to talk about the
differences between various treatments, i.e., differences between drugs of differences between groups
of people in the given case.

Graphic method of studying interaction in a two-way design: Interaction can be studied in a two-way
design with repeated measurements through graphic method also. For such a graph we shall select one
of the factors to be used as the x-axis. Then we plot the averages for all the samples on the graph and
connect the averages for each variety of the other factor by a distinct mark (or a coloured line). If the
connecting lines do not cross over each other, then the graph indicates that there is no interaction, but
if the lines do cross, they indicate definite interaction or inter-relation between the two factors. Let
us draw such a graph for the data of Example 3 of this chapter to see whether there is any interaction
between the two factors viz., the drugs and the groups of people.

The graph indicates that there is a significant interaction because the different connecting lines for
groups of people do cross over each other. We find that 4 and B are affected very similarly, but C is
affected differently. The highest reduction in blood pressure in case of C is with drug Y and the lowest
reduction is with drug Z, whereas the highest reduction in blood pressure in case of 4 and B is with
drug X and the lowest reduction is with drug Y. Thus, there is definite inter-relation between the drugs
and the groups of people and one cannot make any strong statements about drugs unless he or she also
qualifies his or her conclusions by stating which group of people he or she is dealing with. In such a
situation, performing F-tests is meaningless. But if the lines do not cross over each other (and remain
more or less identical), then there is no interaction or the interaction is not considered a significantly
large value, in which case the researcher should proceed to test the main effects, drugs and people in
the given case, as stated earlier.
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Y-axis

N
Ne)
I

Blood pressure reduction in
millimeter of mercury
O

Groups of people
A

B =mmmams

C -

X Y 4
Drugs

X-axis

Graph of the averages for amount of blood pressure reduction in millimetres of mercury for different

drugs and different groups of people.*

9.9 ANovA IN LATIN-SQUARE DESIGN

Latin-square design is an experimental design used frequently in agricultural research. In such a
design the treatments are so allocated among the plots that no treatment occurs, more than once in any
one row or any one column. The ANOVA technique in case of Latin-square design remains more or
less the same as we have already stated in case of two-way design, explaining the fact that the variance

is split into four parts as under:

(i) variance between columns;
(i1) variance between rows;
(iii) variance between varieties and
(iv) residual variance.

All these above stated variances are worked out as under:

Example 4

Analyse and interpret the following statistics concerning output wheat per field obtained as a result of
experiment conducted to test four varieties of wheat viz., 4, B, C and D under a Latin-square design.

C B A D

25 23 20 20
A D C B

19 19 21 18
B D C

19 14 17 20
D C B A

17 20 21 15

*Alternatively, the graph can be drawn by taking different group of people on x-axis and drawing lines for various drugs

through the averages.



Table 9.8

Analysis of Variance

Variance between col-
umns or MS between

SS between columns

columns n N T
c—1
Variance between rows or ( T )2 ( T)2
i between rows z i) _ _SSbetween rows
h " T
r—1

Variance between va-
rieties or MS between
varieties

SS between varieties
d.f.

Residual or error variance or MS residual

Total SS — (SS between columns + SS between rows + SS between varieties)/(c — 1)(c — 2)*

2
T

where total SS = Z(Xij )2 _Q
n

¢ =no. of columns
7 =no. of rows
v = no. of varieties

Solution Using the coding method, we subtract 20 from the figures given in
squares and obtain the coded figures as under:

*In place of ¢ we can as well write r or v since in Latin-square design ¢ =r =v.

9-15

each of the small

Columns
Row Totals
1 3 4

1 C A D
5 3 0 0 8

2 A D C B
-1 -1 1 -2 -2

R 3 B A D C
ows -1 -6 -3 0 10

4 D B

-3 0 1 -5 -7
Column totals 0 -4 -1 -7 T=-12
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Squaring these coded figures in various columns and rows, we have:

Squares of Coded Figures Sum of
Columns Squares
1 2 3 4
1 C B A D
25 9 0 0 34
2 A D C B
1 1 1 4 7
R 3 B A D C
ows 1 36 9 0 46
4 D C B A
9 0 1 25 35
Sum of squares 36 46 11 29 T=122
2 _ _
Correction factor = @ = w =9
n 16
. (1)’
SS for total variance = Z(X,_j)2 -—= =122-9=113
n

SS for variance between columns =

2@2 B @2
nj n

= + + + -9=—-9=75
4 4 4 4
"\2 2
SS for variance between rows = 2% — (TT)

|6 (3 (10 (7) | 222

=222 _9=465
4 4 4 4 4

SS for variance between varieties would be worked out as under:
For finding SS for variance between varieties, we would first rearrange the coded data in the
following form:

Table 9.9
Varieties of Wheat Yield in Different Parts of Field Total (T )
| II 111 v
A -1 -6 0 -5 -12
B -1 3 1 -2 1
C 5 0 1 0 6
D -3 -1 -3 0 -7
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Now we can work out SS for variance between varieties as under:

T.) 713
SS for variance between varieties = Z(L) - T—
n; n
12y (1 (6) (-7)
— u+u+(_)+u _9=§_9=48.5
4 4 4 4 4

.. sum of squares for residual variances will work out to 113 — (7.5 + 46.5 + 48.5) = 10.50

d.f. for variance between columns=c—1=4-1=3

d.f. for variance betweenrows=r—1=4-1=3

d.f. for variance between varieties=v—-1=4-1=3

d.f. for total variance=n—-1=16-1=15

d.f. for residual variance = (c — 1)(c—2)=(4-1)(4-2)=6

ANOVA table can now be set up as shown hereunder.

Table 9.10 The ANOVA table in Latin-square design.

Same of Variation SS d.f. MS F-ratio 5% F-limit
Between columns 7.50 3 7.50/3 =2.50 250/1.75=1.43 F(3,6)=4.76
Between rows 46.50 3 46.50/3 = 15.50 15.50/1.75 = 8.85 F(3,6)=4.76
Between varieties 48.50 3 48.50/3 =16.17 16.17/1.75=9.24 F(3,6)=4.76
Residual or error 10.50 6 10.50/6 = 1.75
Total 113.00 15

Table 9.10 shows that variance between rows and variance between varieties are significant and
not due to chance factor at 5 per cent level of significance as the calculated values of the said two
variances are 8.15 and 9.24, respectively which are greater than the table value of 4.76. But variance
between columns is insignificant and is due to chance because the calculated value of 1.43 is less than
the table value of 4.76.

EXERCISES

1. (a) Explain the meaning of ANOVA. Describe briefly the technique of ANOVA for one-way and
two-way classifications.
(b) State the basic assumptions of ANOVA.

2. What do you mean by the additive property of the technique of ANOVA? Explain how this tech-
nique is superior in comparison to sampling.

3. Write short notes on the following:

(i) Latin-square design.
(il) Coding in context of ANOVA.



9-18 Probability and Statistics

(iii) F-ratio and its interpretation.
(iv) Significance of the ANOVA.

4. Below are given the yields per acre of wheat for six plots entering a crop competition, there of the
plots being sown with wheat of variety A and time with B

Variety Yields in Fields Per Acre
1 2 3
A 30 32 22
B 20 18 16

Set up a table of ANOVA and calculate F. State whether the difference between the yields of two
varieties is significant taking 7.71 as the table value of /" at 5 per cent level forv, = 1 and v, = 4.



Statistical Quality Control

Statistical quality control methods have been used in industry since at least the early 1940s. During
the last several years interest in these methods and research in the development of more sophisticated
methods has increased dramatically. Manufacturers in industrialized countries have realized that to
compete favourably in the international marketplace, the quality and reliability of products produced
must be competitive.

After World War II, Japan began to place a major emphasis on industrial quality control. An American
statistician, Edward S. Deming, received international recognition for his early efforts in assisting
Japanese industry in implementing industrial quality control methods. Most world consumers now
recognize the high quality of products, such as electronic equipment and automobiles, produced in
Japan. The large success by Japan partly stimulated greater interest in areas of quality control in the
United States as well as in other industrialized countries. In fact, statistical quality control procedures
are becoming a vital part of the manufacturing process. These methods are of particular importance
to engineers due to their key role in the creation of new products, operation of production process and
design of industrial and public works facilities.

Until his untimely death in 1993, Deming surely was the most influential person to stimulate inter-
est in quality control, especially in the United States and Japan. He emphasized his philosophy to
industrial management with great success. Many other scientists have recently made major contribu-
tions to the rapidly expanding areas of quality control. The Japanese scientist G. Taguchi has had a
major impact in the area. Some of his work is closely related to statistical experimental design.

Control charts are widely used to monitor a process (process control). The purpose of such a chart
is to detect a situation in which the process is ‘out of control’ in the sense that it exhibits evidence
that there has been a change in the process due to assignable causes. Some of the first control charts
were developed by Walter A. Shewhart (1918-1967), a physicist who worked most of his life for Bell
Laboratories. He is best known for his work in the area of quality control via the use of statistical
methods. He was instrumental in the development of the control charts presented in the chapter which
bear his name. In modern quality control procedures, emphasis is placed on designing and monitor-
ing production processes to meet or exceed specifications. However, when interest is in determining
whether a batch of items received from a vendor actually meets specifications (product control), a
procedure called acceptance sampling is useful. These ideas are discussed in Sec. 4. Some extensions
and modifications to basic control charts and some ideas related to Taguchi’s approach for designing
(process design) to control for product variability are given in Sec. 6.

The methods presented in this chapter are mostly elementary, but they are widely used in industry
and other areas of application such as environmental monitoring.
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10.1 ProPeRTIES OF CONTROL CHARTS

One of the primary tools used in process control is the simple but effective Shewhart control chart.
It permits the early detection of a process that is unstable or out of control. A process becoming unstable
means that the process distribution has changed with respect to location (such as the mean), variability
(such as process standard deviation) or some other process characteristic. Many factors can cause a
process to become unstable. Among these are such things as malfunctioning machinery, use of inferior
materials, negligence or error on the part of operators or environmental disturbances. Once a process
has been deemed unstable or out of control, based on statistical considerations, it is the job of the qual-
ity control engineer to determine the cause and to correct the problem. Shewhart control charts can be
used in conjunction with measurement data, count data or attribute data. In this section, we consider the
general characteristics that should be possessed by any control chart. We then illustrate the ideas with the
X Shewhart control chart. This is a chart used to monitor the mean value of the product being produced.

Before a control chart can be developed, we must ask, ‘What properties should the chart possess?’
There are several properties, and each is based on practical considerations as listed hereunder.

1. Since most control charts are developed by statisticians and engineers working together but used in
the workplace, they should be kept simple. Although most production workers are intelligent, they
are not engineers and must be given a tool that they can understand and use accurately.

2. A control chart should be designed in such a way that it will allow the detection of an out-of-control
situation quickly. For example, we do not want to produce a large quantity of an unacceptable prod-
uct before we realize that a problem exists.

3. A control chart must have what is called a low false alarm rate. That is, we do not often want to
call a process out of control when, in fact, there is nothing wrong. False alarms lead to costly and
unnecessary downtime in the production process.

4. Sampling is time consuming and can be expensive. This is especially true when product testing is
destructive in that the product is destroyed in the testing process. For this reason, a control chart
should work with small samples.

The Shewhart control chart for means satisfies the above criteria and is widely used in industry.
We shall therefore illustrate the use of control charts and develop some of the common language used
with regard to control charts via this chart.

10.1.1 Monitoring Means

The control charts used to monitor the mean is centred at some target value, w,. The lower control
limit (LCL) and the upper control limit (UCL) represent the minimum and maximum values that the
sample mean X can assume without raising an alarm. That is, if LCL < X < UCL, then the process
is assumed to be in control or operating correctly in the sense that the mean value appears to be close
to target. Values of X that fall below the LCL or above the UCL signal that the process mean has
shifted away from the target value. Ideally, the upper and lower control limits assume the form

LCL=y,~ko; UCL=u,~ ko,

where p, is the desired or target mean value, o, is the standard deviation of the sample mean and k is
some positive real number. In practice, k is usually 2 or 3, and we speak of a 2-sigma or a 3-sigma control
chart. A Shewhart control chart for means is used in the following way. Samples, typically of size 4 or 5,
are taken at fixed time intervals. The time interval chosen is at the discretion of the quality engineer; it
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» (signal)
VCL
Hy )\\./0//.\
LCcL L | | | | | |
1 2 3 4 5 6 7 (signal)

Figure 10.1 A typical Shewhart control chart for the mean. The desired target process mean is .
The first six samples drawn reflect a process that appears to be ‘in control” with respect to the mean.
On the seventh sample a ‘signal’ is produced. The process is deemed to be ‘out of control.”

could be every hour, every half hour or whatever time interval is desired. The sample mean is computed
and plotted on the control chart. As long as the X value obtained lies within the control limits, the
process continues. Successive samples are drawn until X is obtained that lies outside of the central
limits. When this occurs, we say that a ‘signal” has been observed, and the process is stopped to search
for the cause of the signal. In Figure 10.1, the first six samples obtained lead us to believe that the pro-
cess is in control; the X wvalues all lie within the control limits. The seventh sample sends a signal that
the process may not be producing a product with the desired mean value; the process is deemed out of
control, and the reason for the apparent shift in mean value is sought.

To construct a 3-sigma control chart for the mean, we assume that X has a normal distribution with
mean y, and variance o> when the process is in control. Let X _denote the mean of a sample of size
n items drawn at a given time. If the process is in control, then X is normally distributed with mean
M, and variance o*/n. The normal probability law tells us that a normal random variable will lie within
3 standard deviations of its mean approximately 99 per cent of the time. That is

(Tsx 1, 3%)_ 99

From the standard normal table it can be seen that the exact probability of this occurring is .9974.
Isolating X in the middle of the inequality, we see that when the process is in control, X will fall
in the interval u, =30/ Jn with probability .9974. An observed value of X above U, +30/ Jn or

below u, —30/ Jn is very unusual for a process that is in control. There are two explanations for
observing such a value: (1) the process is in control and we simply obtain a very unusual sample or
(2) the process is out of control. Since the probability that the former explanation is correct is so very
small (.0026), we choose to believe the latter! That is, an observed sample mean outside the interval
Uy * 30/\/n leads us to declare the process out of control. This usually results in the process being
stopped to locate the problem. We note that declaring the process out of control where there is really
nothing wrong is equivalent to committing a Type I error in hypothesis testing. Since stopping the
process is costly, we want to commit such an error only very infrequently.

10.1.2 Distribution of Run Length

Two more important questions arise when control charts are used to monitor a process. One is, ‘How
often will we make the wrong decision of declaring the process out of control (observing a value of
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the mean outside the control limits) when, in fact, the process is in control and we simply observed
a rare random event?’ The other question is, ‘How soon will we be able to detect the process being
out of control (a true signal)?’ For the simple case where we assume that the sample means are from
a normal distribution with known mean and known variance, we can answer these questions by using
the geometric distribution.

Recall that the geometric distribution arises when a series of independent and identical trails is
performed. It is assumed that each trail results in one of two possible outcomes, called success or
failure. The probability of success is denoted by p, whereas the failure rate, 1-p, is denoted by ¢g. The
random variable Y is the number of trails needed to obtain the first success. It is known that the prob-
ability density for Y is given by

PY=yl=f()=pq"" y=123, ...

and that the average value of Y is 1/p.

To utilize the geometric distribution in the context of a control chart for the mean, let Y denote the
number of samples needed to obtain the first signal. This random variable is called the run length.
Notice that by defining Y in this manner, we are defining ‘success’ as being the receipt of a signal or
observing an X value that lies outside the control limits. Since X is a random variable, its value will
vary from sample to sample even when the process is in control. Thus there is a small probability, p, of
observing an unusual sample mean that creates a signal by chance even though w = w,. Since samples
are assumed to be independent, when the process is in control, remains the same from sample to sam-
ple. Thus the random variable Y follows a geometric distribution with probability of success p. The
value of p is inherent in the construction of the control chart. For a 2-sigma control chart the approxi-
mate probability that X will be within the control limits when the process is in control is .95; however,
the exact probability is .9544. The exact probability of receiving a false alarm is .0456. In this case
p = .0456. For a 3-sigma control chart

P[LCL <x< UCL] = 9974

and P[} <LCLor X > UCL] = 0026

In this case, p = .0021. Figure 10.2 illustrates this idea. We now ask, ‘If a process is in control, on
the average, how many samples will be taken in order to obtain the first false alarm. That is, If the
process is in control, what is E[Y] or the average run length?’ Since Y is geometric, this question
is easy to answer. For a 2-sigma control chart E[Y] = 1/p = 1/.0456 = 21.929. On the average, a
false alarm will occur in about the 22nd sample. False alarms for a 3-sigma chart occur less fre-
quently. In this case, E[Y] = 1/p = 1/.0026 = 384.6. In other words, with a 3-sigma control chart
we would expect about one false signal in every 385 samples.

Another interesting question to ask is, If the process is out of control in the sense that the true mean
has shifted off target, how many samples shall we have to take before a single is received? This ques-
tion is harder to answer than the question concerning average run length because the probability of
observing a signal is dependent on how far off target the process has become. A slight shift will be
hard to find, whereas a dramatic change should be detected rather quickly. Example 10.1.1 illustrates
this idea.



Statistical Quality Control 10-5

0013
signal (assumed out of control)
UCL=p,+30/'n
(assumed in control)
u,= target
mean when
in control
UCL=y,— .
#o=3o signal (assumed out of control)
.0013

Figure 10.2 If the process is in control, the Xis normally distributed with mean u, and standard
deviation o/+/n. The probability that X will fall above UCL or below LCL is .0013 + .0013 = .0026.

Example 10.1.1

Suppose that a manufacturer is producing bolts and it is known that the length of the bolts from
this process follows a normal distribution with mean length w, = 0.5 inches and standard error of
the mean G/f =0.01in. Thus, a 3-sigma control chart would have a centre line at u, = 0.5 in.,
an upper control limit of LCL = 0.5 in. + 3(.01) in. = 0.53 in., and a lower control limit of LCL =
0.5 in. —3(.01) in. = 0.47 in. If the process has shifted in such a way that, in fact, the average length
of both being produced is 0.51 in. What is the probability that a given sample will signal this shift?
What is the average number of samples that required to detect this shift in mean? The probability
of receiving a signal is

p=P[X=05 or X<047]

Standardization of the mean yields

=P[Z>2.0]=.0228

X -051 N 0.53-0.51]
0.01 0.01

and =P[Z<4.0]=0

X-051 . 047-0.51]
0.01 0.01

The probability of detecting this rather small shift in the mean for an individual sample is p = .0228
+ 0 = .0228. The average number of samples needed to detect the shift is 1/p = 43.86. Hence it will
take quite a while to detect this small shift in the average length of bolts produced. Suppose that the
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process has been disturbed so that the average has shifted to .56 in. How soon will this rather dramatic
change be detected? Calculations analogous to those just presented yield

P[Z>%:|: P[Z>-3]=.9987

=P[Z<-9.0]=0

and P[Z - 0.47;10.56}

In this case, p = .9987. There is a very high probability that a change in the mean of this magnitude
will be detected by a single sample. The expected run length is 1/.9987 = 1.00.

Questions of time can also be asked. If samples that are taken at time intervals of size d, then the
average time required to receive a signal is given by

Average time = E[Y]xd

For instance, in the above example, if samples are taken every hour, then, on the average, a shift from
the target value of 0.5 to 0.51 in. will take 43.86 h to detect. If samples that are taken every half hour,
then this shift will be detected, on the average, in 43.86(.5) =21.43 h.

It should be pointed out that where a 2-sigma or 3-sigma Shewhart control chart is used, a series of
two tailed hypothesis tests is conducted. At each sampling point we test

H,: u = p, (the process mean is in control)
H,: m # p, (the process mean is out of control)

the P value for each test is p, the probability that the test statistic X falls outside the control limits.
If we receive a signal that turns out to be a false alarm, then we commit a Type I error. If we do not
receive a signal when, in fact, the process mean has shifted off target, then a type II error results. If
the control chart if designed in such a way that the average run length is small for detecting some
practical crucial shift in the process mean, there the tests conducted have high power of this change.

10.2 SHEWHART CONTROL CHARTS FOR MEASUREMENTS

When monitoring a process from which measurements such as length, diameter and so on are
observed, we almost always monitor stability of the process with respect to location and variability. In
this section, we consider to important control charts: the X chart and the R chart. The X chart moni-
tors location (in terms of means) and the R chart monitors variability (in terms of range). The range
chart should generally indicate control before the mean chart is constructed since the mean chart uses
estimates of range chart parameters to determine control limits.

10.2.1 X Chart (Mean)

We have such that the theoretical bounds for what is called a 3-sigma X chart

Hy T —=

Jn
If the values of w, and o are known, then we can determine these bounds immediately. Unfortunately,
as with most theoretical parameters, their exact values are seldom known in practice. They must be
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estimated experimentally. To do so, we set the process in monitor and draw m samples of size n over a
time period in which the process is assumed to be under control. Suggested guidelines are that m = 20
or more and n =4 or 5. For each sample, we compute X, the sample mean. We estimate w, by pooling
the m sample means to obtain their estimator:

m o
X
Jj=1
m

Uy =

We could estimate o by computing the sample deviation for each sample and by pooling the resulting
estimates. In practice, this process is a bit cumbersome. For this reason, the sample ranges are used
to estimate o. For normal random variables it can be shown that the ratio of the expected value of the
sample range R to the standard deviation o is a constant that depends only on the sample size. This
constant, denoted by d, is given by

4, FIR]
(o)

and hence o= @
d,

The appropriate value of d, is obtained from Table A.11. The expected value of n is estimated from the
m sample range R, R, ..., R by averaging them. That is

2R

—

E[R]= R=_
m
Substitution yields this estimator for o
- ER R
S_ERI_R
d2 d2

The estimated bounds for a 3-sigma X chart are

,L/t\oi3—6 or ,&i 3R

Jn dy\n

Example 10.2.1 illustrates the construction of an X chart.

Example 10.2.1

A new production line is designed to dispense 12 oz of a drink into each can as it passes along the
line. Regardless of the care taken, there will be some variability in the random variable X, the amount
of drink dispensed per can. The process will be considered out of control if the mean amount of fill
appears to differ considerably from the average fill obtained when the process is operating correctly
or if the variability in fill appears to differ greatly from the variability obtained in a properly operating
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system. We use an X chart to monitor the mean of X. After calibration of the monitoring and training
of the assembly line personnel, five observations on X, the amount of obviate dispenses per can,
are taken each other for a 24-h period. For each sample of size 5, we compute the sample mean and the
sample range. The data obtained are shown in Table 10.1. From these data, we estimate u, the centre

line of the X chart by
24

X
jz:,’ T (12.088+11.971+--+12.007)
24 24

Table 10.1 Liquid drink dispensed.

lii?n%fr Weight (0oz) Per Container M%jn RE}—%‘%E

1 12.046 | 12.006 | 12.139 | 12.112 | 12.139 12.088 | .133

2 12.091 | 12.118 | 11.850 | 11.931 | 11.863 11.971 .268

3 11.952 [ 11.862 [ 11.899 | 11.999 |12.139 | 11.920 | .277

4 11.521 [ 11.989 [ 11.866 | 12.104 | 12.028 | 11.962 | .283

5 11.674 | 11.881 [ 11.886 | 11.921 |11.886 | 11.850 | .247

6 12.020 | 12.016 | 12.227 | 12.004 |11.887 | 12.031 | .340

7 12.077 | 12.038 | 11.949 [ 12.029 |[12.103 | 12.039 | .154

8 11.867 | 11.971 | 12.016 | 11.866 [ 11.124 | 11.969 | .258

9 12.063 | 12.038 | 11.858 [ 11.965 | 11.969 [ 11.983 | .205

10 12.042 | 12.059 [ 12.086 | 12.024 |11.915 | 12.025 | .171

11 12.014 [ 11.747 [ 11.965 | 11.953 [ 11.944 11.925 267

12 11.949 [ 11.894 [ 11.951 [ 12.076 [ 12.023 11.979 | .182

13 12.168 | 11.985 | 12.060 | 11.910 | 11.884 | 12.001 | .284

14 11.974 | 11.964 [ 12.183 | 12.054 |11.794 | 11.994 | .389

15 11.799 | 12.118 [ 11.886 | 12.036 |11.977 | 11.963 | .319

16 12.021 [ 11.993 | 12.061 | 11.969 | 11.814 11.972 | .247

17 12.008 | 11.834 [ 11.966 [ 11.948 | 12.299 [ 12.011 | .465

18 12.128 [ 11.986 [ 11.911 [12.019 | 11.980 | 12.005 | .217

19 11.946 | 11.806 | 12.049 [ 11.976 |12.053 | 11.966 | .247

20 11.956 | 12.066 [ 11.911 | 11.937 | 12.040 11.982 | .155

21 12.246 | 11.947 [ 11.937 | 12.128 [ 12.005 12.053 309

22 11.947  12.000 | 11.984 | 11.838 [12.038 | 11.961 | .200

23 11.994 [ 12.136 [ 11.908 | 12.001 | 11.909 11.990 | .228
24 12.124 [ 11.862 [ 11.904 | 12.073 [ 12.072 12.007 | .262
Total 287.687 | 6.107
Average 11.987 | .254
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The average sample range is given by

24

Zr;

- S 133426844262

= =.254
24 24

Hence, the standard deviation o is estimated by

o=

N&|\|

The value d, = 2.326 is read from Table A.11 for n =5, and hence

o=-22 _ 109
B 2.326
The 3-sigma bounds for the X chart are

G329 or 11,087+ 301992

n 5

Hence, the LCL and UCL are found to be LCL = 11.841, UCL = 12.134.

The resulting X chart is shown in Figure 10.3. This chart is used for future monitoring. When a
future sample of size 5 is selected, its sample mean is plotted on the X chart. If it lies outside the
control limits, the process is declared out of control. It is then the responsibility of the quality control
engineer to locate and correct the problem. Note that occasionally there will be no problem to correct!
On a few rare occasions the value of X will lie outside the control limits by chance even though the
process is operating correctly.

UCL = 12,134 [===mmmm s e e o e e e e e e e

o= 11.987

LCL = 11.841 - - mmm o e

Figure 10.3 A 3-sigma X chart for controlling the number of ounces of drink contained
in a can based on a sample of size 5.

One further comment should be made concerning the construction of an X chart. Once the bounds
have been determined in the manner just illustrated, the values X, X,,---, X\» used in the construc-
tion of the chart should be plotted on the chart. If these values all fall within the control limits, then
the chart is complete and can be put into use. If one or more of these values falls outside the control
limits, then these values should be deleted from the data set, u, and o should be reestimated based on
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the reduced data set, and new control limits should be computed. Note that the control limits found in
our last example are 11.841 and 12.134. Since each of the 24 values forX/. listed in Table fall between
these limits, the X chart constructed is ready for use.

10.2.2 R Chart (Range)

Usually, the variability in a process is as important as the mean value. For example, suppose that we
are producing bowling balls that are supposed to have an average diameter of 8.6 in. Is it enough
to know that the production process is in control with respect to the mean value? Suppose that we
observe a sample of five balls with these diameters coming off the line:

4.0 (about the size of a softball)
8.6
8.7
9.7
12.0 (about the size of a basketball)

The sample mean for these data is X= 8.6—right on target! The process clearly appears to be in con-
trol with respect to the mean, but is it a stable process? Obviously not. A bowling ball of the size of
a softball or a basketball is not acceptable. Controlling variability is as important as controlling the
mean. In fact, one of Deming’s major points in his method to total quality management is that vari-
ability must be reduced and controlled. We shall now introduce a Shewhart control chart that is used
to monitor product variability. A chart for the standard deviation can be constructed analogous to the
X chart. However, due to its simplicity, a control chart for the range is used more often. Such a chart
is called a Shewhart R control chart. The theoretical bounds for the R chart are

Mg *30%

where U, denotes the mean value of the sample range R and O denotes its standard deviation. We
estimate U by

R.

J

J=1

IL[R:R:

m

Although we shall not present the derivation, it can be shown that when sampling from a normal
distribution, a good estimator for oy is

~|

d;

OR =

L

2

where d, is also a constant whose value depends on the sample size. The values of d, are given in the
Table A.11. of Appendix. Replacing (i and o} by their estimates, we see that the lower and upper
control limits for the sample range are

d —
R
dz

I+

Up *30r or R+3

Before illustrating the idea, we should point out one practical problem. The range of a distribution
cannot be negative. However, occasionally the estimated lower bound for an R chart will be a negative
number. While this occurs, the lower bound is taken to be zero.
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Example 10.2.2

Let us construct an R chart based on the data of Table 10.1. We know already that
Ly =r=.254

The estimated mean of the sample range, when the process is in control, is .254 ounces. This is the
centreline of the R chart. The values of d, and d, when n = 5 are found in Table A.11. They are 2.326
and .864, respectively. The estimated control limits are

- d,- ) )
FE3=2p= .254iw =254+ 283
d, 2.326

Since the estimated lower control limit is —029, we set the lower limit to 0. The UCL is .537. Note that
since none of the sample ranges given in Table 10.1 falls above the UCL, the control chart is ready for
use. This chart is shown in Figure 10.4.

UCL =537 f==m= === mmmmmmmm o mmm s s

fiy= 254

LCL =0 fmmmmmm e oo oo e o oo e

Figure 10.4 A 3-sigma R chart for controlling the variability in the number of ounces of drink
contained in a can based on a sample size 5.

In practice, the X and R charts are nearly always used simultaneously. In this way an effort is made
to control both the mean values and the variability of the product being produced. Example 10.2.3
illustrates this idea.

Example 10.2.3

The process described in Example 10.2.1 is monitored 5 times during the course of a day. The result-
ing data are shown in Table 10.2 and illustrated in Figure 10.5. Note that the process goes out of
control relative to location (the mean) at the fourth sampling period. At this time the engineer would
usually look at the process and try to identify and correct the problem. The data suggest that the process
is in control relative to variability.

Table 10.2
Sample Number Weight (or) Per Container Mean )_(]. Range 1,
1 12.016 | 12.088 11.792 11.971 12.118 11.997 326
2 12.039 | 12.047 12.014 12.113 12.156 12.074 142
3 11.998 | 12.053 12.058 12.077 12.049 12.047 .079
4 12.167 | 12.127 12.053 12.137 12.212 12.139 159
5 12.048 | 12.048 11.931 12.083 12.045 12.031 152
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UCL=12134} - - - - - - - - - - - - UCL=537 bk - = = — — - - o o ___
fig=11.987 [—* fip = 254 —
LCL=11841[ "~~~ "~~~ ~~"7777°77°7° ILCL=0f~"~"~"—-- ettt
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Sample number Sample number
(a) (b)

Figure 10.5 (a) An X chart for a sample of 5 days; the process is out of control
relative to location on day 4 and (b) An R chart for a sample of 5 days; the
process is in control relative to variability each day.

10.3 SHEWHART CONTROL CHARTS FOR ATTRIBUTES

In the previous sections we considered Shewhart control charts used to monitor location (mean) and
variability (range) of a continuous random variable. Data obtained were in the form of measurements.
In this section we consider Shewhart control charts that entail the use of count data. In particular, we
use P charts to monitor the proportion of defective items produced; we use C charts to monitor the
average number of defects per the item produced. We shall present the standard 3-sigma control limits
and refer to the number of defects in an item or the number of defective items as either ‘in control’ or
‘out of control’ based on these control limits.

10.3.1 P-Charts (Proportion Defective)

The P chart is constructed in a manner similar to that used in constructing an X chart. Consider a
sample of n items drawn from a process that is assumed to be in control. Since even under the best of
circumstances a defective item will be produced occasionally, a certain proportion of items produced
will fall into the defective range. Let IT denote this proportion, and let X denote the number of defec-
tive items found in the sample. Since it is assumed that the quality of one item is not affected by others,
the random variable X follows a binomial distribution with parameters n and I1. Notice that in this
setting ‘success’ is observing a defective item and the probability of success for a process that is in
control is IT. This notation is different from that used in earlier chapters where the probability of suc-
cess was denoted by p. The change is needed for two reasons. First, it is the notation commonly used
in control chart literature for proportions. Second, we shall generate a series of estimates for IT and
average these estimates. It will be convenient to denote the estimator for Il by P, successive estimates
for Il by p,, p,, ps, ..., p,» and the average of these estimates by P .

Based on our earlier study of sample proportions, it is known that the sample proportion P is an
unbiased estimator for I1 with variance I1(1—IT)/n . That is, when the process is in control

II(1-11 [I(1-11
up =11 0_1%’= (n ) O-P=\f (n )
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Earlier we considered the normal approximation to the binomial distribution for large sample sizes.
We shall utilize those results here in constructing control limits for P charts. Assuming a large sample
size, the theoretical 3-sigma control limits for the P chart are

M, *30,

As usual, we must estimate (,and 0, from data obtained while the process is assumed to be func-
tioning properly.

To estimate 4, and O, , we obtain m random samples, each of size n. Let Xj represent the number
of defective items in the jth sample. Then, P, = X/n denotes the proportion of defective items in the jth
sample. We estimate 1, with the average value of these m sample proportions. That is

m m
Sr S
flp =P= s =

m mn
Note that fI 18 just the total number of defectiveg found in the m samples combined divided by the
total number of items examined. Since i, =I1, u, = P is a pooled estimator for II. It allows us to
combine the m estimator P, P,, ..., P into a single unbiased estimator for I1. Since O, is a function

of I, this parameter can be estimated by
P(1-P
o - [PO=P)
n

The estimated limits for a 3-sigma control chart are
30 control chart for I1

N - P(-P
u,*30, or P%3 %

Since the proportion of defective items in a sample cannot be negative, the lower control limit (LCL)
is set at 0 whenever P —3,/P(1—P)/n is negative.

One other comment needs to be made. It seems a little strange that we would want to declare a
process out of control when the proportion of defectives appears to be too small. However, in such
situations it is sometimes necessary to run a check. Perhaps some change has occurred that results in
a better production process than we had before; we would certainly want to discover the reason for
this unexpected improvement. Perhaps we are getting too few defectives because of poor inspection
techniques by our operators; we must uncover this sort of situation! Whether or not to stop the process
when an observed proportion falls below the LCL is a judgment that must be made by the quality
control engineer.

The following example demonstrates the construction and use of a P-chart.

Example 10.3.1

An electronics firm produces computer memory chips. Statistical quality control methods are to be
used to monitor the quality of the chips produced. A chip is classified as defective if any flaw is found
that will make the chip unacceptable to the buyer. To set up a P-chart to monitor the process, 300
chips are sampled on each of 20 consecutive work days. The number and proportion of defective chips
found each day are recorded in Table10.3. From these data
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Table 10.3 Samples of memory chips.

Work Day | Number of Defectives | Proportion Defective (P)
1 16 .053
2 8 .027
3 1 .003
4 16 .053
5 9 .030
6 13 .043
7 10 .033
8 14 .047
9 11 .037

10 8 .027
11 6 .020
12 14 .047
13 13 .043
14 14 .047
15 4 .013
16 11 .037
17 4 .013
18 13 .043
19 9 .030
20 12 .040
Total 206
ﬁpzﬁziﬁ_ 200 _ 343
‘Zimn - 20(300)

The estimated proportion of defective chips being produced is .0343. This value is also the centreline
of the P-chart. The estimated standard deviation for P is

5 - \/P(I—P): \/(.0343)(.9657):.0105
P n 300

Substitution yields the UCL and LCL of

0343 + 3(.0105)
0343 +.0315

The LCL is .0028 and the UCL is .0658. The P-chart with the 20 observations used in its construc-
tion is given in Figure 10.6. Since none of the proportions used in the construction of the P-chart lies
outside the control limits, the chart is ready for use. If a future sample of 300 chips yields a sample
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Sample number

Figure 10.6 A 3-sigma P-chart for controlling the proportion of defective computer chips produced
by an electronics firm based on a sample of size 300; the process is in control on all 20 days used in
constructing the chart.

proportion above .0658, then the process is considered to be unstable or out of control and the cause
of the problem is investigated. If the sample proportion falls below .0028, then it is up to the quality
control engineer to decide whether or not he or she thinks that the situation warrants investigation.

10.3.2 C-Charts (Average Number of Defects)

To construct a C-chart, we let C denote the number of defect per item. If we think of an item as
representing a continuous spacial ‘interval’ of size s = 1 and a defect on the item as being a ‘discrete
event’, now C satisfies the description given in Chap. 3 of a Poisson random variable. The parameter k
associated with C is k= As = A-1 = A, where A denotes the average number of defects per item. Based
on the Poisson properties derived earlier, it can be seen that

pe=i o= o =+
Thus the theoretical control limits for a 3-sigma control chart are

Uct30. or A+3JA.

To estimate A, we take a sample of m items selected over a period during where the process is
assumed to be in control. Let CJ denote the number of defects found on the j* item. An unbiased
estimator for A is

2.C
j-c=2
m

Note that A is the total number of defects found in the m items divided by the number of items
sampled. The estimated limits for a 3-sigma control chart are
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30 control limits for the average number of defects per item

IiS\/E or C+3JC

Once again, if the LCL is negative, it is set equal to 0.

To use a C-chart of this sort in the future, a single item is sampled and the number of defects is
determined. If this number falls outside the control limits, then the process is assumed to be out of
control and the source of the problem is sought.

Example 10.3.2

In the making of synthetic fabrics, large rolls of cloth are produced. They are then inspected for flaws
and graded as being either first quality, second quality or unacceptable. In some factories a 100 per
cent inspection scheme is used. Each yard of cloth is visually examined for flaws in the inspection
process. The quality engineer wants to develop a way to control for flaws in the production process
rather than after the material has been packaged into rolls for shipment to the consumer. To construct a
control chart for a particular room, we obtain several 500 yard rolls of first quality material produced
by the room. Twenty five samples each of length / linear yards are selected from these rolls and the
number of flaws per sample is recorded. In this case, a single linear yard of material is considered to be
an individual item. Data collected are shown in Table 10.4. In this case C denotes the number of flaws
per linear yard in fabric judged to be of first quality, and A represents the average number of flaws per
yard in this quality material for these data

10_
25

A=C= 4

Table 10.4 Samples of fabric.

Sample Number Number of Flows Samples Number Number of Flows
1 0 14 0
2 0 15 0
3 0 16 1
4 1 17 0
5 0 18 0
6 0 19 1
7 2 20 0
8 0 21 0
9 0 22 0
10 0 23 1
11 1 24 0
12 0 25 0
13 3

The estimated control limits are

C+3JC or 4+3J4
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In this case, the apparent LCL is negative. Since it is impossible to observe a negative number of
defects, the LCL is taken to be 0. The working control limits are 0 to 2.3. In the future at randomly
selected times, a yard of material will be examined as it comes from the loom. If more than two flaws
are observed, the loom will be stopped and its settings checked.

Control charts for controlling the average number of defects per item can be constructed that utilize
samples of more than one item. Charts of this type are useful when the items produced are small so
that it is possible to examine many of them fairly quickly.

10.4 ToLERANCE LiMiITSs

In Chap. 6 we discussed confidence intervals for the population mean when we assumed that the
sample observations came from a normally distributed population. There the confidence interval on
the mean when the population variance must be estimate was defined. We note here that this confi-
dence interval relates to an interval within which we are highly confident that the true mean u lies.
Often, particularly in engineering applications, we are interested in statements about individual obser-
vations. For example, we may need to know the proportion of individual values in the population that
lie in some specified interval. Or, there might be specification limits and we may wish to estimate
what proportion of items lie within the specification limits. We consider two methods for computing
tolerance intervals. The first method assumes a normal distribution for the population. In the second
approach, we do not assume any specific distribution (nonparametric).

Two-sided Tolerance Limits

Two-sided tolerance limits are values determined from a sample of size # so that one can claim
with (1 — )% confidence that at least & proportion of the population is included between
these values.

10.4.1 Assumed Normal Distribution
When normality is assumed, we have seen that the interval
(u—1.960, u+1.960)
contains 95 per cent of the population. In practice, ( and o are usually unknown and must be estimated
by X and S, the sample mean and standard deviation, Thus, the interval
(X —1.968, X + 1.965)

is a random interval, and hence will no longer cover exactly 95 per cent of the population. However,
it can be shown that the interval

(X—KS, X+ KS)
covers 0 of the population with confidence 1 — ¢ Values of the constant K are given in Table A.12 for
various values of § and 1 — .
Example 10.4.1

A certain machine was made to dispense 12 ounces of cercal per box. To check on the precision
of this machine, a team sampled 25 boxes and measured the weight of their contents. The sample
average weight was 11.959 oz., and the sample standard deviation was 0.228. Assuming a normal
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distribution, calculate an interval so that we can claim, with 95 per cent confidence, that 99 per cent
of the population lies between the smallest and largest sample observation.
From Table A.12 we find K = 3.457 for 1 — = .95 and 6=.99. Thus, the tolerance interval is given by

(X—KS, X+ KS)
which becomes

[11.959 — (3.457)(.228), 11.953 + (3.457)(.228)] or (11.171, 12.747)

For some problems we need one-sided for tolerance limits. That is, determine the sample size needed
so that a specified proportion 8 of the population is above the smallest value or below the largest value
in the sample.

One-sided Tolerance Limits

A one-sided tolerance limit is a minimum (or maximum) value determined from a sample of size
n, chosen so that one can claim with (1-a)% confidence that at least § proportion of the popula-
tion will exceed this minimum (is less than this maximum) value.

Table A.13 can be used for this purpose, as demonstrated in Example 10.4.2.

Example 10.4.2

A manufacturer of automotive batteries wishes to establish a warranty so that they can be 95 per cent
confident that 99 per cent of the batteries will last as long as the warranty period. Assume that battery
life time follows a normal distribution. The research team randomly selected n = 50 batteries and run a
test on the life of each battery. They found the average life for the sample to be 39 months with sample
standard deviation 3.0 months.

The lower (one-sided) tolerance limit is given by

X-KS

From Table A.13 we find K = 2.863, which gives a lower tolerance limit of 30.411. Hence, a warranty
period of 30 months seems reasonable.

10.4.2 Nonparametric Tolerance Interval

The presentation of tolerance intervals given requires the assumption of normality for the population
from which the sample is taken. Often that is not a reasonable assumption. For example, the distribu-
tion may be skewed to the right or left. There does exist a non-parametric method (independent of
the distribution). These intervals will usually be wider and/or require large sample sizes for specified
dand 1 - o

It can be shown that

P[ (Y, Y,)) covers at least 6 of the population] (10.1)

=1-n8""+(n-1)8"
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where Y, and Y., denote the minimum and maximum value in the sample of size n, respectively.
Table A.14 gives the values for the sample size needed so that & proportion of the population is
between Y, and Y, with 1—-a per cent confidence.

Example 10.4.3

If we do not assume a normal distribution, what size sample is needed so that we can claim, with
90 per cent confidence, that at least 95 per cent of the population will be included between the smallest
and largest observation (i.e., = .10 and 6= .95)?

From Table A.14, we see that n = 77 observations are required.

Non-parametric intervals can be used in various ways. One obvious approach is to find the sample
size needed so that the tolerance interval covers O per cent of the population with confidence 1 — c.
Another approach would be, for a given sample size, to find the confidence level for a specified o
proportion of the population to be included within the tolerance interval. This can be done by solving
equation 10.1 for various values of n with 6 fixed until an acceptable confidence is obtained.

10.5 ACCEPTANCE SAMPLING

Although modern quality control techniques tend to emphasize process control so that defective
items are not produced, another important area of statistical quality control is acceptance sampling.
When a batch or lot of items has been received by the buyer, he or she must decide whether to accept
the items. Usually, inspection of every item in the lot is impractical. This may be due to the time or
cost required to do such an inspection; it may be due to the fact that inspection is destructive in the
sense that inspecting an item thoroughly can be done only by cutting the item open or by testing it in
some other way that renders it useless. Thus the decision to reject a lot must be made based on test-
ing only a sample of items drawn from the lot. The sampling plans that we shall consider are called
attribute plans. In these plans each item is classified as being either defective or acceptable. We
make our decision as to whether or not to reject the lot based on the number of defectives found in
the sample. As you will see, acceptance sampling is just an adaptation of classical hypothesis testing.

To begin, let us denote the number of items in the lot or batch by N. The true unknown proportion of
defective items in the lot is denoted by I'l. We agree that the entire lot is acceptable if the proportion of
defectives IT is less than or equal to some specified value I1;. Since our job is to detect unacceptable
lots, we want to test the hypothesis

H,: IT<II, (lotis acceptable)
H,: IT>1I; (lotis unacceptable)

Usually, to decide whether to reject H,, we determine what is called an acceptance number, which
we denote by c. If the number of defective items sampled exceeds ¢, we reject the lot; otherwise, we
accept it. As you know, two kinds of errors may be committed when testing a hypothesis. We might
reject a lot that is, in fact, acceptable, thus committing a Type I error; similarly, we might fail to reject
an unacceptable lot, thus committing a Type II error. Alpha, the probability of committing a Type 1
error in this context, is called the producer’s risk. Beta, the probability of committing a Type II error,
is called the consumer’s risk.

As in the past, we shall be able to compute the value of ¢. In this case it will depend on the specific
value of I, the sample size n and the lot size N. Thus, in a particular case we shall always know the
risk to the producer. To see how to compute ¢, consider a lot of size N of which the proportion IT is
defective. Let » = NII, denote the number of defective items. We select a random sample of size n
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from the lot and consider the random variable D, the number of defective items found in the sample.
This random variable follows a hypergeometric distribution. From Sec. 3.6, we know that its prob-

ability density function is given by N
r —-r
=)
()
n

where d is an integer lying between max[0, n — (N — r)] and min[z, r]. For a preset acceptance number
c the procedure’s risk is given by

f(d)=

o = PlrejectH, | P = F,]
=P[D>c|I1=11,]

For relatively small samples, this probability can be calculated directly. However, in practice we usually
approximate it using either the binomial density or the Poisson density. In the binomial approximation this
probability of ‘success’, obtaining a defective part, is assumed to be r/N; however, in the Poisson approxi-
mation the parameter k is given by k = nr/N. These ideas are illustrated in Example 10.5.1. We show you
all three calculations. In practice, we would use two hypergeometric probability and would only turn to
the approximations when the hypergeometric computations become too cumbersome to be practical.

Example 10.5.1

A construction firm receives a shipment of N = 20 steel rods to be used in the construction of a bridge.
The lot must be checked to ensure that the breaking strength of the rods meets specifications. The lot will
be rejected if it appears that more than 10 per cent of the rods fall to meet specifications. We are testing

H,: TI<.1 (lot is acceptable)
H: I1>.1 (lot is unacceptable)

We compute o under the assumption that the null value is correct. That is, we compute ¢ under the
assumption that the lot actually contains » = N I1; = 20(.1) = 2 defective rods. Since testing a rod requires
that it be broken, we cannot test each rod. Let us assume that a sample of size n =5 is selected for testing.
Let us agree to reject the lot if more than one rod is found to be defective. In this way, we are setting our
acceptance number at ¢ = 1. Note that D can assume only the values 0, 1 or 2. The producer’s risk is given by

o = Plreject H, | 11 =.10]
=P[D>1]I1=.10]
=P[D=2|11=.10]

2]

Using the combination formula given in Chap. 1 to evaluate the terms shown above, we see that
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o =816/15504 = .0526

That is, there is about a 5 per cent chance that our sampling technique will lead us to reject an accept-
able lot that contains only two defective items; however, there is about 95 per cent chance that we shall
not reject such a lot. Since the numbers used in this example are small, the calculation based on the
hypergeometric distribution is not difficult. For comparative purposes we approximate the value of
a by using a binomial random variable X with n =5 and p = .1. Since we want to find the probability
associated with the right-tail region of the hypergeometric distribution, we approximate ¢ by finding
the probability associated with the right-tail region of the appropriate binomial distribution. In this
case:
a=P[D=2]
=P[X 22]
=1-P[X <2]
=1-P[X <]
From Table A.14, oo =1 — 9185 = .0815. We can also approximate & by using a Poisson random
variable Y with parameter K = n#/N = 5(2)/20 = .5. From Table A.2:
a=P[D=2]
=P[Y 22]
=1-P[Y <2]
=1-P[y <]
=1-.910
=.09
These approximations overestimate ¢, but considering the small numbers involved, they are not bad!
For a set sample size, a set lot size and a set acceptance number, the probability of accepting a lot
depends only on Il = r/N , the proportion of defectives actually in the lot. The hypergeometric distri-
bution can be used to compute this probability for » =0, 1, 2, 3, ..., N. The graph of this acceptance

probability as a function of I is called the operating characteristic or OC curve. In Example 10.5.2,
we demonstrate how to construct and read an OC curve.

Example 10.5.2

Consider the problem described in Example 10.5.1 in which N=20, n =5 and ¢ = 1. The probability of
accepting this lot depends only on the proportion of defectives in the lot. We calculate the probability

for various values of r and I1 by using the equation
d n—d

()

For example, the probability of accepting a lot that contains no defective items is given by

P[accept lot|IT= L:|
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()

The probability of accepting a lot that contains exactly are defective item is

(6)5) GE)
0J\S5 N 1)\4 ) 11628+3876 -1
(20) (20) 15504

5 5
We have already seen that the probability of accepting a lot that contains exactly two defective items is
1 -.0526 = .9474. Similar calculations can be done forr=3, 4, 5, ..., 20. The results of these calcula-
tions for selected values of r are shown in Table 10.5. Using Table 10.5 we can make a quick sketch of
the OC curve for this sampling plan by plotting the lot proportion defective versus the probability of
acceptance for these selected values and then by joining the points with a smooth curve. The resulting
sketch is shown in Figure 10.7. The producer’s risk is found by projecting a vertical line up from the
point IT = I, until it intersects the OC curve. A horizontal line is then projected over to the vertical
axis. It intersects this axis at the point 1—¢r . The producer’s risk (o) is the length of the line segment
from this intersection point to 1, as shown in Figure 10.7. The consumer’s risk (f) for a specified
alternative I'l, > IT; can also be read from the OC curve. For example, suppose that we want to deter-
mine the probability of accepting a lot in which the true proportion of defectives is I, =.4. We use the
projection method to see that this probability is approximately .3 as shown in Figure 10.7. Note that as
the difference in IT and IT increases, B decreases. That is, as the proportion of defectives increases,
we are less likely to accept an unacceptable lot.

As we have seen in earlier discussions on hypothesis testing the typical approach is to specify a
value for ¢ and then to determine the appropriate rejection region. Here we would specify o and
then determine the acceptance number that gives us this approximate ¢ value. In this way, we control
the producer’s risk. However, if samples are small, this might result in an unacceptably large risk to the
consumer. In practice, efforts are made to obtain a balance between the producer’s risk (o) and
the consumer’s risk (3). To do so, we specify a value I, > IT that represents to us a ‘barely acceptable’
lot. For example, if we really want IT < .10, we might agree that a defective rate of .12, while not ideal,
is at least barely acceptable. When N, IT , IT , zand B are specified, it is possible to find a combination

Table 10.5
r IT Probability of Acceptance
0 0 1
1 .05 1
2 .10 9474
5 25 .6339
10 .50 1517
15 75 .0049
20 1.00 0
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Figure 10.7 An OC curve with N = 20, I, = .10, c = 1, n = 5; the producer’s risk is & = .0526; the
consumer’s risk when I1 = ¢, f3, is approximately .3.

of n and C that meets the targets for cvand 8. That is, it is possible to find an OC curve such that at I
the probability of accepting the lot is 1 — orand at I, the probability of accepting the lot is 8. There are
many sources available that give OC curve for specified values of N, n, and S.

10.6 TwoO-STAGE ACCEPTANCE SAMPLING

Sometimes, multiple stage acceptance sampling plans are used. These plans can lead to smaller aver-
age sample sizes required to produce the same or similar OC curves as those that result in single-stage
sampling. This is important when sampling is expensive, as in the case of destructive sampling. In this
section we construct two-stage sampling in which lot sizes are large enough so that the binomial or
normal distributions yield a good approximation to the hypergeometric distribution.

In a two-stage sampling scheme, a single sample is drawn. If the number of defective items in the
sample is large, the lot is rejected immediately and sampling ceases. If the number of defective items
is very small, then the lot is accepted immediately and sampling also ceases. However, if the number
of the defective items is decreased to be moderate in size so that no clear decision is obvious, then
a second sample is drawn. The decision to accept or reject the lot is made based on the total number
of defective items in the two samples combined. The terms ‘very small’, ‘large’ and ‘moderate’ are
defined relative to the probability of obtaining various numbers of defective items.

The next example illustrates the computation of an OC chart in a two-stage sampling design. Recall
that to compute an OC chart we must find

Placcept lot | IT] = P[accept lot first or second sample | IT]

That is, the OC chart is a graph of the probability of accepting a lot as a function of the true proportion
of defectives in the lot.
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Example 10.6.1

Consider the following two-stage sampling scheme. We draw a sample size n, = 50 and decide to reject
the lot if the number of defective items is found more, to accept the lot if the number is 0 or 1, and
to take a second sample otherwise. Figure 10.8(a) illustrates this first stage of sampling. If a second
sample of size n, = 50 is needed, then we reject the lot if the total number of defective items in the
two samples combined is five or more; otherwise, the lot is accepted. The second stage acceptance
rule is shown in Figure 10.8(b). Notice that the rejection rule can change from four to five because the
sample size has increased from 50 to 100. Figure 10.9 summarizes the entire sampling procedure. Let

0 1 2 3 4 5 50
Accept Resample Reject
(a)
\ \ \ \ \ \ \ \ \ |
0 1 2 3 4 5 6 7 100
Reject
Accept (b)

Figure 10.8 (a) A three way decision rule is used in the first stage of a two-stage sampling scheme and
(b) a two-way decision rule is used on the continued sample of size 100 in the second stage of sampling.

Accept
lot

0.1.2 Accept lot

3+ .
Reject lot

0,1 Accept lot
4
Reject lot

Figure 10.9 A two-staged lot acceptance plan.

D denote the total number of defective items obtained while sampling. The probability of acceptance
when the true proportion of defectives is IT is given by

Placcept] = P[accept on first sample] + P[take a second sample and accept]
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By using the multiplication rule, we can express the length probability as
P[take a second sample and accept] = P[accept | take a second sample] X P[take a second sample]
In this example

Placcept] = P[D < 1| n, =50, TT] + P[D=2 | n, =50, 1] P[D <2 | n, = 50, 1]
+P[D=3|n,=50,1T] P[D<1|n,=50,]

Table 10.6
1 Probability of Acceptance
0 1
.01 .996
.02 952
.03 .833
.04 .661
.05 482
.06 328
.07 212
.08 132
.09 .080
.10 .047

To illustrate, let us calculate the probability of acceptance when II = .10. The probabilities can be
found by using binomial distribution with n = 5. Those probabilities given in Table 10.6 were found
by using an extended binomial table that lists probabilities for » = 50 and p = .01 through p = .10.
Since our binomial table does not list these values, we can either calculate the desired probabilities
from the binomial density or approximate them by using the normal curve. The normal approximation
technique is demonstrated below. In this approximation it is assumed that D is approximately normally
distributed with = 50(.1)=5, 62 =50(.1) (9)=4.5and 0=2.12:

P[D<1|n =50,TI=.1]=P z<1222
2.12

=P[Z <-1.65]
=.0495

P[D=2|n =50,T1=.1]=P[-1.65< Z < -1.18]
=.0695

P[D<2|n, =50,T1=.1]=.1190

P[D=3|n =50,1=.1]=.1199

Substitution yields
Placcept] = .0495 +.0695(.1190) + .1199(.0495) = .0637
Notice that this approximation is fairly close to the binominal value given in Table 10.6.

The ideas illustrated here for two-stage acceptance sampling can be extended to multiple-stage
sampling.
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EXERCISES

1. In general, for a 3-sigma control chart, find the probability of detecting a downward shift of
magnitude 20+ . That is, find the probability of obtaining a signal if the mean has shifted from
M, 1O Ly + 20+ . Find the average run length in this setting.

2. Consider a Shewhart control chart for means with LCL = p, —20; and UCL = y, +20.
Assume that the random variable being measured follows a normal distribution with mean
U, = 50 and variance o’ = 255 when the process is in control. Assume that the samples of size
n =4 are observed and that the sample means X are plotted on the control chart.

(a) Sketch the control chart showing the target value and both control limits.

(b) Find the false alarm rate.

(c) If the process mean shifts from a target value of t, = 50 to u = 45, find the average number
of samples required to detect the shift.

3. For each of the following sets of summary data, compute the LCLs and UCLs for a 3—sigma}
chart ( X and 7, each of which is based on m samples of size n over line when the process is
assumed to be in control.

(@) X =245, 7=24,n=5
(b) X =0.045, 7=.005,n =10
() X =865, F=2.15n=4

4. A textile company wishes to implement a quality control programme on a certain garment with
respect to the number of defects found in the final production. A garment was sampled on 33
consecutive hours of production. The number of defects found per garment is given hereunder.

Defects: 5,1,7,1,0,2,3,4,0,3,2,4,3,4,4,1,4,2,1,3,4,3,11,3,7,8,5,6,1,2,4,7,3

X
X

Compute the upper and lower 3-sigma control limits for monitoring the number of defects.
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Table A.9 Critical values of F-Distribution (at 5 per cent).
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v, g 1 2 3 4 5 6 8 12 24 @

1 [161.4 |199.5 |2157 |2246 [2302 |[2340 |2389 [2439 [249.1 |[2433
2 | 18.51 19.00 | 19.16 | 1925 | 1930 | 1933 | 1937 | 1941 | 1945 | 19.50
31 1013 9.55 9.28 9.12 9.01 8.94 8.85 8.74 8.64 8.53
4 771 6.94 6.59 6.39 6.26 6.16 6.04 591 577 5.63
5 6.61 5.79 5.41 5.19 5.05 4.95 4.82 4.68 453 436
6 5.99 5.14 476 4.53 439 428 4.15 4.00 3.84 3.67
7 5.99 4.74 435 4.12 3.97 3.87 3.73 3.57 3.41 3.23
8 532 4.46 4.07 3.84 3.69 3.58 3.44 3.28 3.12 2.93
9 5.12 4.26 3.86 3.63 3.48 3.37 3.23 3.07 2.90 2.71
10 4.96 4.10 3.71 3.48 3.33 322 3.07 291 2.74 2.54
11 4.84 3.98 3.59 3.36 3.20 3.09 2.95 2.79 2.61 2.40
12 475 3.88 3.49 3.26 3.11 3.00 2.85 2.69 251 2.30
13 4.67 3.80 3.41 3.18 3.02 2.92 2.77 2.60 2.42 221
14 7.60 3.74 3.34 3.11 2.96 2.85 2.70 2.53 2.35 2.13
15 4.54 3.68 3.29 3.06 2.90 2.79 2.64 2.48 2.29 2.07
16 4.49 3.63 3.24 3.01 2.85 2.74 2.59 242 2.24 2.01
17 4.45 3.59 3.20 2.96 2.81 2.70 2.55 2.38 2.19 1.96
18 4.41 3.55 3.16 2.93 2.77 2.66 251 2.34 2.15 1.92
19 438 3.52 3.13 2.90 2.74 2.63 2.48 231 2.11 1.88
20 435 3.49 3.10 2.87 2.71 2.60 2.45 2.28 2.08 1.84
21 432 3.47 3.07 2.84 2.68 2.57 2.42 2.25 2.05 1.81
22 430 3.44 3.05 2.82 2.66 2.55 2.40 223 2.03 1.78
23 428 3.42 3.03 2.80 2.64 2.53 238 2.20 2.01 1.76
24 426 3.40 3.01 278 2.62 2,51 236 2.18 1.98 1.73
25 4.24 3.38 2.99 2.76 2.60 2.49 2.34 2.16 1.96 1.71
26 4.22 3.37 2.98 2.74 2.59 2.47 232 2.15 1.95 1.69
27 421 3.35 2.96 2.73 2.57 2.46 231 2.13 1.93 1.67
28 4.20 3.34 2.95 271 2.56 2.45 2.29 2.12 1.91 1.65
29 4.18 3.33 2.93 2.70 2.54 2.43 228 2.10 1.90 1.64
30 4.17 3.32 2.92 2.69 2.53 2.42 227 2.09 1.89 1.62
40 4.08 3.23 2.84 2.61 2.45 2.34 2.18 2.00 1.79 1.51
60 4.00 3.15 2.76 2.52 237 225 2.10 1.92 1.70 1.39
120 3.92 3.07 2.68 2.45 2.29 2.17 2.02 1.83 1.61 1.25
® 3.84 2.99 2.60 2.37 221 2.10 1.94 1.75 1.52 1.00

v, = Degrees of freedom for greater variance.

v, = Degrees of freedom for smaller variance.
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Table A.10 Critical values of F-Distribution (at 1 per cent).

v, ¢ 1 2 3 4 5 6 8 12 24 ®

1 | 4052 4999.5 | 5403 5625 5764 5859 5982 6106 6235 6366
2| 98.50 99.00 99.17 | 99.25 99.30 | 99.33 | 99.37 | 99.42 | 99.46 | 99.50
3| 3412 30.82 29.46 | 28.71 2824 | 2791 | 2749 | 27.05 | 26.60 | 26.13
4| 21.20 18.00 16.69 15.98 1552 | 15.21 1480 | 1437 | 13.93 13.45
5| 16.26 13.27 12.06 11.39 1097 | 10.67 | 10.29 9.89 9.47 9.02
6| 13.75 10.92 9.78 9.15 8.75 8.47 8.10 7.72 731 6.88
7| 1225 9.55 8.45 7.85 7.46 7.19 6.84 6.47 6.07 5.65
8| 1126 8.65 7.59 7.01 6.63 6.37 6.03 5.67 5.28 4.86
9 | 10.56 8.02 6.99 6.42 6.06 5.80 5.47 5.11 473 431
10 | 10.04 7.56 6.55 5.99 5.64 5.39 5.06 4.71 433 3.91
11 9.65 721 6.22 5.87 532 5.07 4.74 4.40 4.02 3.60
12 9.33 6.93 5.95 541 5.06 4.82 4.50 4.16 3.78 3.36
13 9.07 6.70 5.74 5.21 4.86 4.62 430 3.96 3.59 3.17
14 8.86 6.51 5.56 5.04 4.69 4.46 4.14 3.80 3.43 3.00
15 8.68 6.36 5.42 4.89 4.56 432 4.00 3.67 3.29 2.87
16 8.53 6.23 5.29 477 4.44 4.20 3.89 3.55 3.18 2.75
17 8.40 6.11 5.18 4.67 4.34 4.10 3.79 3.46 3.08 2.65
18 8.29 6.01 5.09 458 425 4.01 3.71 3.37 3.00 2.57
19 8.18 5.93 5.01 4.50 4.17 3.94 3.63 3.30 3.92 2.49
20 8.10 5.85 4.94 4.43 4.10 3.87 3.56 3.23 2.86 2.42
21 8.02 5.78 4.87 437 4.04 3.81 3.51 3.17 2.80 2.36
22 7.95 5.72 4.82 431 3.99 3.76 3.45 3.12 2.75 231
23 7.88 5.66 4.76 4.26 3.94 3.71 3.41 3.07 2.70 226
24 7.82 5.61 4.72 422 3.90 3.67 3.36 3.03 2.66 2.21
25 7.77 5.57 4.68 4.18 3.85 3.63 3.32 2.99 2.62 2.17
26 7.72 5.53 4.64 4.14 3.82 3.59 3.20 2.96 2.58 2.10
27 7.68 5.49 4.60 4.11 3.78 3.56 3.26 2.93 2.45 2.13
28 7.64 5.45 4.57 4.07 3.75 3.53 3.23 2.90 2.52 2.06
29 7.60 542 4.54 4.04 3.73 3.50 3.20 2.87 2.49 2.03
30 7.56 5.39 451 4.02 3.70 3.47 3.17 2.84 2.47 2.01
40 7.31 5.18 431 3.83 3.51 3.29 2.99 2.66 2.29 1.80
60 7.08 4.98 4.13 3.65 3.34 3.12 2.82 2.50 2.12 1.60
120 6.85 4.79 3.95 3.48 3.17 2.96 2.66 2.34 1.95 1.38
o 6.64 4.60 3.78 332 3.02 2.80 2.51 2.18 1.79 1.00

v, = Degrees of freedom for greater variance.

v, = Degrees of freedom for smaller variance.
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Table A.11 Control Chart constants.

Number of Observations in

Sample, n d, d;
2 1.128 0.853
3 1.693 0.888
4 2.059 0.880
5 2.326 0.864
6 2.534 0.848
7 2.704 0.833
8 2.847 0.820
9 2.970 0.808
10 3.078 0.797
11 3.173 0.787
12 3.258 0.778
13 3.336 0.770
14 3.407 0.762
15 3.472 0.755
16 3.532 0.749
17 3.588 0.743
18 3.640 0.738
19 3.689 0.733
20 3.735 0.729
21 3.778 0.724
22 3.819 0.720
23 3.858 0.716
24 3.895 0.712
25 3.931 0.709

With permission from ASTM Manual on Quality Control of Materials,

American Society for Testing Materials, Philadelphia, Pa, 1951.
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Table A.12 Factors for two-sided tolerance limits.

1-a=0.95 1-a=0.99

" 0.90 0.95 0.99 0.90 0.95 0.99
2 32.019 37.674 48.430 160.193 188.491 242.300
3 8.380 9.916 12.861 18.930 22.401 29.055
4 5.369 6.370 8.299 9.398 11.150 14.527
5 4.275 5.079 6.634 6.612 7.855 10.260
6 3.712 4.414 5.775 5.337 6.345 8.301
7 3.369 4.007 5.248 4.613 5.488 7.187
8 3.136 3.732 4.891 4.147 4.936 6.468
9 2.967 3.532 4.631 3.822 4.550 5.966
10 2.839 3.379 4.433 3.582 4.265 5.594
11 2.737 3.259 4.277 3.397 4.045 5.308
12 2.655 3.162 4.150 3.250 3.870 5.079
13 2.587 3.081 4.044 3.130 3.727 4.893
14 2.529 3.012 3.955 3.029 3.608 4.737
15 2.480 2.954 3.878 2.945 3.507 4.605
16 2437 2.903 3.812 2.872 3.421 4.492
17 2.400 2.858 3.754 2.808 3.345 4.393
18 2.366 2.819 3.702 2.753 3.279 4.307
19 2.337 2.784 3.656 2.703 3.221 4.230
20 2.310 2.752 3.615 2.659 3.168 4.161
25 2.208 2.631 3.457 2.494 2972 3.904
30 2.140 2.549 3.350 2.385 2.841 3.733
35 2.090 2.490 3.272 2.306 2.748 3.611
40 2.052 2.445 3.213 2.247 2.677 3.518
45 2.021 2.408 3.165 2.200 2.621 3.444
50 1.996 2.379 3.126 2.162 2.576 3.385
55 1.976 2.354 3.094 2.130 2.538 3.335
60 1.958 2.333 3.066 2.103 2.506 3.293
65 1.943 2.315 3.042 2.080 2.478 3.257
70 1.929 2.299 3.021 2.060 2.454 3.225
75 1.917 2.285 3.002 2.042 2.433 3.197
80 1.907 2.272 2.986 2.026 2414 3.173
85 1.897 2.261 2971 2.012 2.397 3.150
90 1.889 2.251 2.958 1.999 2.382 3.130
95 1.881 2.241 2.945 1.987 2.368 3.112
100 1.874 2.233 2.934 1.977 2.355 3.096
150 1.825 2.175 2.859 1.905 2.270 2.983
200 1.798 2.143 2.816 1.865 2222 2.921
250 1.780 2.121 2.788 1.839 2.191 2.880
300 1.767 2.106 2.767 1.820 2.169 2.850
400 1.749 2.084 2.739 1.794 2.138 2.809
500 1.737 2.070 2.721 1.777 2.117 2.783
600 1.729 2.060 2.707 1.764 2.102 2.763
700 1.722 2.052 2.697 1.755 2.091 2.748
800 1.717 2.046 2.688 1.747 2.082 2.736
900 1.712 2.040 2.676 1.741 2.075 2.726
1000 1.709 2.036 2.676 1.736 2.068 2.718
o 1.645 1.960 2.576 1.645 1.960 2.576
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Table A.13 Factors for two-sided tolerance limits.
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1-a=0.95 1-a=0.99
0.90 0.95 0.99 0.90 0.95 0.99

2 20.581 26.260 37.094 103.029 131.426 185.617

3 6.156 7.656 10.553 13.995 17.370 23.896

4 4.162 5.144 7.042 7.380 9.083 12.387

5 3.407 4.203 5.741 5.362 6.578 8.939

6 3.006 3.708 5.062 4411 5.406 7.335

7 2.756 3.400 4.642 3.859 4.728 6.412

8 2.582 3.187 4.354 3.497 4.285 5.812

9 2.454 3.031 4.143 3.241 3.972 5.389
10 2.355 2911 3.981 3.048 3.738 5.074
11 2275 2.815 3.852 2.898 3.556 4.829
12 2.210 2.736 3.747 2.777 3.410 4.633
13 2.155 2.671 3.659 2.677 3.290 4.472
14 2.109 2.615 3.585 2.593 3.189 4.337
15 2.068 2.566 3.520 2.522 3.102 4.222
16 2.033 2.524 3.464 2.460 3.028 4.123
17 2.002 2.486 3.414 2.405 2.963 4.037
18 1.974 2.453 3.370 2.357 2.905 3.960
19 1.949 2.423 3.331 2314 2.854 3.892
20 1.926 2.396 3.295 2.276 2.808 3.832
25 1.838 2.292 3.158 2.129 2.633 3.601
30 1.777 2.220 3.064 2.030 2.516 3.447
35 1.732 2.167 2.995 1.957 2.430 3.334
40 1.697 2.126 2.941 1.902 2.364 3.249
45 1.669 2.092 2.898 1.857 2312 3.180
50 1.646 2.065 2.863 1.821 2.269 3.125
55 1.626 2.042 2.833 1.790 2.233 3.078
60 1.609 2.022 2.807 1.764 2.202 3.038
65 1.594 2.005 2.785 1.741 2.176 3.004
70 1.581 1.990 2.765 1.722 2.153 2.974
75 1.570 1.976 2.748 1.704 2.132 2.947
80 1.559 1.965 2.733 1.688 2.114 2.924
85 1.550 1.954 2.719 1.674 2.097 2.902
90 1.542 1.944 2.706 1.661 2.082 2.883
95 1.534 1.935 2.695 1.650 2.069 2.866
100 1.527 1.927 2.684 1.639 2.056 2.850
150 1.478 1.870 2.611 1.566 1.971 2.741
200 1.450 1.837 2.570 1.524 1.923 2.679
250 1.431 1.815 2.542 1.496 1.891 2.638
300 1.417 1.800 2.522 1.476 1.868 2.608
o0 1.282 1.645 2.326 1.282 1.645 2.326
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Table A.14 Sample size for two-sided nonparametric tolerance limits.

o -« 0.50 0.70 0.90 0.95 0.99 0.995
0.995 336 488 777 947 1,325 1,483
0.99 168 244 388 473 662 740
0.95 34 49 77 93 130 146
0.90 17 24 38 46 64 72
0.85 11 16 25 30 42 47
0.80 9 12 18 22 31 34
0.75 7 10 15 18 24 27
0.70 6 12 14 20 22
0.60 4 10 14 16
0.50 3 5 7 8 11 12




Queueing Theory

11.1 INTRODUCTION

It is an important area of applied probability theory. A queue is a waiting line, an orderly line of one
or more persons or jobs, e.g. a waiting line at a ticket booking counter at a cinema hall, railway or bus
station. Queues are also common in computer systems. There are queues of enquiries waiting to be
processed by an interactive computer system, e.g. queues of database records and queues of input—
output requests.

11.2 QUEUES OR WAITING LINES

They are not only of human beings or animals but also of the aeroplanes seeking to land at a busy
airport, trains waiting outside the railway station for clearance of a platform and signal permitting
entry of a train at a busy railway station, ships to be unloaded, machine parts to be assembled, vehicles
waiting for a green light at a traffic signal point, calls arriving at a telephone switch board, jobs wait-
ing for processing by a computer and so on.

11.3 ELEMENTS OF A Basic QUEUEING SYSTEM

It consists of the following elements:

. Customer population or sources

. Input traffic or arrival pattern

. Service time distribution

. Service facility: Number of servers

. Queue discipline (service discipline)

AN L AW N~

. Customers' behaviour

We will deal with these one by one.
11.3.1 Customer Population or Sources

Customers from a population or source enter a queueing system to receive some type of service. The
word ‘customer’ is used here in the generic sense. It does not necessarily refer to animate things.
It may mean an enquiry message requiring transmission and processing.

If the population is finite, it is difficult to model the problem. In infinite population systems, the
number of customers has no effect on the arrival pattern and it is therefore easy to model.
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11.3.2 Input Traffic or Arrival Pattern

It is the arrival of people or things from a customer population and entering the waiting line in antici-
pation of their turn to receive service.

The ability of a queueing system to provide service for an arriving system of customers depends not
only on the mean arrival rate A, but also on the pattern of their arrival. If customer arrivals are evenly
spaced, the service facility can provide better service than if they arrive in clusters:

OSt0<t1<t2...

The random variables 7,=¢,—¢,_ (k=1,2,...) are called inter-arrival times. It is usual to describe this
by A(f) = 1 — e™ (exponential distribution).

11.3.3 Service Time Distribution

It is the customers or things forming into an orderly waiting line waiting to receive service when their
turn comes and get served at the service point.
The exponential distribution is used to describe the service time of a server. The distribution
function is
o{)=Ps<t)y=1—¢e* (11.1)

where (1 stands for the average service rate.

11.3.4 Service Facility: Number of Servers

It is the point at which service is provided and the people or jobs in the queue system get the service
they require. There may be one or more servers (channels) attending the waiting line or lines.

A server is an entity capable of performing the required service for a customer.

The simplest queueing system is the one with single server system. A multi server system has ‘C’
identical servers and provides service to ‘C’ customers at a time.

11.3.5 Queue Discipline (Service Discipline)

The rule for selecting the next customer to receive is given in detail as follows:

1. FCFS: First come, first served
or FIFO: First in, first out

2. LCFS: Last come, first served
or LIFO: Last in, first out

3. RSS: Random selection for service
or SIRO: Service in random order

4. PRI: Priority service

Some customers get preferred treatment.
The first one is the most commonly prevalent queue discipline.

11.3.6 Customer’s Behaviour

In general, some customers behave in one of the following ways.

1. Balking: A customer who refuses to enter a queuing system because the queue is too long is said
to be balking.
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2. Reneging: A customer who leaves the queue without receiving service because of excessive
queueing time is said to have reneged.

3. Jockeying: Customers may leave one queue and join another which is shorter expecting quicker
service. This kind of behaviour on the part of a customer is called jockeying.

4. Priority: In some applications, some customers are given preferential service before others regard-
less of their time of arrival. This is a case of priority in giving service in a queueing system.

A block diagram describing the various elements of a basic queueing system is shown in

Figure 11.1.

Some typical queueing systems are presented in Table 11.1.

Service
eue
Customer Input Ql:)ru Facility Exit
population traffic waiting Server-1
line | | ¢
Server-c
Figure 11.1 Elements of a basic queueing system.
Table 11.1 Typical queueing systems.
S. No. Queueing System Customer Server(s)
1 Railway reservation System | Traveller wanting reservation Railway employee with his
or information computer system.
2 Cash with drawal from bank Customer of a bank ATM (automated teller machine)
account
3 Airline reservation Traveller wanting reservation | Agent plus terminal to a computer
or information reservation system
4 Taxis at a taxi stand Traveller Owner of taxis with a
communication system
5 Interactive enquiry system Inquiry from a terminal Communication line plus a

computer

11.4 DESCRIPTION OF A QUEUEING SYSTEM

The primary random variables in a queueing system are illustrated in Figure 11.2.

11.5 CLASSIFICATION OF QUEUEING SYSTEMS

The different queueing systems may be classified as follows:

1. Queueing system with single queue and single service station (Figure 11.3a)

2. Queueing system with single queue and several service stations (Figure 11.3b)

3. Queuecing system with several queue and several service stations (Figure 11.3¢)

4. Complex queueing system (Figure 11.4)
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N
Server-1
N,
PR N Ny
Mean arrival rate Queue E
Source <) E
le—— 77—l < N > 1
Inter-arrival time ¢ '
s
Server-c
w
Figure 11.2 Queueing theory random variables.
Arrival —> —> Service —> EXH he
val Queue center om the
system
(@)
Service centre 1 5
Exit
. . from
Arrival —> Queue S Service centre 2 —> the
system
Service centre 3 | >
(b)
Queue-1 —> | Servicecentre | |—>
/ Exit
. . from
Arrivals —_ Queue-2 E Service centre 2 | —> the
\ system
Queue-3 ——> | Service centre 3 |—>
(c)

Figure 11.3 Queueing systems.
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Service

Service centre-2
center-1

Arrival —>

—
Service centre-3

.

—>

Service centre-4 Service centre-5 Departure

Figure 11.4 Machine shop as a complex queue.

11.6 QUEUEING PROBLEM

The queueing theory is concerned with the statistical description of the behaviour of the queueing
system, modeling and solving the queueing problem.
In a specified queueing system, the problem is to determine the following statistical parameters:

1. Probability Distribution of Queue Length When the nature of probability distributions of the
arrivals and service patterns is given, the probability distribution of queue length can be obtained.
Further, we can also estimate the probability that there is no queue.

2. Probability Distribution of Waiting Time of Customers We can find the time spent by a cus-
tomer in the queue before the commencement of his service, which is called the waiting time. The
total time spent by a customer in the queueing system is the sum of waiting time and service time.

Total time spent = waiting time + service time.

3. Busy Period Distribution We can estimate the probability distribution of busy periods. The pe-
riods during which customer after customer demands service without break till the last customer
is attended and the server is free, is called a busy period. If no customer is present and the server
is free, it is called an idle period. The study of busy periods is of great importance in cases where
technical features of the server and his capacity for continuous operation must be taken into account.

11.7 STATES OF QUEUEING THEORY

In a queueing theory analysis, we have to distinguish between the following two states:
1. Transient state

2. Steady state

11.7.1 Transient State

A queueing system is said to be in a transient state if its operating characteristics are dependent
on time.
This occurs usually in the early stages of the operation of the queueing system.

11.7.2 Steady State

A queueing system is said to be in a steady state if its operating characteristics are independent of time.
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Let p (?) be the probability that there are » units in the system at time ¢.

In the steady state, rate of change of p (7) is zero, i.e.

dp (1)
dt

Oast— e (11.2)

The basic queueing theory definitions and notations are given in Table 11.2.

Table 11.2 Basic queueing theory notations and definitions.

Notation Definition

n Number of units in the system

p,(®) Transient state probability that exactly # calling units are in the queueing system
at time ¢

E State of having # calling units in the system

D, Study state probability of having » units in the system

A Mean arrival rate of customers (expected numbers of arrivals per unit time)

u, Mean service rate (expected number of customers served per unit time)

A Mean arrival rate when 4 is constant for all .

u Mean service rate when (i, is constant for all n > 1

S Number parallel service stations

P=AMu, Traffic intensity (or utilization factor) for server facility, i.e. the expected fraction
of time the servers are busy

o,(n) Probability of # services in time 7' given that servicing is going on throughout 7

Line length or queue size

Number of services in the queueing system

Queue length

Line length (queue size) — (number of units being served)

V() Probability density function (pdf) of waiting time in the system

L Expected line length, i.e. expected number of customers in the system

L, Expected queue length, i.e. expected number of customers in the queue

W, Expected waiting time per customer in the system

w, Expected waiting time per customer in the queue

W] w>0) Expected waiting time of a customer who has to wait

(L/L>0) Expected length of non-empty queues, i.e. expected number of customers in the
queue when there is a queue

P(W>0) Probability of a customer having to wait for service

11.8 ProsBaBILITY DISTRIBUTION IN QUEUEING SYSTEMS

The arrival pattern of customers in a queueing system changes from one system to another. But
one pattern of common occurrence which is relatively easy to model is that of ‘completely random
arrivals’, which means that the number of arrivals in unit time has a Poisson distribution. In this, the
intervals between successive arrivals are distributed negative exponentially, i.e. in terms of e .
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11.8.1 Distribution of Arrivals: Poisson Process (Pure Birth Process)

The model in which only arrivals are considered is called a pure birth model. In this, departures are
not taken into account. Here, ‘birth’ refers to a new calling unit in the system and ‘death’ refers to the
departure of a served unit. Thus, pure birth models are not of practical importance study of pure birth
models is important for understanding completely random arrival problems.

We establish in the following theorem that in a completely random arrival queueing system, the
probability distribution is that of Poisson distribution.

Theorem (Probability Distribution of Arrivals) If in a queueing system, the arrivals are com-
pletely random, then the probability distribution of the number of arrivals in a fixed time-interval
follows a Poisson distribution.

Proof We prove the theorem based on the following axioms:

1. Let there be # units in the system at time ¢. Let the probability that exactly one arrival will occur
during a small time interval 8¢ be given by Ad¢ + 0(8¢). Here A is the arrival rate which is indepen-
dent of ¢ and 0(5¢) contains terms of order higher than the first.

2. Let 8¢t be so small that the probability of more than one arrival in time interval &t is 0[(8£)°] 0
((81)* ) which is negligibly small.

3. The number of arrivals in non-overlapping intervals is statistically independent, i.e. the process has
independent increments.

Let p ¢ be the probability of n arrivals in a time intervals of length ¢. Clearly n > 0, we now construct
differential difference equations governing the process in two different situations, viz. n >0 and n = 0.

Case 1: n >0 There may be two mutually exclusive ways of having n units of time:

1. There are » units in the system at a time ¢ and no arrival takes place. So, there are n units at time
t+ ot (Figure 11.5).

7 units n units

One Arrival

t t+ 6t
Figure 11.5

We compute the following probability:

Probability of exactly one arrival in time interval
ot = Aot (11.3)

Probability of no arrival (complement of this case) = 1 — A6¢ (11.4)
Now, probability of these two combined events described in (1)

= (probability of » units at time 7) X (probability of no arrivals)

=p, (1) (1 - A51) (11.5)
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2. There are (n — 1) units in the system at time ¢ and one arrival takes place in time interval 8¢
(Figure 11.6).

(n—1) units 7 units

One arrival

t t+ ot

Figure 11.6
Probability of these two combined events described in (2)
= (probability of » — 1 units at time ¢) X (probability of one arrival during time interval &¢)
=p, (DASt (11.6)
Adding Egs. (11.5) and (11.6), we get the probability of # arrivals at time ¢ + 6t
p,(t+0t)=p ()(1 = Adt) +p, (H)ASt (11.7)

Case 2: n=0 In this case, we obtain

p,(t+ 0t) = p(no unit at time ) + p(no arrival during interval 67)

p,(O(1 — A81) (11.8)

Adding Egs. (11.7) and (11.8), we get
p(t+8t)—p (O)=p ()= Adt)+p () Aot forn>0 (11.9)
py(t+0t)—p (1) =p()(=Adt) forn=0 (11.10)

On dividing equations by & and taking limits as 6 — 0, we obtain

p,(t+61)—p (1) _

lim e p(=-Ap()+Ap (1) forn>0 (11.11)
lim W =i =—Ap(t) forn=0 (11.12)

We have to solve the differential difference equations under the initial conditions stated as follows:

py()==Ap(1),p,(0)=1 forn=0 (11.13)
PO+ Ap D+ Ap, (0.p(0)=0 forn>0 (11.14)

To Solve the Differential Equation Eq. (11.13) This is a first order and first degree differential
equation. Separating the variables, we have

dp, _

Dy == Adi (11.15)
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On integration, we get

log p, = — At + constant or p(¢) = de ™

Whent=0,p,=1. ~A=1
Hence the solution is

pt)=e™ (11.16)

Iterative Method of Solution for Eq. (11.14) It is a differential-cum-difference equation.
We apply iterative method and solve the system for each n.
For n =1, we have from Eq. (11.14)

p, (O + Ap,(t) = Ap (1) = Ae ¥ by Eq. (11.16) (11.17)
This is a linear equation Integrating Factor = e, Now multiplying Eq. (11.17) by e*, we write
d[p (t)e™] = Adt (11.18)
Integrating, we get
p(e*=2At+B
When ¢=0, p, =0 = B=0. .. Therefore, we have
pi(t)=Ate or 2 o (11.19)
For n =2, we have from Eq. (11.14)
(A0
() + Ap,(t) = Ap (1) ll—! e by Eq. (11.19)
Multiplying Eq. (11.19) bye*, we can write
At
dp,(t) e ] = A (l_l)dt (11.20)
2
Integrating we get p,(1) e* = (/;—? +C
When =0, p, =0 = C=0. Therefore, we have
Ar)?
P, (t)=(2!) e (11.21)
Proceeding like this we finally obtain
Ar)"
P, (t):(n!) e (11.22)

which is the formula for Poisson distribution.
This completes the proof of the theorem.
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11.8.2 Properties of Poisson Process of Arrivals

We have known that if z is the number of arrivals during the time interval ¢, then the law of probability
in Poisson process is given by

2 A
o= 0.

p(O=Aye*/n! n=0,1,2,. (11.23)
where Az is the parameter.
1. We know that if the mean E(n) = At and Var(n) = As, the average (expected) number of arrivals in
unit time is
@ =1 (11.24)
mean arrival rate (or input rate)
2. Let us consider the time interval (¢, ¢ + 0t), where 6t is sufficiently small. Then
p,(61) = prob (no arrival in time &%) (11.25)
Putting n =0 and ¢ = ¢ in Eq. (11.24), we get
p(0f) = e =1— A1+ 0(51) (11.26)
When 8¢ is small
p(61) =1~ Aot (11.27)

This means that the probability of no arrival in time 67 is 1 — Ad¢. Similarly, P, (6) can be
calculated.

p (1) =201 g = /wz( _Ad+ (’f’)
= A8t + 0(61) (11.28)
Neglecting 0(61)
p,(61) = Aot
p,(61) = (’wt) 31 = ), (517 ( _ ¢+ A0 (Mt)z ) (11.29)
Neglecting 0(6¢)
p(60)=0
Similarly p(6¢) = P,(81) = =0 (11.30)

Generally, p, 6t = negligibly small quantity for all n >1.
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11.8.3 Distribution of Inter-arrival Times (Exponential Process)
Let T be the time between two consecutive arrivals. It is called the inter-arrival time. Let a(t) denote

the probability density function of 1.
%) _ s 16

p,(t) denotes the probability distribution function for no arrival in time T and a(t) denotes the cor-

The distribution function g(x) and the probability density function are related by ——

d|
responding probability density function of ¢ then they are related by 2o

i = a@). We now prove an
important theorem.

Theorem Let n, the number of arrivals in time #, follow the Poisson distribution:

pn(t)=%—'ﬂe’” (11.31)
Then the inter-arrival time obeys the negative exponential law
af) = Ae™ (11.32)
and vice versa.

Proof Let ¢, be the instant at which arrival occurs initially. Suppose there is no arrival in the
intervals (¢, ¢, +7T) and (z, + 7T, ¢, + T + 0¢) so that #, + T + &¢ will be instant of subsequent arrival

(Figure 11.7).

T+07

t fh+7T ty+ T+ 0T

Figure 11.7

Putting =1+ 6t and n=0in Eq. (11.31)

[A(T + OT)" e Ae+é)

p(T+61) = a1

=M [1 — Adt + 0(61)], on expanding e (11.33)
We know that p (t) = e*". Therefore, we have from Eq. (11.33)

py(T+81) — py(t) = p(V[-A6T + 0(57)]
Dividing by 0t and taking limits as ot — 0, we get

dp,(1) U CHE
g =R i =

(11.34)

The LHS of Eq. (11.34) denotes the probability density function of T. If we denote it by a(t), we can
write Eq. (11.34) as
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a(t) = Ap,(T) (11.35)
We know that p (t) = e”*". Putting this value of p (1) in Eq. (11.35), we have

a(t)=Ae™ (11.36)
Eq. (11.36) gives the exponential law of probability for the inter-arrival time T with mean 1/A4 and
variance 1/A%, i.e.

E(r):%and\/ar(r):% (11.37)

where A is the mean arrival rate.
In a similar way, we can prove the converse of the theorem.

11.8.4 Markovian Property of Inter-arrival Times

Theorem The Markovian property of inter-arrival times states that at any instant of the time until
the next arrival occurs is independent of the time that has elapsed since the occurrence of the last
arrival (Figure 11.8), i.e.

(=]
~
—_— o
)

1y h=1

Figure 11.8 Markovian property of inter-arrivaltimes.

P(tzt |t2t)=P02t<(t —t)) (11.38)
Proof We have

P(t2t[t2t)

> >t)=
Pzt |t21) PR=1) (11.39)
Conditional Probability Since the inter-arrival times are exponentially distributed
j AeMdt
Y
=% =€ 2 P2t |t21)
e Mo
| Aei
t()
=1—e W (11.40)
1=,
Since PO<T<t —1)= I AeMdt=1— e
0
P(t>t, "thO):P(OZtS(tl—tO)) (11.41)

This proves the Markovian property of inter-arrival times.
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11.8.5 Probability Distribution of Departures (Pure Death Process)

Let there be N customers in the system at time # = 0. Assume that no arrivals (births) can occur
in the system; departures occur at the rate of u per unit time, i.e. the output rate is y . We derive
the distribution of departures from the system on the basis of the following three axioms
(Figure 11.9):

n+1 units nunits 7 units 7 units

One departure One departure

t t+ St t t+ ot

(@) (b)
Figure 11.9

1. P(one departure during 87) = udt + 0((61)?)
= uot
~ 0((61)?) is negligible.
2. P(more than one departure during 6¢) = 0[(6£)*] =0

3. The number of departures in non-overlapping intervals is statistically independent and are identi-
cally distributed random variables, i.e. the process N(#) has independent increments.

First we obtain the differential difference equation in three mutually exclusive ways:
Case 1: 0 <n <N Proceeding exactly as in the pure birth process, we obtain
P (t+0t)=P ()1 + )+ P (f) udt (11.42)
Case 2: x=N Since there are exactly N units in the system P  (1)=0forn=N
P (t+ 61)=P (t)(1 — uor) (11.43)

Case 3: n = 0 Since there is no unit in the system at time ¢, the question of departure during the
interval ¢ does not arise. So probability of no departure is unity in this case (Figure 11.10).

P (t+ 61)=P(t) + P (t) uot (11.44)
no unit no unit  No unit no unit
Departure not possible One departure
t+dt t t+ 4t
(a) (b)

Figure 11.10
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Now, rearranging the forms, dividing by 6¢ and taking limit as ¢ — 0, we obtain from Egs.

(11.42-11.44)
P/(ty=—uP (t) forn=N

P(t)y=—upP (t)—uP () for0<n<N

P(ty=uP () forn=0

(11.45)
(11.46)

(11.47)

To solve Eq. (11.45) This is a first-order and first-degree differential equation. Separating the

variables and integrating, we get

P
X0

When =0, P, and so 4 = 0, we have

=— = P(t)=de™

P (t)=e™*
To solve Eq. (11.46). Puttingn =N — 1 in Eq. (11.46)
Pl () + uP, (f) = UP (1) = pe™' by
Multiplying this by e, we can write
d[P, (ne"]=udt= P, (H)e"=put+B
When ¢=0, P, =0 which implies that B =0
Py = then

Putting x = N — 2 in Eq. (11.46) and proceeding as above, we obtain

t 2
P (= (th !) et

By induction, we obtain

()™

PO ==

N N
To find P,(f) Since 1 =) P (t)=P(t)+ Y P t, we have
n=1 n=1

P()=1- ﬁ P (1)

oy W™,
==X = "

n=1

etn=1,2,.. ,N.

(11.48)

(11.48)

(11.49)

(11.50)
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Combining the results at Egs. (11.49) and (11.50), we get

thn
% et forn=1,2,.,N
P@®=
Ay T ~ (11.51)
1-3 )] et forn=0

x=1

Thus, the number of departures in time # follows the truncated Poisson distribution.

11.8.6 Derivation of Service Time Distribution

Let T be the random variable denoting the service time and ¢ be the possible value of 1.

Suppose s(¢) and s(t) are the cumulative density function and probability density function of T
respectively.

To find s(7) for the Poisson departure cases, it has been observed that the probability of no service
during time 0 to ¢ is equivalent to the probability of having no departure during this period. Thus,

P(service time T 2 f) = P(no departure during ¢) = P (¢)

where these are N units in the system and no arrival takes place after V.
P(t)=e* (11.52)
Now
s@)=P(t<Hh=1-P(t=tors(t)=1—-e*

Differentiating both sides w.r.t. ‘£, we get

(11.53)

%s(t):s(t) ={/Je“’ tZO}

0 <0

The service time distribution is ‘exponential’ with mean = 1/u and variance = 1/i, Mean service
time = 1/u. (11.54)

11.9 KEeNDALL'S NOTATION FOR REPRESENTING QUEUEING MODELS

A queueing model may be completely specified in the following symbolic form (a/b/c):(d/e),
where
a = probability law for the arrival (or inter-arrival) time

b = probability law according to which customers are being served
¢ = number of service stations (or channels)
d = capacity of the system

e = queue discipline

11.10 Basic ProBaBILISTIC QUEUEING MODELS

We consider the following probabilistic queueing models:
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Model 1 (Erlang Model): Birth and Death Model This model is symbolically represented as
(M|M]1):(=<|FCFS).

Here the first M denotes Poisson arrival (exponential inter-arrival), the second M Poisson departure
(exponential service time) and 1 denotes single server and («FCFS) stands for first come, first served
service discipline.

Model 2 (General Erlang Model)  This model is also represented by the symbol (M|M]|1):(e|FCFS)
as model 1. But this is a general model in which the rate of arrival and service depend on the length
n of the time.

Model 3 This model is also represented by the symbol (M|M|1):(N|FCES). In this model, capacity
of the system is limited. n takes values from 0 to a finite number 7, say. Clearly the number of arrivals
will not exceed the number N in any case.

We first derive equations of model 1, from which steady-state equations are obtained using the fol-
lowing conditions:

tlgrolo P()=0and (n=0)

}L{E‘o P(H=P, (11.55)

which is independent of 7.

11.10.1 Governing Equations of Model 1 [(M | M | 1):(ee| FCES)]

The probability that there will be n units (r > 0) in the system at time ¢ + 8¢ may be expressed as the
sum of the following three independent compound probabilities: by application of the fundamental
properties of probability, Poisson arrivals and exponential service times.

1. Product of the following three probabilities (Figure 11.11):

n units 7 units
4 \

No arrival, no service

t t+6t
Figure 11.11

(a) There are n units in the system at time ¢ = P (7).
(b) There is no arrival during the time interval 61 = P (61) = Adt.
(c) There is no service during the time interval 6z = 6,(0) = 1 — uét.

The product of these three probabilities is given by
P _ ()1 =A8t)(1 — udt)=P (1) [1 = (A + u)ét] + 0(57) (11.56)

2. Product of the following three probabilities (Figure 11.12):

(a) There are (n — 1) units in the system at time =P, _ (f).
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(n—1) units 7 units

ot

One arrival, no service

t t+6t
Figure 11.12

(b) There is one arrival during the time interval 6t = P (6¢) = Aot .
(c) There is no servicing during the time interval 67 = 6,(0) = 1 — uot.

The product of these probabilities is given by
P (O(ASt)(1-udty=AP _ (1)6t+0(5t) (11.57)

3. Product of the following three probabilities (Figure 11.13):

(n+1) units 7 units
A

ot

No arrival, one unit served

t t+6t

Figure 11.13

Probability that
1. There are (n + 1) units in the system at time t= P __ (?).
2. There is no arrival during the time interval Jt = P (6¢) = A0t
3. There is one service during the time interval 67 = @4(1)udt

The product of these probabilities is given by

P, ()= (1-A8t)(udt)=P,, ()udt+0(51) (11.58)

n+l
By adding the above three independent compound probabilities Egs. (11.56—11.58), we obtain the
probability of # units in the system at time ¢ + Ot:

P(t+6t)=P O[1 - (A+p) 6t]+P (HA0t+P  (Hudt+0(57)

n+l

Transposing, dividing both sides by 8¢ and taking limits as 6¢ — 0

P (t+06t) =P (1) _ 0(01)

510 ot lﬁltr—r>10 ~(A+w P+ /an—l(t) +P ()+ 51 (11.59)
ch'}t(t) ==+ PO+ AP, _(D+P, (1) (11.60)
0(on) _

li =0
61?0 ot
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In the same way, the probability that there will be no unit, n = 0, in the system at time ¢ + &¢ will be

the sum of the following two independent probabilities.
Probabilities that

1. There is no unit in the system at time # and no arrival in time 6t = P (#) + (1 — A6¢)

2. There is no unit in the system at time ¢, one unit served in é¢ and no arrival in 8¢

=P (t) + (1 = A61)(ué1)) = P ()udt + 0(51)
Adding these two probabilities, we have
P (t+ 6t) =P (1)(1 — Adt) + P (H)udt + 0(51)

Now

P (t+ 5t)P0(t) 0( t)

6t—0 6t [ A‘P (t) + ‘u‘P()(t)] + —|forn=0

dP(1)

When we consider steady-state imposing the conditions

lim forn >0 and hm P@O=P,

6t—0

where P is independent of time.
Consequently, the steady-state difference equations obtained are

-(A+wWP +AP _ +uP =0 forn>0

1

AP, +uP =0 forn=0

11.10.2 Solution of the System of Difference Equations of Model 1
We have to solve the system of difference equations
—AP,+uP =0 forn=0
~(A+wP +AP _ +uP =0 forn>0

These equations can be written as

We will prove by induction that

forn=0,1,2, ...

~
1l
=~

K

(11.61)

(11.62)

(11.63)

(11.64)

(11.65)

(11.66)

(11.67)
(11.68)

(11.69)

(11.70)

(11.71)
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For n =0, it is obvious. For n = 1, it is true by Eq. (11.69). Assume that Eq. (11.71) holds for =0, 1,
2,...,(m—1)and m.

So that we have among other equations

P = ( )m_]P0 (11.72)

(11.73)

Replacing n by m in Eq. (11.71), we have

PmH:(%Jrl)Pm—%Pm_l
AL \AYp A (A
=(ﬁ+ 1)(H) po_ﬁ.(ﬁ) P, by Egs. (11.72) and (11.73)
_imﬂ
_(#) P,

This proves by induction that Eq. (11.71) holds forn=0, 1, 2, ...
Now, using the fact that 3, P =1, we obtain

n=0
A (AF 4 .]= L= _1_A
P0[1+H+(“)+ 1orP0(1_M1) TorP,=1-4 (11.74)

since arrival rate (1) < service rate (i) and the infinite geometric progression.
Substituting the value of P at Eq. (11.74) into Eq. (11.71), we get

P[] (1-f]=pa-p) (11.75)

where p=i< 1,n=0
u
Equations (11.74) and (11.75) give the required probability distribution of queue length.

11.10.3 Measures of Model 1

1. To find the expected (average) number of units in the system L By definition of the expected
value:
A0 4-0- 418
u u UAH
}, n-1
Sl

=[(1 —%)% 1 +2(%)+3(%)2+-..+-..

oo

L= inPn =3n
n=1

n=1

oo
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(11.76)

,_.
+
=
+
=l
+

P

-p

‘ -

R SN

1-

=l

where ﬁ is the sum of infinite GP with CR p= % <1

2. To find the expected (average) queue length L There are (n — 1) units in the queue excluding
the one being serviced:

L=Y@n-1)P =%nP =3P,
n-1 n=1 n=1

=S, -(SP, - PO) (11.77)
n=1 n=1
—L-1+l1=2)=1 _AlSpo1p=14 =
=L 1+(1 ,U)_L #[an—l,PO—lu,—p]
Al A_ (1P
Hoy_A H P I-p 1-p
u
_ 1
Ls_ 1_&
u

3. To find the mean (or expected) waiting time in the queue (excluding the service time) w, The
expected time spent in queue is given by

W, = ja)l//(a))dw = ;ja)l ( 1- %)ew‘”“’ dw

0

A\ [ w.e o 1 o]
= 1-4& (H-D)o
| e ey
_, H-A
-t (11.78)
o
-5

4. To find the expected waiting time in the system (including service time W,

W = Expected waiting time in the system

= Expected waiting time in queue + expected service time
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1 A 1 1

RO 7T R TR
i

expected service time or mean service time = o

5. To find the expected waiting time of a customer who has to wait (W | W > 0) The expected
length of the busy period is given by

oo

W|w>0)= ja)y/(w>0)da)

0

= J- o(ple "o do
0

o L2y 1179
O e e R ey (17
| 1 1

_2 _ -
WA= “w-a"mi-p
Wherep:%

6. To find the expected length of non-empty queue (L | L > 0) By the conditional probability,
(L|L>0)=L_/P (an arrival has to wait; L > 0)
=L /(1-P;) (' probability of an arrival not to wait is P,)
)/ (1 -5
_ M My _ B 1
(i) u-A1 1-p
u

7. To find the variance of queue length

(11.80)

SwP - (inP” )2 Y
x=1 :

x=1 x=1

§n2(1 _p)pn_(%pf VP =p"(1-p)

_,_P
Var(n) =L, =1 (11.81)

2
1- 1+22p+ 32t ] =L
I-ppl p+3p ] T-p7

l+p P P
1- - =
PP =y ~T—pr “T-pr




11-22 Probability and Statistics

Lets=1+22p+3%p+
Integrating both sides w.r.t. p from 0 to p

P
[sdp=p+2p2+-=p(1-p)*

0

Now differentiating w.r.t p

1 +2p_1+p
ST a-py T(-py (1-pp

8. To find the probability of arrivals during the service time of any given customer
The arrivals are Poisson and service times are exponential. So, the probability of 7 arrivals during
the service time of any specified customer is given by

k;:?Piﬁsayh::jeJTlﬂrue*mh

r!

o

Ao D

r!

0

:b%ﬂﬂlﬁm (11.82)

LT m T'(n+1
l : jpre_att dt = (ZI’H’] )

0

r!

- an+l

11.10.4 Inter-relations between L, Lq, W, Wq

It can be established under general conditions of arrival, departure and service discipline that

L =AW, (11.83)
L=, (11.84)
hold. By definition,
_ 1
W, = W.\-_ﬁ (11.85)

Multiplying both sides of this equation by A and using the above general relations, we get

_ A
L=L~%

Example 11.1
In a railway marshalling yard, goods trains arrive at the rate of 30 trains/day. Assuming that the inter-

arrival time follows an exponential distribution and the service time (the time taken to hump a train)
distribution is also exponential with an average 30 min.
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Calculate
(a) Average number of trains in the queue.

(b) Probability that the queue size exceeds 10

If the input of trains increases to an average 33 trains/day, what will be change in (a) and (b)? Establish
the formula you use in your calculations.

Solution Here

_ 30 1. .. .
/'L—60X24—48tra1ns/mm

_1 .
T trains/min

—A_36_
p—u—48—0.75

(@ L =p/(1-p)= % = 3 trains

(b) P(queuesize >210)=p'®=(0.75)""=0.06
When the input increases to 33 trains/day,
A=1/43, u=1/36
sop=Alu=36/43 =0.84
Then,

_0.84 _ .
(a) L = 16= 5 trains

(b) P(queue size > 10 ) = (0.84)"°=0.2

Example 11.2

In Example 11.1, calculate

(a) Expected waiting time in the queue
(b) Probability that the number of trains in the system exceeds 10
(c) Average number of trains in the queue

Solution Here A= and p=0.75

I .
agH=36
(a) Expected waiting time in the queue

1

_ A 43 _ . .
W‘i—,u(,u—),) _L(L_L) =108 min = 1h 48min
36136 48

(b) P(queue size = 10) = p'°=(0.75)"=0.06



11-24 Probability and Statistics

LZ
© L5 %((34%3)4—18) -4

=2.25 or 2 trains

Example 11.3

A TV repairman finds that the time spent on his jobs has an exponential distribution with mean
30 min. If he repairs sets in the order in which they come in and if the arrival of sets is nearly Poisson
with an average rate of 10 per an 8-h/day, what is the repairman’s expected idle time each day? How
many jobs are ahead of the average set just brought in?

10 _ 1
8x60 48

. Expected numbers of jobs are

Solution Here u= %, A=

. N
sSTl-Au pu-A 1 _ 1

30 48
=1%jobs

The fraction of hours for which the repairman is busy (i.e. traffic intensity) is A/4L.
The number of hours for which the repairman remains busy in an 8h/day

8

&)_ 30 _
m —8><48_5h

The time for which the repairman remains idle in an 8-h/day =8 — 5 =3 h.
Example 11.4

At what average rate must a clerk at a super market work in order to ensure a probability of 0.90 that
the customer will not have to wait longer than 12 min. It is assumed that there is only one customer to
which customers arrive in a Poisson fashion at an average rate of 15 per hour. The length of service by
the clerk has an exponential distribution.

Solution Here

A_15_1 inu="2
1=60° 4customer/m1nu—.

P(waiting time = 12) =1 - 0.90=0.10

jﬂ, (1 - %)e’(’l’b“’ dw=0.10 or
12

oo

_Aj e 1 312 —
A1 #)(u—/l)u 0.10 = &2 = 0 4u

or % = 2.48 min/service
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Example 11.5

Arrivals at a telephone booth are considered to be Poisson with an average time of 10 min between
one arrival and the next. The length of a phone call assumed to be distributed exponentially with mean
3 min.

(a) What is the probability that a person arriving at the booth will have to wait?
(b) What is the average length of the queues that form from time to time?

(c) The telephone department will install a second booth when convinced that an arrival would
expect to have to wait at least 3 min for the phone. By how much the flow of arrival be increased
in order to justify a second booth?

- _ gyl
Solution Here A= 0 and u= 3

=3

10=0.3

(@) Pw>0)=1-P =%=

—|2

1
b) (L | L>0)= % 3 - 1.43 persons

u—-Al_ 1
3 10
A
c) W=
© 7, p(p—2)
Since Wq=3,,u=%andﬂ,=/l'(f0r second booth), wehaveﬁ):l’zo.m
3=5(-4
313

.. Increase in the arrival rate = 0.16 — 0.10 = 0.06 arrivals/min.

Example 11.6

In Example 11.5, a telephone booth with Poisson arrivals spaced 10 min apart on the average and
exponential call lengths averaging 3 min.

(a) What is the probability that an arrival will have to wait more than 10 min before the phone is
free?

(b) What is the probability that it will take him more than 30 min altogether to wait for phone and
complete his call?

(c) Estimate the fraction of a day that the phone will be in use.

(d) Find the average number of units in the system.

Solution Here A =0.1 arrival/min and u = 0.33 service/min
j v(w)do= j 1- % Ae~#hed gy
10 10

(a) P(waiting time > 10)

oo

e tohof=0.3¢ = 0.03

10

=l>
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(b) P(waiting time in the system > 10)

8

e /1) e~ Do gy = o 10W-1) = 523

= C—

1
(c) The fraction of a day that the phone will be busy (i.e. traffic intensity) is

p=%=0.3

(d) Average number of units in the system is

€1

L= A -_10_ _3_ 0.43 customer

1 7
10

w

11.10.5 Model 2(A)—general Erlang Model (M | M | 1):(| FCFS)
(Birth and Death Process)

To Obtain the System of Steady-state Equations Let A = A be the arrival rate and
= u be the service rate depending upon n.
Then proceeding as in the case of model 1, we get

P(t+80)=P 01— A +u)d)+P (DA &+P, (O 6+08) forn>0  (11.86)
P,=(t+ 81) = P(1)(1 — A, 80) + P,()i1,8 + 0(8) for n="0 (11.87)

Dividing by d¢, transposing and taking the limit as 6 — 0, we obtain

dP (1)
== (A, PO+ A PO+, P, () (11.88)
dp,
—E == AP0+ 1P, (1) (11.89)

Taking Pi(t) =0and P:) = 0 in the steady state, we obtain
-A+wWP +A P +u P =0 forn>0 (11.90)
n n’" n n—1" n-1 n+l" n+l
- AP, +uP (=0 forn=0 (11.91)

11.10.6 Solution of the System of the Difference Equations
of Model 2(A)

From Eq. (11.91), we get

p=2_p (11.92)
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From Eq. (11.90), we get

l+%P_%l
mt 'unH " unﬂ -l
AL, A,
Forn=1 Pz— 1L Pl_llzp

Generally, we obtain

P _2'02'1.“271 ZA'nIP f >1
TS TR T orn
Since P =P, + P + P, + -
n=0
I O I B B
=P Vgt t | =
:>PO=%

0

TR

A
where s = 1 +—+

The series is meaningful only if it is convergent.

Case1: (A =A,u =u) Inthis case,

T S 7 R
s—1+u+@)+ 1_&

I

:Hf (forl//,t<1)

ok =1 fmar (i (-

which is exactly the result we have obtained for model 1.

11-27

(11.93)

(11.94)

(11.95)

(11.96)

(11.97)

Case 2: (/l) - T M= /.1) In this case, the arrival rate A_depends on » inversely and the rate of

service L is 1ndependent of n. It is called the case of queue with discouragement.
Now

e AL (AP L LAV
S‘”u*z(u)*z (u) nEetse
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. Poz%ze"”:e"’
A : L(A)p _P
Plz‘upozpeP,Pzzz(‘u)PO:z!ePy-“
L(AYp _ Pe”
Pn:m(ﬁ)PO:  forn=0,12, .. (11.98)
In this case, P, follows the Poisson distribution where % = pis constant: p > 1 but finite.

Case 3: (A =A, u =) This is a case of infinite stations. In this case,

AL L (AP L (AP
S‘1+u+2.1(u)+3.2.1(u)+

:1+p+2L!pz+...:ep (11.99)

b

. Pj=ePand P =e™*
" n!

which follows the Poisson distribution law.

Example 11.7

Problems arrive at a computing centre in a Poisson fashion at an average rate of 5 per day. The rules of
the computing centre are that any man waiting to get his problem solved must aid the man whose prob-
lem is being solved. If the time to solve a problem with one man has an exponential distribution with
mean time of 1 day, and if the average solving time is inversely proportional to the number of people
working on the problem, approximate the expected time in the centre for a person entering the line.

Solution Here A=5problems/dayand =3 problems/day (mean service rate with one unsolved
problem).

oo

The expected number of persons working at any specified instant is L = j”Pn

n n=0

where P = % (%) e MH (Case 2)
5. LAY i = a4 wi(&"
,%” n!(/»l)e f=et ,,2:()11! .U)]
_e—/l/ule—ﬂ./u:%

Substituting the value of A and u, we get
L= % persons

The average solving time which is inversely proportional to the number of people working on the

problem is % day/problem.
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.. Expected time for a person entering the line is

1 =1y3 =
5><Lsdays—5><3><24h 8h

11.10.7 Model 3 (M|M[1):(N|FCFS)

Consider the case where the capacity of the system is limited, say V.
The physical interpretation for this model is that
1. There is room only for N units in the system (as in a parking lot) or

2. Arriving customers will go for their service elsewhere permanently, if the waiting time is too long

(=N

To Obtain Steady State Difference Equations The simplest way of deriving the equation is to
treat the present model as a special case of Model 2 where
A = A, {n=0,1,2,.(N-1)}
" 0, n=N
u=pforn=1,2,3, ...
Now, following the derivation of equation in Model 1, we get

P, (t+ 81)= P(1)(1 — A81) + P ()udt + (1) for n =0 (11.100)

P(t+80=P (1) [1 —(A+ Wb +P,_ ()ASt+P _(Hudt+0(8r) forn=1,2,...,(N-1) (11.101)

n—1

P (t+80)=P D[ -0+ +P_(H) A6t +0Audt +0(8t) forn=N, P, =0,A=0  (11.102)

N+1

Dividing the equations by &¢ and taking the limit as 6 — 0, we get

Pl(f)=— AP(f) + uP (1) for n.=0 (11.103)
P'()=—(A+W) P () + AP, () +uP, (1) forn=1,2,...,(N-1) (11.104)
P/()=—uP, () + AP, () forn=N (11.105)

In the case of steady state, as t — oo and P (1) — P (independent of f) and hence P/(f) — 0,
we obtain

— AP, 1P, =0 = P,= % P(1) forn=0 (11.106)

~-(A+wP +AP  +uP =0=P

1 n+l

_Atu, A _
= Pﬂ—ﬁPHforn—l,L...,(N—l) (11.107)
~uP,+ AP, =0= P =%P, forn=N (11.108)
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11.10.8 Solution of the System of Difference Equations of Model 3

P=%p, forn=0 (11.109)
M p _Ap _[A}
P2=(1+ﬁ)Pl—ﬁP07(ﬁ) P, forn=1 (11.110)

Generally,

P:(i)”P forn< N (11.111)

n /J, 0 :

n=N,P, =0 (11.112)
We have

_ V1 _
=Py 1op (11.113)

Substituting the values of P, into

forx=0,1,2,...,n (11.114)
Measures of Model 3
= X (1-p I )
L-"_E)np"_g,(l—pN“)P - l_pN+1
N N
=>ZnP”:POan” (11.115)
n=0 n=0
_ A
Lq_Ls_ﬁ (11.116)
W—LS 11.117
= (11.117)
W=W_L=i (11.118)
a s 02 ’

Example 11.8

If for a period of 2 h in a day (8-10 am) trains arrive at the yard every 20 min, but the service time
continues to remain 36 min, then calculate for this period
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(a) Probability that the yard is empty
(b) Average queue length

on the assumption that the time capacity of the yard is limited to 4 trains only.

Solution Herep=’l=ﬁ= 1.8>1and N=4

u=20
Pl 18-1
@@ P,= T =18 =0.04

4
(b) Average queue size = P, %np”

= (0.04)(p +2p*+3p + 4p4)

=0.04 x 72.0 = 2.9 = 3 trains

EXERCISES

L=

10.
11.

12.

13.
14.

What is a queueing theory problem?
Explain a queueing system. What is meant by transient and steady of a queueing system?
Describe the basic elements of a queueing system.

Show that the number of arrivals 7 in a queue in time ¢ follows the Poisson distribution, stating
the assumptions clearly.

Show that the distribution of the number of births up to time 7 in a simple birth process follows
the Poisson law.

Explain what do you mean by Poisson process. Derive the Poisson distribution, given that the
probability of single arrival during a small time interval s, is As, and that of more than one arrival
is negligible.

. Show that if the inter-arrival times are negative exponentially disturbed, the number of arrivals in
a time period is a Poisson process and conversely.

. State that in the three axioms underlying the exponential assumptions, can two events occur dur-
ing a very small interval.

Establish the probability distribution formula for pure death process.
Explain Kendall’s notations for representing queueing models.

Explain (M|M]|1):(|FCFS) queueing model. Derive and solve the difference equations in steady
state of the model.

Explain (M|M|1) queue model in the transient state. Derive steady-state difference equations and
their solutions.

Show that average number of units in an (M|M|1) model is.

Discuss (M|M]|1):(«s|FCFS) queueing model and find the expected line length E(L) in the
system.
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15.

16.

17.

For the (M|M|1) queueing system, find
(a) Expected value of queue length n
(b) Probability distribution of waiting time w.

A telephone booth functions with Poisson arrivals spaced 10 min apart on the average, and expo-
nential call length averaging 3 min.

(a) What is the probability that an arrival will have to wait more than 10 min before the phone is
free?

(b) What is the probability that it will take a customer more than one 10 min altogether to wait
for phone and complete his call?

(c) Estimate the fraction of a day that the phone will be in use.

(d) Find the average number of units in the system.
Ans: (a) 0.03, (b) 0.10, (c) 0.3 and (d) 0.43 customer
[Hint: (a) A=0.1and pu=0.33

P(waiting time > 10) = j w(w)dw
10

= ( 1= 2| 2e s aw=0.03

10

8

(b) P(waiting time = 10) =

1

(U—A) X e @D dy =e23=0.10

> C—

(c) Traffic intensity p = % =03
1
__A 10 _3
T S S R
3 10

= 0.43 customer]
The inter-arrival times at a service centre are exponential with an average time of 10 min.
The length of the service time is assumed to be exponentially distributed with mean 6 min. Find
(a) Probability that a person arriving at the booth will have to wait.

(b) Average length for the queue that forms and the average time that an operator spends in the
queueing system.

(c) Manager of the centre will install a second booth when an arrival would have to wait 10 min
or more for the service. By how much must the rate of arrival be increased in order to justify
a second booth?

(d) Probability that an arrival will have to wait for more than 12 min for service and to obtain
tools.
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(e) Probability that there will be 6 or more operators waiting for service.

Ans: (a) 0.6, (b) 1/4 h, (c) A=6.25 and u =60, (d) 0.27 and (e) (0.6)°

[Hint:

(a) Probability of waiting=1-p,

=1-(1-p)=p=2£=06

P o g LA
(b) L, = =0.9;L =L +4

T-p
L
=0.9+0.6 = 1.5 hence W::_S:%:%h
L
(©) Wq=ﬁq:%:9min; w, > 10 min

A 1
= =—hence A=6.25 and u =60
Hu—21) 6 H

() Pw=12)=[ p(u— Ae =" dw

o[ —

-4
5

=—p.eW| =0.6e° =0.27

) 8

2l

(e) Probability of six or more operators waiting for service = p® = (0.6)°]

18. A company distributes its products by trucks loaded at its only loading station. Both company’s
trucks and constructor’s trucks are used for this purpose. It was found out that on an average every
5 min, one truck arrived and the average loading time was 3 min. 50% of the trucks belong to the
contractor. Find

(a) Probability that a truck has to wait
(b) Waiting time of a truck that waits

(c) Expected waiting time of constructor’s trucks per day, assuming a 24-h shift
Ans: (a) 0.6, (b) 7.5 min and (c) 10.8 h
[Hint: Here

(a) Probability that a truck has to wait

__ 1 1 _1y_ .
(b) WX_‘u—/I_ZO—IZ_Sh 7.5 min
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(c) Expected time of contractor’s truck per day

= (Number of trucks/day) x (Contractor’s percentage) X (Expected waiting time of a truck)

=12x24x0 A

100 p(u—A4)

- 12 0 g-_54_
= 144 x5 x8==2=10.8h

19. A road transport company has bus reservation clerk on duty at a time. He handles information of bus
schedules and makes reservations. Customers arrive at a rate of 8 per hour and the clerk can service
12 customers on an average per hour. After starting your assumptions, answer the following:

(a) What is the average number of customers waiting for the service of the clerk?

(b) What is the average time a customer has to wait before getting the service?

Ans: (a) L =2and L =1.33, and (b) 15 min

[Hint: Here A=8 and u =12

__ A __ 8 _
@ L= 7 -8 2
_ A _ 82 _
ERTTEY R VIV R
_ 1 _ 1 _14_ .
(b) Wx—‘u_—l—m—zh—lsmln]
FILL IN THE BLANKS

1. FCFS means .
Ans: first come, first served

2. FILO means .

Ans: first in, last out

3. FIFO means .

Ans: first in first out

4. LIFO means .

Ans: last in first out

5. SIRO means .

Ans: service in random order



10.

11.

12.

13.

14.

15.

16.

17.
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. A customer leaves the queue because the queue is too long and he has no time to wait. This type

of customer’s behaviour is called
Ans: balking

. The customer leaves the queue due to impatience. This type of customer’s behaviour is called

Ans: reneging

. In certain applications, some customers are served before others regardless of their order of

arrival. Thus, some customers are shown over others.

Ans: priority

. Customers change from one waiting line to another shorter line. This behaviour is called

Ans: jockeying

The term refers to the arrival of a new calling unit in the queuing system.

Ans: birth

The term refers to the departure of a severed unit.

Ans: death

If x is the number of arrivals during time interval ¢, then the law of probability in Poisson process
is given by p (b) =

. (ﬂ,t)"e%‘ _
Ans: Tfor n=0,1,2, ..

In Question 12, the term A is the .

Ans: parameter

Y P =P+P+..=

#=20
Ans: 1
P=__
Ans: (1 —%)
P =
Ans: (%)n (1 - ﬁ) orp"(1-p)
L=__ A
Ans l_ﬁ& or fp
a
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18. L =
q

19. w =

20. w =
q

Probability and Statistics




Appendix A: Test Based on
Normal Distributions

A.1 Z-TEST FOR PROPORTIONS
A.11 Test of Significance for Single Proportion

Suppose a large sample of size # is taken from a normal population. To test the significant difference
between the sample proportion p and population proportion P, we use the statistic

-P
z=L"_
PO
n
where 7 is the sample size and Q=1- P,
Note Limits for population proportion P are given by p + 3 Q, where g =1 —p.
n

Example

A wholesaler in apples claims that only 4% of the apples supplied by him or her are defective.
A random sample of 500 apples contained 40 defective apples. Test the claim of the wholesaler.

Solution Given n =500, x =40

40
=29 _0.08
=500
P=4%=0.04
O=1-P=096

Null hypothesis, H: P = 0.04
Alternative hypothesis, H: P> 0.04 (right tailed)

p—p _ 0.08-0.04 0.04 0.04 0.04

PO~ \/0.08><0.96 - \/0.076 - J0.000152  0.0123328
n 500 500

The calculated value of Z = 3.243.
The tabulated value of Z at 5% level of significance for right-tailed test is 1.645. Since calculated
Z > tabulated value of Z, therefore, the null hypothesis H; is rejected.

Test statistic is Z = 3.243
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EXERCISES
1. In a sample of 800 in Andhra Pradesh, 650 are rice eaters and the rest are wheat eaters. Can we
assume that both rice and wheat are equally popular in this state at 1% level of significance?

2. In a big city, 275 men out of 450 men were found to drink tea. Does this information support the
conclusion that the majority of men in this city drink tea?

A.1.2 Difference of Proportions

Suppose two large samples of sizes 7, and n, are taken respectively from two different populations.
To test the significant difference between the sample proportions p, and p,, we use the statistic

7 = b= P i

1 1
pq| —+—
noon

mp tmp, % tX andg=1-p.

where p =
n +n, n +n,

We have the following test of significance:
1. If | Z| < 1.96, difference is not significant at 5% level of significance.
2. If | Z| > 1.96, difference is not significant at 5% level of significance.

3. If | Z] > 2.58, difference is not significant at 1% level of significance.

Example

In a sample of 300 students of a certain college, 200 are found to use internet. In another college, from
a sample of 500 students 250 were found to use internet. Test whether the two colleges are significantly
different with respect to the habit of using internet.

Solution Given x, =200, n, =300, x, = 250 and n, = 500

200 25
p =229 66 p =229 45
n, 300 n, 500

_mptmp,  x+tx, 200+250 450
" omtn,  m+nm, 3004500 800
=1-p=1-0.56=0.44
Null hypothesis, H: p, = p,
Alternative hypothesis, H: p # p, (two-tailed alternative)
Level of significance, ot = 0.05

0.56

The test statistic, Z = D P = 0.66-0.5
1 1 1 1
L 0.56)(0.44)] — + —
\/pq(nlJran \/( X )(300 500)
B 0.16
J(0.56)(0.44)(0.003+0.002)
0.16

B J(0.56)(0.44)(0.005)
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0.16
1/0.00123
0.16

~0.035071
— 4562

Tabulated value of Z at 5% level of significance is 1.96. Hence, |Z| > 1.96.
Therefore, the null hypothesis H| is rejected.

EXERCISES
1. In a big city 325 men out of 600 men were found to be smokers. Does this information support the
conclusion that the majority of men in this city are smokers?

2. A die was thrown 9000 times and of these 3220 yielded a 3 or 4. Is this consistent with the hypoth-
esis that the die was unbiased?

A.2 Z-TEST OF SIGNIFICANCE FOR MEAN

Suppose we want to test whether the given sample of size n has been drawn from a population with

mean u. We set up hypothesis that there is no difference between x and x4 where X is the sample mean.

X—H
o

Jn

If the S.D. of population is not known, then use the statistic

_x-p
- S

N

The test statistic Z =

, where ois the S.D. of the population.

VA

, where S is the sample S.D.

Notes

1. The values x + 1.96 % are called 95% confidence limits for the mean of the population corre-
n

sponding to the given sample.

2. The values x £2.58 % and x +2.33 % are called 99% and 98% confidence limits for the mean
n n

of the population corresponding to the given sample, respectively.

Example

It is claimed that a random sample of 50 pens with a mean life of 96 h which is drawn from a popula-
tion of pens which has a mean life of 90 h and a standard deviation of 30 h. Test validity of this claim.

Solution Given n =50, x =96, 4 =90 and o= 30

Null hypothesis, H;: 4 =90

Alternative hypothesis, H : u # 90 (two-tailed alternative)
Level of significance, o= 0.05



A4 Probability and Statistics

The test statistic, Z = H 96-90 =1414
(o) 30

oo 50

Tabulated value of Z at 5% level of significance is 1.96. Hence, | Z| < 1.96.
Therefore, the null hypothesis H is accepted.

EXERCISES

1. A sample of 60 students has a mean weight of 75 kg. Can this be regarded as a sample from a
population with mean weight 58 kg and S.D. of 30 kg?

2. A sample of 300 items is taken from a population whose standard deviation is 10. The mean of the

sample is 45. Test whether the sample has come from a population with mean 40. Also, calculate
95% confidence interval for the population.

A.2.1 F-Test

This is very useful in testing the equality of population means by comparing sample variances.

To test whether there is any significant difference between two estimates of population variance or
to test if the two samples have come from the same population, we use F-test.

In this case, we setup null

hypothesis H,0,” = 0, i.e., population variances are same

S? Z(xi_f)z

The test statistic is F' = S—lz, where S7 = , ny 1s first sample size
n—
2 1

—\2
S22 = 2‘(%—1)}), n, is second sample size

n,
And Sl2 > sf
The degrees of freedom are v, =n —1,v, =n, —1.

A.2.2 Properties of F-distribution

1. F-distribution curve lies entirely in the first quadrant.

2. The F-curve depends not only on the two parameters but also on the order in which they are stated.

1 . .
3. F_,(v,v,)=————, where F_(v,,v,)is the value of F' with v and v, degrees of freedom such

F,(vy,v

that the area under F-distribution curve to the right of Fis o.
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Notes
1. If sample variance s? is given, we can obtain population variance ¢? by using the relation
no’ =(n—1)s* and vice versa.

2. F,(v,v,) is the value of F with v and v, degrees of freedom such that the area under the
F-distribution to the right of /' is c. In tables F tabulated for o= 0.05 and &= 0.01 for various
combinations of the d.o.f v and v,. Clearly, the value of F" at 5% significance is lower than at 1%.

Example 1

For an F-distribution, find
(a) F,,, withv andv,=15

(b) F,, withv =28 and v, =12
Solution

(a) From the table, I  withv =7 andv,=15is2.71

1 1

b) Fyg0(28,12) = =
(®) Fogy(28,12) F,,(12,28)  2.90

=0.34482

Example 2

In one sample of 10 observations the sum of the squares of deviations of the sample value from the
sample mean was 84 and in the other sample of 15 observations it was 100. Test whether this differ-
ence is significant at 5% level.

Solution

Here n, =10, n, =15, 2(x, - %) =84, X(y, - )’ =100

I(x,-X)" 84 2y, -y 1
S12 =M=8—=9.33and822 =M=ﬂ=6.66
n -1 9 n, —1 15
Null hypothesis, H: s * = s,
2
Now, F=2223 _14
s, 6.66

Therefore, calculated F = 1.4.
Tabulated value of F" at 5% level for (7, 9) degrees of freedom is 3.29
ie, F (7,9)=3.29.

0.05
Since calculated F' < tabulated F, we accept the null hypothesis.

i.e., the samples came from the same normal populations with same variance.
EXERCISES

1. Find the value of
(@) F,,,withv =15andv,=7

0.05

(b) F,,swithv, =10and v, =24

0.05

(c) F,,, withv =15and v, =20

0.95
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2. The nicotine contents in milligrams in two samples of tobacco were found to be as follows:

Sample A 20 26 18 27 25 -
Sample B 25 28 23 31 22 36

Can it be said that the two samples came from normal populations?

3. Two independent samples of 8§ items have the following values

Sample 1 10 11 12 13 15 10 11 9
Sample 2 8 9 10 11 13 15 10 8

Test at 5% significance level, the quality of variances of the two populations.

A.3 ConNcerT OF QUALITY OF A MANUFACTURED PrRODUCT

The rapidly increasing global competition over the past decade has led to the emergence of scenarios
for most of the industrial sectors. The competitiveness of a company is mostly dependent on its abil-
ity to perform well in cost, quality, delivery, dependability, speed, innovation and flexibility to adapt

variations in demand.

A.3.1 Quality

Quality can be defined as the conformance to requirements. According to Joseph Juran, quality is the
fitness of use, i.e., it is the value of the goods and services as perceived by the supplier, producer and

customer. In the 1970s, Derming’s philosophy was summarized as follows:
(a) People and organizations focus primarily on quality defined by the following ratio,

Results of work efforts
Total costs

Quality =

quality tends to increase and costs fall over time.

(b) However, when people and organizations focus primarily on costs, costs tend to rise and

quality declines all over time.

A.3.2 Dimensions of Product Quality

As prescribed by Garvin, the seven dimensions of quality are listed hereunder.

(1) Performance (will the product do the intended job?)

(2) Reliability (how often the product fails?)

(3) Durability (how long the product lasts?)

(4) Serviceability (how easy to repair the product?)

(5) Aesthetics (what does the product look like?)

(6) Features (what does the product do?)

(7) Perceived quality (what is the reputation of a company or its products?)

A.3.3 Three Aspects of Quality

The three aspects of quality are listed hereunder.
(1) Quality of design
(2) Quality of conformance
(3) Quality of performance
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A.3.4 Quality of Design

The product must be designed to meet the requirement of the customer. Customer expectations must be
incorporated into the product while designing the product. The factors need to be considered while design-
ing the product are (i) cost, (ii) profit policy of the company, (iii) demand and (iv) availability of the parts.

A.3.5 Quality of Performance
Consumer’s Perspective

The product must function as per the expectations of the customer. Before consumers buy, they have
to feel that the benefits they gain justify the price.

A.3.6 Quality of Conformance
Manufacturer’s Perspective

The product must be manufactured exactly as designed. The activities involved at this stage include
defect finding, defect prevention, defect analysis and rectification. The two-way communication
between designer and manufacturing may help to improve the quality of a product.

A.3.6.1 Causes of Variations

A.3.6.1.1 Introduction

In the manufacturing industry, the products produced are expected to conform to the quality prescribed.
The challenge for the producers is to maintain the quality of the products. It is essential that the end
products possess the qualities that the consumer expect. However, it is not possible to inspect every
product and every aspect of the production process all the time. Thus there is a necessity to design
ways to maximize the ability to monitor the quality of the products being produced and eliminate
defects. Quality control by physical inspection is possible in only limited cases where the products are
costly and of big size such as engines, boilers, etc. In most cases, physical inspection is not possible.
The technique of statistical quality control is suitable in such cases.

A.3.6.1.2 Statistical Quality Control

Statistical quality control refers to statistical techniques which are employed for the control and main-
tenance of the uniform quality of the product manufactured in process through continuous flow of
production.

Statistical quality control can also be defined as an economic and effective system of maintaining
and improving the quality of outputs throughout the whole operating process of specification, pro-
duction and inspection based on continuous testing of random samples. The term statistical quality
control (SQC) is used to describe the set of statistical tools used by quality professionals. Further,
SQC encompasses three broad categories as listed hereunder.

(i) Statistical process control (SPC)

(i) Descriptive statistics include the mean, standard deviation and range which helps in
(a) Inspecting the output from a process
(b) Measuring quality characteristics
(c) Identifying in-process variations
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(iii)) Acceptance sampling used to randomly inspect a batch of goods to determine acceptance or
rejection.

A.3.6.1.3 Advantages of SQC

(1) It provides a means of detecting error at inspection.

(2) It leads to more uniform quality of production.

(3) It improves the relationship with the customer.

(4) It reduces inspection costs.

(5) It reduces the number of rejects and saves cost of material.

(6) It provides a basis for attainable specifications.

(7) Tt points out the bottlenecks and trouble spots.

(8) It provides a means of determining the capability of the manufacturing process.

(9) It promotes the understanding and appreciation of quality control process.

A.3.7 Types of Quality Control
The quality of a product manufactured in a factory may be controlled by the following two ways:

(a) process control and
(b) product control

A.3.7.1 Process Control

It is a process in which the quality is controlled when the product being produced, remains in the pro-
cess of production. A process is said to be in control if the variations in items produced are only due to
random causes and not due to any assignable causes. The object of keeping the process under control
is achieved with the help of control charts.

A.3.7.2 Product Control

It is a process in which the product is inspected lot by lot and a lot is accepted or rejected on the basis
of the information obtained by sampling. It is an essential part of production and it may be applied to
raw materials, semi-finished goods in the intermediate stage of production, etc.

A.3.7.3 Causes of Variations

It is inevitable that there will be variation in the quality of a manufactured product. The basis of statistical
quality control is the degree of variability in the size or magnitude of a given characteristic of the product.
The variations in the quality of products may be due to two causes as listed hereunder.

(1) Common or random causes of variations

(2) Assignable causes of variations

A.3.74 Random and Assignable Causes of Variations

Common or Random Causes of Variations

Random causes of variations are those that cannot be identified and also these are unavoidable.
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Examples

Slight differences in process variables like diameter, weight, service time, temperature, etc.

Assignable Causes of Variations
Assignable causes of variations are those that can be identified and eliminated.

Examples

Poor employee training, machine needing repair, human factors like carelessness, fatigue, noise, etc.

A.4 M|M|S QueuING MODEL

In general, it is denoted by M|M|S|«|[FCFS. Here the first M stands for arrival pattern, second M
stands for service pattern, S stands for number of servers, <« stands for capacitance of the system and
FCFS describes queue discipline.

A.4.1 Characteristics of the Model

Arrival process is Poisson process with rate A.
Service process is Poisson process with rate u.
S denotes the number of servers.

System size is infinite.

A

FCEFS stands for first came first served.

A.4.2 State of the System

System is in state n if there are n customers in the system (waiting or served).
Let p, denote the probability that there are n customers in the system in the steady state.

A.4.21 Steady-state Equations

Atn=0,Ap, = up,
Atn=1,Ap +up =Ap,+2up,

= (A+1)p = Ap, =2/ip,
Atn=2,Ap,+2up, = Ap +3up,

= (A+20)p, = Ap +31ps
Atn=s,Ap, +sup, =Ap,_ +sUp,,,

= (/’L+Slu)ps = 2‘ps—l + S.upﬁ—l
Atn=s+LAp  +sup,, =Ap, +sUp,,,

= (/l+sll’l)ps+l = A'p? +S#ps+2

In general, if n > s then (A+su)p, = Ap,_, + sup,.,- By solving the above equations, we get

Apy = 1Dy
(A+)p, = Ap,+2up,
(A+n)p, =Ap, \+(n+DUp,,,n<s
A+sw)p, =Ap, | +SUp, ., n=s
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From these equations, we obtain

(-:&_J4pn—l if‘n <s
nit

() 0
\su

(e—Jpo if n<s
n!

n

€ .
( ' ,H)po if n<s
sls

1. Average no. of customers in the system L :

. s—1 o
L = Zn.pn :zn.pn +Zn.pn
n=0 n=0 n=s
s—1 =3 n
= &(z n.p" +S52n.p—J
s! n=s 5"

=p+l:(s—l)!(s—e)2]p0

2. Average busy servers (L,):

Py =

It is given by L, = E [busy servers]
= E [customers in service] 1
Using Little’s formula, LB = AW, where W, = average time the server is busy = —

Therefore, L, = & =p
u

3. Average customers in queue (Lq):

Itis givenby L, = L — Ly

4. Utilization of the system U:
U=Pm>0)=p+p,+p+..=1-p,
5. Average time spent in the system (W):

L
It is given by W = TS

6. Average waiting time in the queue (Wq):

L L
It is given by W, = 1
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Example

Consider a bank with two tellers. An average of 35 customers per hour arrive at the bank and wait
in a single line for an idle teller. The average time it takes to serve a customer is 1.5 min. The bank
opens daily at 10:00 am and closes at 4:00 pm. Assume that the inter-arrival time and service times
are exponential. Determine

1. The expected number of customers present in the bank.
2. The expected length of time a customer spends in the bank.
3. Average no. of busy tellers.
4. The expected total time that all tellers are busy.
5. The expected total time that teller 1 is idle.
Solution Arrival rate A =35 customers
1

60
Service rate, u = s = 3 = 40 cust/h

15
Number of servers, S =2

A
Traffic intensity, p = E =0.875

s+1
1. The expected number of customers present in the bank = L, = p + lte—] Do

s s—1 _n
Here, p, :|: T . L+2‘p—|:| =0.4889. Therefore, L, = 1.1338.
sls® s—=p o m

2. The expected time a customer spends in the bank W == 0.0324 min.

A
3. Average number of busy tellers L = E = 0.875 servers-

4. The expected total time that all tellers are busy
= (work hours) x P (all servers busy)
=6xP(n=2)
=6[1-P(n<2)]
=6[1-(P,+P)]
=6[1-0.4889—0.4278]
=0.4998 h

5. The expected total time that teller 1 is idle
= (work hours) P(teller 1 is idle)
=6(0.2139)
=1.2834h
Since P, = P(one customer in the system)
= P(one teller is idle)

= P(teller 1 or teller 2 is idle)
= 2P(teller 1 is idle)

Therefore, P(teller 1 is idle) = 0.5P1 =0.5(0.4278) = 0.2139.
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B.1 BinomiAL DisTtriBuTION FUNCTION

Table B.1 Binomial probability sums: b (x; 1, p) = 2('}:) P (1-p)y~

x=0 x=0

p
n r 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
1 0 0.9000 0.8000 0.7500 0.7000 0.6000 0.5000 0.4000 0.3000 0.2000 0.1000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

2 0 0.8100 0.6400 0.5625 0.4900 0.3600 0.2500 0.1600 0.0900 0.0400 0.0100
1 0.9900 0.9600 0.9375 0.9100 0.8400 0.7500 0.6400 0.5100 0.3600 0.1900
2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
3 0 0.7290 0.5120 0.4219 0.3430 0.2160 0.1250 0.0640 0.0270 0.0080 0.0010
1 0.9720 0.8960 0.8438 0.7840 0.6480 0.5000 0.3520 0.2160 0.1040 0.0280
2 0.9990 0.9920 0.9844 0.9730 0.9360 0.8750 0.7840 0.6570 0.4880 0.2710
3 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
4 0 0.6561 0.4096 0.3164 0.2401 0.1296 0.0625 0.0256 0.0081 0.0016 0.0001
1 0.9477 0.8192 0.7383 0.6517 0.4752 0.3125 0.1792 0.0837 0.0272 0.0037
2 0.9963 0.9728 0.9492 0.9163 0.8208 0.6875 0.5248 0.3483 0.1808 0.0523
3 0.9999 0.9984 0.9961 0.9919 0.9744 0.9375 0.8704 0.7599 0.5904 0.3439
4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
5 0 0.5905 0.3277 0.2373 0.1681 0.0778 0.0312 0.0102 0.0024 0.0003 0.0000
1 09185 0.7373 0.6328 0.5282 0.3370 0.1875 0.0870 0.0308 0.0067 0.0005
2 0.9914 09421 0.8965 0.8369 0.6826 0.5000 0.3174 0.1631 0.0579 0.0086
3 0.9995 0.9933 0.9844 0.9692 0.9130 0.8125 0.6630 0.4718 0.2627 0.0815
4 1.0000 0.9997 0.9990 0.9976 0.9898 0.9688 0.9222 0.8319 0.6723 0.4095
5 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

(Contd.)
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p
n r 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
6 0 0.5314 0.2621 0.1780 0.1176 0.0467 0.0156 0.0041 0.0007 0.0001 0.0000
1 0.8857 0.6554 0.5339 0.4202 0.2333 0.1094 0.0410 0.0109 0.0016 0.0001
2 0.9841 0.9011 0.8306 0.7443 0.5443 0.3438 0.1792 0.0705 0.0170 0.0013
3 0.9987 0.9830 0.9624 0.9295 0.8208 0.6563 0.4557 0.2557 0.0989 0.0158
4 0.9999 0.9984 0.9954 0.9891 0.9590 0.8906 0.7667 0.5798 0.3447 0.1143
5 1.0000 0.9999 0.9998 0.9993 0.9959 0.9844 0.9533 0.8824 0.7379 0.4686
6 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
7 0 0.4783 0.2097 0.1335 0.0824 0.0280 0.0078 0.0016 0.0002 0.0000
1 0.8503 0.5767 0.4449 0.3294 0.1586 0.0625 0.0188 0.0038 0.0004 0.0000
2 09743 0.8520 0.7564 0.6471 0.4199 0.2266 0.0963 0.0288 0.0047 0.0002
3 0.9973 0.9667 0.9294 0.8740 0.7102 0.5000 0.2898 0.1260 0.0333 0.0027
4 0.9998 0.9953 0.9871 0.9712 0.9037 0.7734 0.5801 0.3529 0.1480 0.0257
5 1.0000 0.9996 0.9987 0.9962 0.9812 0.9375 0.8414 0.6706 0.4233 0.1497
6 1.0000 0.9999 0.9998 0.9984 0.9922 0.9720 0.9176 0.7903 0.5217
7 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
8 0 0.4305 0.1678 0.1001 0.0576 0.0168 0.0039 0.0007 0.0001 0.0000
1 0.8131 0.5033 0.3671 0.2553 0.1064 0.0352 0.0085 0.0013 0.0001
2 0.9619 0.7969 0.6785 0.5518 0.3154 0.1445 0.0498 0.0113 0.0012 0.0000
3 0.9950 0.9437 0.8862 0.8059 0.5941 0.3633 0.1737 0.0580 0.0104 0.0004
4 0.9996 0.9896 0.9727 0.9420 0.8263 0.6367 0.4059 0.1941 0.0563 0.0050
5 1.0000 0.9988 0.9958 0.9887 0.9502 0.8555 0.6846 0.4482 0.2031 0.0381
6 0.9991 0.9996 0.9987 0.9915 0.9648 0.8936 0.7447 0.4967 0.1869
7 1.0000 1.0000 0.9999 0.9993 0.9961 0.9832 0.9424 0.8322 0.5695
8 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
9 0 0.3874 0.1342 0.0751 0.0404 0.0101 0.0020 0.0003 0.0000
1 0.7748 0.4362 0.3003 0.1960 0.0705 0.0195 0.0038 0.0004 0.0000
2 0.9470 0.7382 0.6007 0.4628 0.2318 0.0898 0.0250 0.0043 0.0003 0.0000
3 0.9917 09144 0.8343 0.7297 0.4826 0.2539 0.0994 0.0253 0.0031 0.0001
4 0.9991 0.9804 09511 0.9012 0.7334 0.5000 0.2666 0.0988 0.0196 0.0009
5 0.9999 0.9969 0.9900 0.9747 0.9006 0.7461 0.5174 0.2703 0.0856 0.0083
6 1.0000 0.9997 0.9987 0.9957 0.9750 0.9102 0.7682 0.5372 0.2618 0.0530
7 1.0000 0.9999 0.9996 0.9962 0.9805 0.9295 0.8040 0.5638 0.2252
8 1.0000 1.0000 0.9997 0.9980 0.9899 0.9596 0.8658 0.6126
9 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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p
n r 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
10 0 0.3487 0.1074 0.0563 0.0282 0.0060 0.0010 0.0001 0.0000
1 0.7361 0.3758 0.2440 0.1493 0.0464 0.0107 0.0017 0.0001 0.0000
2 0.9298 0.6778 0.5256 0.3828 0.1673 0.0547 0.0123 0.0016 0.0001
3 0.9872 0.8791 0.7759 0.6496 0.3823 0.1719 0.0548 0.0106 0.0009 0.0000
4 0.9984 0.9672 0.9219 0.8497 0.6331 0.3770 0.1662 0.0474 0.0064 0.0002
5 0.9999 0.9936 0.9803 0.9527 0.8338 0.6230 0.3669 0.1503 0.0328 0.0016
6 1.0000 0.9991 0.9965 0.9894 0.9452 0.8281 0.6177 0.3504 0.1209 0.0128
7 0.9999 0.9996 0.9984 0.9877 0.9453 0.8327 0.6172 0.3222 0.0702
8 1.0000 1.0000 0.9999 0.9983 0.9893 0.9536 0.8507 0.6242 0.2639
9 1.0000 0.9999 0.9990 0.9940 0.9718 0.8926 0.6513
10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
11 0 0.3138 0.0859 0.0422 0.0198 0.0036 0.0005 0.0000
1 0.6974 0.3221 0.1971 0.1130 0.0302 0.0059 0.0007 0.0000
2 0.9104 0.6174 0.4552 0.3127 0.1189 0.0327 0.0059 0.0006 0.0000
3 0.9815 0.8369 0.7133 0.5696 0.2963 0.1133 0.0293 0.0043 0.0002
4 0.9972 0.9496 0.8854 0.7897 0.5328 0.2744 0.0994 0.0216 0.0020 0.0000
5 0.9997 0.9883 0.9657 0.9218 0.7535 0.5000 0.2465 0.0782 0.0117 0.0003
6 1.0000 0.9980 0.9924 0.9784 0.9006 0.7256 0.4672 0.2103 0.0504 0.0028
7 0.9998 0.9988 0.9957 0.9707 0.8867 0.7037 0.4304 0.1611 0.0185
8 1.0000 0.9999 0.9994 0.9941 0.9673 0.8811 0.6873 0.3826 0.0896
9 1.0000 1.0000 0.9993 0.9941 0.9698 0.8870 0.6779 0.3026
10 1.0000 0.9995 0.9964 0.9802 0.9141 0.6862
11 1.0000 1.0000 1.0000 1.0000 1.0000
12 0 0.2824 0.0687 0.0317 0.0138 0.0022 0.0002 0.0000
1 0.6590 0.2749 0.1584 0.0850 0.0196 0.0032 0.0003 0.0000
2 0.8891 0.5583 0.3907 0.2528 0.0834 0.0193 0.0028 0.0002 0.0000
3 0.9744 0.7946 0.6488 0.4925 0.2253 0.0730 0.0153 0.0017 0.0001
4 0.9957 0.9274 0.8424 0.7237 0.4382 0.1938 0.0573 0.0095 0.0006 0.0000
5 0.9995 0.9806 0.9456 0.8821 0.6652 0.3872 0.1582 0.0386 0.0039 0.0001
6 0.9999 0.9961 0.9857 0.9614 0.8418 0.6128 0.3348 0.1178 0.0194 0.0005
7 1.0000 0.9994 0.9972 0.9905 0.9427 0.8062 0.5618 0.2763 0.0726 0.0043
8 0.9999 0.9996 0.9983 0.9847 0.9270 0.7747 0.5075 0.2054 0.0256
9 1.0000 1.0000 0.9998 0.9972 0.9807 0.9166 0.7472 0.4417 0.1109
10 1.0000 0.9997 0.9968 0.9804 0.9150 0.7251 0.3410

(Contd.)
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p
n r 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
11 1.0000 0.9998 0.9978 0.9862 0.9313 0.7176
12 1.0000 1.0000 1.0000 1.0000 1.0000
13 0 0.2542 0.0550 0.0238 0.0097 0.0013 0.0001 0.0000
1 0.6213 0.2336 0.1267 0.0637 0.0126 0.0017 0.0001 0.0000
2 0.8661 0.5017 0.3326 0.2025 0.0579 0.0112 0.0013 0.0001
3 0.9658 0.7473 0.5843 0.4206 0.1686 0.0461 0.0078 0.0007 0.0000
4 0.9935 0.9009 0.7940 0.6543 0.3530 0.1334 0.0321 0.0040 0.0002
5 0.9991 0.9700 0.9198 0.8346 0.5744 0.2905 0.0977 0.0182 0.0012 0.0000
6 0.9999 0.9930 0.9757 0.9376 0.7712 0.5000 0.2288 0.0624 0.0070 0.0001
7 1.0000 0.9980 0.9944 0.9818 0.9023 0.7095 0.4256 0.1654 0.0300 0.0009
8 0.9998 0.9990 0.9960 0.9679 0.8666 0.6470 0.3457 0.0991 0.0065
9 1.0000 0.9999 0.9993 0.9922 0.9539 0.8314 0.5794 0.2527 0.0342
10 1.0000 0.9999 0.9987 0.9888 0.9421 0.7975 0.4983 0.1339
11 1.0000 0.9999 0.9983 0.9874 0.9363 0.7664 0.3787
12 1.0000 0.9999 0.9987 0.9903 0.9450 0.7458
13 1.0000 1.0000 1.0000 1.0000 1.0000
14 0 0.2288 0.0440 0.0178 0.0068 0.0008 0.0001 0.0000
1 0.5846 0.1979 0.1010 0.0475 0.0081 0.0009 0.0001
2 0.8416 0.4481 0.2811 0.1608 0.0398 0.0065 0.0006 0.0000
3 0.9559 0.6982 0.5213 0.3552 0.1243 0.0287 0.0039 0.0002
4 0.9908 0.8702 0.7415 0.5842 0.2793 0.0898 0.0175 0.0017 0.0000
5 0.9985 0.9561 0.8883 0.7805 0.4859 0.2120 0.0583 0.0083 0.0004
6 0.9998 0.9884 0.9617 0.9067 0.6925 0.3953 0.1501 0.0315 0.0024 0.0000
7 1.0000 0.9976 0.9897 0.9685 0.8499 0.6047 0.3075 0.0933 0.0116 0.0002
8 0.9996 0.9978 0.9917 0.9417 0.7880 0.5141 0.2195 0.0439 0.0015
9 1.0000 0.9997 0.9983 0.9825 0.9102 0.7207 0.4158 0.1298 0.0092
10 1.0000 0.9998 0.9961 0.9713 0.8757 0.6448 0.3018 0.0441
11 1.0000 0.9994 0.9935 0.9602 0.8392 0.5519 0.1584
12 0.9999 0.9991 0.9919 0.9525 0.8021 0.4154
13 1.0000 0.9999 0.9992 0.9932 0.9560 0.7712
14 1.0000 1.0000 1.0000 1.0000 1.0000
15 0 0.2059 0.0352 0.0134 0.0047 0.0005 0.0000
1 0.5490 0.1671 0.0802 0.0353 0.0052 0.0005 0.0000
2 0.8159 0.3980 0.2361 0.1268 0.0271 0.0037 0.0003 0.0000



Appendix B B-5
p
r 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
3 0.9444 0.6482 0.4613 0.2969 0.0905 0.0176 0.0019 0.0001
4 0.9873 0.8358 0.6865 0.5155 0.2173 0.0592 0.0094 0.0007 0.0000
5 0.9978 0.9389 0.8516 0.7216 0.4032 0.1509 0.0338 0.0037 0.0001
6 0.9997 0.9819 0.9434 0.8689 0.6098 0.3036 0.0951 0.0152 0.0008
7 1.0000 0.9958 0.9827 0.9500 0.7869 0.5000 0.2131 0.0500 0.0042 0.0000
8 0.9992 0.9958 0.9848 0.9050 0.6964 0.3902 0.1311 0.0181 0.0003
9 0.9999 0.9992 0.9963 0.9662 0.8491 0.5968 0.2784 0.0611 0.0023
10 1.0000 0.9999 0.9993 0.9907 0.9408 0.7827 0.4845 0.1642 0.0127
11 1.0000 0.9999 0.9981 0.9824 0.9095 0.7031 0.3518 0.0556
12 1.0000 0.9997 0.9963 0.9729 0.8732 0.6020 0.1841
13 1.0000 0.9995 0.9948 0.9647 0.8329 0.4510
14 1.0000 0.9995 0.9953 0.9648 0.7941
15 1.0000 1.0000 1.0000 1.0000
16 0 0.1853 0.0281 0.0100 0.0033 0.0003 0.0000
1 0.5147 0.1407 0.0635 0.0261 0.0033 0.0003 0.0000
2 0.7892 0.3518 0.1971 0.0994 0.0183 0.0021 0.0001
3 0.9316 0.5981 0.4050 0.2459 0.0651 0.0106 0.0009 0.0000
4 0.9830 0.7982 0.6302 0.4499 0.1666 0.0384 0.0049 0.0003
5 0.9967 0.9183 0.8103 0.6598 0.3288 0.1051 0.0191 0.0016 0.0000
6 0.9995 0.9733 0.9204 0.8247 0.5272 0.2272 0.0583 0.0071 0.0002
7 0.9999 0.9930 0.9729 0.9256 0.7161 0.4018 0.1423 0.0257 0.0015 0.0000
8 1.0000 0.9985 0.9925 0.9743 0.8577 0.5982 0.2839 0.0744 0.0070 0.0001
9 0.9998 0.9984 0.9929 0.9417 0.7728 0.4728 0.1753 0.0267 0.0005
10 1.0000 0.9997 0.9984 0.9809 0.8949 0.6712 0.3402 0.0817 0.0033
11 1.0000 0.9997 0.9951 0.9616 0.8334 0.5501 0.2018 0.0170
12 1.0000 0.9991 0.9894 0.9349 0.7541 0.4019 0.0684
13 0.9999 0.9979 0.9817 0.9006 0.6482 0.2108
14 1.0000 0.9997 0.9967 0.9739 0.8593 0.4853
15 1.0000 0.9997 0.9967 0.9719 0.8147
16 1.0000 1.0000 1.0000 1.0000
17 0 0.1668 0.0225 0.0075 0.0023 0.0002 0.0000
1 0.4818 0.1182 0.0501 0.0193 0.0021 0.0001 0.0000
2 0.7618 0.3096 0.1637 0.0774 0.0123 0.0012 0.0001
3 09174 0.5489 0.3530 0.2019 0.0464 0.0064 0.0005 0.0000
4 0.9779 0.7582 0.5739 0.3887 0.1260 0.0245 0.0025 0.0001

(Contd.)



B-6

Probability and Statistics

n r 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90

5 0.9953 0.8943 0.7653 0.5968 0.2639 0.0717 0.0106 0.0007 0.0000
6 0.9992 0.9623 0.8929 0.7752 0.4478 0.1662 0.0348 0.0032 0.0001
7 0.9999 0.9891 0.9598 0.8954 0.6405 0.3145 0.0919 0.0127 0.0005
8 1.0000 0.9974 0.9876 0.9597 0.8011 0.5000 0.1989 0.0403 0.0026 0.0000
9 0.9995 0.9969 0.9873 0.9081 0.6855 0.3595 0.1046 0.0109 0.0001
10 0.9999 0.994 0.9968 0.9652 0.8338 0.5522 0.2248 0.0377 0.0008
11 1.0000 0.9999 0.9993 0.9894 0.9283 0.7361 0.4032 0.1057 0.0047
12 1.0000 0.9999 0.9975 0.9755 0.8740 0.6113 0.2418 0.0221
13 1.0000 0.9995 0.9936 0.9536 0.7981 0.4511 0.0826
14 0.9999 0.9988 0.9877 0.9226 0.6904 0.2382
15 1.0000 0.9999 0.9979 0.9807 0.8818 0.5182
16 1.0000 0.9998 0.9977 0.9775 0.8332
17 1.0000 1.0000 1.0000 1.0000 1.0000

18 0 0.1501 0.0180 0.0056 0.0016 0.0001 0.0000
1 0.4503 10,0991 0.0395 0.0142 0.0013 0.0001
2 0.7338 0.2713 0.1353 0.0600 0.0082 0.0007 0.0000
3 0.9018 0.5010 0.3057 0.1646 0.0328 0.0038 0.0002
4 0.9718 0.7164 0.5787 0.3327 0.0942 0.0154 0.0013 0.0000
5 0.9936 0.8671 0.7175 0.5344 0.2088 0.0481 0.0058 0.0003
6 0.9988 0.9487 0.8610 0.7217 0.3743 0.1189 0.0203 0.0014 0.0000
7 0.9998 0.9837 0.9431 0.8593 0.5634 0.2403 0.0576 0.0061 0.0002
8 1.0000 0.9957 0.9807 0.9404 0.7368 0.4073 0.1347 0.0210 0.0009
9 0.9991 0.9946 0.9790 0.8653 0.5927 0.2632 0.0596 0.0043 0.0000
10 0.9998 0.9988 0.9939 0.9424 0.7597 0.4366 0.1407 0.0163 0.0002
11 1.0000 0.9998 0.9986 0.9797 0.8811 0.6257 0.2783 0.0513 0.0012
12 1.0000 0.9997 0.9942 0.9519 0.7912 0.4656 0.1329 0.0064
13 1.0000 0.9987 0.9846 0.9058 0.6673 0.2836 0.0282
14 0.9998 0.9962 0.9672 0.8354 0.4990 0.0982
15 1.0000 0.9993 0.9918 0.9400 0.7287 0.2662
16 0.9999 0.9987 0.9858 0.9009 0.5497
17 1.0000 0.9999 0.9984 0.9820 0.8499
18 1.0000 1.0000 1.0000 1.0000

19 0 0.1351 0.0144 0.0042 0.0011 0.0001
1 0.4203 0.0829 0.0310 0.0104 0.0008 0.0000



Appendix B B-7
p
r 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
2 0.7054 0.2369 0.1113 0.0462 0.0055 0.0004 0.0000
3 0.8850 0.4551 0.2631 0.1332 0.2030 0.0022 0.0001
4 0.9648 0.6733 0.4654 0.2822 0.0696 0.0096 0.0006 0.0000
5 0.9914 0.8369 0.6678 0.4739 0.4629 0.0318 0.0031 0.0001
6 0.9983 0.9324 0.8251 0.6655 0.3081 0.0835 0.0116 0.0006
7 0.9997 0.9767 0.9225 0.8180 0.4878 0.1796 0.0352 0.0028 0.0000
8 1.0000 0.9933 0.9713 0.9161 0.6675 0.3228 0.0885 0.0105 0.0003
9 0.9984 0.9911 0.9674 0.8139 0.5000 0.1861 0.0326 0.0016
10 0.9997 0.9977 0.9895 0.9115 0.6762 0.3325 0.0839 0.0067 0.0000
11 0.9999 0.9995 0.9972 0.9648 0.8204 0.5122 0.1820 0.0233 0.0003
12 1.0000 0.9999 0.9994 0.9884 0.9165 0.6919 0.3345 0.0676 0.0017
13 1.0000 0.9999 0.9969 0.9682 0.8371 0.5261 0.1631 0.0086
14 1.0000 0.9994 0.9904 0.9304 0.7178 0.3267 0.0352
15 0.9999 0.9978 0.9770 0.8668 0.5449 0.1150
16 1.0000 0.9996 0.9945 0.9538 0.7631 0.2946
17 1.0000 0.9992 0.9896 0.9171 0.5797
18 0.9999 0.9989 0.9856 0.8649
19 1.0000 1.0000 1.0000 1.0000
20 0 0.1216 0.0115 0.0032 0.0008 0.0000

1 0.3917 0.0692 0.0243 0.0076 0.0005 0.0000
2 0.6769 0.2061 0.0913 0.0355 0.0036 0.0002 0.0000
3 0.8670 0.4114 0.2252 0.1071 0.0160 0.0013 0.0001
4 0.9568 0.6296 0.4148 0.2375 0.0510 0.0059 0.0003
5 0.9887 0.8042 0.6172 0.4164 0.1256 0.0207 0.0016 0.0000
6 0.9976 0.9133 0.7858 0.6080 0.2500 0.0577 0.0065 0.0003
7 0.9996 0.9679 0.8982 0.7723 0.4159 0.1316 0.0210 0.0013 0.0000
8 0.9999 0.9900 0.9591 0.8867 0.5956 0.2517 0.0565 0.0051 0.0001
9 1.0000 0.9974 0.9861 0.9520 0.7553 0.4119 0.1275 0.0171 0.0006
10 0.9994 0.9961 0.9829 0.8725 0.5881 0.2447 0.0480 0.0026 0.0000
11 0.9999 0.9991 0.9949 0.9435 0.7483 0.4044 0.1133 0.0100 0.0001
12 1.0000 0.9998 0.9987 0.9790 0.8684 0.5841 0.2277 0.0321 0.0004
13 1.0000 0.9997 0.9935 0.9423 0.7500 0.3920 0.0867 0.0024
14 1.0000 0.9984 0.9793 0.8744 0.5836 0.1958 0.0113
15 0.9997 0.9941 0.9490 0.7625 0.3704 0.0432
16 1.0000 0.9987 0.9840 0.8929 0.5886 0.1330

(Contd.)



B-8 Probability and Statistics

p
n r 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
17 0.9998 0.9964 0.9645 0.7939 0.3231
18 1.0000 0.9995 0.9924 0.9308 0.6083
19 1.0000 0.9992 0.9885 0.8784
20 1.0000 1.0000 1.0000

B.2 PoissoN DisTriBuTION FUNCTION .
Lon
Table B.2 Poisson probability sums: F(x, 1) = Ze’lk!

k=0

A 0 1 2 3 4 5 6 7 8 9

0.02 0.980 1.000

0.04 0.961 0.999 1.000
0.06 0.942 0.998 1.000
0.08 0.923 0.997 1.000
0.10 0.905 0.995 1.000

0.15 0.861 0.990 0.999 1.000
0.20 0.819 0.982 0.999 1.000
0.25 0.779 0.974 0.998 1.000
0.30 0.741 0.963 0.996 1.000

0.35 0.705 0.951 0.994 1.000

0.40 0.670 0.938 0.992 0.999 1.000
0.45 0.638 0.925 0.989 0.999 1.000
0.50 0.607 0.910 0.986 0.998 1.000

0.55 0.577 0.894 0.982 0.998 1.000
0.60 0.549 0.878 0.977 0.997 1.000
0.65 0.522 0.861 0.972 0.996 0.999 1.000
0.70 0.497 0.844  0.966 0.994 0.999 1.000
0.75 0.472 0.827 0.959 0.993 0.999 1.000

0.80 0.449 0.809 0.953 0.991 0.999 1.000
0.85 0.427 0.791 0.945 0.989 0.998 1.000
0.90 0.407 0.772 0.937 0.987 0.998 1.000
0.95 0.387 0.754 0.929 0.984 0.997 1.000
1.00 0.368 0.736 0.920 0.981 0.996 0.999 1.000



Appendix B B-9

1.1 0333 0.699 0900 0974 0995  0.999  1.000

1.2 0301  0.663  0.879 0966 0992  0.998  1.000

13 0273  0.627 0857 0957 0989 0998  1.000

1.4 0247 0592  0.833 0946 0986  0.997  0.999  1.000

1.5 0233  0.558  0.809 0934 0981 0996 0999  1.000

1.6 0202 0525 0.783 0921 0976  0.994 0999  1.000

1.7 0.183 0493  0.757 0907 0970 0.992 0998  1.000

1.8 0.165 0463  0.731  0.891 0964 0990 0997 0999  1.000

1.9 0.150 0434 0.704 0875 0956 0987 0997 0999  1.000

2.0 0.135 0406 0.677 0.857 0947 0983 0995 0999  1.000

A 0 1 2 3 4 5 6 7 8 9

X

22 0.111 0355  0.623 0819 0928 0975 0.993 0998  1.000

2.4 0.091 0308 0570 0.779 0904 0964 0988 0997  0.999  1.000
2.6 0.074 0267 0518 0736 0.877 0951 0983 0995  0.999  1.000
2.8 0.061 0231 0469 0.692 0848 0935 0976 0992 0998  0.999
3.0 0.050  0.199 0423 0.647 0815 0916 0966 0988  0.966  1.000
32 0.041 0171 0380 0.603 0781  0.895 0955 0983  0.994  0.998
3.4 0.033  0.147 0340 0558 0744 0.871 0942 0977 0992  0.997
3.6 0.027 0126 0303 0515 0706  0.844 0927 0969  0.988  0.996
3.8 0.022 0107 0269 0473 0668 0.816 0909 0960 0984  0.99%
4.0 0.018  0.092 0238 0433 0629 0785 0.889 0949 0979  0.002
42 0.015 0.078 0210 0395 0590 0.753 0.867 0936 0972  0.989
4.4 0.012  0.066 0.185 0359 0551  0.720 0.844 0921 0964  0.985
4.6 0.010  0.056 0.163 0326 0513 0686 0818 0905 0955 0.980
4.8 0.008  0.048 0.143 0294 0476 0.651 0791  0.887 0944  0.975
5.0 0.007  0.040 0.125 0265 0440 0.616 0.762 0.867 0932  0.968
5.2 0.006  0.034 0109 0238 0406 0.581 0.732 0.845 0918  0.960
5.4 0.005  0.029 0.095 0213 0373 0.546  0.702  0.822  0.903  0.951
5.6 0.004 0.024 0082 0.191 0342 0512 0670 0797 0.88  0.941
5.8 0.003  0.021 0.072 0170 0313 0478  0.638 0771  0.867  0.929
6.0 0.02 0017 0.062 0151 0285 0.446 0606 0.744 0847 0916

(Contd.)



B-10 Probability and Statistics

10 11 12 13 14 15 16
2.8 1.000
3.0 1.000
32 1.000

3.4 0.999 1.000
3.6 0.999 1.000
3.8 0.998 0.999 1.000
4.0 0.997 0.999  1.0000

4.2 0.996 0.999 1.000

4.4 0.994 0.998 0.999 1.000

4.6 0.992 0.997 0.999 1.000

4.8 0.990 0.996 0.999 1.000

5.0 0.986 0.995 0.998 0.999 1.000

52 0.982 0.993 0.997 0.999 1.000

54 0.977 0.990 0.996 0.999 1.000

5.6 0.972 0.988 0.995 0.998 0.999 1.000

5.8 0.965 0.984 0.993 0.997 0.999 1.000

6.0 0.957 0.980 0.991 0.996 0.999 0.999 1.000

6.2 0.002 0.015 0.054 0.134  0.259 0.014 0.574 0.716 0.826 0.902
6.4 0.002 0.012 0.046 0.119 0.235 0.384 0.542 0.687 0.803 0.886
6.6 0.001 0.010 0.040 0.105 0.213 0.355 0.511 0.658 0.780 0.869
6.8 0.001 0.009 0.034 0.093 0.192 0.327 0.480 0.628 0.755 0.850
7.0 0.001 0.007 0.030 0.082 0.173 0.301 0.450 0.599 0.729 0.830

7.2 0.001 0.006 0.025 0.072 0.156 0.276 0.420 0.569 0.703 0.810
7.4 0.001 0.005 0.022 0.063 0.140 0.253 0.392 0.539 0.676 0.788
7.6 0.001 0.004  0.019 0.055 0.125 0.231 0.365 0.510 0.648 0.765
7.8 0.000 0.004 0.016 0.048 0.112 0.210  0.338 0.481 0.620 0.741

8.0 0.000 0.003 0.014 0.042 0.100 0.191 0.313 0.453 0.593 0.717
8.5 0.000 0.002 0.009 0.030 0.074 0.150 0.256 0.386 0.523 0.653
9.0 0.000 0.001 0.006 0.021 0.055 0.116 0.207 0.324 0.456 0.587
9.5 0.000 0.000 0.004 0.015 0.040 0.089 0.165 0.269 0.392 0.522
10.0 0.000 0.000 0.003 0.010 0.029 0.067 0.130 0.220 0.333 0.458




Appendix B B-11
10 11 12 13 14 15 16 17 18 19
6.2 0949 0975 0989 0995 0998  0.999  1.000
6.4 0939 0969 098 0994 0997  0.999  1.000
6.6 0.927 0963 0982 0992 0997 0999 0999  1.000
6.8 0915 0955 0978 0990 0996 0.998 0999  1.000
7.0 0901 0947 0973 0987 0994 0998 0999  1.000
72 0.887 0937 0967 0984 0993 0997 0.999  1.000  1.000
7.4 0.871 0926 0961 0980 0991 0996  0.998 0999  1.000
7.6 0.854 0915 0954 0976 0989 0995  0.998 0999  1.000
7.8 0.835 0902 0945 0971 0986 0993  0.997 0999  1.000
8.0 0816  0.888 0936 0966 0983 0992 0996 0998  0.999  1.000
8.5 0.763  0.849 0909 0949 0973 098 0993 0997  0.999  0.999
9.0 0.706  0.803  0.876  0.926 0959 0978 0989 0995  0.998  0.999
9.5 0.645 0752  0.836  0.898 0940 0967 0982 0991 0996  0.998
100 0.583  0.697 0792  0.864 0917 0951 0973 098 0993  0.997
20 21 22
8.5 1.000
9.0 1.000
9.5 0.999  1.000
100 0998 0999  1.000
A 0 1 2 3 4 5 6 7 8 9
X
105 0.000 0.000 0.002 0.007 0.021 0050 0102 0.179 0279  0.397
1.0 0.000 0.000 0.001 0.005 0.015 0038 0079 0.143 0232  0.341
1.5 0.000  0.000 0.001 0.003 0011 0028 0060 0.114 0.191  0.289
120 0.000  0.000 0.001 0.002 0.008 0.020 0.046  0.090 0.155  0.242
125 0.000  0.000 0.000 0.002 0.005 0015 0.035 0070 0.125  0.201
13.0  0.000 0.000 0.000 0.001 0.004 0011 0026 0.054 0.100 0.166
135 0.000  0.000 0.000 0.001 0.003 0008 0.019 0.041 0.079 0.135
140  0.000 0.000 0.000 0.000 0.002 0.006 0014 0.032 0.062  0.109
145  0.000 0.000 0.000 0.000 0.001 0.004 0010 0.024 0.048  0.088
150  0.000  0.000 0.000 0.000 0.001 0.003 0008 0.018 0.037 0.070
10 11 12 13 14 15 16 17 18 19
105 0521  0.639 0742  0.825 0.888  0.932 0960 0978  0.988  0.994
110 0460 0579 0689 0781  0.854 0907 0944 0968 0982  0.991

(Contd.)



B-12 Probability and Statistics

11.5 0.402 0.520 0.633 0.733 0.815 0.878 0.924 0.954 0.974 0.986
12.0 0.347 0.462 0.576 0.682 0.772 0.844 0.899 0.937 0.963 0.979
12.5 0.297 0.406 0.519 0.628 0.725 0.806 0.869 0.916 0.948 0.969

13.0 0.252 0.353 0.463 0.573 0.675 0.764 0.835 0.890 0.930 0.957
13.5 0.211 0.304 0.409 0.518 0.623 0.718 0.798 0.861 0.908 0.942
14.0 0.176 0.260 0.358 0.464 0.570 0.669 0.756 0.827 0.883 0.923
14.5 0.145 0.220 0.311 0.413 0.518 0.619 0.711 0.790 0.853 0.901
15.0 0.118 0.185 0.268 0.363 0.466 0.568 0.664 0.749 0.819 0.875

20 21 22 23 24 25 26 27 28 29

10.5 0.997 0.999 0.999 1.000

11.0 0.995 0.998 0.999 1.000

11.5 0.992 0.996 0.998 0.999 1.000

12.0 0.988 0.994 0.997 0.999 0.999 1.000

12.5 0.983 0.991 0.995 0.998 0.999 0.999 1.000

13.0 0.975 0.986 0.992 0.996 0.998 0.999 1.000

13.5 0.965 0.980 0.989 0994  0.997 0.998 0.999 1.000

14.0 0.952 0.971 0.983 0.991 0.995 0.997 0.999 0.999 1.000

14.5 0.936 0.960 0.976 0.986 0.992 0.996 0.998 0.999 0.999 1.000
15.0 0.917 0.947 0.967 0.981 0.989 0.994 0.997 0.998 0.999 1.000

B.3 AREA UNDER THE STANDARD NORMAL CURVE FROM 0 TO Z

0 zZ

Figure B.1 Area under the standard normal
curve from 0 to Z.



Appendix B B-13
Table B.3 Normal tables

Z 0 1 2 3 4 5 6 7 8 9

0.0 0.0000 0.0040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359
0.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0754
0.2 0.0793  0.0832 0.0871 0.0910 0.0948 0.0987 0.1026 0.1064 0.1103 0.1141
0.3 0.1179  0.1217 0.1256 0.1293  0.1331 0.1368 0.1406 0.1443 0.1480 0.1517
0.4 0.1554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.1879
0.5 0.1916 0.1950 0.1985 0.2019 0.2054 02088 0.2123 0.2157 0.2190 0.2224
0.6 0.2258 0.2291 0.2324 0.2357 0.2389 0.2422 0.2454 0.2486 0.2518 0.2649
0.7 0.2580 0.2612 0.2642 0.2673 0.2704 0.2734 0.2764 0.2794 0.2828 0.2852
0.8 0.2881 0.2910 0.2939 0.2967 0.2996 0.3023 0.3051 0.3078 0.3106 0.3133
0.9 0.3159 0.3186 0.3212 0.3238 0.3264 0.3289 0.3315 0.3340 0.3365 0.3389
1.0 0.3413  0.3438 0.3461 0.3485 0.3508 0.3531 0.3554 0.3577 0.3599 0.3621
1.1 03643 0.3665 0.3686 0.3708 0.3729 0.3749 0.3770 0.3790 0.3810 0.3830
1.2 0.3849 0.3869 0.3888 0.3907 0.3925 0.3944 0.3962 0.3980 0.3997 0.4015
1.3 0.4032 0.4049 0.4066 0.4082 0.4099 04115 04131 04147 04162 0.4177
1.4 0.4192  0.4207 04222 04236 0.4251 0.4265 04279 04292 0.4306 0.4319
1.5 0.4332  0.4345 04357 04370 0.4382 0.4394 04406 0.4418 0.4429 0.4441
1.6 0.4452 0.4463 04474 0.4484 0.4495 04505 0.4515 0.4525 04535 0.4545
1.7 0.4654 0.4564 0.4573 0.4582 0.4591 04599 0.4608 0.4616 0.4625 0.4633
1.8 0.4641 0.4649 0.4656 0.4664 04671 0.4678 0.4686 0.4693 0.4699 0.4706
1.9 04713 04719 04726 04732 0.4738 04744 04750 0.4756 04761 0.4767
2.0 04772 04778 04783 0.4788 0.4793 04798 0.4803 0.4808 0.4812 0.4817
2.1 0.4821 0.4826 0.4830 0.4834 0.4838 0.4842 0.4846 0.4850 0.4854 0.4857
2.2 0.4861 0.4864 0.4868 0.4871 0.4875 0.4878 0.4881 0.4884 0.4887 0.4390
2.3 0.4893 0.4896 0.4898 0.4901 0.4904 0.4906 0.4909 04911 0.4913 0.4916
2.4 0.4918 0.4920 0.4922 0.4925 0.4927 0.4929 0.4931 0.4932 0.4934 0.4936
2.5 0.4938 0.4940 0.4941 0.4943 0.4945 04946 0.4948 0.4949 0.4951 0.4952
2.6 0.4953 0.4955 0.4956 0.4957 0.4959 04960 0.4961 0.4962 0.4963 0.4964
2.7 0.4965 0.4966 0.4967 0.4968 0.4969 04970 0.4971 0.4972 04973 0.4974
2.8 0.4974 0.4975 04976 0.4977 0.4979 04978 0.4979 0.4979 0.4980 0.4981
2.9 0.4981 0.4982 0.4982 0.4983 0.4984 0.4984 0.4985 0.4985 0.4986 0.4986
3.0 0.4987 0.4987 0.4987 0.4988 0.4988 0.4989 0.4989 0.4989 0.4990 0.4990
3.1 0.4990 0.4991 0.4991 0.4991 0.4992 0.4992 0.4992 0.4992 0.4993 0.4993

(Contd.)
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32 0.4993  0.4993 0.4994 0.4994 0.4994 04994 0.4994 0.4995 0.4955 0.4955
33 0.4995 0.4995 0.4995 0.4996 0.4996 0.4996 0.4996 0.4996 0.4996 0.4997
34 0.4997 0.4997 0.4997 0.4997 0.4997 0.4997 0.4997 0.4997 0.4997 0.4998

3.5 0.4998 0.4998 0.4998 0.4998 0.4998 0.4998 0.4098 0.4998 0.4998 0.4998
3.6 0.4998 0.4998 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999
3.7 0.4999  0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999
3.8 0.4999  0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999
3.9 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000

B.4 CRriTicAL VALUES OF THE T=-DISTRIBUTION

o

Figure B.2 Critical values of t-distribution.

Table B.4 Critical values of the t-Distribution (t))

o
v 0.40 0.30 0.20 0.15 0.10 0.05 0.025
1 0.325 0.727 1.376 1.963 3.078 6.314 12.706
2 0.289 0.617 1.061 1.386 1.886 2.920 4.303
3 0.277 0.584 0.978 1.250 1.638 2.353 3.182
4 0.271 0.569 0.941 1.190 1.533 2.132 2.776
5 0.267 0.559 0.920 1.156 1.476 2.015 2.571
6 0.265 0.553 0.906 1.134 1.440 1.943 2.447
7 0.263 0.549 0.896 1.119 1.415 1.895 2.365
8 0.262 0.546 0.889 1.108 1.397 1.860 2.306
9 0.261 0.543 0.883 1.100 1.383 1.833 2.262

10 0.260 0.542 0.879 1.093 1.372 1.812 2.228
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11 0.260 0.540 0.876 1.088 1.363 1.796 2.201
12 0.259 0.539 0.873 1.083 1.356 1.782 2.179
13 0.259 0.537 0.870 1.079 1.350 1.771 2.160
14 0.258 0.537 0.868 1.076 1.345 1.761 2.145
15 0.258 0.536 0.866 1.074 1.341 1.753 2.131
16 0.258 0.535 0.865 1.071 1.337 1.746 2.120
17 0.257 0.534 0.863 1.069 1.333 1.740 2.110
18 0.257 0.534 0.862 1.067 1.330 1.734 1.101
19 0.257 0.533 0.861 1.066 1.328 1.729 2.093
20 0.257 0.533 0.860 1.064 1.325 1.725 2.086
21 0.257 0.532 0.859 1.063 1.323 1.721 2.080
22 0.256 0.532 0.858 1.061 1.321 1.717 2.074
23 0.256 0.532 0.858 1.060 1.319 1.714 2.069
24 0.256 0.531 0.857 1.059 1.318 1.711 2.064
25 0.256 0.531 0.856 1.058 1.316 1.708 2.060
26 0.256 0.531 0.856 1.058 1.315 1.706 2.056
27 0.256 0.531 0.855 1.057 1.314 1.703 2.052
28 0.256 0.530 0.855 1.056 1.313 1.701 2.048
29 0.256 0.530 0.854 1.055 1.311 1.699 2.045
30 0.256 0.530 0.854 1.055 1.310 1.697 2.042
40 0.255 0.529 0.851 1.050 1.303 1.684 2.021
60 0.254 0.527 0.848 1.045 1.296 1.671 2.000
120 0.254 0.526 0.845 1.041 1.289 1.658 1.980
oo 0.253 0.524 0.842 1.036 1.282 1.645 1.960
04

v 0.02 0.015 0.01 0.0075 0.005 0.0025 0.0005
1 15.895 21.205 31.821 43.434 63.657 127.322 636.590
2 4.849 5.643 6.965 8.013 9.925 14.089 31.598
3 3.482 3.896 4.541 5.047 5.841 7.453 12.924
4 2.999 3.298 3.747 4.088 4.604 5.598 8.610
5 2.757 3.003 3.365 3.634 4.032 4.773 6.869

(Contd.)
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6 2.612 2.829 3.143 3.372 3.707 4317 5.959
7 2.517 2.715 2.998 3.203 3.499 4.029 5.408
8 2.449 2.634 2.896 3.085 3.355 3.833 5.041
9 2.398 2.574 2.821 2.998 3.250 3.690 4.781
10 2.359 2.527 2.764 2932 3.169 3.581 4.587
11 2.328 2.491 2.718 2.879 3.106 3.497 4.437
12 2.303 2.461 2.681 2.836 3.055 3.428 4318
13 2.282 2.436 2.650 2.801 3.012 3372 4.221
14 2.264 2.415 2.624 2.771 2977 3.326 4.410
15 2.249 2.397 2.602 2.746 2.947 3.286 4.073
16 2.235 2.382 2.583 2.724 2.921 3.252 4.015
17 2.224 2.368 2.567 2.706 2.898 3.222 3.965
18 2214 2.356 2.552 2.689 2.878 3.197 3.922
19 2.205 2.346 2.539 2.674 2.861 3.174 3.883
20 2.197 2.336 2.528 2.661 2.845 3.153 3.849
21 2.189 2.328 2.518 2.649 2.831 3.135 3.819
22 2.183 2.320 2.508 2.639 2.819 3.119 3.792
23 2.177 2313 2.500 2.629 2.807 3.104 3.768
24 2.172 2.307 2.492 2.620 2.797 3.091 3.745
25 2.167 2.301 2.485 2.612 2.787 3.078 3.725
26 2.162 2.296 2.479 2.605 2.779 3.067 3.707
27 2.158 2.291 2.473 2.598 2.771 3.057 3.690
28 2.154 2.286 2.467 2.592 2.763 3.047 3.674
29 2.150 2.282 2.462 2.586 2.756 3.038 3.659
30 2.147 2.278 2.457 2.581 2.750 3.030 3.646
40 2.125 2.250 2.423 2.542 2.704 2.971 3.551
60 2.099 2.223 2.390 2.504 2.660 2915 3.460
120 2.076 2.196 2.358 2.468 2.617 2.860 3.373

oo 2.054 2.170 2.326 2.432 2.576 2.807 3.291
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B.5 CRriticAL VALUES OF THE CHI-SQUARED DISTRIBUTION

o
// yd
0 F,

Figure B.3 Critical values of Chi-squared distribution.

Table B.5 Critical values of the Chi-squared Distribution (x?)

a
v 0.995 0.99 0.98 0.975 0.95 0.90 0.80 0.75 0.75 0.50
1 0.04393 0.03157 0.03628 0.03982 0.00393 0.0158  0.0642  0.102 0.148  0.455
2 0.0100  0.0201 0.0404 0.0506 0.103 0.211 0.446 0.575 0.713 1.386
3 0.0717  0.115 0.185 0.216 0.352 0.584 1.005 1.213 1.424 2366
4 0.207 0.297 0.429 0.484 0.711 1.064 1.649 1.923 2.195 3.357
5 0.412 0.554 0.752 0.831 1.145 1.610 2.343 2.675 3.000  4.351
6 0.676 0.872 1.134 1.237 1.635 2.204 3.070 3.455 3.828 5.348
7 0.989 1.239 1.564 1.690 2.167 2.833 3.822 4.255 4.671 6.346
8 1.344 1.646 2.032 2.180 2.733  3.490 4.594 5.071 5.527 7.344
9 1.735 2.088 2.532 2.700 3325 4.168 5.380 5899  6.393 8.343
10 2.156 2.558 3.059 3.247 3940 4.865 6.179 6.737 7267  9.342
11 2.603 3.053 3.609 3.816 4.575  5.578 6.989 7.584 8.148 10.341
12 3.074 3.571 4.178 4.404 5226  6.304 7.807 8.438 9.034 11.340
13 3.565 4.107 4.765 5.009 5.892  7.042 8.634 9.299 9.926 12.340
14 4.075 4.660 5.368 5.629 6.571  7.790 9.467 10.165 10.821 13.339
15 4.601 5.229 5.985 6.262 7.261  8.547 10307 11.036 11.721 14.339
16  5.142 5.812 6.614 6.908 7962 9312 11.152 11912 12.624 15.338
17 5.697 6.408 7.255 7.564 8.672 10.085 12.002 12.792 13.531 16.338
18 6.265 7.015 7.906 8.231 9.390 10.865 12.857 13.675 14.440 17.338
19  6.844 7.633 8.567 8907 10.117 11.651 13.716 14562 15352 18.338
20 7434 8.260 9.237 9.591 10.851 12.443 14.578 15452 16.266 19.337

(Contd.)
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21 8.034 8.897 9915 10283 11.591 13.240 15445 16344 17.182 20.337
22 8.643 9.542 10.600 10982 12.338 14.041 16314 17.240 18.101 21.337
23 9.260  10.196 11.293  11.688 13.091 14.848 17.187 18.137 19.021 22.337
24 9.886  10.856 11.992 12401 13.848 15.659 18.062 19.037 19.943 23.337
25 10.520  11.524  12.697 13.120 14.611 16.473 18940 19.939 20.867 24.337

26 11.160 12.198 13.409 13.844 15379 17.292 19.820 20.843 21.792  25.336
27 11.808 12.879 14.125 14573 16.151 18.114 20.703 21.749 22.719 26.336
28 12.461 13.565 14.847 15308 16.928 18939 21.588 22.657 23.647 27.336
29 13.121 14256 15574 16.047 17708 19.768 22475 23.567 24.577 28.336
30 13.787 14953 16306 16.791 18.493 20.599 23364 24.478 25508 29.336

o

v 0.30 0.25 0.20 0.10 0.05 0.025 0.02 0.01 0.005 0.001

1 1.074  1.323 1.642 2.706 3.841 5.024 5.412 6.635 7.879 10.827
2 2408  2.773 3.219 4.605 5.991 7.378 7.824 9.210 10.597 13.815
3 3.665 4.108 4.642 6.251 7.815 9.348 9.837 11.345 12.838 16.268
4 4.878  5.385 5.989 7.779 9488 11.143 11.668 13.277 14.860 18.465
5 6.064  6.626 7.289 9236 11.070 12.832 13.388 15.086 16.750 20.517
6 7.231  7.841 8.558 10.645 12.592 14.449 15.033 16.812 18.548 22.457
7 8383  9.037 9.803 12.017 14.067 16.013 16.622 18.475 20.278 24.322
8 9.524 10.219 11.030 13.362 15.507 17.535 18.168 20.090 21.955 26.125
9 10.656 11389 12.242  14.684 16919 19.023 19.679 21.666 23.589 27.877

10 11.781 12.549 13.442 15987 18.307 20.483 21.161 23.209 25.188  29.588

11 12.899 13.701 14.631 17.275 19.675 21.920 22.618 24.725 26.757 31.264
12 14.011 14845 15.812 18.549 21.026 23.337 24.054 26.217 28.300 32.909
13 15.119 15984 16985 19.812 22362 24.736 25472 27.688 29.819 34.528
14 16222 17.117 18.151 21.064 23.685 26.119 26.873 29.141 31319 36.123
15 17.322 18245 19311 22307 24996 27.488 28259 30.578 32.801 37.697

16 18.418 19369 20.465 23.542 26296 28.845 29.633 32.000 34.267 39.252
17 19.511 20.489 21.615 24.769 27.587 30.191 30.995 33.409 35.718 40.790
18 20.601 21.605 22.760 25989 28.869 31.526 32.346 34.805 37.156 42312
19 21.689 22718 23900 27.204 30.144 32852 33.687 36.191 38.582 43.820
20 22.775 23.828 25.038 28.412 31.410 34.170 35.020 37.566 39.997 45315
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21 23.858 24.935 26.171 29.615 32.671 35479 36343 38932 41401 46.797
22 24939 26.039 27301 30.813 33924 36.781 37.659 40.289 42.796 48.268
23 26.018 27.141 28.429 32.007 35.172 38.076 38.968 41.638 44.181 49.728
24 27.096 28.241 29.553 33.196 36415 39365 40270 42980 45558 51.179
25 28.172 29339 30.675 34382 37.652 40.646 41.566 44314 46928 52.620
26 29246 30434 31.795 35563 38.885 41923 42856 45.642 48290 54.052
27 30.319  31.528 32912 36.741 40.113 43.194 44.140 46.963 49.645 55.476
28 31.391  32.620 34.027 37916 41.337 44.461 45419 48.278 50.993 56.893
29 32461 33711 35.139 39.087 42.557 45.722 46.693 49.588 52.336 58.302
30 33.530 34.800 36.250 40.256 43.773 46.979 47962 50.892 53.672 59.703
B.6 CRriticAL VALUES OF THE F-DISTRIBUTION
Table B.6 Critical values of F, ,(v,, v,)
vl

v, 1 2 3 4 5 6 7 8 9

1 161.4 199.5 215.7 224.6 230.2 234.0 236.8 238.9 240.5

2 18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38
3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81

4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00
5 6.61 5.79 5.41 5.19 5.05 495 4.88 4.82 4.77
6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10
7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68

8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39
9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18
10 4.96 4.10 3.71 348 3.33 3.22 3.14 3.07 3.02
11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90
12 4.75 3.89 3.49 3.26 3.11 3.00 291 2.85 2.80
13 4.67 3.81 341 3.18 3.03 2.92 2.83 2.77 2.71
14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65
15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59
16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54
17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49
18 441 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46

(Contd.)
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19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 242
20 435 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39
21 432 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37
22 430 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34
23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 232
24 4.26 3.40 3.01 2.78 2.62 2.51 242 2.36 230
25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28
26 4.23 3.37 2.98 2.74 2.59 247 2.39 232 2.27
27 4.21 3.35 2.96 2.73 2.57 2.46 237 231 2.25
28 4.20 3.34 2.95 2.71 2.56 2.45 2.36 2.29 2.24
29 4.18 333 2.92 2.69 2.53 2.42 2.33 2.27 2.21
30 4.17 3.32 292 2.69 2.53 242 2.33 2.27 221
40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12
60 4.00 3.15 2.76 2.53 2.37 2.25 2.17 2.10 2.04
120 3.92 3.07 2.68 2.45 2.29 2.17 2.09 2.02 1.96
oo 3.84 3.00 2.60 237 2.21 2.10 2.01 1.94 1.88
vl

v, 10 12 15 20 24 30 40 60 120

1 2419 2439 245.9 248.0  249.1 250.1 251.1 252.2 253.3 254.3
2 19.40  19.41 19.43 19.45 19.45 19.46 19.47 19.48 19.49 19.50
3 8.79 8.74 8.70 8.66 8.64 8.62 8.59 8.57 8.55 8.53
4 5.96 591 5.86 5.80 5.77 5.75 5.72 5.69 5.66 5.63
5 4.74 4.68 4.62 4.56 4.53 4.50 4.46 443 4.40 4.36
6 4.06 4.00 3.94 3.87 3.84 3.81 3.77 3.74 3.70 3.67
7 3.64 3.57 3.51 3.44 3.41 3.38 3.34 3.30 3.27 3.23
8 3.35 3.28 3.22 3.15 3.12 3.08 3.04 3.01 2.97 2.93
9 3.14 3.07 3.01 2.94 2.90 2.86 2.83 2.79 2.75 2.71
10 2.98 291 2.85 2.77 2.74 2.70 2.66 2.62 2.58 2.54
11 2.85 2.79 2.72 2.65 2.61 2.57 2.53 2.49 2.45 2.40
12 2.75 2.69 2.62 2.54 2.51 2.47 2.43 2.38 2.34 2.30
13 2.67 2.60 2.53 2.46 242 2.38 2.34 2.30 2.25 2.21
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14 2.60 2.53 2.46 2.39 2.35 2.31 2.27 222 2.18 2.13
15 2.54 2.48 2.40 2.33 2.29 2.25 2.20 2.16 2.11 2.07
16 2.49 2.42 2.35 2.28 2.24 2.19 2.15 2.11 2.06 2.01
17 2.45 2.38 2.31 2.23 2.19 2.15 2.10 2.06 2.01 1.96
18 2.41 2.34 2.27 2.19 2.15 2.11 2.06 2.02 1.97 1.92
19 2.38 2.31 2.23 2.16 2.11 2.07 2.03 1.98 1.93 1.88
20 2.35 2.28 2.20 2.12 2.08 2.04 1.99 1.95 1.90 1.84
21 2.32 2.25 2.18 2.10 2.05 2.01 1.96 1.92 1.87 1.81
22 2.30 2.23 2.15 2.07 2.03 1.98 1.94 1.89 1.84 1.78
23 2.27 2.20 2.13 2.05 2.01 1.96 1.91 1.86 1.81 1.76
24 2.25 2.18 2.11 2.03 1.98 1.94 1.89 1.84 1.79 1.73
25 2.24 2.16 2.09 2.01 1.96 1.92 1.87 1.82 1.77 1.71
26 2.22 2.15 2.07 1.99 1.95 1.90 1.85 1.80 1.75 1.69
27 2.20 2.13 2.06 1.97 1.93 1.88 1.84 1.79 1.73 1.67
28 2.19 2.12 2.04 1.96 1.91 1.87 1.82 1.77 1.71 1.65
29 2.18 2.10 2.03 1.94 1.90 1.85 1.81 1.75 1.70 1.64
30 2.16 2.09 2.01 1.93 1.89 1.84 1.79 1475 1.68 1.62
40 2.08 2.00 1.92 1.84 1.79 1.74 1.69 1.64 1.58 1.51
60 1.99 1.92 1.84 1.75 1.70 1.65 1.59 1.53 1.47 1.39
120 1.91 1.83 1.75 1.66 1.61 1.55 1.50 1.43 1.35 1.25
oo 1.83 1.75 1.67 1.57 1.52 1.46 1.39 1.32 1.22 1.00
Table B.7 Critical values of F | (v,, v,)
vl
V) 1 2 3 4 5 6 7 8 9
1 4052 4999.5 5403 5625 5764 5859 5928 5981 6022
2 98.50 99.00 99.17 99.25 99.30 99.33 99.36 99.37 99.39
3 34.12 30.82 29.46 28.71 28.24 2791 27.67 27.49 27.35
4 21.20 18.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66
5 16.26 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.16
6 13.75 10.92 9.78 9.15 8.75 8.47 8.26 8.10 7.98
7 12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72
11.26 8.65 7.59 7.01 6.63 6.37 6.18 6.03 591

(Contd.)
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9 10.56 8.02 6.99 6.42 6.06 5.80 5.61 5.47 535
10 10.04 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94
11 9.65 7.21 6.22 5.67 5.32 5.07 4.89 4.74 4.63
12 9.33 6.93 5.95 5.41 5.06 4.82 4.64 4.50 4.39
13 9.07 6.70 5.74 5.21 4.86 4.62 4.44 430 4.19
14 8.86 6.51 5.56 5.04 4.69 4.46 4.28 4.14 4.03
15 8.68 6.36 5.42 4.89 4.56 432 4.14 4.00 3.89
16 8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78
17 8.40 6.11 5.18 4.67 4.34 4.10 3.93 3.79 3.68
18 8.29 6.01 5.09 4.58 4.25 4.01 3.84 3.71 3.60
19 8.18 593 5.01 4.50 4.17 3.94 3.77 3.63 3.52
20 8.10 5.85 4.94 443 4.10 3.87 3.70 3.56 3.46
21 8.02 5.78 4.87 437 4.04 3.81 3.64 3.51 3.40
22 7.95 5.72 4.82 431 3.99 3.76 3.59 3.45 3.35
23 7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30
24 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26
25 7.77 5.57 4.68 4.18 3.85 3.63 3.46 3.32 3.22
26 7.72 5.53 4.64 4.14 3.82 3.59 3.42 3.29 3.18
27 7.68 5.49 4.60 4.11 3.78 3.56 3.39 3.26 3.15
28 7.64 5.45 4.57 4.07 3.75 3.53 3.36 3.23 3.12
29 7.60 5.42 4.54 4.04 3.73 3.50 333 3.20 3.09
30 7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.07
40 7.31 5.18 431 3.83 3.51 3.29 3.12 2.99 2.89
60 7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 2.72
120 6.85 4.79 3.95 3.48 3.17 2.96 3.79 2.66 2.56
oo 6.63 4.61 3.78 3.32 3.02 2.80 2.64 2.51 241
vl

Vs 10 40 60 120

1 6056 6106 6157 6261 6287 6313 6339 6366
2 99.40 99.42 99.43 99.46 99.47 99.47 99.48 99.49 99.50
3 27.23 27.05 26.87 26.60 26.50 26.41 26.32 26.22 26.13



e 0 9

11
12
13
14
15

16
17
18
19
20

21
22
23
24
25

26
27
28
29
30

40
60
120

14.55
10.05

7.87
6.62
5.81
5.26
4.85

4.54
430
4.10
3.94
3.80

3.69
3.59
3.51
343
3.37

3.31
3.26
3.21
3.17
3.13

3.09
3.06
3.03
3.00
2.98

2.80
2.63
2.47
232

14.37
9.89

7.72
6.47
5.67
5.11
4.71

4.40
4.16
3.96
3.80
3.67

3.55
3.46
3.37
3.30
3.23

3.17
3.12
3.07
3.03
2.99

2.96
2.93
2.90
2.87
2.84

2.66
2.50
2.34
2.18

14.20
9.72

7.56
6.31
5.52
4.96
4.56

4.25
4.01
3.82
3.66
3.52

3.41
3.31
3.23
3.15
3.09

3.03
2.98
293
2.89
2.85

2.81
2.78
2.75
2.73
2.70

2.52
2.35
2.19
2.04

14.02
9.55

7.40
6.16
5.36
4.81
441

4.10
3.86
3.66
3.51
3.37

3.26
3.16
3.08
3.00
2.94

2.88
2.83
2.78
2.74
2.70

2.66
2.63
2.60
2.57
2.55

237
2.20
2.03
1.88

13.93
9.47

7.31
6.07
5.28
4.73
4.33

4.02
3.78
3.59
343
3.29

3.18
3.08
3.00
2.92
2.86

2.80
2.75
2.70
2.66
2.62

2.58
2.55
2.52
2.49
2.47

2.29
2.12
1.95
1.79

13.84
9.38

7.23
5.99
5.20
4.65
4.25

3.94
3.70
3.51
3.35
3.21

3.10
3.00
2.92
2.84
2.78

2.72
2.67
2.62
2.58
2.54

2.50
2.47
2.44
241
2.39

2.20
2.03
1.86
1.70

13.75
9.29

7.14
591
5.12
4.57
4.17

3.86
3.62
343
3.27
3.13

3.02
2.92
2.84
2.76
2.69

2.64
2.58
2.54
2.49
245

242
2.38
2.35
2.33
2.30

2.11
1.94
1.76
1.59

Appendix B
13.65 13.56
9.20 9.11
7.06 6.97
5.82 5.74
5.03 4.95
448 4.40
4.08 4.00
3.78 3.69
3.54 3.45
3.34 3.25
3.18 3.09
3.05 2.96
2.93 2.84
2.83 2.75
2.75 2.66
2.67 2.58
2.61 2.52
2.55 2.46
2.50 2.40
2.45 2.35
2.40 231
2.36 227
2.33 2.23
2.29 2.20
2.26 2.17
2.23 2.14
221 2.11
2.02 1.92
1.84 1.73
1.66 1.53
1.47 1.32

B-23

13.46
9.02

6.88
5.65
4.86
4.31
391

3.60
3.36
3.17
3.00
2.87

2.75
2.65
2.57
2.49
2.42

2.36
231
2.26
221
2.17

2.13
2.10
2.06
2.03
2.01

1.80
1.60
1.38
1.00

(Contd.)
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B.7 FisHER’S Z-TRANSFORMATION

Table B.8 Critical values of Z = % In (—

1+r

-r

)

r 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.000 0.010 0.020 0.030 0.040 0.050  0.060 0.070 0.080 0.090
0.1 0.100 0.110 0.121 0.131 0.141 0.151 0.161 0.172 0.182 0.192
0.2 0.203 0.213 0.224 0.234 0.245 0.255  0.266 0.277 0.288 0.299
0.3 0.310 0.321 0.332 0.343 0.354 0365  0.377 0.388 0.400 0.412
0.4 0.424 0.436 0.448 0.460 0.472 0.485  0.497 0.510 0.523 0.536
0.5 0.549 0.563 0.576 0.590 0.604 0.618  0.633 0.648 0.662 0.678
0.6 0.693 0.709 0.725 0.741 0.758 0.775  0.793 0.811 0.829 0.848
0.7 0.867 0.887 0.908 0.929 0.950 0973  0.996 1.020 1.045 1.071
0.8 1.099 1.127 1.157 1.188 1.221 1.256  1.293 1.333 1.376 1.422
0.9 1.472 1.528 1.589 1.658 1.738 1.832 1.946 2.092 2.298 2.647

Note: For negative values of 7, put a minus sign in front of the corresponding Z’s, and vice versa.



Appendix C: Basic Results

C.1 ExroNENTIAL FUNCTION €*
e=2.71828 18284 (Figure C.1)

ef el =e*t
X
£ _ oy
e
(@y=ev

A

J/l/llll

-2 0 2

Exponential function e~

Figure C.1 Exponential function e*.

C.2 LOGARITHM

C.2.1 Natural Logarithm

In x is the inverse of e* and has base e (Figure C.2) and

elnxzx
—Inx — lnl_l
e =e X

X
In(xy)=Inx+1Iny

ln(%)zlnx—lny

Inx)=alnx
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Natural logarithm In x

Figure C.2 Natural logarithm (In x).

C.2.2 Common Logarithm: log, x or Simply log x

log x is the inverse of 10" and

102 =x
“logx — 1
1071ex = &
log x = M In x, where M = log e = 0.43429

-1 1_
Inx= i log x, where U 2.30258

C.3 TRriGONOMETRIC FUNCTIONS

C.3.1 Sine and Cosine Functions

sin x is odd.
sin (—x) =—sin x
cos (—x)=cosx

Note Angles are measured in real numbers corresponding to radians in calculus, so that sin x
(Figure C.3) and cos x (Figure C.4) have period 2.

sin? x + cos’x =1
sin (x £ y) =sinx cos y X cos x sin y
cos (xty)=cosxcosy+sinxsiny
sin2x =2 sin x cos x = 2 tan x/(1 + tan? x)
cos2x =cos?x —sin’x = 1 — 2 sin* x

1 —tan’x

=2cos’x—1= 5
1 +tan®x

sin x = cos (x—g)zcos (g—x)

cosx=sin(x+§):sin(§—x)
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sin x
Figure C.3 Sinx.

sin (£ — x) =sin x, cos (T — x) =—cos x

cos’ x = % (1 + cos2x)
sin?x = % (1 — cos2x)
sin x siny=% [-cos (x+y)+cos (x—y)]
COS X COS ¥ =% [cos (x +y) + cos (x — y)]
sin x cos y = % [sin (x 4+ y) + sin (x — y)]

cos x sinyz%[sin (x+y)—sin (x — y)]

sin u + sin v =2 sin 43 Y cos 4=V
2 2
sin u — sin v = 2 cos “XY sin Y=V
2 2
cos u+cosv="2cos 4tV cos U=V
2 2
cosu—cosv——Zsm”; sin 2v

Acosx+Bsinx=V4>+B* cos (x = §)

sin d |

tan 0 =
cos 5

A cos x + B sin x =14* + B? sin(xi5)

sind |

tan 6=
cos 5

Cos x

Figure C.4 Cosx.

C-3
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C.3.2 Tangent, Cotangent, Secant and Cosecant Functions

tan x = Sg;)fc (Figure C.5)

_ COSX (p:
cotx = i (Figure C.6)

1

S€C x =

CoS X
csex = —1
sin x
tan x £ tan y
+ty)=- =7
tan (x£) l ttanx tany
tan 2x=72 tan f
1 —tan® x

Any trigonometric ratio of n X 90° + 6
=+ same ratio of @ when # is even
=% co-ratio of 6 when » is odd

The sign + or — is to be decided from the quadrant in which # X 90° £ 0 lies.

Examples
sin 570° = sin (6 X 90° + 30°) = — sin 30° =%
tan 315° =tan (3 X 90° 4+ 45°) = — cot 45°
2 2_ 2
In any AABC, sircllA = sirll)B = sirf C and cos C = %.
y
5 —
! ! ! ! \/
- V4 2 x
51—
tan x

Figure C.5 Tanux.
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cot x
Figure C.6 Cot x.
C.4 HyrersoLic FUNCTIONS
sinh x = % (er—e€™)

coshx = % (er—e™

tanh x = sinh x
cosh x
cothx = cosh x
sinh x

coshx + sinhx =¢*
coshx —sinhx=e™
cosh? x —sinh? x = 1
sinh? x = % (cosh 2x — 1)
cosh’x = % (cosh2x+ 1)
sinh (x & y) = sinh x cosh y & cosh x sinh y

cosh (x £ y) = cosh x cosh y £ sinh x sinh y

tanh x * tanh y

e BB I A
tanh (x £ y) 1 + tanh x tanh y

C-5
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/ 2 —

/ 41—
sinh x (dashed) and cosh x (solid)

Figure C.7 Sinh x (dashed) and cosh x (solid).

4 —
tanh x (dashed) and coth x (solid)

Figure C.8 Tanh x (dashed) and coth x (solid).



C.5 DIFFERENTIATION

Appendix C

C-7

d — v, du
a(w)_udx-i—vdx

du_du b o
&~ dy X (Chain rule)

i Xy — pX
dx(e)—e

d =1
E(logex)fx
d /o _
E(smx)—cosx

d = sec?
R (tan x) = sec’ x

d%c (sec x) =sec x tan x

d iy 1

_‘Zc (sin™" x) a 1_ =
-1 =

dx (sec™ x) 1+x2

d oy 1

I (sec™ x) D

d (o -
I (sinh x) = cosh x
Dn (emx)

d (g) _ vduldx — udvl/dx
dx\v/~ V2

% (ax + b)'=n(ax + b)"'.a
d%c (a)=a'log,a

4 (10g, x)= L log,

dii (cosx)=—sinx

d%c (cot x) = — cosec? x

% (cosec x) = — cosec x cot x

A (cos! x) = — =1

ag (cos™' x) TS
g(cot‘l X) =- m

d A= =1
e (cosec™' x) m

d o
I (cosh x) = sinh x

Dn (amx) =m" (log a)n' am™

D' (ax+b)y'=mm—-1)(m=2)..(m—n+1) (ax + b)"™
D" log (ax + b) = (- 1)y (n— 1)! a"/(ax + b)"
D" sin (ax + b) =a" sin (ax + b + nw/2)
D" cos (ax+ b)=a" cos (ax + b+ nm/2)
D" [e® sin (bx + ¢)] = (a* + b*)"? e~
sin (bx + ¢ + n tan™! b/a)
D'[e* cos (bx + ¢)] = (a® + b*)"? e*
cos (bx + ¢ + ntan™' b/a)
D' (wv)y=u +nCu_v+nCu v,

++nCu v +-+nCy
ron—r r n n

C.6 INTEGRATION

jx”dxz}f”Tﬂl(nil) -.}dleogex
j e*dx=¢e" j a‘dx = a'/log, a

‘..sinxdx=—cosx jcosxdx=sinx
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tan x dx = — log cos x

sec x dx = log (sec x + tan x)

sec? xdx = tan x

J
J
J
[sinh x dv = cosh x
J
Ja

dx __ 1%
a2+x2_a a

dx a+x
@ — 12 Ea—x

dx _1 x—a
sz log T

cot x dx = log sin x
cosec x dx = log (cosec x — cot x)

cosec? xdx =— cot x

J
J
J
Jcosh x dv = sinh x
J
J
J

@ sin bxdx =

J

je“" cos bxdx = ——
a+

Y

Ie“” cos bxdx = —; b
a

0

oo

Le’*z dx =

e . _ 712
= sin bxdx =tan™' ,

E—

a2

-1 l
> cosh 5

P _ e . _
je sin bxdx = poy (a sin bx — b cos bx)

b

a+b?

”’”bz (a cos bx — b sin bx)

+ b?

c>0,b>0

w. a_‘ _TI.
Jsmx dx—zlfa>0

T em—ew _1 a
('! P dx 3 tan >
T e —ew _1 a
! PR dx = 3 sec >
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2 2
jsin” xdx = jcos” X dx
0 0

_(mn=1)(n-3)(n-5)..
h n(n—2)n-4)..

Note RHS is multiplied by 7/2 when 7 is even.

(m—1)(m-=3)..x(n-1)(n-23)..
(m+n)(m+n-2)(m+n-4)..

2
jsin’" xdx cos" xdx =
0

Note RHS is multiplied by 7/2 when both n and m are even.

a

¢ 2 | fix)dx, if fix) is an even function
| foodx= j
- 0, if f{x) is an odd function.

a

2a 2| f(x)dx, iff(2a—x)=f(x)
| FGodx = j
0 0, if f(2a — x) = —f(x).
Leibnitz general rule of integration by parts is
ju dv = uv—jv du

ju(x) vx)dx =uv, —u'v, +u"v,—u”v, + ...

C9

Note Superscript * denotes differentiation, i.e., #” denotes of differentiation of u twice. Subscript

number denotes number of times integration of v, i.e., v, denotes integration of v thrice.

C.7 SERIES
C.7.1 Exponential Series

)

3

| =
=

X — X
e'=1 trtor Rt
C.7.2 Sin, Cos, Sinh and Cosh Series
sinx=x-% +X _
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_ X x*
cosx—l—i P
sinhx=x+x—3!+x—5+...
3 5!
coshx=1+)26—2!+4£;+...
C.7.3 Log Series
1og(1+x)=x—x72+%3+...

) =—x+ XX
log (1 —x)= x+2+3+...

C.7.4 Gregory Series

3 5

X

tanlx=x—% 4+ X

3 5
-1 _l 1+X_ .X_3 x_5
tanh x—zlogl_x =x+t3 Tt

C.7.5 Binomial Series

n-1) , nn-1Dn-2) ,
1x2 Yt T Ixax3 Yt

(1+x)"=1+nx+n

L nin+l) , nn+H)(n+2) ,
1+x)'=1-nx+ <2 * T2 %3 x>+
nn+1) 2_’_n(n+1)(n+2)x3+m

(407 =T+ne+ —==7=x TX2x3

C.8 PROGRESSIONS

1. Numbers a, a + d, a + 2d, ... are said to be in arithmetic progression (AP). Its nth term 7 =
a+n- 1dandsumS”=%(2a+n— 1d).
2. Numbers a, ar, ar’, ... are said to be in geometric progression (GP). Its nth term 7 = ar"~' and sum

M, lim S =—%— when |r| < 1.
l—r nsen 1—vr

S =
3. Numbers a,, a,, a,, ... are said to be in harmonic progression (HP) if 1/a, 1/a,, 1/a, ... are in AP.
4. For any two numbers a and b, their

Arithmetic mean = % (a+Db)
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Geometric mean = Vab

. _ 2ab
Harmonic mean = @+b)
5. For the first n natural numbers 1, 2, 3, ..., n,

zn:n(nz-l- 1)

2”2 _n(n+ 12271 +1)

2n3 _mn+1y

a n(n+l)]2

2

6. Stirling’s approximation: When # is large, n! ~ 27 X n"e™".

C.9 PerRMUTATIONS AND COMBINATIONS

—up ___n!
P(n,r)="P = 7(’1 ]
n n! _ Z
Cln, ) ="C, = rin—r)! — 7
nC_ =nC
nCO =1= nCn
C.10 MATRICES
-1 1 .
A4 = |7| adj4
-1 _ _1
(4B)'=B4
(4B) = B'A”
ATy =)

C.11 ORDINARY DIFFERENTIAL EQUATIONS
C.11.1 First Order Linear Differential Equation

Y +p(x)y = q(x)

IF = ej”‘“)‘i*, where IF is the integrating factor

C-11
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By general solution, we get

W(IF) = [(IF) g(x)dx
C.11.2 Bessel Equation
xzy” +xy + (2 -1y =0
C.11.3 Legendre Equation

(1 —xy”—ny,-i-ly:O



Additional Solved Problems

Example 1

A 10-digit number is formed using the digit from 0 to 9, every digit being used only once. Find the
probability that the number is divisible by 4.

Solution The 10 digits can be arranged in 10! ways. Of these 9! will begin with the digit 0. The total
number of 10 digit numbers formed is 10! — 9! = 36,28,800 — 3,62,880 = 32,65,920.

A number will be divisible by 4 if the last two digit number is divisible by 4, i.e. if it 04, 08, 12, 16,
20, 24, 28, 32, 36, 40, 48, 52, 56, 60, 64, 68, 72, 76, 80, 84, 92 or 96. Of 10 digit numbers ending with

04  are 8! =40,320
12 are 8! — 7! =35,280 (zero is part of 8 digit numbers)
20  are 8! =40,320

24 are 8! — 7! =35,280 (zero is part of 8 digit numbers)
32 are 8! —7!=35,280 (zero is part of 8 digit numbers)
40  are 8! =40,320 and so on.

.. The total number of 10-digit numbers divisible by 4 is
=6x8!+16(8!-7!)
=6x40,320+ 16 x 35,280
=2,41,920 + 5,064,480 = 8,06,400

8,06,400

32.65.920 0.2469.

The required probability =
Example 2

A and B throw alternatively a pair of dice. One who first throws a total of 9 wins. What are their
respective chances of winning if A starts the game?

Solution Sum 9 occurs in the following four cases: (4, 5), (5, 4), (3, 6) and (6, 3)
Total number of trials = 36
The probability p that a sum of 9 occurs is
4 1

P=3679
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A wins in the following sequence of events:
A gets 9; (or) A loses, B loses and A wins; (or) A loses, B loses, A loses, B loses and A wins and
SO on.

= P(A) + P(A)P(B)P(A) + P(A)P(B)P(A)P(B)P(A) + ...

=1 8¢, (8f _1 1 _1 11, 8l
‘9[1+(9)+(9)+ ]‘9X1_(§)2‘9X1_g 9% 3T—64
9 81
_9 _
=15 =0.5294
Example 3

A and B throw alternatively a pair of dice. A wins if he throws 6 before B throws 7; and B wins if he
throws 7 before A throws 6. If A wins, show that his chance of winning is 30/61.

Solution Probability of sum 6 occurring with a pair of dice = %

Number of trials = 36 and favorable = {(1, 5) (2,4) (3,3) (4,2) (5, )} =5

Probability of sum 7 occurring with a pair of dice = %

Number of trials = 36 and favorable = {(1, 6) (2,5) (3,4) (4,3) (5,2) (6, 1)} =6

Probability of A winning = P((A getting 6) or (A not getting 6 and B not getting 7 and A getting)
or...)

= P(A getting 6) + P(A not getting 6) X P(B not getting 7) X P(A getting 6) + ...

—5+(1 5)( 6)i £x$x3 xﬁx—+

=36 36/ 736/36 73636 %36 36 36
5 .. 31x30,(31x307, _5. 1 _5_1296_30
=361 T3¢ +( 367 )+"'_36X ~ 930 36 366 6l
1296
Example 4

Suppose 5 men out of 100 and 25 women out of 10,000 are colour blind. A colour blind person is
chosen at random. What is the probability of the person being a male? Assume that male and female
persons to be equal in numbers.

Solution Here P(M)=0.5 and P(F)=0.5. Let X be a colour blind person.
PX|M) = 100 =0.05 and P(X|F) = 100 =0.0025

P(X) = P(M) x P(X|M) + P(F) x P(X|F)



Additional Solved Problems S-3

=0.5x0.05+0.5x0.0025
=0.02625

P(M) ><P(X1M) 0.5x0.05 _ 0.025 _ 2,500 _20
P(M|X) = P(X) 0.02625  0.02625 2,600 21 =09524

Example 5

Cards are dealt one by one from a well-shuffled pack until an ace appears. Find the probability that
exactly n cards are dealt before the ace appears.

Solution
Probability of an ace = % = %
PX=1) %
or-={1= s
ror=s~( -4 1~ (T &
e

Example 6

In a factory, machine A produce 40% of the output and machine B produces 60%. On the average,
9 items in 1000 produced by A are defective and 1 item in 250 produced by B is defective. An item
drawn at random from a day’s output is defective. What is the probability that it is produced by A or B?

Solution Here P(4) = 0.4, P(B) = 0.6. Hence P(X/A) = 0.009 and P(X/B) = 0.004.
Let X denote the event that the product is defective.

0.4(0.009)

P(X) = 0.006, P(A/X) = =55

=0.6
PB/X)=1-0.6=04
Example 7

A player tosses 3 fair coins. He wins Rs 800 if 3 tails occur, Rs 500 if 2 tails occur, Rs 300 if one tail
occurs; on the other hand, he loses Rs 1000 if 3 heads occur. Find the value of the game to the player.
Is it favorable to him?

Solution
P(TTT) = P(HHH) 8
P(2 tails) = P(HTT) + P(THT) + P(TTH) :%

P(1 tail) = P(THH) + P(HTH) + P(HHT) = %
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Discrete probability distribution

X (number of tails) 0 1 2 3
1 3 3 1
PX) 3 8 3 3

3
8
Since £ > 0, the game is favorable to the player.

ValueE=%><800+ ><500+%><300—%>< 1000 = 300
Example 8

A pair of fair dice is tossed. Let X denote the maximum of the numbers appearing, i.e. X(a, b) = max
(a, b) and Y denote the sum of the numbers appearing, i.e. Y(a, b) = a + b. Find the variance and stand-
ard deviation of X on Y.

Solution
X(a, b) = max(a, b)
X{(1, 1)} =1= P(X= 1):%
X{(1,2),(2,2),2, 1)} =2 = P(X=2) = 33—6
X{(1,3),(2,3),(3,3),(3,2), 3, 1)} =3 = P(X=3) = % and so on.

The discrete probability distribution is

X 1 2 3 4 5 6
€1 3 S A 9 11
P(X) 36 36 36 36 36 36
E(X)= Y xP,=4472
EX))=21.972
0, =21.972 — (4.4727= 1.973
o, = 1405
Y(a,b)=a+b
Y{(l, 1)}=2=>P(Y=2)=% »+ (1, 1) occurs once
Y{(1,2),2, D} =3 = P(Y=3)= 4
Y{(1,3),(3,1),(2,2)} =4 =>P(Y=4)= 33_6 and so on.
Y 2 3 4 5 6 7 8 9 10 11 12
1 2 3 4 S 6 S 4 3 2 €1
P(Y) | 36 26 36 36 36 36 36 36 36 36 36
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E(Y)=7

E(Y")=54.833

0, =54.333 - 72 =5.8333
c,=2.415

Example 9
If the chances that 1 of the 10 telephone lines is busy at an instant in 0.3:

(a) What is the chance that 5 of the lines are busy?
(b) What is the most probable number of busy lines and what is the probability of this number?
(c) What is the probability that all the lines are busy?

Solution Let X denote the number of busy lines, the number of lines » = 10 and the probability that
the lineisbusy p=03andg=1-p=1-0.3=0.7.

(a) P(X=5)= (130) (0.3)° (0.7)° = 0.1029
(b) Mean number of busy lines np =10x 0.3 =3
P(X=3)= (130) (0.3) (0.7)" = 0.2688

(d) P(X=10)= (}8) (0.3)1° (0.7)° = (0.3)"

Example 10

Assume that 60% of all engineering students are good in English. Determine the probability that
among 18 engineering students (a) exactly 10, (b) at least 10, (c) at most 8, (d) at least 2 and (e) at
most 9 are good in English.

Solution Probability that an engineering student is good in English p = 0.6 and n = 18. Let X be the
number of students good in English.

X: b(x; n, p) = P(X =x) = (7)(0.6)"° (0.4

P(X=10)= ( }(8)) 0.6)"° (0.4)*=0.1734

P(X>10) = i(18)(0.6)" 04 =1-Y (18) 0.6 (04"

9
x=0 x=0

Pucss) =Y, (Flosr 04
resx<9)=3,[Flos 04"

Example 11

The probability that an entering student will graduate is 0.4. Determine the probability that out of
5 students (a) none, (b) one and (c) at least one will graduate.
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Solution Heren=5,p=04andg=1-p=1-04=0.6
Let X be the number of students graduating, then

P(X=0)=(0.6)’ =0.07776

P(X=1)= (f ) (0.4)(0.6)" = 0.2592

P(X21)=1-PX=0)=1-(0.6) =092224.
Example 12

A population random variable X has a mean 100 and a standard deviation 16. What are the mean and
standard deviation of the sample mean for the random samples of size 4 drawn with replacement?

Solution Since the sampling is done with replacement, the population may be considered as infinite.

EX)=pu=100
o®)=2 = ¢140 8
Example 13

Find the maximum difference that we can expect with probability 0.95 between the means of sizes
10 and 12 from a normal population if their standard deviations are found to be 2 and 3 respectively.

Solution Herex, and LOS = =5%

2102 +2(3)* _ 148 _
S = 10+10-2 ~ 20 =74= . sp—2.72

Here the sample is small. So, we use Student’s #-distribution. The statistics is

— (U, — 1))
5+
d

1
P Xl Xz

From this, we obtain

1

X=X |=1,5\x% + w1th degrees of freedom (dof) =20
£, for dof is 2.086.
Hence = (2.086) x (2.72) x s+ L =2.429
Example 14

A sample of size 3 is selected at random from a box containing 12 items of which 3 are defective. Let
X denote the number of defective items in the sample. Find the expected number E(X) of defective
items.
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Solution

6)(3)
_ _n_\0J\3) _ 9x8x7 _21_
P,=P(X=0)= _12><11><10_35_0'3818

_3Xx9x8x3_27 _
T_ 12><11><10_55_0'4909

_3X9X2x3 _
T_ 12x11x 10_0'1227

Expectation E(X) = Z XP,

=0(0.3818) + 1(0.4909) + 2(0.1227) + 3(0.0045)
=0.7498

Example 15

If the probability of a bad reaction from a certain injection is 0.001, determine the chance that out of
3000 individuals more than two will get a bad reaction.

Solution Probability of bad reaction due to injection p = 0.001, x = 3000 and A = xp = 3000 x 0.001.

-1 Qx X
P(X:x)ex"l:eljc? forx=0,1,2, ...

If X is the number of persons who get bad reaction due to injection, then
PX>2)=1-PX<2)
=1-PX=0)-PX=1)-PX=2)

2
:l—e*3(l+%+%)

=1-¢3(8.5)=0.5768
Example 16

A burglar alarm system has 6 fail-safe components. The probability of each failing is 0.05. Find the
probability that (a) exactly 3 will fail, (b) fewer than 2 will fail, (c) none will fail and (d) compare the
answers for (a), (b) and (c) and explain why the results are reasonable.

Solution Herep=0.05andg=1-p=1-0.05=0.95.
Let X be the number of alarm system components, i.e. X = 6.

~Px=x)=(8) (0.05 095"
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(a) P(X=3)= (g) (0.05)°(0.95)' = 0.00214
(b) P(X<2)=P(X=0)+PX=1)=(0.95)"+ (?)(0.05)(0.95)5 =0.9672
(¢) P(X=0)=(0.95)"=0.7351
(d) The question is incomplete.
Example 17

Each month, a Hyderabad household generates an average of 28 lb of newspaper for garbage or
recycling. Assume the standard deviation is 2 lb of a household is selected at random, find the prob-
ability of its generating

(a) Between 27 and 31 1b

(b) More than 30.2 1b/month
Assume the variable is approximately normally distributed.
Solution Let X denote the amount of garbage.

Here u =28 and 0= 2.
7 X—H_X-28

G 2

() PQ7T<X<31)=P(-05<1.5)=P0<Z<0.5)+P0O<Z<1.5)
=0.1916 + 0.4332 = 0.6248

(b) P(X>30.2)=P(Z>1.1)=0.5—0.3643 = 0.1357

Example 18

Let s = {1, 5, 6, 8}. Find the probability distribution of the sample mean for random samples of size
2 drawn without replacement.

Solution

1+5+6+8 4

Population mean y = 7

The number of samples of size Z is (g) =6

The samples are (1, 5), (1, 6), (1, 8), (5, 6), (5, 8) and (6, 8)
The corresponding means of the samples are 3, 3.5, 4.5, 5.5, 6.5 and 7
The mean of the sample means

_3><1+3><51+4><51+5><51+6><51+7><1_30_5
Hi= 6 6

Example 19

Fit a binomial distribution for the following data and compare the theoretical frequencies with the
actual ones:

b 0 1 2 3 4 5

i

f; 2 14 20 34 22 8
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Solution Herex=15

Yo Zx,-fi _ 0+ 1(14) +2(20) + 3(34) + 4(22) + 5(8) _ 284

P=A= S 2+14+20+34+22+8 =700~ 234
pz%zo.%o andg=1-p=1-0.568=0432
N=Y f=100
Binomial distribution is
P(x=i)=(})p 8 for7=0,1,2,3,4and 5
P(X=0) = (0.432)?
P(X=1) = 5(0.568)(0.432)*
P(X=2) =10(0.568)%(0.432)’
P(X =3)=10(0.568)*(0.432)’
P(X =4) = 5(0.568)*(0.432)
P(X=5) = (0.568)°
Comparison
x, 0 1 2 3 4 5
fi 2 14 20 34 22
Expected frequencies 2 10 26 34 22 6
Example 20

If two independent random samples of x, =9 and x, = 16 are taken from a normal population, what is
the probability that the variance of the first sample will be at least 4 times as large as the variance of
the second sample.
Solution From the table of F-distribution,

F,=4forv =x —1=9-1=8dof

andv,=x,—1=16-1=15 dof
.. The required probability = 0.01.

Example 21

Two random samples of sizes x, = 15 and x, = 25 are taken from N. Find the probability that the ration
of the sample variances does not exceed 2.28.

Solution Here x, = 15 and x, = 25. From the table of F-distribution,

we find F, (14, 24) = 2.15(x, — 1 = 14, x, - 1 = 24)

0.05

So, the required probability = 0.05 approximately.
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Example 22

If two independent random samples of sizes x, = 9 and x, = 16 are taken from a normal population,
what is the probability that the variance of the first sample will be at least 4 times as large as the vari-
ance of the second sample?

Solution From the F tables, we have
F,,=4forv =x —1=9~-1dof
andv,=x,—1=16—-1=15 dof
Thus, the required probability = 0.01.
Example 23

Determine the probability that the sample mean area covered by a sample of 40 of 1-L paint boxes will
be between 510 and 520 sq. ft given that 1 L of such paint box covers on the average 513.3 sq. ft with
standard deviation of 31.5 sq. ft.

Solution Here sample size x = 40, standard deviation o= 31.5 and mean p = 513.3.

S XM _X-5133
G 315

s P(510 < X< 520) = P(- 0.662 < Z < 1.345)

=0.2454 + 0.4115=0.6569

Example 24

Two independent random samples of sizes 8 and 7 gave variances 4.2 and 3.9 respectively. Do you
think that such a difference has probability less than 0.05. Justify your answer.

Solution
Null hypothesis H, : O'f = Gz

. . 2 2
Alternative hypothesis H, : 0, # 0,

Variances s? =4.2 and sz =39

2
Sl
S2

N

2

=1.076

[98)
\O

For a=0.05, F . = 4.21 with
v,=8-1=7,v,=7-1=6dof
Accept null hypothesis since
F_ =1076<F, =421

Hence there is no difference in variances at the level of significance = 0.05.
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Example 25

Let X be equal to the weight of an unbranded 200 fish fry at a local restaurant in East Greenbrush,
New York. Assume that the distribution of X'is N(11, a,). A random sample of n = 24 weights are 4.4,
3.8,5.1,4.6,4.5,4.5,4.8,4.1,3.9,4,2,4.4,49,5.0,4.3,44,3.6,5.2,4.8,4.4,4.6,4.6,5.0,4.0 and 4.5.

(a) Find paint estimate of i, 6% and ©.
(b) Find a 95% one-sided confidence interval for u which gives a lower bound for p.
Solution

(a) Here n =24, X=4.4833,5*=0.1719 and s = 0.4146.
The paint estimates of i, 62 and o, are 4.4833, 0.1719 and 0.4146 respectively.

(b) A 95% one-sided confidence interval for y is

()‘(— 1.64 (%) oo)

_ 0.4146\ \_
- (4.483 - 1.64(—m), oo) — (4.43445, o)

Example 26

Independent random samples of the heights of adult males living in two countries yielded the following
results:

n=12,X=657in.ands =4 in.

m=15,Y=68.2in. and s,=3in.

Find an approximate 98% confidence interval for the difference 11— u_of the means of the population
of heights. Assume Gj - Gj.

Solution Here
n=12,X=65.7 ands =4
m=15,Y=68.2 and s, =3

. 2_12x424+15%x32 _ -
Pooled variance 5, = Dri5-2 =13.08 = s, = 3.617

For =0.02, ¢t , =2.485 with 25 dof.

ol2
Then 98% confidence interval for p —pu =(X-Y) £t , s, V% + %
=-598<p —p < 4.46

Example 27

Consider the butterfat production (in pounds) for a cow during a 305-day milk production period fol-
lowing the birth of a calf. Let X and Y be the butterfat production for such cows on a farm in Wisconsin



S-12 Probability and Statistics

and a farm in Michigan respectively. Twelve observations of X are 649, 657, 714, 877, 975, 468, 567,
849,721,791, 874 and 405. Sixteen observations of Y are 699, 891, 632, 815, 589, 764, 524, 727,597,
868, 652, 978, 479, 733, 549 and 790.

(a) Assuming that Xis an N(u , O'i) and Yis an N(,uy, O'j). Find a 95% confidence interval for u_— M

(b) Construct box-and-whisker diagrams for these two sets of data on the same graph.

(c) Does there seem to be a significant difference in butterfat production for cows on these two
farms?

Solution
(a) Here n, =12 and n, = 16. From the data,

X=712.25,5 =173.083
Y=705.44,5, = 141.71
11(173.083)° + 15(141.71)

. 2 _ _
Pooled variance s, = D +16=2 =24260.032

For ¢=0.05, ¢ _.=2.056 at 26 dof.

> 70.025
Then 95% confidence interval for u —p is X - Y+1,
(b) Out of syllabus.

(c) Null hypothesis H: = u,

s \]xil +x-ie (11548, 129.1)

2°%p

Alternative hypothesis H: u_# M,

Test statistic: L= XY 0.01 =0.1145

1 1 1
st_1+X_2 155.76 ﬁ—‘rﬁ

Conclusion: Since 7 =0.1145<¢,
butterfat production.

—

=2.056 accept H,. There is no significant difference in

Example 28

An interior automatic supplier is considering its electrical wire harness to save money. The idea is
to replace a current 20-gauge wire with a 22-gauge wire. Since not all wires in the harness can be
changed, the new wire must work with the current wire splice process. To determine if the new wire
is compatible, random samples were selected and measured with a pull test. The minimum pull force
required by the customer is 20 lb. Twenty observations of the forces needed for the current wire are
28.8,24.4,30.1, 25.6,26.4, 23.9,22.1, 22.5, 27.6, 28.1, 20.8, 27.7, 24.4, 25.1, 24.6, 26.3, 28.2, 22.2,
26.3 and 24.4.

Twenty observations of the forces needed for the new wire are 14.1, 12.2, 14.0, 14.6, 8.5, 12.6, 13.7,
14.8,14.1,13.2,12.1, 11.4, 10.1, 14.2, 13.6, 13.1, 11.9, 14.8, 11.1 and 13.5.

(a) Does the current wire meet the customer’s specifications?
(b) Find a 90% confidence interval for the differences of the means for these two sets of wire.
(c) Construct box-and-whisker diagrams of the two sets of data on the same figure.

(d) What is your recommendation for this company?
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Solution From the given data, we have
Sample size = x, = 20, mean )_(1 =25.475 and standard deviation s, = 2.4935
Sample size = x, = 20, mean X, = 12.88 and standard deviation s, = 1.6608

(a) The minimum pull force required is 20 1b and since the current wire has pull force equal to
X, =25.475, the current wire meets the customer’ specifications.

oo bm s, + (x, = 1)s,

p X +x,—2
2 2
(b) 19(2.4935) 2:;19(1.6608) — 4.4879
S 2.1184
Fora=0.1,¢ ,=t, =168 with 38 dof.

So, 90% confidence interval for i, — 4, is

v _ 7 1, 1_ 1,1
X -X*%1,,.s, x—ler—2 =(25.475-12.88) £ (1.68)(2.1184) 50 T30
(c) Out of syllabus.

(d) The company is recommended to remain with the use of current wire.

Example 29

A manufacturer of electronic equipment subjects samples of two competing brands of transistors to
accelerated performance test of 45 of 180 transistors of the first kind and 34 of 120 transistors of the
second kind fails the test. What can be conclude at the level of significance o= 0.05 about the differ-
ence between the corresponding sample size?

Solution

(I) Sample proportion and sample size

=45 _ -
P,=<55=0.25and x, = 180

(II) Sample proportion and sample size

=34 _ -
P,=+55=02833 and x, = 120

(1) Null hypothesis H: P, =P,
(2) Alternative hypothesis H: P # P,

I/; _ Xl;i i;ﬁpz _ 180(0.215§0++1?280.2833) 0263
g=1-p=0737
(3) Test statistic: Z = AI:I _IPZ == 025 — 0'2?3 -
Pq )Tl+_2 0.263 x 0.737 m+m

=-1.458

(4) Conclusion: Forx=0.05,Z =-1458<Z =Z . =1.96,accept the null hypothesis H,.
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Example 30

On the basis of their total scores, 200 candidates of a civil services examination are divided into two
groups: (1) the upper 30% and (2) the remaining 70% consider the first question of the examination.
In the first group, 40 had written the correct answer, whereas in the second group, 80 candidates had
written the correct answer. On the basis of these results, can one conclude that the first question is no
good at the discriminating ability of the type being examined here?

Solution

Sample size x, = 60 and proportion P, = 40 _ 0.6667
1 1760

Sample size x, = 140 and proportion P, = % =0.5714

(1) Null hypothesis H:P =P,
(2) Alternative hypothesis H: P, # P,

40 80
ﬁ:x1P1+X2P2:60(60)+140(140):@:06
X, T3, 60 + 140 200
G=1-P=04
P -P _
(3) Test statistie: 7= —— 2= 0.6667 0-157141 — 1.9657
P+ += . M=+
1 XX 0.6 0 \I60+40

(4) Conclusion: At 5% LOS, Z ,=1.96. Since calculated value of Z (= 1.9657) > Z , =1.96,

reject the null hypothesis /. The equation is good at determining the ability.
Example 31

In an air population study, the following amounts of suspended benzene soluble organic matter (in
micrograms/cubic meter) were obtained at an experiment station for 8 different samples of air: 2.2,
1.8, 3.1, 2.0, 2.4, 2.0, 2.1 and 1.2. Construct a 0.95 confidence interval for the corresponding time
mean.

Solution For ov=0.05, we have from tables Z_, = 2.447 with v = 6 dof
— _ _ 1 —

Also, X=2.1and & =—+ D" (x,~ X7

= 5=0.537

Confidence interval is

a5 0.537
Xt1,=(g)=21+2447 (T)

= 1.625 < u<2.564
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Example 32

It is desired to test the hypothesis i, = 40 against the alternative hypothesis ¢, = 42 on the basis of a
random sample from a normal population with the standard deviation ¢ = 4. If the probability of a
Type I error is to be 0.05 and the probability of a Type 2 error is to be 0.24, find the required size of
the sample.

Solution Here u, =40, u, =42, =4, =0.05 and f=0.24
So,Z,=7,,,=0645and Z , =Z, .= 1.96
(1) Null hypothesis H: i =t =40
(2) Alternative hypothesis H : u> u,
0-2 (Zoc/z + ZQ)Z
(1, = 1)?
16(1.96 + 0.645)*
(42 — 40)?

=4x6.886025=27.544

Sample size = x =

= 28 (rounding to higher integer)

Example 33

An oceanographer wants to check whether the average depth of the ocean in a certain region is 57.4
fathoms, as had previously been recorded. What can be concluded at the level of significance or=0.05
if soundings taken at 40 random locations in the given region yielded a mean of 59.1 fathoms with a
standard deviation of 5.2 fathoms?

x 1 2 3 4 5 6
2.98 4.26 5.21 6.10 6.80 7.50

Solution From the given data, we have sample size n = 40, mean X = 59.1 and standard deviation
s=5.2.

x Y X =logx Y=logy X, XY

1 2.98 0 1.0919 0 0

2 4.26 0.6931 14492 0.4804 1.0044
3 5.1 1.0986 1.6506 12069 1.8133
4 6.10 13863 1.8083 1.9218 2.5068
5 6.80 1.6094 19169 2.5902 3.0851
6 7.50 17918 2.0149 3.2105 3.6103

Y X=65792 | D ¥Y=99318 | D X=94098 | Y X¥=120199

(1) Null hypothesis H: = 157.4

(2) Alternative hypothesis H1: u+#57.4

(3) Level of significance ov= 0.05
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1-574

7 _X-pu_ 59

(4) Test statistic: Z_ = o s

(5) Conclusion:

2A40

So, we conclude that the average depth of the ocean is not 57.4.

Since Z_ =2.067 >1.96 =Z_, for a two-tailed test, reject the null hypothesis.

Example 34
Predict y at x = 3.75 by fitting a power curve to the following data:
X 1 2 3 4
y 7 11 17 27
Solution Let y = ax’ be the given power curve. Then log y =log a + b log x.
Putlogy=7Y,loga=4,logx =X
x y Y=logy x? XY
1 7 1.9459 1.9459
2 11 2.3979 4.7958
3 17 2.8332 8.4996
4 27 3.2958 16 13.1832
Y x=10 Y v=104728 Y ar=30 | D XY=28.4245

Normal equations are

nd + b2X= ZY: 64 +6.579b = 9.932

AY X+DbY X =Y XY = 6.5794 +9.410b = 12.020

6 6579
A=16579 941 )_13'1767
9.932  6.579
A, = - 1438
12.020 9.41
6 9.932
A = =
5716579 12.02 |77
1438 o
= 438 106132 5 a=et=297
6777
b=137767 = 03143

82

The required curve is y = 2.978 x*3¥ = 2.978 x (3.75)*°'* = 5.8769.

(M
2
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Example 35
Fit an exponential curve of the form y = ae® for the following data:
63 50 55 65 55 70 64 70 58 68 52 60
Y 87 74 76 90 85 87 92 98 82 91 77 78

Solution Let y = ab® be the given power curve. Then log y =log a + b log x.
Putlog y =7, log a = 4, log x = X. Constructing the table of values:
Normal Equations are
nA+(Zx)b=ZY:> 44+ 10b = 10.4728 (1)
(Zx)A + ()b =D XY = 104 + 305 =28.4245 @)

4 10
A= (10 30) -20
A = (104728 10)

47| 28.4245 30) = 29939

A=[4 104728

10 28.4245)
A=1.49695 = a =4.468
b=0.4485
The required curve is y = 4.468x%44%,
Example 36
Calculate the correlation coefficient » for the following data:

X 12 10 14 11 12 9
Y 18 17 23 19 20 15

Solution

Number of data points N = 12

Sumofxvaluest=63+50+55+65+55+70+64+70+58+68+52+60=730

Sum of squares of x values = x> = 63’ + 50" + 55" + 65" + 55" + 70" + 64° + 70° + 64° + 58" + 68°

+52°+60°

SumofyvaluesZy=87+74+76+90+85+87+92+98+82+91+77+78=1,017

Sum of squares of y values = 2 V=87 + 74 +76"+ 90" + 85" + 87 +92° +98° + 82’ +91° + 77

+78" = 86801

Sum of the product of x and y values ny =63.87+50.74+55.76 + 65.90 + 55.85 + 70.87 + 64.92
+70.98 + 58.82 + 68.91 + 52.77 + 60.78 = 62,352
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The coefficient of correlation 7 is given by

)5 ) VI
3= (S| 2 - ()]

12(62,352) — (730)(1,017)
{[12(44,932) — (730)?] [12(8,680) — (1,017)?]

Example 37

Determine the least squares regression line of (a) y on x, (b) x on y, (c) find r using the regression
coefficients, (d) find »(8) and (e) find x(16).

21 23 30 54 57 58 72 78 87 90
y 60 71 72 83 110 84 100 92 113 135

Solution Here N=6, D x=68, Y =786, Y y=112, D )?=2128 and Y xy = 1292.

(a) Lety=a+ bx be the least squares regression line of y on x.

Normal equations are

Na+b2x=2yﬁ6a+68b:ll2

ay x+bY =) xy=> 68a+786b=1292
Solving, we get a =1.913 and b = 1.478

.. The regression line is y = 1.913 + 1.478x.
(b) Let y =c + dx be the least squares regression line of x on y. Normal equations are

Ne+d) y=) x= 6c+112d =68
Y y+dY =) xy = 112c+2128d = 1292

Solving, we get ¢ = 0 and d = 0.607

The regression line is y = 0.607x.
(c) r*=bd = r*=(1.4708)(0.607) = 0.8928 = r = 0.9449
(d) »(8)=1913+1.478 x8=13.737

(e) x(16)=0.607 x 16 =9.712
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Example 38

Use
2 2 2
o, + O'v —0._
200,
to find r for the following data:

Solution

=584.6 = 0. =24.178

) =468.8 = 0,=21.652

2 _ Z(X -y
E N

X — 2
- 2( ») )= 1346 = o_ =11.601
N Xy

_ 584.6 +468.8 — 134.6 _
= 50a18)21652) - 0877
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Addition rule for
arbitrary events 1-13
mutually exclusive events 1-13
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Analysis of 7 X c tables  7-18
Analysis of variance (ANOVA)  9-1-9-17
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Shortcut method for one-way  9-5
technique 9-2
The basic principle of 9-2
Two-way 9-8
Whatis 9-1
Anova in latin-square design 9-14
Application of normal distribution 3-21-3-23
Area under the standard normal
curve 3-19-3-21
Assumptions relating to student’s
t-distribution  7-3
Attribute plans  10-19

B

Basic theorems 1-12

Basis of hypothesis  5-1

Bayes’ theorem 1-22-1-26

Bayesian estimation  5-11-5-12

Bayesian interval for u  5-12

Bernoulli distribution  3-1

Binomial distribution 3-1
Mean and variance of 3-2-3-4
Poisson approximation to  3-6-3-8
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C

Central limit theorem 4-4
Chebyshev’s theorem 2-17-2-21
Chi-square distribution 4-18-4-20
Coding method 9-5
Combinations 1-9-1-10
Composite hypothesis  6-3
Conditional probability 1-15
Conditions for validity of y*test 7-20
Confidence coefficient 5-8
Contingency tables 7-18
Continuous

probability distributions  2-8

random variable 2-9

uniform distribution 3-9-3-10
Control charts, properties of 10-2
Constructing a confidence

interval 5-8
Correlation analysis  8-14
Correlation for bivariate frequency
distribution  8-27

Counting, principle of 1-6
Critical region (CR) 6-3, 6-5
Critical value approach 7-4
Critical values of #-distribution 4-16
Cumulative distributions 2-9
Curve fitting 8-1-8-31

D

De Morgan’s Laws 1-5

Decision rule  6-1

Derivation of service time distribution 11-15
Discrete probability distributions 2-2-2-8
Discrete random variable 2-2

Discrete uniform distribution 3-9
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Distribution,
Bernoulli  3-1
Binomial 3-1
Chi-square 4-18-4-20
Continuous probability 2-8
Continuous uniform 3-9-3-10
Correlation for bivariate

frequency 8-27

Cumulative 2-9

derivation of service time 11-15

Discrete probability 2-2-2-8
Discrete uniform 3-9
Exponential 3-10-3-11
Fitting of normal 3-21

of inter-arrival times 11-11
Normal 3-12-3-13
Probability 2-1-2-20
Sampling 4-1-4-24

Special 3-1-3-33

Uniform 3-9

E

Erlang model 11-16
Error of estimation  5-3
Estimation 5-1

Error of 5-3

interval 5-1

of parameters 5-1

of proportions  7-22

point  5-1

theory 5-1-5-12
Events, independent  7-15
Expectation 2-10
Expected value 2-10
Experimental unit 4-1
Explained variation 8-19
Exponential distribution 3-10-3-11
Exponential process 11-11

F

Factorial function 1-8
Fisher’s z-distribution 4-23—4-24
Fitting of normal distribution

to given data  3-21

G

General Erlang model 11-16
Goodness-of-fit test  7-19

H

Hypothesis

Basis of 5-1

test procedure  6-3,
Simple 6-2
Statistical 6-1
Complex 6-3
Test of 7-13-7-16
Null 6-1

I

Independent events  7-15

Inference concerning two means 6-13
Interaction variation 9-10

Interval estimation 5-8

K

Kendall’s notation for representing
queueing models 11-15

L

Large sample confidence interval for p  7-23

Latin-square design 9-14

Left one-tailed test (LOTT) 6-6
Level of significance (LOS) 6-2
Linear multiple regression 8-11
Linear regression  8-5

M

Manifold classification 7-18
Markovian property of inter-arrival times
Maximum error of estimate  7-23
Mathematical expectation 2-11
Mean 2-10-2-11

Mean deviation about the mean 3-18
Multiple regression  8-5, 8-11
Mutually exclusive events 1-12



N

Normal distribution  3-12-3-13
Characteristics of 3-13
Fitting of 3-21
Mean, mode and median of 3-14
Variance of 3-16
Normal probability integral 3-18-3-19
Null hypothesis (NH) 6-1

@)

One-sided confidence interval 7-24
One-tailed test (OTT) 6-3, 6-5
One-way ANOVA  9-2

P

Paired sample ¢-test  7-11
Permutations 1-7-1-9
Point estimate  5-1
Point estimator  5-1
Points of inflexion of the
normal curve 3-17
Poisson process 3-8, 11-7
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Probability
Axioms of 1-12
Conditional 1-15
density functions 2-13
distribution 2-1-2-21
distribution of arrivals 11-7
distribution of departures 11-13
distribution in queing system 11-6
introduction 1-1-1-2, 1-10-1-12
Theorem of total 1-20—1-22
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Probability distribution
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Probability distribution
of departures 11-13
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Rule of elimination 1-20-1-22
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differences and sums 4-10
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Snedecor’s F-distribution 4-22
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Standard deviation 2-10
Standard error (SE) 4-2
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Statistical inference 5-1
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